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CASSON’S INVARIANT AND GAUGE THEORY

CLIFFORD HENRY TAUBES

Recently, Andrew Casson [7] (see [2] or [16]) defined an integer valued
invariant for closed 3-manifolds with the homology of S3. Casson gave a
topological definition of his invariant. An analytic definition of Casson’s
invariant is the subject of this article. Roughly speaking, Casson’s invariant
can be defined using gauge theory as an infinite dimensional generalization
of the classical Euler characteristic.

The article begins below with an introduction to the relevant geometry
of the space of connections on a homology 3-sphere. In §2, the definition
of an integer valued invariant of an oriented homology 3-sphere is given.
The construction of Casson’s integer valued invariant is reviewed in §3
where the main theorem is stated: These two invariants are equal. §§4-8
are occupied with the proof of the main theorem. There is also a technical
appendix.

1. Gauge theory in 3 dimensions

The new definition of Casson’s invariant requires some basic facts from
gauge theory (connections, curvature and covariant derivatives); the reader
is referred to [11] and [15] for these definitions. Related material is present
in the recent work of Andreas Floer [10].

Fix an oriented, closed 3-manifold, M, with the homology of S3. Every
principal SU(2) bundle over M is isomorphic to the trivial bundle, P =
M x SU(2). It is convenient (though not necessary) to fix a trivialization
of P and the associated product connection, I'.

The space of smooth connections on P, & = & (P), is an affine space;
the choice of I gives an affine isomorphism of &/ with Q! x su(2). Here,
su(2) is the Lie algebra of SU(2), and &? (p = 0, 1,2, 3) is the space of
smooth p-forms on M. Use the L%-inner product on Q! x su(2) to define
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& as a smooth manifold, modelled on a (pre-) Hilbert space (see, e.g.
[17).]

With the product structure fixed, the group & of smooth automorphisms
of P is identical to C*°(M;SU(2)). It acts on ./ in the usual way (as
(8,A) > gA=g-A-g7' +g-dg™"); let & = &/ /¥ with the quotient
topology. Let # C & denote the space of reducible connections. The
space % has infinite codimension in .27, and the group % acts on &/ * =
K\ with stabilizer +1. The stabilizer of £ on % is 1-dimensional
except for connections in the £-orbit of I', where the stabilizer is SU(2).
Set #* = (&/*)/%. Think of #* as an infinite dimensional manifold
which is modeled on a pre-Hilbert space by using the Lf-theory in [17].
This manifold structure makes the projection from &/ # — %*# a principal
Z-bundle. The reader is referred to [17] for the details.

The curvature of a connection A is the su(2)-valued 2-form F, = dA +
AN A. Because M is 3-dimensional, the assignment of a connection to its
curvature can be interpreted as defining a 1-form on . which has been
pulled up from & via the projection. Indeed, a 1-form on .2/ assigns to a
connection, 4, a homomorphism from 7.%7 |4 (= Q' x su(2)) into the real
numbers. Define such a homomorphism by sending a € Q! x su(2) to

(1.1) A(a)E/Mtr(a/\FA).
Here, tr(-) is a fixed, Ad-invariant trace on su(2).

The Z-invariance of the 1-form / is guaranteed by the ¥-equivariance
of the curvature (Fy4 = g - F4- g~'). The Bianchi identity insures that
/4(+) annihilates the tangent space to the & orbit through 4. (This vector
subspace of T.%/ |, is {d ¢ = dp+[A4, ¢]: ¢ € Q°xsu(2)}, while the Bianchi
identity says that d,Fy = dF,+ AANF,+ F4A A = 0.) Thus, one can think
of / as being the pull-back of a 1-form (also denoted by /') on Z.

As an aside, note that / is the exterior derivative of the Chern-Simons
functional which assigns to A the real number

(1.2) a(A)E/Mtr(A/\FA—2/3-A/\A/\A).

(Atiyah-Patodi-Singer [5] make this observation.)

The Chern-Simons functional does not descend to % as a function. This
is because ¢(gA) = ¢(A) + a - degree(g). Here, a > 0 is a real constant,
and degree(g) is the degree of the automorphism g as a map from M to
SU(2) = S3. Indeed mo(C>(M;SU(2))) ~ Z, and #(gA) = <(A) only for g
in the connected component of the constant map.
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One can show that the projection from ./ # to %* is a principal fibration
[17]. Thus, n;(#*) ~ H'(#*) ~ Z, and +(-)/a descends to Z* as a map
into S! which generates H!. This identifies the 1-form / as a generator
on H'(%*;Q).

Note that the zeros of / on % are precisely the Z-orbits of the flat con-
nections on M x SU(2). That is, /~!(0) = {[4] € &: F, = 0}. A classical
theorem in differential geometry asserts that this set is identical to the set
Hom(m,(M);SU(2))/ SU(2) where SU(2) acts on Hom(-) by conjugation.

For a 1-form defined on a compact, oriented manifold, there is a stan-
dard way to obtain an invariant from the set of zeros; this invariant is
the Euler characteristic of the manifold. Recall that to compute the Euler
characteristic in this situation, use a Riemannian metric to make the 1-
form into a vector field, v. If necessary, perturb the vector field to a vector
field v’ with nondegenerate zeros. Then, the Euler characteristic is given
by the formula

(1.3) x= D sign(det(Vv'|,).
pv'(p)=0

Here, Vv’ is the covariant derivative of v’ (its value at a zero of v’ is
apriori independent of the choice of the connection on the tangent bundle).

The preceding formula makes sense on a finite dimensional noncompact
manifold provided that the zero set of v is compact. On such a manifold,
x = x(v) depends on the vector field v; but y(v,) = x(v2) when |v;| >
|v; — v3| on the complement of a compact set.

In the gauge theory situation, consider using (1.3) to define an Euler
characteristic x(/). The first requirement is a derivative of /, and a
natural derivative can be defined by exploiting the affine structure of ..
Indeed, for any connection 4 and su(2)-valued 1-forms (a, ), define

(14 %/L@= 5 a@)or=0= [ u@nd.b).

Here, d4 is the covariant exterior derivative.

Notice that the assignment of (a, b) to 8, /| 4(a) defines a bilinear and
symmetric form on Q' x su(2). The bilinear form is symmetric because
/ defines a closed 1-form on &; / =dssod/ = 0.

Give M a Riemannian metric, and let x: A’ T* — A>7? T* denote the
associated Hodge star. The metric defines an L? inner product on Q? x
su(2); the inner product of p-form a with p-form b is

(1.5) (a,b)2 = —/Mtr(a A *b).
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This inner-product makes 8 /4 a symmetric map from 7.% |4 to itself:
(1.6) 0/, -a=xdya,

which identifies 0 /; as a symmetric, 1st-order differential operator on
Q! x su(2). This operator is £-equivariant in the sense that *dg4 = *g -
dy- g L

When 4 is a flat connection, d /; has a huge null space; it annihilates, in
particular, the tangents to the ¥-orbit through A. This is because / on &/
is the pull-back of a 1-form on %. But, consider 9 / rightfully downstairs
as a section of the bundle of endomorphisms of the tangent bundle to . Z*#,
and the null space becomes finite dimensional.

The tangent space to ¥ at some orbit [A] (note necessarily flat) is
isomorphic to the orthogonal complement (with respect to the L2-metric
in (1.5)) of T(Z - A) in T/ | 4. This is the vector space

(1.7) Ti={aecQ xsu2):dja=—-+dy*a=0}.

By composing with orthogonal projection onto 74, 8 #; defines an endo-
morphism of .7; which will be denoted V /; since it is a covariant deriva-
tive of / at the orbit [A]. Explicitly, V #; sends a € 9, to

(1.8) V/i-a=xdsa—dau(a),
where u(a) is the unique solution in Q0 x su(2) of the equation
(1.9) xdgxdqu(a) = x(FgANa—aAFy).

Lemma 1.1. Let A be a smooth connection on M x SU(2). As a linear
operator from 4 to itself, V /4 has at most a finite dimensional kernel. The
operator V /£, defines a closed, essentially selfadjoint, Fredholm operator on
the L, completion of 7, and its eigenvectors form an L?-complete orthonor-
mal basis for 4. The domain of V £ is the L2-Sobolev space completion
of F4. The eigenvalues form a discrete subset of the real line which has
no accumulation points, and which is unbounded in both directions. Each
eigenvalue has finite multiplicity.

The proof of this lemma involves standard elliptic theory on compact
manifolds; see Part 3 of the Appendix.

A nondegenerate zero of / on Z* is, by definition, the orbit of a flat
connection for which 0 is not in the spectrum of V /.

Lemma 1.2. A nondegenerate zero of / on B* is isolated.

This lemma is a straightforward consequence of the Sobolev inequalities
with Lemma 1.1; the proof is outlined in §8b.

As M has the homology of S3, the only zero of # on Z is the orbit of
the product connection (there is only the trivial representations of (M)
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in S'). This representation is also isolated (see also [2]) in the following
sense:

Lemma 1.3. Let M have the homology of S3. There exists € > 0 with the
Jfollowing significance: Let [I'] denote the & -orbit of the product connection
on M x SU(2). Let [A] # [I'] be the Z-orbit of another flat connection.
Then

sup [ ([Vr(4 - gdrg™) +1(4 - gdrg ™)} > 2
geET IM

Lemma 1.3 has introduced the following notation: For a connection A4,
V 4 is the covariant derivative on Q? x su(2) (p =0, 1,2, 3). The proof of
Lemma 1.3 is discussed at the end of §8b.

The zeros of / in Z* need not be isolated. However, since V / has
index zero, a suitably generic perturbation of / will have isolated zeros
in #*.

The class of perturbations must be constrained by the following consid-
erations: The class of perturbations must form an affine space. Then, the
perturbations must be of the form / +d« for some function « so as not to
change the fact that / is a closed form on Z*. Also, the linearization of
the perturbation must differ from V / at each orbit by a compact operator.
Finally, the zero set of a perturbation must be compact.

The construction of a reasonable class of perturbations follows an anal-
ogous construction in [8]. To begin, consider a smoothly embedded loop
y in M. Use the Riemannian metric to construct a tubular neighborhood,
v(y), for . Let D? denote the unit disc in R? and choose a diffeomorphism
from ¢,:S! x D* — v(y) which identifies S' x {0} with y. Fix a smooth,
rotationally symmetric bump function 7: D? — [0, 1], which is identically
1 on the ball of radius 1/2 and is identically zero on the complement of
the ball of radius 1/4.

Let 4 be a connection on M x SU(2). For each y € D?, the trace of
parallel transport around the loop ¢,(-,y) using 4 yields a number p,[y; 4]
which depends only on the £-orbit of 4. Thus a function p,[-]: % —
[-2n,27] is defined by the formula

(1.10) pial= [ pbidlnw)-dy.

Definition 1.4. Let M be a compact, oriented, 3-dimensional Rieman-
nian manifold. An admissible function « on & is obtained by first fixing
a finite set of smoothly embedded loops in M, A = {y;};— N. Then, fix a
smooth function f:RY — R. Finally, set « = f({p,},ea), Where p, is given
in (1.10). A perturbation of / is a section /' = / + du of T*%* where
« is an admissible function on %
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When « is an admissible function, define the covariant derivative of d«
at an orbit [A4] to be the symmetric, bilinear form on .7; which assigns

2

d
leéA(a, b) = m(u([A +t-a+s- b))|t=s=0

to a pair (a, b) € 7. A nondegenerate perturbation of / is a perturbation
/' = / + d« with the following additional property: Require that the
zeros in Z* of / + d« form a finite set and that the kernel of V(/ +d«)
at each zero is empty.

Proposition 1.5. Let M be a compact, oriented, 3-dimensional Rieman-
nian manifold. There exist admissible functions « as described in Definition
1.4 such that the perturbation / +d« of / is nondegenerate. In fact, there
exists &g > 0 which is such that for any given 0 < € < &g, there is a nonde-
generate perturbation of /, / + d«, which satisfies:

(1) The image of « lies in [—¢, €].

(2) The closure of the support of «, supp «, is disjoint in & from the orbits
of the reducible connections, and from the set #* C B* of orbits of flat
connections for which V £, has empty kernel. In fact, let A = suppu X & C
B x Z. For each [A] € #* U (B\F?),

sup [ {IVa(d— 4~ gdug )P + (4~ A~ gDug ) >
((4').8)ea I m
(3) The differential d« obeys |d«| < ¢ when the metric in (1.5) is used to
measure norms.
(4) With the metric in (1.5), Vd« is bounded everywhere by .
(5) For each zero, [A'), of /' there is a zero, [A], of / such that

sup [ {IVu(4— 4 = gdg ™ +1(4- 4 - gy} <.
geTIM

This proposition is proved in §8, where other properties of the pertur-
bations from Definition 1.4 are discussed.

2. Spectral flow and the Euler class

Take a nondegenerate perturbation /' = / + d« of /, where « is
described in Definition 1.4. Since (1.3) is the model for the Euler class
of /, a sign must be defined for the determinant of V /' where V //
is to be considered as an endomorphism of T*%*| 4 = 4. A problem
instantly arises: For any orbit [4] in Z*, the spectrum of V /; on the
L*-completion of .7, is unbounded in both directions on the line, and
likewise, is the spectrum of V #; + Vd« 4. As a consequence, the existence
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of a determinant is problematical. (One can define various “regularized”
determinants, a complicated procedure.)

However, the present interests require only the sign of the determinant.
This sign is subtle, but the sign difference between the determinants at any
two zeros of /' is easy to define. Formally, the mod-2 spectral flow of
the family of Fredholm operators V /’ along a path in %* between the
two zeros gives the relevant sign difference. The relative signs in the /’
version of (1.3) will be defined here directly via the mod-2 spectral flow.

The spectral flow for a continuous family of selfadjoint Fredholm oper-
ators was the subject of an intensive study by Atiyah-Patodi-Singer in [5].
Recall the basic idea: To say that an operator is selfadjoint and Fredholm
is to say that its spectrum near 0 is that of a finite dimensional, selfadjoint
matrix. Move on a continuously differentiable path in the space of such
operators, and the eigenvalues near 0 move in a continuously differentiable
manner. Suppose that the operators at the path’s endpoints have empty
kernel. Then, the number of eigenvalues which cross zero with positive
slope minus the number which cross zero with negative slope is well de-
fined and finite along a suitably generic path. This number is the spectral
flow along the path.

When two such generic paths are homotopic (rel endpoints), the spectral
flows agree. Therefore, the spectral flow defines a locally constant function
on the space of continuous paths between the two endpoints.

Since the spectral flow is only a locally constant function, there can
be nonzero spectral flow around a noncontractible, closed curve in the
space of selfadjoint, Fredholm operators. Indeed, as remarked in [5], the
spectral flow around closed loops gives an isomorphism between Z and the
fundamental group of the Banach space of selfajdoint, Fredholm operators
on a real, infinite dimensional, separable Hilbert space.

The relevance of spectral flow to (1.3) stems from the following obser-
vation: When considering a path of selfadjoint operators (matrices) on a
finite dimensional vector space, the mod(2) spectral flow gives the relative
sign between the determinants of the matrices at the two endpoints of the
path. (Assuming both endpoints parametrize nondegenerate matrices.)

In the present infinite dimensional context, spectral flow is a well-defined
concept (the precise statement is Proposition 2.1, below); it is used to
define the relative sign between two operator determinants.

Proposition 2.1. Let M be a compact, oriented 3-dimensional manifold
with a Riemannian metric. Take a perturbation of /' = £ +d« of T*&*,
where « is described in Definition 1.4 and Proposition 1.5. The assignment
to an orbit [A] of the operator V /| on the L2-completion of 7, defines a
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smooth map from B* into the Banach space of real, selfadjoint operators on
a separable Hilbert space. Let [A, 1] be a pair of orbits in B* for which the
kernel of V /j{u is empty. Then the spectral flow defines a locally constant
function on the space of continuous paths between [A;] and [A;). This
function depends on the homotopy class of the path between [A] and [A4,),
but its mod (8) reduction does not.

This proposition is proved in Part 3 of the Appendix.

Together, Propositions 1.5 and 2.1 define the absolute value of the Euler
number x (/).

Definition 2.2: |x(/)|. Choose a nondegenerate perturbation /’ of /
as described in Definition 1.4, and let Z denote the finite set of zeros of
/' in #*. Pick one such zero, [4]. To each zero, [4'] € Z, of /', let
A[A, A'] = £1 denote the mod(2) spectral flow for V /’ along paths in Z*
between [4] and [4']. Finally, define

Z A[A, A']

[4')ez

X(A)l =

The justification for this definition is provided by

Proposition 2.3. Let M be a homology 3-sphere. Then the number
|x(/)| depends only on the differential structure on M. In particular, it
is independent of the choice of the Riemannian metric on M, and of the
choice of nondegenerate perturbation, /', of /.

Proof of Proposition 2.3. The proof that the invariant is independent of
the choice of nondegenerate perturbation is an application of the theory
of nonlinear Fredholm maps in [9]. Details are given in §8b.

As for the metric dependence, note first that the set # ~!(0) is metric
independent as the definition of /’ requires no metric. Furthermore, the
condition of nondegeneracy for /' is also metric independent: Indeed,
V/, is defined as a quadratic form on Q'(M) x su(2) without the need
of a metric (see (8.3)). And, if /’(4) = 0, then this quadratic form
annihilates the image under d4 of Q%(M) x su(2); so it descends to define
a quadratic form on the quotient. Thus, V // is nondegenerate if and only
if the associated quadratic form on said quotient is nondegenerate.

Therefore, the metric can only affect |x(/)| through the spectral flow
between two zeros of /. But, since the space of metrics on M is path con-
nected (indeed, convex), the said spectral flow is also metric independent.
q.e.d.

To define the overall sign of x(/), it is sufficient to associate a sign
to one particular flat connection orbit. And, Mother Nature blesses a
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homology 3-sphere with one fiducial flat connection orbit, the orbit [I'] of
the product connection on' M x SU(2). To exploit Nature’s bounty, it is
necessary to consider the spectral flow along paths in & which are based
at [I'].

The singularity of % at [I'] can be avoided by working & equivariantly
on /. Up on .7, one exploits the canonical sequence

(2.1) 0T LT - n*TE — 0,

where d|4 = d4, and 1 € & is the constant map to the identity in SU(2).
This sequence is not exact at a reducible connection, but it is exact at an
irreducible connection where one has

(2.2) 0-T% % Tt - " TE* 0.

Here, n: &/ — % is the projection.

The L2-metric on T.% in (1.5) defines d*: T/ |, — TZ|, which gives a
Z-equivariant splitting of (1.9). Here, d*|4 = dj (= —*d4*). Over &* this
splitting defines a connection on the principal & /{%1}-bundle &% — Z*.

This splitting can be exploited to extend an endomorphism of T.%* to
a Z-equivariant one of 7.%/ @ T¥|;. An endomorphism, L, of TZ&* is
extended to:

L d

d~ 0

Here, L is thought of as a £-equivariant endomorphism of 7.%# which
annihilates Im(d) in (2.2).

(The physicists exploit this extension from T%* to T/ ® TZ|,. They
have introduced the term “ghost” to refer to the 7%|; ® Im(d) summand
of TS|, 0 T ~ TZ|, & Im(d) & Ker(d*).)

Let /' be a perturbation of / as described in Definition 1.4. The
covariant derivative V /’ defines an endomorphism of 7.%* at each orbit,
and so extends according to (2.3) to define an endomorphism, K(/’), of
Q'@ Q0 x su(2). For example, take /' = /. At a connection 4 € & #,
the extension K (/)4 sends w = (a, ¢) to

(2.4) K(/)aw = (xdg(a — dqv(a)) — dau(a) + d49,d}a),
where v(a) C QO x su(2) obeys

(2.5) dydv(a) = dja,

and u(a) € Q0 x su(2) obeys

(2.6) djdu(a) = —* (Fy A (a —d4v(a)) — (a —dqv(a)) A Fy).

(2.3)
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Both v(a) and u(a) are uniquely defined when A is irreducible; when 4 is
irreducible, the covariant Laplacian d*d: Q° x su(2) — QO x su(2) has no
kernel.

Lemma 2.4. Let M be a compact, oriented 3-manifold with a Rieman-
nian metric. Let /' be a perturbation of / as described in Definition 1.4.
For any connection A, the operator K( /') 4 extends to L*((T* M®R) xsu(2))
as a closed, essentially selfadjoint, Fredholm operator. It has discrete spec-
trum with no accumulation points, and each eigenvalue has finite multiplic-
ity. The spectrum is unbounded from above and below. The assignment of A
to K( /') 4 gives a smooth map from &/ * to the Banach space of selfadjoint
Fredholm operators on an infinite dimensional, separable Hilbert space.

Proof of Lemma 2.4. This lemma is a corollary to Lemma A.5. q.e.d.

The operator K(/"') 4 is relevant for the spectral flow computations be-
cause it has, by construction, the same spectral flow as V /. The next
lemma summarizes:

Lemma 2.5. Let M be a compact, oriented 3-manifold with a Rieman-
nian metric. Fix an irreducible connection A. Let S| denote the spectrum
of the operator K(/"')4 on L2((T*M ®R) x su(2)). Let S, denote the spec-
trum of V /| on the L? completion of 4. Then S| and S, agree on a
neighborhood of 0.

The preceding two lemmas have the following consequence: In comput-
ing the spectral flow of V /’ along a y C Z*, one can lift the path to a
path yo C & and compute the spectral flow of K(/")., along yo.

For a flat connection 4, the endomorphism *d,4 of Q' x su(2) extends
via (2.3) to define the endomorphism, K4, of (Q! @ Q°) x su(2) which is
given by:

*d A d A
(2.7 & 0
(This is the (twisted) signature complex in [5].)

Note that K, makes sense for any connection A, flat or not, irreducible
or not. And, K, is ¥-equivariant as Kz = g - K4 - g~ L. The next lemma
describes K 4.

Lemma 2.6. Let M be a compact, oriented 3-manifold with a Rie-
mannian metric. For any connection A, the operator K, extends to
L2((T*M @ R) x su(2)) as a closed, essentially selfadjoint, Fredholm op-
erator. It has pure point spectrum, all real. The multiplicity of any eigen-
value is finite, and there are no accumulation points. Furthermore, the
spectrum is unbounded in both directions. The assignment of A to K 4 gives
a smooth map from & to the Banach space of selfadjoint Fredholm oper-
ators on an infinite dimensional, separable Hilbert space. If A is flat, then
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K4 =K(/)a. In general, for any irreducible connection A and any pertur-
bation /' of / as described in Definition 1.5, the difference K4 — K( /") 4
defines a bounded operator from L*((T* M ®R) x su(2)) which is a relatively
compact perturbation of K 4.

Proof of Lemma 2.6. This is a corollary to Lemma A.5. q.e.d.

As Ky — K(/').) is compact, a sign for the determinant of K., defines
one for the determinant of K(/')(). Just compute the mod(2) spectral
flow for the path of operators ¢ € [0,1] — K() — - (K(,) — K(/')())-
The advantage K|, has over K(/’), is that the former has continuous
variation over the whole of .&/. This makes K., easier to use near the
product connection.

At the product connection, I', the operator Kt has a 3-dimensional ker-
nel given by the Vr-covariantly constant elements in Q0 x su(2). Thus, the
sign of the determinant of KT is not well defined. However, a sign can be
given to the determinant of K., for a generic, small tangent vector to &/
atI.

For the purpose of defining such a sign, introduce the Hodge decompo-
sition Q! x su(2) = Im(dr) @ ker(d}). Let IIr: Q! x su(2) — Q! x su(2) de-
note the L2-orthogonal projection onto ker(d}). Note that xdr: ker(df) —
ker(df) is invertible when M is a (rational) homology sphere.

For a € Q! x su(2) (= T#|r), introduce the following symmetric bilin-
ear form on su(2):

(28)  1u(0p,01) = /M tr([00, TIr - a] A [0y, (+dr) Ty - a]).

The lemma below motivates the introduction of 7,.

Lemma 2.7. Let M be an oriented homology 3-sphere with a Rieman-
nian metric. There exists eg > 0 with the following significance: Let a €
Q! x su(2). For all 0 < s < &y, the operator Kr,,., has exactly three eigen-
vectors with eigenvalue in (—&g, &y). Let {11,42,43} be the three eigenvalues
of 1. Then, to order s3, {s? - 11,5% - A,5% - A3} are the eigenvalues of Kr..,
in (—80, 80).

Proof of Lemma 2.7. The assertion is obtained using standard perturba-
tion theory techniques (see e.g. [13]). The application is straightforward,
so the details are left to the reader. q.e.d.

Think of 7, as a map from Q! x su(2) into the vector space of endo-
morphisms of su(2).

Definition 2.8. Let M be an oriented homology 3-sphere with Rieman-
nian metric. For a € Q! x su(2), suppose that 7, is nondegenerate. Define
lim;_,q sign(det(Kr,;.,)) = sign(det(1,)).
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The definition above is justified by the following remark.

Lemma 2.9. Let M be an oriented homology 3-sphere with a Rieman-
nian metric. There is a dense, open set in Q! x su(2) for which 1., is
nondegenerate. Let a,a, € Q' x su(2) be such that both t,,, are nondegen-
erate. Choose sy > 0 such that Kr.,,, has empty kernel for all 0 < s < so.
For such s, let ok denote the mod(2) spectral flow for K., between T +5s - a,
and T +5s - ay. Then sign(det(t,,)) = dx - sign(det(zg,)).

Proof of Lemma 2.9. The first assertion is an observation which is based
simply on linear algebra. The last assertion follows directly from Lemma
2.7. q.e.d.

As an aside, there is a geometric interpretation of Definition 2.8: On a
homology sphere, the tangent space to ./ at I" has the Hodge decomposi-
tion Q! xsu(2) ~ Im(dr)@ker(d}t). The summand ker(d}) can be identified
with the tangent space at [I'] to the quotient of .2/ by the pointed gauge
group & = {g € Z:g(x9) = 1}, where xo € M is a fixed point. This
quotient is a smooth manifold which defines a principal %-bundle.

The quotient & /&, ~ SU(2). This SU(2) acts on ./ /%; the action has
stabilizer {+1} on (& \#)/%, and the quotient (& \#)/G — F* defines
a principal SO(3) bundle.

Definition 2.8 is associating an SO(3) equivariant sign to an open, dense
set of points in the tangent space to [['] € & /%; that is, an equivariant
sign is given to points in the “exceptional fiber” in the “blow up” of &/ /%
at the point [I'].

Definition 2.10: x(/). Choose a nondegenerate perturbation /' of
/# as described in Definition 1.5. Choose a € Q! x su(2) for which 1,
is nondegenerate. Use Definition 2.8 to define sign(det(Kr,,.,)) for all s
sufficiently small. Fix an irreducible connection 4 € / "~1(0). For small
s, use the spectral flow for ¢ € [0,1] — Kry5.q — t - (Kris.a — K(/')4) to
define sign(det(K’,)). Use Definition 2.2 to define A(4, A) for each orbit
[4']in Z = /'~1(0). Finally, set

2(/) =sign(det(K(f)4)) - > Al4, A').

[4')eZ

The next proposition summarizes the discussion up to this point.

Proposition 2.11. Let M be an oriented homology 3-sphere. The num-
ber x(/) (= xmu(/)) is an invariant of the differential structure of M.

Proof of Proposition 2.11. This is a direct corollary of Proposition 2.3
and Lemma 2.9 using the fact that the space of metrics on M is path
connected. q.e.d.
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As a final remark, note that the invariant y (/) does depend on the
choice of orientation. Changing the orientation will not change the relative
spectral flow, but for a € Q! x su(2), the change in orientation reverses the
sign of 7,. Thus,

Lemma 2.12. Let M and —M denote the same underlying homology
3-sphere, but with reversed orientations. Then xp (/) = —x—m (/).

Proof of Lemma 2.12. Change the orienation of M, and the positive
spectrum of V / becomes negative, and vice-versa since the changed ori-
entation puts a factor of —1 in front of the Hodge *.

3. The Casson invariant

In [7], Casson introduces his new invariant, A(M), for an oriented ho-
mology 3-sphere. The reader is referred to [2] for a detailed exposition.
The purpose of this section is provide a brief description of Casson’s con-
struction and to introduce some of the associated, gauge theory structure.

To define his invariant, Casson introduces a Heegard splitting of M.
This is an embedded Riemann surface, X C M, which divides M into
two handlebodies, M, _. To obtain such a surface, take a self-
indexing Morse function, f: M — [0,3], and take £ = f~1(3/2), M, =
F~1[3/2,3]) and M_ = f~!([0,3/2]). Note that M, is diffeomorphic to
M_; both are obtained from the 3-ball by adding g = genus(X) standard
1-handles.

It is convenient for the analysis to enlarge both My to overlap. Define
M, = f~1([0,7/4]) and M, = f~'([5/4, 3]). Since f has no critical values
in the interval (1,2), the gradient flow of f produces a diffeomorphism
between M, and M_; and likewise, between M, and M,. The overlap,
M, N M, = M,, is diffeomorphic to X x [5/4,7/4].

For o =0, 1,2, let 7, = Hom(m,(M,);SU(2))/ Ad(SU(2)) denote the
set of conjugacy classes of representations of 7;(M,) in SU(2). Let »?
denote the subset of conjugacy clases of irreducible flat connections.

The ~, as point sets are well understood. Both M, ; are handlebod-
ies, so their fundamental groups are free on g = genus(Z) generators.
Hence, 7, = XgSU(2)/ Ad(SU(2)). The fundamental group of M is
the same as that of . The fundamental group of ¥y = X\{point} is free
on 2g generators, so Hom(m,(Z); SU(2)) = X,, SU(2). The surface rela-
tion defines an Ad(SU(2))-equivariant map, 6: X,, SU(2) — SU(2), and
mo=0"1(1)/ Ad(SU(2)).

Each mg is an open subset of the corresponding ., and each is naturally
a manifold. The manifold structure of ~{, is obtained via its definition
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as a quotient of the open set in X, SU(2) on which conjugation defines
an action SU(2) with stabilizer {#1}. The manifold structure of »J is
obtained in a similar way since the critical set of the map 6 is the set of
reducible representations. The dimension of 2 , is 3g — 3 and that of {
is 6g — 6.

The inclusions of X into M), as the boundary induce embeddings
Jia:im3, — m). The points of intersection of ji~{ with j3»9 are in
1-1 correspondence with Hom(z,(M); SU(2))/ Ad(SU(2)).

Casson assigns an integer to Hom(z,(M); SU(2))/ Ad(SU(2)) by making
sense of an intersection number for the intersection of j;~? with j39 in
Y. (See [2] for details.)

Definition 3.1 (Casson’s invariant). Let M be an oriented homology
3-sphere. Choose a Heegard splitting, £ C M, which splits M into handle-
bodies M, and M,. When the intersection of jf/ZIO with j;mg is transverse
in 9, then Casson’s invariant is

AM) = % > (£
pEj 2N j3»Y
Here, (+1), is a sign that is obtained by first orienting each ~20 and then
comparing the orientations on 7/}~ ® T j;~) and T~ at the point p
(see below).

When the intersection of j;~9 with j39 is not transverse in ), take
generic, compactly supported, transversely intersection perturbations of
Jj1~9 and j3~9 to define A(M). The formula is given above with such
perturbations, »2\° and 2, replacing j;{ and j; respectively.

Casson’s orientation of ~0 can be defined in the following way: An
orientation of X defines a symplectic form on H!(Z;R); send (a,b) to
(a U b)[Z] € R with [X] € H,(X) the generator which is defined by the
orientation.

As M, is a handlebody, the inclusion £ — M, induces 0 — H!(M|;R) —
H'(Z;R). Likewise, one has 0 — H!(M;;R) — H'(Z;R), and Stoke’s
theorem implies that the symplective form on H!(Z;R) induces a perfect
pairing between H!(M;;R) and H!(M;;R).

Via the symplectic pairing, an orientation of H!(M,;R) induces an ori-
entation of H'!(M;R) and also an orientation of H'(Z;R). (As a sym-
plectic vector space, H'(Z;R) has a canonical orientation—this is it.) The
induced orientation on H'!(Z;R) is independent of the choice of orienta-
tion for H!(M;;R).

Introduce Xy = X\{pt.}. Fix a small disk about the missing point. The
orientation on X orients the boundary circle, 7.
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A choice of basis (consistent with the orientation) for H!(Z; R) identifies
Hom(7(Z); SU(2)) with X,, SU(2). Introduce the map 6: X,, SU(2) —
SU(2) which is defined by parallel transport around y. Choose an orien-
tation for SU(2). This orients the nonsingular part of 6-!(1), and also
~y C 67'(1)/ Ad(SU(2)). This orientation of »{ is independent of the
initial choice of orientation of SU(2), but it does depend on the orienta-
tion of X through the sign of the symplectic form and the orientation of
7. Change the orientation of X, and the orientation of ~2 changes by a
factor of (—1)&+!,

A choice of basis (consistent with the orientation) for H'(M,;R) identi-
fies Hom(m, (M,); SU(2)) with X, SU(2). The orientation of SU(2) orients
this space, and thus 9 C (X, SU(2))/ Ad(SU(2)). If g is even, the choice
of SU(2) orientation affects the orientation of 9. Obviously, the orienta-
tion of H'!(M,;R) affects the orientation of »2J.

Then via the symplectic pairing in H!(Z;R), these orientations of
H'(M;;R) and of SU(2) also orient 9.

The orientations of both m?,z change when the orientation of H!(M;R)
is changed; and, in the g even case, when the orientation of SU(2) is
changed. In both cases, the orientation of T~} & T9|, at a point, p, of
intersection is insensitive to these choices. However, changing the orienta-
tion of X changes the orientation of 7.~ by a factor of (—1)&. Therefore,
change the orientation of X and the sign of A(M) changes.

The handlebody called M, played a special role above. Switching the
roles of M| and M, changes the orientation of H!(Z;R) when g is odd but
not when g is even. Hence, this switch changes the orientation of T.J by
a factor of (—1)%. When g is even (but not odd), the switch of M, and
M, changes the orientation of T~ @& T~9|, at a point, p, or intersection.
Therefore, the switch of role, M; « M,, changes the sign of 1(M).

Thus, the sign (+1), in (3.12) is well defined given the orientation of X
and the specification of the handlebody to call M. Changing both choices
leaves A(M) invariant so it is only the induced orientation of A/ which must
be specified to avoid an ambiguity. (The specification of the handlebody
to call M, specifies a normal vector to Z—this, with an orientation of X,
orients M.)

Main Theorem. Let M be an oriented homology 3-sphere. Introduce
the invariant x( /) from Definition 2.10 and introduce Casson’s invariant,
A(M) (see Definition 3.1). Then x(/) =2-A(M).

The remainder of this paper is occupied with proving this theorem.
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4. Gauge theory and Heegard splittings

To prove the main theorem, it is necessary to consider the extra structure
that the Heegard splitting gives to the gauge theory. The introduction of
this extra structure occupies this section.

For a = 0, 1,2, introduce the space %/, of smooth connections on the
principal SU(2)-bundle M, x SU(2).

The inclusions My — M, M, — M induce by pull-back the maps

J1,2 Lip

(4.1) %7MX%7%X%,

where I = i} x i3 and J = jf x j5. (4.1) is “exact” in the following
sense: The map 7 is an embedding, and J is a submersion. Furthermore,
the image of I is equal to the inverse image under J of the diagonal,
A C % x . Such is the case if the spaces in question are considered
as Fréchet spaces using the C*°-topology, or if they are considered as pre-
Hilbert manifolds with the L2-Sobolev structure (or with any L?-Sobolev
structure with p > 2 and k£ > 1). .

Each of the arrows in (4.1) is naturally equivariant with respect to the
respective gauge group actions. (The gauge group %/, = Aut(M, xSU(2)) =
C*(M,;SU(2)) acts on &, in the usual way.)

To describe the invariant theory analytically, introduce the quotients
Z, B, of &, 54, by the respective gauge groups. It proves useful to intro-
duce &% C &/ and &0 C &, as the subsets of connections which restrict
to irreducible connections on ([11/8,13/8] x Z) x SU(2). In each case,
&0 c o, 40 C o, is open and dense and the complement of a set of
infinite codimension. Introduce the quotients Z°,. B0 of &/9,.27° by the
respective gauge groups.

Proposition 4.1. With the L2-Hilbert space structure, each of Z°, %
is naturally a manifold modelled on a pre-Hilbert space, and the defining
quotient is a principal bundle with structure group % [{£1}, respectively
Z,/{£1}. Indeed, Z° is an open dense set in B* and the complement of a
set of infinite codimension. The tangent space to B2 at an orbit [A] is the
vector space

Ton = {a € QY(M,) x su(2):d%a = 0 and i*(xa) = 0},

where i: O M, — M, is the inclusion. Furthermore, for each [A] € B, there
exists € > 0 such that the assignment of [A + a] to

ae {b ezA:/ (Vb + ) < s}
M,
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is a homeomorphism onto an open set and defines a smooth coordinate chart
for a neighborhood of [A].

This proposition is a straightforward modification of the results in [17].
The details are omitted.

The equivariant version of (4.1) is

(423) Z —l> g} X @2 —J-> @0 X @0,
and

On the level of tangent spaces, (4.2b) induces I.:.7; — F14, X 24, and
Jo: A4, X Foay — Joa, X Jo4,- These maps have the following explicit
descriptions: At [4] € #Y,

(4.3) I, -a=(a—dspi(a),a—dap(a)),
where @), € Q%(M, ;) x su(2) obeys

(4.4) dida912=0 and 5y, (x(a—d4912) =0.
Meanwhile, at ([4,],[4:]) € B x BY,

(4.5) Ju-(an,a2) = (a1 — dayi(a1), a2 — dg,v2(a2)),

where y;, € QO(M)) x su(2) obeys
(4.6) d;,ysz.,z ¥12=0 and i5Mo(*(al,2 - dAl,z ¥12) =0.

Lemma 4.2. The sequence in (4.2b) is exact in that I is an embedding,
J is a submersion, and image(I) = J~'(A).

On the tangent level, the assertion of Lemma 4.2 can be expressed in
terms of the sequence of linear maps

(4.7) 0— T3 2 Tia, x Foay — Toay — 0,

which is exact. Here (4, 42) = I(A), Ao = ji}(A) = j3i5(A); in addition,
® = I, while ¥ = (j})s — (J)u-

Lemma 4.3. The sequence in (4.7) defines an exact, acyclic, Fredholm
complex.

Proof of Lemmas 4.2 and 4.3. If A restricts irreducibly to M,, then the
covariant Laplacian d%d: Q°(M,) x su(2) — Q%(M,) x su(2) is invertible
with specified Neumann data on the boundary, M,. In fact, for any
k > 0, the inverse of d%d, defines a bounded linear map from (L2 (M,) x
su(2)) x (L3(0M,) x su(2)) — L2, ,(M,) x su(2). That is, for each (w,v)
in the former space, there exists a unique 0 € L} +2(My) x su(2) which
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obeys d*d40 = w and i*(+d40) = u. Furthermore, the L7 ,-norm of o is
estimated by the L2-norm of (w,v).

The assertions of Lemma 4.2 and the asserted properties of the differ-
entials I, and J, are simple algebraic consequences of the facts from the
preceding paragraph. The assertions in Lemma 4.2 that [ is 1-1 and that
J is surjective use the fact that the space of maps from a Riemann surface
to SU(2) is path connected. The details are left to the reader. q.e.d.

The orbits of irreducible flat connections on M, x SU(2) are the zeros
of a section of a vector bundle, .%,, over %), but the bundle in gnestion
is not the tangent bundle. The fiber of .%, at an orbit [4] = B is defined
to be the vector space

(4.8) Za={fe€Q (M) x su(2):d%f = 0}.

This subspace is equivariantly defined because .%,, 4 = g--%, 4 as subspaces
of Q'(M,) xsu(2). Give %, the structure of a (pre-)Hilbert space by using
the L? inner product on Q!(M,) x su(2). Note that .%, 4 is well defined
even when A is reducible.

Lemma 4.4. The assignment of A to the vector space £, , defines a
smooth vector bundle &, — BY; in fact, %, is a sub-bundle of
(A% x (QY(M,) x su(2)))/%,) when Q'(M,) x su(2) is given the structure
of a pre-Hilbert space with the L*-inner product. For any connection A
on M, x su(2), the inclusion maps i), and j, induce the following exact
sequence of Fredholm maps:

[ b d
0—’34; lAIX%Az;)y—AO_)O’

where ® - f = (i1 f,i3.f) and ¥ - (fi, ) = j1 fi — J3 -

PrROOF OF LEMMA 4.4. The first assertion of the lemma is a straight-
forward modification of results in [17] (see Part 1 of the Appendix). The
second assertion should be obvious. q.e.d.

The assignment of curvature to a connection on M, x SU(2) defines a
section /, of .%,, which sends [A4] to [4, xF4] € Z,.

It is crucial to observe that », C %, is the set of orbits of flat connec-
tions, and 20 is the subset of orbits of irreducible flat connections. That
is, 7o = £,71(0) and 0 = £71(0) N BY; this last equivalence is a conse-
quence of the fact that the inclusion of X into M induces an epimorphism
of fundamental groups.

The identifications ., = £,~'(0) and »0 = £ ~1(0)NBY give these sets
added structure.

Proposition 4.5. Let M be a rational homology sphere, and assume that
the Riemannian metric on M is the product metric on My. Then the set 2,
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as an open submanifold of (x g SU(2))/ Ad(SU(2)) is an embedded subman-
ifold of BY,, the set =} as an open submanifold of 6='(1)/ Ad(SU(2)) C
(X2 SU(2))/ Ad(SU(2)) is an embedded submanifold of BY, and the map
J of (4.2) restricts to =9 x = as an embedding into m3 x m)).

The proof of Proposition 4.5 is given at the end of this section.

The Fredholm properties of the section /4, and its perturbations are of
critical importance; a digression to study these properties follows.

Since perturbations of / as described in §1 are required to define the
invariant x, and since a Heegard splitting of M is required to define Cas-
son’s invariant, it is necessary to study the behavior of the perturbations
given the choice of a Heegard splitting.

Definition 4.6. Let M be a homology 3-sphere with a choice of Heegard
splitting. An admissible function « in the sense of Definition 1.4 will be
said to be compatible when the loops of the set A and their associated
tubular neighborhoods lie in the interior of M.

Choose a set of loops, A, of size N < oo, and the loops to lie in the
interior of M. In defining the functions {p,},ca, make sure the tubular
neighborhood about each loop y lies inside M. Set « = f((p,)), where
f:RY — R is a smooth function. Set /' = / +dw, which is a perturbation
of / as described in Definition 1.4.

Note that d«|, defines a section of Q! x su(2), which is denoted v[A]
and compactly supported on the union of the tubular neighborhoods about
the loops which comprise the set A.

To be explicit, for each such loop y, introduce the diffeomorphism ¢,
between S! x D? and the tubular neighborhood about y. Let 8, denote the
unit, oriented tangent vector to S'. Let 7, denote the 1-form on M which
is metrically dual at each point to ¢,-(# - d;); this is a 1-form on M with
compact support in the tubular neighbohrood about y. The section v[A]
is given by the formula

(4.9) vlAl(x) =) fy - Im(Pyp; ! (x); 4]) - my,
yEA

where Im: SU(2) — su(2) is defined by identifyiing SU(2) with the unit
quaternions, and su(2) with the imaginary quaternions. In (4.9), each f,
is a smooth function on RY which is evaluated on the point {p,} € R".

The section v[A4] respects the decomposition of M by the Heegard split-
ting in that it depends only on the restriction of 4 to Mj. This means that
v[A] is well defined when [A] is only in %, or %) ,. The assignment of
v[4] in (4.9) to [4] € %), 2 defines a section, d« >, of the vector bundle
Z.1.2 of (4.8).
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Fora =0,1,2, define £ = /,+d«, as a section of .%, — %,. Apropos
the discussion of the preceding paragraph, one has

Lemma 4.7. Introduce the maps I and J of (4.2) and the maps ® and ¥
of Lemma 4.4. Let /) = /£, + du, as described above. Then the following
identities hold:

e /= A4) el

Q¥ (A.0x¥-(0,4) = (4> /4) e/

(3) /=10 =I"Y(/ ' (0) x 471 (0) n T~ (4)).

Lemma 4.8. Fora =0,1,2, the section /! as defined above is a smooth
section of &, over BP.

Proof of Lemma 4.8. This is a consequence of (8.2), (8.3) and (8.7);
the details are straightforward applications of Sobolev inequalities and are
omitted. q.e.d.

A covariant derivative of 4, or of a perturbation / is defined with the
help of the affine structure of .%,. In each case a =0, 1,2, or a = &, the
covariant derivative of V £/ of /! is defined over Z; it is the linear map
VA Tas — Zoa Which sends a to

(4.10) VA, -a=x*dsa+0v[A]-a—du,(a),

where dv[A4]-a = %(’U[A+s-a])|s=0 (see (8.3)), and u,(a) € QO(M,)xsu(2)
obeys

(4.11) didu(a)— (Fsha—aAFy)—d;0v[A]-a=0, i*(u,(a))=0.

Here i: 0 M, — M, is the inclusion.

Note that V /!, is a &,-equivariant, linear map from 7,4 to %, 4.

As A varies through 20 the vector spaces 7., and %, fit together to
define smooth vector bundles ,,.%, — B. Letd =3g -3 if a = 1,2,
andd =6g—-6ifa=0;ifa =37, letd =0. A smooth fiber bundle
Fred;(7,,-%) — B2 is defined by taking the fiber over [4] to be the
Banach manifold of bounded, Fredholm operators from .7, to .%, of index
d. (These assertions are considered in Part 1 of the Appendix.)

Proposition 4.9. Let M be a homology 3-sphere with a Riemannian
metric. Suppose that M has a Heegard splitting, and define My ; > as above.
Let « be an admissible function on B which is compatible in the sense
of Definition 4.6. For a = 0,1,2,0, let /! = /., + du,, where «, is the
restriction of « to %B,. Let A be an irreducible connection on M, x SU(2).
Then the following hold :

(1) V 2!, defines a bounded operator from 4 to %, 4 when these spaces
are completed in the Sobolev L? and L* norms, respectively.
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(2) This operator is Fredholm with index 0 for o = &, with index 3g — 3
for a = 1,2 and with index 6g — g for a = 0.

(3) The difference V £, — ¥V /.4 is a compact operator, in fact, bounded
when the L>-metric is used for 4.

@I L, =0,thenV /L -a=4%(//([A+s-al))|s=o

(5) The assignment of V /!, to [A] € B defines a smooth section over
BY of Fredy(Z,,-2,).

Proof of Proposition 4.9. Assertions (1)-(3), (5) are Lemma A.4 in the
Appendix. Assertion (4) can be verified by a direct calculation; it is the in-
finite dimensional analog of the following finite dimensional phenomenon:
The covariant derivative of a section of a vector bundle is independent of
the connection when such a derivative is taken at a point where the section
vanishes. q.e.d.

This section ends with the

Proof of Proposition 4.5. To show that »? is an embedded submanifold
of B, it is sufficient to show that dim(ker(V /4,4)) = index(V /) for
[A4] € 2. Suppose that w € coker(V 4.4). Then dyw = 0, djw = 0, and
i*(w) = 0 where i:0M, — M, is the inclusion. Thus, @ defines a class,
[w], in the relative first cohomology, H'(M,,dM,;d,), of the (twisted)
DeRham complex, Q* xsu(2), with differential d4. (Since 4 is flat, d2 = 0.)

Lemma 4.10. Let M, be a smooth, 3-dimensional handlebody with
boundary X. That is, M, is obtained from the standard 3-ball by attaching
some g > 0 one-handles. Let My = [0, 11x Z be a (closed) product neighbor-
hood of O M. Let A be a flat connection on M, oxSU(2). Then the inclusion
T = 0M, — My, induces monomorphisms 0 — H'(Mq ;d4) — H' (Z;d,).

Proof of Lemma 4.10. For M), use the fact that £ — M, is a strong
deformation retract. For M), use the fact that M, is a handlebody, so that
the relative cell complex (M), X) has 1-dimensional cells. q.e.d.

As A is irreducible, H°(0 M;;d4) = 0. Plug this fact plus Lemma 4.10
into the long exact homology sequence to find 0 = H'(M,,0M;;d,). Like-
wise, H!(M,,0M,;d4) = 0 and H'(My,dMy;d4) = 0. Thus, in all cases,
w = dyp with d%dp = 0 and (as 4 is irreducible) u = 0 on d M,. This
means that 4 and hence w vanish identically and coker(V /4,4) = 0 as
claimed.

The vanishing of coker(V /4) implies that ~9 c Z? is an embedded
submanifold. Its tangent space at [A] is identified with ker(V /£,|4) =
H'(M,;d,). Since M, is a product, H'(My;d,4) ~ H'(X;d4). Hence,
Lemma 4.8 implies that J is an embedding. (The epimorphism 7;(Z) —
7(M, ) — 0 implies that J is 1-1.)
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The completed proof of Proposition 4.5 requires an identification of
the smooth structure on 0. For this purpose, identify ker(V 44) with
H'(M,;d4). The cohomology group H'(M,;d,) has a (twisted) Ceck-
cocycle interpretation. The identification of », with Hom(n(M,);
SU(2)) /Ad(SU(2)) has a Ceck-cocycle proof. The reader can compare
these Ceck descriptions to see that the smooth structure on ~9 is the stan-
dard one.

5. x(/) and Casson’s invariant

The comparison of the two invariants is based, ultimately, upon the
observation that /~1(0) is the set of conjugacy classes of irreducible rep-
resentations of z; (M) in SU(2), and that this set is in 1-1 correspondence
with the points of intersection of ”z? and /)z2 in //30 This observation is
summarized by the identity

(5.1) 2= f710)=1"" (4710) x 4710) nJ~1(A)).

It is the Fredholm properties of the maps which appear in (5.1) which
allow for the comparison of spectral flow data on Z° with intersection
data on ).

Both invariants are defined, in general, only after perturbations are
made. Choosing compatible perturbations for the two cases simplifies the
comparison. The first proposition provides a useful set of perturbations.

Proposition 5.1. Let M be a homology 3-sphere with Heegard splitting.
Given ¢ > 0, there exist admissible (in the sense of Definition 1.4) and
compatible (in the sense of Definition 4.6) functions = on & which have the
following properties: For a = 0, 1,2, introduce the section /! = /, +dx, of
Z., and introduce as notation, ».° = f,~'(0) N Y.

(1) The sets £, ~'(0) and £,~'(0) are identical on an open neighborhood
of their intersections with @u\ﬁf, that is, on the complement of compact
sets in .0 and 0.

(2) The set =0 is a smoothly embedded submanifold of B2, which is
smoothly isotopic to =0 by an ambient isotopy which is the identity on an
open neighborhood of the intersection of .0 with B,\%B?.

(3) The L2-distance moved by a point in ».0 by the isotopy in (2) is less
than e.

(4) The function « obeys all of the assertions of Proposition 1.5; in par-
ticular, the perturbation /' = / + d« is nondegenerate in the sense of
Definition 1.4.

(5) The intersection of 7% with 7} in = is transverse.
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The first four assertions are direct corollaries of Proposition 8.7 to which
the reader is referred. The last assertion is proved below as Lemma 5.5
after some technical machinery is introduced. But, note that assertion (4)
insures that / '=1(0) is a finite set, and Lemma 4.7 identifies this set with
7 2Nmy; thus, the latter set is also finite. Transversality is the issue which
Lemma 5.5 settles.

To define Casson’s invariant and x( /), a sign is associated to each point
in the finite set / '~1(0). Comparing these signs is a two-step procedure.
One first proves

Proposition 5.2. Let M be a homology 3-sphere with Heegard splitting,
and let « be as given in Proposition 5.1. Use the same notation as in
Proposition 5.1. Let [A], [A'] ¢ Z° be two points in /"‘(0), and let
[4o] = j}it[A] and [A)] = jiit[A'] denote the corresponding two points
in 2N m? C mQ. Then the mod(2) spectral flow for V /' between [A]
and [A'] vanishes if and only if the local intersection number at [Ag] for
20N m? C m agrees with that for [A4}).

The proof of this proposition occupies the remainder of this section and
also §6.

Propositions 5.1 and 5.2 have the following immediate corollary:

Proposition 5.3. Let M be an oriented, homology 3-sphere. Then twice
the absolute value of Casson’s invariant is equal to |x(/ ).

In §7, the signs of the two invariants are compared.

The proofs of Proposition 5.2 and assertion (5) of Proposition 5.1 re-
quire the introduction of a new Fredholm operator which comes with the
Heegard splitting. This operator allows the finite dimensional intersec-
tion theory on 20 to be reinterpreted as a spectral invariant of an elliptic
operator. This reinterpretation occupies most of the present section. In
what follows, assume always that a function « on #° has been given by
Proposition 5.1 and that this function is used to define the perturbationas
Al = fot+da, fora=0,1,2 and @.

Let [4] € B° and set [4,,] = i1 ,[4] and [4o] = j}i][A]. Introduce the
(pre-)Hilbert spaces

(5.2) &) =T14 0 F24 © Za, &l =440%40T4
and introduce the operator H: S’Af’ - & A‘ which sends w = (ay, az, up) to
(5.3) Hyw= (VA 4, a1,V |4 a2, Y(a1,a2) — (V 4 14,) u0),

where, V 2| is defined in (4.10). The adjoint, (V £/|4)*: %4 — Tos, 18
discussed in Part 2 of the Appendix. It is defined via integration by parts
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and the identification (7, 4)* ~ 9,4, which is provided by the metric (-, -) 4
in (A.1): Fora € 7,4 and u € %, 4,

(5.4) (VA a)u,a). = / tr(uAa) — / tr(dqu Aa+ x0v[A]l-uha)
a M,
with dv[A]- defined in (4.10). The map Y in (5.3) is the composition of
three maps; the first is ¥: 7,4 & T>4 — To4 of (4.7). Follow ¥ by the map
from 4 into (F4)* which is given by the L?-pairing. Finally, use the
metric (-, -)4 in (A.1) to identify (9, 4)* with 7.

As the connection A4 varies in ./ #, the pre-Hilbert spaces & Al’o fit together
to define smooth vector bundles, &0 — Z0. Let Fredy(&!, &%) — Z°
denote the fiber bundle whose fiber over [4] is the Banach manifold of
bounded, index 0, Fredholm operators from &, to &0. (These bundles
are discussed in Part 1 of the Appendix.)

Proposition 5.4. Let M be a homology 3-sphere with Heegard splitting.
Let [A] € B°. Then the operator H, defines a bounded, Fredholm operator
from & to &/, and the index of Hy is zero. Furthermore, the assignment
of Hi: &) — &} to an orbit [A] € B° defines a smooth section, H, over B°
of Fredy(&1, &9).

Proof of Proposition 5.4. The assignment of (a, a2, ug) in &) to (V /|4,
a, VA 4, a2, —(V 4| 4,)* o) € €] defines a bounded, index 0, Fredholm
operator. This is a direct corollary to Lemma A.4. The assignment of
(a1, az) € T4 ® F>4 to Y(ay,a;) € Jp4 defines a compact operator, cour-
tesy of the Rellich lemma which insures that the forgetful map from L?
to L? defines a compact operator. This proves the first two assertions
of Proposition 5.4. The last assertion follows from Lemma A.4 and the
differentiability over .&/ of the metric (-, -) 4.

Lemma 5.5. Let M be a homology 3-sphere with Heegard splitting.
Let [A] € BO. Then the kernel of H, is isomorphic to the set of triples
{(a1, a2, u) € ker(V 4| 4,) x ker(V 4| 4,) X coker(V 4| 4,): the L*-projection
of ¥(ay,ay) onto ker(V /4| 4,) vanishes}. In particular, if [A] € /=0,
then ker(H,) is in 1-1 correspondence with ker(V /| 4). Thus, the intersec-
tion of j;‘m'lo with j;mbo is transverse if and only if [A] is a nondegenerate
zero of /.

Proof of Lemma 5.5. To say that there exists € .2, (the completion
of Z,4) such that Y (a;, a;)—(V /4| 4,)*u = 01is to say that the L2-projection
of ¥(a,, ay) onto ker(V £'| 4,) is zero. This proves the first assertion of the
lemma. If /’'(4) = 0, and (a;,a;) € ker(V 4'|4,) x ker(V 4| 4,), then
¥(ay, ay) already lies in ker(V /| 4,); this is a consequence of assertion (5)
of Proposition 4.9 and assertion (3) of Lemma 4.7. A direct calculation
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can also verify the assertion. Therefore, if [4] € #'~!(0), then ker(H,) =
{(a1,a2) € ker(V A4'|4,) % ker(V 4| 4,): ¥(a1,a2) = 0}. (Remember that
« has been chosen so that /’ has only nondegenerate zeros.) Lemma
4.3 provides a unique a € 4 such that (a;,a;) = ®(a). Furthermore,
a € ker(V/'|4) when [4] € /'~!(0) (an exercise for the reader). This
proves the second assertion of the lemma. To establish the third assertion,
use assertion (2) of Proposition 5.1.  q.e.d.

Let %4 denote the Banach manifold of real, bounded, index 0, Fredholm
operators on a separable Hilbert space. It is a model for the classifying
space for real K-theory. There is a class, w, € H'(%;Z/2), the first Stieffel-
Whitney class. The determinant line bundle over .% is a real line bundle
which is classified by w;.

Let 2 be a smooth manifold, and let #: 2 — % be a smooth map for
which 2*w, = 0. Let x; ; be two points of 2 for which the operator A(x ;)
is invertible. By transgression, w, defines a relative class, J,(x;,x;) €
HO({x2,%2};2/2).

This relative class is defined as follows: Pick a path ¢: [0, 1] — 2 which
starts at x; and ends at x,. The composition, #(¢), defines a path of
Fredholm operators. Let 5"01 C % denote the subset of operators which
have nonempty kernel. Then %! is a codimension 1 subvariety of %
which represents w; [14].

For a generic smooth homotopy (rel{0, 1}) of the map A[¢], the image
is a smooth path in % which intersects %! transversly in a finite set. The
mod(2) cardinality of this set is, by definition, the number Jd;(xi, X3).

Standard transversality theory insures that this number is independent
of the chosen homotopy. For a closed loop in 2, the number Jd;(x,, X,)
computes the restriction to the loop of A*w;. Since this is assumed to be
trivial, d,(x, x;) is independent of the chosen path between x; and x, and
depends only on the endpoints and the map .

More generally, let 77 — £ be a smooth Banach space bundle with
fiber %4, and let H be a smooth section. Since the general linear group
of a Hilbert space is contractible, there are trivializations of 7. With
respect to a chosen trivialization, 4 defines a smooth map (also denoted
by h) from 2 into %. The characteristic class #*w; is independent of the
trivialization of .Z. If h*w, = 0, the secondary characteristic class d;(-, )
is well defined, and it is also independent of the chosen trivialization.

As a section over %0 of Fredy(&€!,&°), H pulls back the first Stieffel-
Whitney class, w; € H'(%°;Z/2). In this case, w; = 0, a fact which fol-
lows from Proposition 6.1. Let [4], [4'] € % be orbits where ker(H|.)) =
@. Then the relative class dy([A4],[4']) € H°({[A4],[A4']}) is well defined.
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The significance of dy in the present context stems from the following
observation:

Proposition 5.6. Let [A], [A'] € »°. Then 6y ([A),[A']) gives the sign
difference between the intersection numbers of jt» 2 with j3= in my at
the points j{it[A] and j}ii[A'].

An appropriate interpretation of the intersection number will yield the
proof of this proposition. Comnsider two smooth, oriented submanifolds
Xi, X3 in a third oriented manifold, Xj. Suppose that dim(X;)+dim(X;) =
dim(Xy) = dy. Let pg,p; € X| N X, be distinct points where the intersec-
tion is transverse. A calculation of the relative sign difference between
the intersection numbers of X; N X, at points, pg,p;, can be made by
choosing a smooth triple (4,V,h); here, 4:[0,1] — X obeys A(0) = po
and A(l) = p;, while ¥V — [0, 1] is a smooth, oriented vector bundle,
and h:V — A*TX, is a bundle homomorphism. Require that (4, V,h)
have the following two properties: (1) At ¢ = 0 and ¢ = 1, require that
h:V =~ A*(T X, ® T X>) is an orientation preserving isomorphism. (2) Con-
sider h: V' — A*T X,. Let det(h) denote the corresponding section of the
real line bundle A%(A*T X,) ® A%V Require that det(/) be transverse to
the zero section.

It is not hard to construct such a triple. If X, is path connected, it
may be convenient to take A to lie in X,. Then, take V' = V' @ A*T X, and
h = h'®id, with h'|p;: V' &~ A*T X, an orientation preserving isomorphism.

The two requirements on (4, V, h) insure that det(4)~!(0) is a finite set
and that the relative orientation of A(V) = A*(T X, @ T X,) and A*T Xj at
t = {0, 1} differ by the mod(2) cardinality of det(k)~!(0).

One more result is required before the proof of Proposition 5.6 can be
presented. The lemma below summarizes results in [14]:

Lemma 5.7. Fix an integer n > 0, and let %, denote the space of real,
bounded Fredholm operators of index n on a separable Hilbert space. Intro-
duce #,! C %, as the subspace of operators which have nonempty cokernel.
Then, #,! is a subvariety of #, whose nonsingular part has codimension
n+ 1, and F,\%,! is n-connected. Furthermore, let X be a smooth com-
pact manifold of dimension < n with boundary, 6X. Let 9p: X — %, be a
smooth map which maps 0 X into $,\%,'. Then, given ¢ > 0, there exists a
homotopy of ¢, 1eld X, to a map ¢': X — F\&,' with supy |9 — ¢'|op < €
and with ¢ — ¢’ a smooth family of finite rank operators.

Proof of Proposition 5.6. Choose a path 1¢:[0,1] — mz)o between ji7[4]
and j;i5[A’]. Since /;z'zo is path connected, there is no loss in generality by
assuming that Ao = j34,, with 4,:[0, 1] — /zz'2°. Using a cut-off function, it
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is straightforward to construct a path A:[0, 1] — %, which covers A5, i.e.,
such that 4, = i34, A(0) = [4] and A(1) = [4']. Set 4, = ifA.

The operators V //'| i1 define a section, ¢, over [0, 1] of A*i}.%; where
Z — B is the Banach space bundle whose fiber over [4] is the Banach
space of bounded, index 3g — 3, Fredholm maps from 9}, to A 4. At
{0, 1}, Proposition 5.1 insures that the cokernels of ¢(0) and ¢(1) are
trivial. If the cokernel of some ¢(¢) is not trivial, use Lemma 5.7 to
construct a small homotopy of ¢ (rel{0,1}) to obtain a section ¢’ for
which the cokernel of each ¢’() is trivial.

Use Proposition 5.1 to identify the vector bundle ker(V /| jris 1) with
ATy and to identify ker(V A|;x;) with A3 j2 Tz

Set V' — [0, 1] to be the vector bundle (ker(VA’lil-,l) @ ker(V/z’l,-;,I).
Let I, denote the L2-orthogonal projection in 5%, onto A3T . Note
that det(IT)~!(0) is supported away from {0, 1}. If det(II) is not transverse,
perturb IT (rel{0, 1}) to IT" with det(IT’') being transverse. Then (¢, V,IT') is
a triple from which the relative intersection numbers of /zz'lf’z in 7 can be
computed, and it is apparent that this relative intersection number is equal
to dx([A4],[A4']). Only the orientation of the vector bundle ker(¢’) — [0, 1]
remains unverified.

The said orientation may be verified by the following device: The space
2 = Aut M| x SU(2) is homotopy equivalent to C*°(M;;SU(2)) and the
latter is path connected. Therefore, the space %10 is simply connected.
Choose a homotopy, F, (rel{0, 1}) of 4; in & to a path, u,, which lies in
/7/10. A smooth section, s, of F*.%; is defined on 9 (X;[0, 1]) by 41V £ and
¢'. The cokernel of s is everywhere trivial. Use Lemma 5.7 to extend s over
X,[0, 1] as a section, S, with trivial cokernel. Such an extension defines
a smooth vector bundle, ker(S) — X,[0,1]. However, ker(S)|(1jx0,1] =
uy T/;z'lo which shows that the orientation on ker(¢’) is consistent.

6. Operators on M and Heegard splittings

Proposition 5.6 has translated a relative intersection number on ,,Z;)o
into spectral data for a family of Fredholm operators. Proposition 5.2
requires a comparison of this data with the spectral flow data of §2. For
this purpose, the family of operators V /’ from §2 must be reconsidered
vis-a-vis the Heegard splitting. Such a reconsideration assigns to each
[4] € B° a new operator,

(61) QA:g;?—')gAla
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to compare with H, in (4.3). The operator Q4 is constructed from oper-
ators Q1 24: 514 ® Frq — A 24 and Qo Jo4 — L. With these operators
defined, Q4 sends w = (ay, a;, vy) to

(6.2) Qa0 = (Qua(ar, az), Qr4(ai, a2), Y (ay,az) — (Qg4v0)-

Proposition 6.1. Let« and /' = / +du be as described in Proposition
5.1. Then for each [A] € B, there exist bounded operators Q) 14: T4 ®
Fra — A4 and Qoa:Toa — Lo which are such that Q1 €0 — &} as
given in (6.2) is an index 0, Fredholm operator. Furthermore, the following
hold:

(1) Q4 — H4 is a relatively compact operator.

(2)If /'(A) =0, then Q4 = Hy.

(3) The assignment of A to Q4 is naturally & -equivariant, and defines a
smooth section, Q, over &° of the Banach space bundle Fredy(&",&°). This
section, and the section H of Proposition 5.4, are homotopic rel( Z'~'(0)).

(4) Use the maps I: B° — B x B and j, o i\: B° — BY of §4 to pull
the bundles I} ® S5, F, and A & %, % back over BC. Use the same
notation to denote the pulled back bundles. Then, the following diagram is
a commutative diagram of Fredholm bundle maps (over %) :

0-9 2. Fo05% —2 . -0
‘[V/I lQl@Qz lQo
-2 2. Aos = %0,

where the rows are exact, and the Fredholm indices for Q, & Q, and Qq are
both equal to 6 - g — 6.

Observe that Proposition 6.1 has Proposition 5.2 as a corollary:

Proof of Proposition 5.2. It follows from assertions (2) and (3) and
Proposition 5.6 that the Z/2Z characteristic classes dp([4],[4']) and
du([A],[A4"]) agree for any pair of orbits [4],[4'] € /' ~1(0) N B°. As-
sertion (5) establishes that the Z/27 characteristic classes dp([A4],[4']) and
dy ([4],[4']) agree for any pair of orbits [4], [4'] € /' ~1(0)n2Y). In-
deed, choose a splitting ©:.% — 7 .7 with the property that Yo © = 1.
Likewise, choose a splitting ©:.% — £ @& .4 with the property that
Yo O = 1. Since the rows in (4) are exact, P© 0.9 © % —» S & A
and P9 0:..¥ ¢ % — L4 ®.% are isomorphisms. Under these isomor-
phisms, (01 ® 02) o ®©©0) = (20 ©) o (V/ & Qo).

Choose a smooth path [4(?)]go,1; from [A4] to [4']. Due to assertion
(2), coker(Qp) = {0} at the endpoints of this path. Lemma 5.7 provides a
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homotopy (rel{0, 1}) of the path Qg of index 6¢—6, Fredholm operators
to a new path Qg for which the cokernel is trivial for all ¢.

For each ¢, an index 0, Fredholm operator from ;) ® %4 t0 Zy) @
Loan ® R8¢ is given by V /' ® Qo @II, where Il is orthogonal projection
onto ker(Qo.(;)). By construction, the é invariant for this operator is the
same as that for V /.

A deformation (rel{0, 1}) of the path of Fredholm operators C(¢) =
Qi) ® Qa4() is defined by the operator C'(1): T4 ® Foary = Law ®
2 41y which is given by the formula C'(¢) o (P®0) = (P& (-) (VA ®
o5 A(,)). Then, a path of index 0, Fredholm operator with the same ¢
invariant as V / is defined by C’ @ I1o V.

This last operator has the same ¢ invariant as the path of index O,
Fredholm operators C” = {C"(t): A 4¢) ®T2.4(t) ®-ZLo.a(1) 14(0) Lo ®
o4} which is given by the formula C"(7) - (al,az,vo) (C'(t) - (a1, az),
Y (a1, a2) — Qg 4 Vo) Finally, C" is homotopic (rel{0, 1}) to the path Q4
which implies that they have the same ¢ invariants.

The proof of Proposition 5.2 is completed by the observation that
dv ,([4],[4']) and the mod(2) spectral flow for the V / are the same.

Proof of Proposition 6.1. To define Q) 4 it is necessary to introduce a
cut-off function, f:[5/4,7/4] — [0, 1]. Require that # =0 on [5/4,11/8]
and that f =1 on [13/8,7/4].

To save notation, write 4 for i} ,4 and also for j{ i} 4. Associate to each
pair (a;,ay) € 71 4©%54 the unique 6(a;, ay) € Q°(M) x su(2) which solves

(6.3) dg-ds0 —da-ds(B-wi(a)) + (1= B) wi(az)) = 0.
Here, ) are defined in (4.4). With 6 defined, introduce
(6.4) 0O=0-B-(vi—v2), G=0-(1-8)-(va—w)

as elements of QO(M, ;) x su(2). (6.3) insures that 6, and 6, are harmonic
on M, and M, respectively.

Next, define w, € QO(M;) x su(2) to be the unique solution to
(6.5) dgy-dqw; =—-p-(FyNa—-aANFy+ds-0v[A]-a)

with wy|ya, = 0. Here, a = (a, +d402) — (a;+d40,) and dv[A4]- 1s defined
in (4.10).
Introduce w, € Q°(M,;) x su(2) as the unique solution to

(6.6) dp-dqwy=(1-B)-(Fsna—anF,+dy-0v[4]-a)

with wy|yp, = 0.
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Finally, define w € Q%(M) x su(2) as the unique solution to
dgdqw =F4N(B- (a2 +d40;) + (1 - B) - (a1 +dab))

—(B-(a2+d40)+ (1 - B)- (a1 +d40)) A Fy
+ B -dyx0v[A]- (a2 + d46)
+(1=B)-dg*x0v[A]- (a; +d46,).

At this point Q) 54 can be defined:

Qi24(a1,a2) = xdy(a12 +da0,2) +0v[A] - (a12+d4012)

- dA(w + ’wlyz).

The important features of Q) »4 are summarized in the following lemma.

Lemma 6.2. Let [A] € Z°. Then the following hold:

(1) The operator Q14 ® Qr4: T4 ® Foy — LA 4 ® L4 defines a bounded,
Fredholm operator.

(2) The difference (@149 Q24)—(V £, ®V 4,) is a compact perturbation
of Q14 ® Qa4

(3) This difference vanishes when /’'(A) = 0.

(4) Let ®: £ — A 405 4 denote the restriction, @ f = (flu,, fIm,). Let
©:.T, — T 4®F24 be as defined in (4.7). Then, ®V £(-) = (Q140Q24)D().

(5) The assignment (Q,4 ® Q24) to A defines a smooth section over Z°
of the fiber bundle I* Fredey_o(F1 & F2;-A & &) whose fiber over [A] is
the Banach manifold of bounded, index 6g — 6, Fredholm operators from
T4 ®Fr4 to L4 Los

Proof of Lemma 6.2. With Lemma A.4 from the Appendix, assertions
(1), (2) and (5) are straightforward applications of the Sobolev inequalities
and the Rellich lemma. The details are left to the reader. Assertion (4)
requires the facts from Lemma 6.3, below. With Lemma 6.4, assertions
(3) and (4) are simple exercises for the reader.

Lemma 6.3. Let [A] € B° and let a € F4. Introduce ¢, € QO(M, ;) x
su(2) as defined in (4.3). Then 0, (®(a)) = ¢12(a). In addition, w, ,(P(a))
= 0 and w(P(a)) = v/(a) with v’ defined in (4.11) using o = &.

Proof of Lemma 6.3. If (a),a;) = ®(a), then a; — d,y, = a, — dqw,
on M,. It follows that a, + d,6, = a> + d46, on [11/8,13/8] x X. Define
a' € 7, by the following rule: On M;\[13/8,7/4], set a’ = a; + d40,, and
on M,\[5/4,11/8], set @’ = a, + d40,. Note that a’ = a —d4(p, — 6;) on
M\[13/8,7/4], and that @’ = a — d4(¢, — 6,) on M,\[5/4,11/8]. Since
A is irreducible on [11/8,13/8] x X, it follows that ¢; — 6, = ¢, — 6, on
[11/8,13/8] x X. Thus a global, harmonic section of Q%(M) x su(2) is
defined by the pair (¢, — 01, 92 — 0;). As A is irreducible, this section must
vanish. This fact and the unique continuation theorem in [3] imply that

(6.7)

(6.8)



CASSON’S INVARIANT AND GAUGE THEORY 577

@1 = 60, on M, and that ¢, = 0, on M,. The final assertion of the lemma
is a direct consequence of the equality between 6, ; and ¢, . q.e.d.

The inclusion of Mj in M, induces the restriction maps, j;‘,zziﬁ,z 4 —
Za4 and their difference ¥: . £ 4 & %4 — FH4 which sends (f}, f2) to
Y(fi,f2) = fi — falm,- The operator Qp, is constructed so that
Y(Q14D Qr4) = Qoy Y, where ¥ is defined in (4.7).

Some auxiliary constructs are required for the definition of Qp,. Fix
a € 9,4 and define y,(a) € Q°(M;) x su(2) to be the unique solution to
the equation

(6.9) dyxdy1+B-(Faha—aAFy4+d x0v[A]-a) =0 with y|sa, = 0.

Likewise, define y;(a) € Q2(M;) x su(2) to be the unique solution to the
equation

(6.10)

dyxdqy,—(1-B)-(Fana—aNF,+dx0v[A]-a) =0 with y;]sp, = 0.

The operator Qg4 sends a to
(6.11) Qo4 - a = (xdqa+0v[A]-a—ds(y: —n),

The relevant properties of this operator are listed in

Lemma 6.4. Let [A] € B°. Then the following hold:

(1) The operator Qo 4: T4 — Zo4 defines a bounded, Fredholm operator.

(2) The difference Qo4 — V £y is a compact perturbation of Qo 4.

(3) This difference vanishes when /'(A) = 0.

(4) Let ¥: A 48-L5.4 — Zo4 denote the restriction ¥(f1, f2) = (fi—12)|mp-
Then, ¥(Q14 ® Q24) = QosY¥.

(5) The assignment of Qo4 to A defines a smooth section over B° of the
fiber bundle i} j; Fredeg—6(70,-20).

Proof of Lemma 6.4. With Lemma A.4 from the Appendix, assertions
(1), (2) and (5) are straightforward applications of the Sobolev inequalities
and the Rellich lemma. The details are left to the reader. Assertion (3)
follows from the fact that up,y,, all vanish when /’(4) = 0. Assertion
(4) is a direct calculation which is left to the reader.  q.e.d.

With Q, defined by (6.2), assertions (1)-(4) of Proposition 6.1 are all
seen as immediate consequences of Lemmas 6.2, 6.3 and Lemma 4.3.

7. The signs of x(/) and A(M)

A complete proof of the main theorem requires the comparison of the
signs of x(/) and A(M). The purpose of this section is to establish that
these signs agree.
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For this purpose, take a Heegard splitting of M with large genus, g, and
use this splitting to define A(M).

The sign of (/') was defined by considering connections on M x SU(2)
of the form 4 =TI" + s - a, where I' is the product connection, 0 < 5 < 1
and a € Q! x su(2). No generality will be lost by assuming that dfta = 0.
Assume that 7¢ of Definition 2.7 is not zero and that [4] € % for all
s. It follows from the discussion in §2 that for all small s, the operator
K 4 is nondegenerate. Such small values of s will henceforth be implicitly
assumed.

Proposition 7.1. Let M be an oriented homology 3-sphere with a Rie-
mannian metric and large genus Heegard splitting. Choose a € Q' x su(2)
Jor which dfa = 0. Introduce the 3 x 3 matrix t, and assume that it has
nonzero determinant. Let A =T +s-a for s > 0, but small and define
the operators Q.4 using Proposition 6.1 with « = 0. Introduce the homo-
morphism ¥ of (4.4) and restrict it to ¥:ker(Q4® Q24) — ker(Qo4). Also,
define a homomorphism ¥': ker(V A | 1) ®ker(V 4|4) — ker(V 4| 4) to be ¥
Jfollowed by L2-orthogonal projection onto ker(V £|4). Then the following
hold:

(1) The su(2)-valued 1-from, a, can be chosen so that for all t € [0, 1],
the Fredholm operators (1 —t) - (VA |4 ® VA|4) +t - (Qia ® Q24) and
(1—1)-V |4+t Qoa have kernel dimension equal to 6 - g — 6.

(2) In addition, a can be chosen so that for all t € [0,1], (1 —1t) - Hy +
t-Qu&) — &} is an isomorphism. In particular, both ¥ and ¥' are
isomorphisms.

(3) This interpolation of operators induces orientations on ker(Qi4 @
Q24) and ker(Qo4) from those on ker(V /1| 4) @ ker(V 4|.4) and ker(V /] 4)
respectively. These orientations have the property that Sign(det(¥)) =
sign(det(V') = sign(t,).

The preceding proposition will be proved shortly. It has the following
corollary:

Proposition 7.2. Let M be an oriented homology 3-sphere. Then
sign(A(M)) = sign(x(/))-

Proof of Proposition 7.2. This is now an automatic consequence of
Propositions 5.3 and 6.1. g.e.d.

Proposition 7.1 makes assertions about the kernels of certain elliptic
operators. For s small, the operators in question (functorally defined with
the connection I' + s - @) are perturbations of operators which are defined
using the connection I'. Analytic perturbation theory gives an effective
method for computing I + s - @ data in terms of data for I'. To simplify
the terminology for this perturbation theory, in the sequel, Z'(s) will be
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used to signify an s-dependent norm which is of the form s - u(s) with u(s)
bounded for s in some neighborhood of 0. (The bound may depend on
the fixed 1-form a.)

Introduce the vector space of real-valued harmonic forms, H' (M, ,) =
{w € Q(Mp,2):dw = 0,d*w = 0 and i, ,(xw) = 0}. There is a natural
isomorphism ¥: H!(M,) ® H'(M,) — H'(M,) which sends (v;,v,) to

(7.1) Y, v2) =v, —dn —va+dm,

where 7, is harmonic on M, for the scalar Laplacian, d = d, and obeys
i50,(V12 — dn12)) = 0. The vector spaces H'(M,), H' (M, ;) have dimen-
sions 2g and g, respectively.

Define a nondegenerate, symplectic pairing on H'(M,) by

(7.2) ('Y= [ din(wAav)=3 -/(v AV).

Mo T

Let hy = Y(H' (M) ®0) and h, = ¥(0 ® H'(M,)). Then each of A, is

totally isotropic for the pairing above. (Use Stoke’s theorem to prove this.)
To each v € H'(M,), there exists a unique v* € H!(M,) with the

property that for any w € H' (M),

(7.3) (w,v*) = w A *v.

My
Note that v — v* is an isometry, and v** = —v. Since h;, are totally
isotropic, the symplectic dual, *, sends 4, to A, and vice-versa. With the
product metric on M, the identity

(7.4) v = —dt AV*

holds for any v € H'(M,). Use this product metric in the sequel.
The pairing above extends naturally to H!(Mj) x su(2) if it is defined
to send (v, v7) to

(7.5) (v,vy=—tr [ dtA(vAY).

M,
The minus sign in (7.5) is due to the fact that the trace on su(2) is negative
definite.

The 1-form a in Proposition 7.1 will be constructed after choosing ele-
ments @, € b, ®su(2) and w, € h2®su(2). Write ¥~ (w; — w3) = (a1, a2).
Thus, a; restricts to My as w; + drn; with 7, harmonic; and «; restricts
to My as w, + drn, with 1, harmonic. Set

(76) a= *dr((l —ﬂ) car+ Bap) =— *ﬂl . (dt/\(a1 —ay)).
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To compute det(t,), choose o € su(2) with tr(a2) = 1. Then,
(7.7

14(0,0) = —/M tr([o, (1= B) -ar+ B-aa] A B’ - (dt Ao, a1 — a2]))

=/ p'-dt Atr([o, 1] A [0, 3]) = =2 - ([0, w1], [0, w3]).

The last expression proves that 7, is positive definite when w,; = —w} for
w, chosen in general position.
Proposition 7.1 requires the consideration of certain families of elliptic
operators. For this purpose, introduce
E € Hom(H' (M) x su(2) @ H' (M) x su(2),su(2)*)
as the pairing which sends (v,v’,g) to
(7.8) E(,v") -0 =2-(o,v],v).
Note that E(v,v’) = E(v',v).

The following two lemmas will be proved at the end of this section.

Lemma 7.3. Let a be as described in (7.6). Define C,C':h; x su(2) &
hy x su(2) — su(2)* by sending (vy,v,) to

C('Ul, ’Uz) = E(O)z,’l)l) + E(wl,'Uz),
C,(Ub 'U2) == —(E(CL)T, Ul) + E(‘”;a vZ))'
If C and C' are surjective, then for all s > 0, but sufficiently small, and for
all t € [0, 1],
ker((1=1) -V Alrisa + - Qores-a) ~ ker(C') Nker(C)
C H'(Mp) x su(2).
This isomorphism is obtained as follows: For each v € ker((1-1)-V £|rts.q+
t- Qorss.a)), there exists a unique w € ker(C') Nker(C) with the property
that v — w is O(s) using the L3-norm on Q'(M,) x su(2).

Lemma 7.4. Let a be as described in (7.6). Define Cy, Cy: h; 3 xsu(2) —
su(2)* by sending v\ to C\(v;) = E(w,,v,) and v, to Cy(v2) = —E(wy, V7).
For each t € [0, 1], define a homomorphism ©,: h; x su(2) & hy x su(2) ®
su(2)* — P su(2) by sending (vy,v2,0) to

(1 =1)-(Ci(v1) + Ca(v2), Ci(v1) = Ca(v2),0)
+t- (Cl(vla ’02)7 C(Ul’ v2)3 Ta- 0 + Cl(vl))'
If ©, is surjective for all t, then for all s > 0, but sufficiently small, and for
all t €0,1],

ker(1 = 1) -V Alrssa + 1t Qorssa) = ker(€,) C H' (Mo) x su(2).
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This isomorphism is obtained as follows: For each v € ker((1—1)-V f|ris.a+
t - Qoris-a), there exists a unique w € ker(©,) with the property that v — w
is O(s) using the L3-norm on Q'(Mp) x su(2).

These formulas simplify when the w, = —wj}. Restrict to this case, and
set @ = wy. Then,(Cy(v1)+C2(v2),C1(v1)—C2(v2)) = (C' (v, v2), C(vy,02)).
In this case, Lemma 7.4 specializes to

Lemma 7.5. Let a be as described in (7.6) with w, = w and w, =
—w*. Define a homomorphism ©*: h; x su(2) @ hy x su(2) — @, su(2) by
sending (v1,v;) to (C'(v1,v2), C(vy,v2)). For generic w € Hy x su(2), ©*
is surjective. For all s > 0, but sufficiently small, and for all t € [0, 1],

ker((1 =) - V Alris.a + t - Qoresa) ~ ker(0*) = ker(C’) Nnker(C)
C H'(My) x su(2).

This isomorphism is obtained as follows: For eachv € ker((1—1)-V f|ris.a+
t - Qorss.a), there exists a unique w € ker(C’) N ker(C) with the property
that v — w is @(s) using the L2-norm on Q'(Mp) x su(2).

Proof of Lemma 7.5. But for the assertion that ©* is surjective for
generic w, this is a direct consequence of Lemma 7.4. The proof of sur-
jectivity is simple linear algebra which is omitted. q.e.d.

Lemmas 7.3 and 7.5 imply assertions (1) and (2) of Proposition 7.1.
To prove assertion (3) of said proposition, the orientation on the vector
spaces ker(V A|ris.q) ® ker(V A|rys.,) must compare favorably with that
on ker(V Alris.q). Here, one takes a as in Lemma 7.5. These vector
spaces are oriented in the following way: When a connection, A4, restricts
to one or more of My » so that [4] € mg,u, then ker(V 4,1 2] 4) is naturally
identified with Tﬂzg’ml[ 41- Then, following a generic path from 4 toI'+5-a
will orient ker(V 4.1 2r+5.)-

This method for computing the orientation of ker(V 4 2|r4s.4) is trac-
table because [I'] is a limit point of each of mg,u. Thus, one can find
connections A of the form I" + s - @/, for small s, which restrict to one
of My, so that [4] € mg’l’z. Near the trivial connection, I', such a con-
nection will have the form 4 = I' + 5 - a’ + @(s*) where the su(2) valued
1-form a’ restricts to My, as v + drn for v € H' (M) x su(2) and
n e QO(Mo,2) x su(2).

Calculations are clarified by first considering the general case where the
connection A = I' + 5 - @’ with a4’ unrestricted. For fixed @', introduce the
homomorphisms G »: H' (M, 2) x su(2) — su(2)* which are defined by

(7.9) Go12(v) -0 = — /M tr([o, d'] A +v).
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Also, introduce the homomorphism G’: H' (M) x su(2) — su(2)* which is
defined by

(7.10) GW)-o=- | dtat([o,d]Av).
Mo
Lemma 7.6. Let a’' € Q'(M) x su(2) be fixed. Suppose that Gy, and
G’ are all surjective. Then, for all s sufficiently small,

ker(V Alrss.a) ~ ker(G') Nker(Go) C H' (M) x su(2),

ker(V /4 alrss.ar) ~ ker(Gy2) € H'(M, ) x su(2).

The isomorphisms are obtained as follows: For each vy € ker(V Alris.a),
there exists a unique w, € ker(G') N ker(Gy), and for each v, €
ker(V A 2lr+s-a'), there exists a unique w, ; € ker(G 2); these are defined so
that v1 2—wo,1 2 is L*-orthogonal in Q' (M 1 2) xsu(2) to H' (Mo, 2) xsu(2).
Furthermore, vo,12 — w012 is @(s) using the L2-norm on Q'(Mp) x su(2).

This lemma will also be proved at the end of this section.

Orient H!'(M;) ~ h; and su(2) so that when [I"+s-a’] restricts to M to
lie in mY, then the orientation on ker(V Ar,s.o) ~ H'(M;)/Im(G?}) agrees
with the orientation which is obtained by identifying ker(V Ars..-) With
Tr0rssar-

Via the pairing (, ), the orientation of H!(M;) will induce orientations
on H!(M,) and H'(M,). It is an exercise to check that this orientation
on H'(M,) has the property that when [I" + s - a'] restricts to M; to lie
in 9, then the orientation on ker(V Ar,.») ~ H'(M,)/Im(G3) agrees
with the orientation which is obtained by identifying ker(V frs.or) With
T’”(z)ll'ﬂ-a’-

Likewise, when [[+s-a'] restricts to My to lie in »2{, then the orientation
on ker(V 4rysa) ~ H'(Mp)/Im(G* ® G}) agrees with the orientation
which is obtained by identifying ker(V Ar.;..-) With Tm8]r+s.a,.

As a' varies in Q!(M) x su(2) keeping G’ & Gy and G surjective, the
orientations on ker(V 4 | or4.o-) are determined by the linear maps G’ ® Gy
and G, ,. For a’ = a as given by (7.6) with w; = w and w,; = —w*, one
finds that G,, = C,,, Go = Cp and ¢’ = C'.

The preceding paragraph and Lemmas 7.3 and 7.5 imply that the linear
map W is orientation preserving when a is given by (7.6) using w; = w
and with w, = —w*. For such a, det(r;) > 0. These last two facts give
assertion (3) of Proposition 7.1. (As a check, note that when a is given by
(7.6), using w; = w and with w,; = +w* then ¥ is orientation reversing,
but det(7,) < 0.)
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Proposition 7.1 is complete with the proofs of Lemmas 7.3, 7.4 and 7.6.
All of the assertions of Lemmas 7.3 and 7.6 are proved using standard
techniques from linear perturbation theory. Generally, suppose that L is
a linear, Fredholm operator from a Hilbert space E; to a Hilbert space
E,, and suppose that u is a compact operator from E; to E,. Define
a linear map h[u]:ker(Ly) — coker(Ly) by sending v to the orthogonal
projection of u-v onto coker(Lg). Suppose that this projection is surjective.
Then, for all s sufficiently small, the kernel of Ly + s - u is isomorphic
to A(u)~1(0) c Ker(Lo). (This is another way of stating the Fredholm
alternative.)

Proof of Lemma 7.6. Consider the situation for ker(V 4,1 2|rs.a'): De-
fine the Hilbert spaces E1 = {(v, ¢) € L}(Q!(Mo,12)) x su(2) & L2 (My,1,2) X
su(2): i3y, ,,(x0) = 0 = i;‘,Mw((p)} and E; = L*(Q'(Mo,12)) x su(2) &
L?(My,2) x su(2). In all three cases, take for Ly:

*dr dr
a0

Proof of Lemma 7.3. In this case, take E, E; and L as described above
for My. Both y; and y, of (5.9) and (5.10) have the form 5 -], +52 Vi
with y{/, being #(1) in L] as s — 0. Each y{, obeys (5.9) or (5.10) with
the operator dr., ;. ,dr4s.c replaced by dfdr and with Fr., replaced by da.
Using these facts, the lemma follows as an exercise in integrating by parts.

Proof of Lemma 7.4. The proof here requires a less trivial application
of perturbation theory. This is because neither [F, 6, ;] nor d w in (5.8)
need be &(s) as s — 0. The following model applies: Let E;, be Hilbert
spaces and let Ly: E;, — E, again be a Fredholm operator. Introduce
I1;,: E; — E, to be the projection onto the cokernel of L.

Now, for s > 0, let u(s): E; — E, be a compact operator with smooth
s-dependence, but suppose that u(s) is singular at s = 0 in the following
sense: Assume that there exist auxiliary Hilbert spaces E3, E4 and bounded
maps wg, wi: E; — E3 and w,: E4 — E,, and that there exists a bounded,
index 0, Fredholm operator Hy: E; — E;. Require that w,o maps into the
orthogonal complement of the cokernel of Hy and that w, maps the kernel
of Hj orthogonal to the cokernel of Ly. Introduce I1y,: E3 — E3 to denote
the orthogonal projections onto the cokernel of Hj.

For all s > 0, let vy, v,: E4 — E3 be compact operators with vy annihi-
lating ker(H,). Allow for a smooth s dependence of v; for s > 0. Require
that Hy + s - vo + s2v(s) is invertible for all s > 0.

Finally, suppose that u(s) can be factored as

u(s) =wy-(Hy+5-v -l-Sz'Ul(S))—l '(’LU10+S"LU11) + u’,
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where u/(s): E; — E; is a compact operator which depends smoothly on
s>0.

Lemma 7.7. Under a proviso, orthogonal projection in E| produces an
isomorphism (and, to zeroth order in s, an isometry) between the kernel of
Lo+s-u(s) and the subset of elements {y +w,-a: (v, ) € ker(Loy)dker(Hp)}
which obey the following constraints:

() -r-(v+Ly' w-0)=0.

(2) My, - (01(0) -0 —wyy - (w+ Ly -wz-0)) =0.

Here, r is determined by the data Ho, wy, w{,, w1, v,,v and w'. The pro-
viso requires the surjectivity of the linear map from ker(Ly) @ ker(Hy) to
coker(Ly) @ coker(Hy) which sends (v, a) to

(e, r-(W+ Ly wy-0),Hy, - (v-0—w - (¥ + Lg' - w; - 0))).

Proof of Lemma 7.7. This is a judicious application of the Fredholm
alternative. q.e.d.

Lemma 7.6 is a direct, though computationally intensive, application of
Lemma 7.7. The details are left as an exercise for the reader.

8. Perturbations

The purpose of this section is to study nondegenerate perturbations of
the section / of T#*.

8a. Properties. The class of admissible functions on & was intro-
duced in Definition 1.4. The purpose of this subsection is to explore the
properties of the admissible functions.

To begin, fix a smoothly embedded loop in M, y, and consider the
function p,. The differentiability with the L2-Hilbert manifold structure
is not obvious. To consider this question, orient S', and introduce the
matrix P,[t, y; A] € SU(2) which defines the parallel transport from ¢,(¢,y)
to ¢,(¢,y) around ¢,(-,y) in the positive direction using the connection A.

The differential of p,[A] is the linear form on Q' x su(2) which assigns
to a € Q! x su(2) the number

(81)  dplu(@) = /S (R yiA)-alty) - n) -di-dy.

Here, a[t,y] - dt = ¢(,y)*al..
Observe that
(8.2) |dp,|4)(a)| < const-||a]|.,

so that p, is at least Lipschitz for the L2-Hilbert manifold structure.
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To define the nth derivatives of p,, introduce, for ordered pairs of points
(s,t) € S', the matrix P,[t,s,y; A] € SU(2) which gives the parallel trans-
port in the positive direction along ¢, (-, y) from s to ¢ using the connection
A. The nth derivatives of p, define the n-linear form on Q! x su(2) which

sends {a;}"_, to the number V")p, | 4({a;}",) which is given by the for-
mula

/ te(Pylt1, L0, 5 A - altn, y]- - Byt2, t1,y; A] - alt1, ¥])
[0,1])x D2

(Hdt) )

(8.3)

which implies that

64 |0l ()| < [ ([ lats-ds) e,
Since the map from C'(M) to C%!(D?) which sends f to
(8.5) | Soy0y))-di

extends to a bounded, linear map from L?(M) to L?(D?), one obtains the
uniform bound

n
(86) |V, Iy ({ai¥i)| < const- TT(IV aaillze +llaill.2),
i=1
where the constant is independent of the connection A.
(8.6) implies that p, is infinitely differentiable with the L?-Hilbert man-
ifold structure.
One last fact: For n = 2, (8.6) can be bettered:

(8.7) Vdp, |14 (a,b) < const-||al|z2 - ||b]| 2,

with the constant being independent of A.

Select a base point xp in M and a finite set, A, of closed, embedded loops
based at x;. Require that a subset of A generate 7, (M). For example, if
M is furnished with a Heegard splitting along a genus g surface X, one
could take for A a basis of loops on X which generated H;(X).

The set A of loops indexes the set of functions {p,:y € A} on Z.

Lemma 8.1. The set A can be chosen so that all of the following hold:

(1) (B, ker(dp,|ia))) Nker(V £ |i4y) = {0} whenever [A] € /'

(2) The set of functions {p,:y € A} separate the points in /~'(0).

(3) Given a Heegard splitting of M, A contains only loops which lie in
M.
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(4) Given the Heegard splitting, the functions {p,:y € A} separate the
points of mq C By and embed 73 in X,cpR.

(5) The image of the reducible connections under {p,:y € A} is disjoint
from the image of /~'(0) N F*.

Proof of Lemma 8.1. Consider assertion (1): Let [A4] be a flat connection,
and let v € ker(V /|,4). Suppose that dp,|4-v = 0 for all loops y in M. Fix
aloop y. Since A4 is flat, and d v = 0, the following integral is independent
of the point y € D?:

(83) SIA0) v = [ w(BlyiAl-vley) -t

Thus, dp,|4(v) = 0 if and only if 5,[4] - v = 5,[4](0) - v = 0.

If 5,[A] - v = 0 for all loops y in M, it is not hard to construct ¢ €
QO x su(2) so that v = d,¢. As A is irreducible, v = 0.

This argument shows that for each orbit of a flat connection [4] € F*,
there exists a finite set of loops, A[4], such that the second assertion of the
lemma holds for [4] using the set A[4]. But, then this second assertion
holds for all connections [4’] is an open neighborhood of [4] in Z*. The
first assertion of the lemma follows now because # ~'(0) is compact.

To prove the second assertion of the lemma, consider distinct orbits,
[A], [4'], of flat connections. Each is determined by its holonomy; it is the
holonomy which identifies /~!(0) with Hom(z;(M);SU(2))/ Ad(SU(2)).
Thus, one can find a loop, y = y[A4, 4'], with the property that p, dis-
tinguishes [4] and [4']. By the continuity of p,, there will be an open
neighborhood of ([4],[4']) in X, Z* on which p, X p, misses the diagonal
in R x R. Therefore, once a compact subset in the complement of the
diagonal in X, /~!(0) is fixed, there is a finite set A of loops with the
property that for any ([4],[4’]) in the said compact set, there is a loop in
A for which the resulting p function takes distinct values on [A4] and [4'].
This fact and the first assertion of the lemma imply the second assertion.

The third assertion of the lemma follows from the fact that the inclusion
of My in M induces a surjective group homomorphism 7, (My) — 7, (M).
The fourth assertion of the lemma has a proof which mimics the arguments
for assertions (1) and (2). The details are left to the reader.

The fifth assertion of the lemma is satisfied because 7;(M) is equal to
its own commutator subgroup. Thus, assertions (1), (2) and (5) can be
satisfied with loops of the form y = y;-y,- ;' - 95!, where y7' (1) = yi(~1)
(for t € S'), and - is the composition law on the space of loops. On such
a loop, the function p, has value 2 on any reducible connection. q.e.d.

To construct a perturbation of #, introduce the vector bundle & — Z*
of §4. Since the L2-Hilbert space structure on Z* is used, . differs from
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T%* in that the L2-Hilbert space structure is used on the fibers. As .Z is
fiberwise its own dual, the forgetful functors give the continuous, injective
bundle maps T#* — & — (TF*)*. Asin §4, the bundle .Z is introduced
because the section / of (T.%*)* is actually a smooth section of .%. And,
it is a Fredholm section of .2 in that V /: T#* — . defines a continuous
family of bounded, Fredholm maps.

Now, use Lemma 8.1 to provide the set A of loops; let N denote the
number of loops in A. Choose a smooth function f:RY — R, and define a
function on & by « = f({p,},en), and a section of . — F* by sending
[4]t0 /'y = (/ +de)l.

The next three lemmas summarize important facts about /.

Lemma 8.2. The section /' as defined above is a smooth section of
Z over B* which extends continuously to B. Furthermore, the covariant
derivative V /- TH* — £ defines a smoothly varying family of Fredholm
operators, and V /' — V £ defines a smoothly varying family of compact
operators.

The next lemma describes /' ~!(0).

Lemma 8.3. (1) Suppose that [A] is an L3-connection on M x SU(2)
which obeys f, = 0. Then [4] is a smooth connection whose derivatives to
any finite order obey a priori estimates which depend solely on the Rieman-
nian structure on M and on certain norms of the derivatives of the function
f.

(2) For any f, /'~'(0) is compact.

(3) Given § > 0, there exists ¢ > O such that when the function f on RY
obeys |df| < e, then /' ~'(0) lies within an L3-distance & of /~'(0).

Consider a specific choice for «. Use the functions {p,},ca to identity
/ ~1(0) with its range in RY. Introduce the set .Z* as defined in Propo-
sition 1.5. Let g be a smooth function on RY which is identically 1 on a
neighborhood of /~!(0)\.Z*.

Define a section of ¥ — Z* x RV by sending ([4], {s;},ea) tO

(89) (4l {s) = (/ +d (q({py}wzsy w))

yEA

(4]

Let B(e) denote the ball of radius ¢ > 0 about the origin in RV.

Lemma 8.4. There exists ¢ > 0 (Which depends on the choice of q) such
that the section s as defined above is transverse to the zero section of &
when restricted B* x B(e).

Proof of Lemma 8.2. The smoothness of /' is a consequence of (8.6).
The behavior of V /’ — V / is a consequence of (8.7).
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Proof of Lemma 8.3. The third assertion is a consequence of K. Uhlen-
beck’s compactness theorems in [18]. Indeed, if [4] C / '~1(0), then (8.2)
insures that ||F4||;2 < const- ¢. The second assertion of the lemma follows
from the first. The first assertion is proved by standard elliptic techniques.
In fact, the equation /f 4 =01isan equation of the form Fy = v[A4]. If 4
is an L?-connection, then (8.2) asserts that v[4] is uniformly bounded in
L>. Thus, F, is uniformly bounded in L*. Using Uhlenbeck’s results in
[18], this puts the connection in LY for all p. Then, so is v[4]. But now
bootstrapping, this puts F, in L{ for all p and hence, the connection is in
L% for all p. Continuing in this vein completes the proof.

Proof of Lemma 8.4. Lemma 8.1 insures that s is transverse to the zero
section at the points Z~!(0) x {0} c #* x B(g). Therefore, by continuity,
there exist 4, € > 0 such that this assertion holds for all points of the form
[A] x {s,} with [A] of L2-distance less than ¢ from /~!(0) and with {s,}
in B(g). Now appeal to Lemma 8§.3. q.e.d.

Together, these three results have the following corollary:

Proposition 8.5. Let g be a smooth function on RN, which is identically
1 on a neighborhood of /~'(0)\#*. Then there exists ¢ > 0 such that
Sor {sy} in the complement of a set of measure zero in B(e), the section
/' =f+dap) X,cpS - py) of & has a finite set of transverse zeros on
B*, each the orbit of a smooth connection. Furthermore, given § > 0, one
can take ¢ sufficiently small so that every zero of /' is within an L3-ball of
radius ¢ of a zero of /.

Proof of Proposition 8.5. The first assertion is an application of the
Smale-Sard theorem using Lemma 8.4. The second assertion was estab-
lished in 8.3. qg.e.d.

Proposition 8.5 establishes the existence of a nondegenerate perturba-
tion of / as defined in §1.

Proof of Proposition 1.5. This is an immediate corollary of Lemma 8.1
and Proposition 8.5.

8b. Invariance under perturbations. The number x (/) was defined in
§2 after choosing a nondegenerate perturbation of / to /' as specified
in Proposition 1.5. The number was asserted to be independent of the
perturbation; the proof of this fact will be given here.

Let «p,; be admissible functions on & as given in Definition 1.4. Con-
sider the 1-parameter family of perturbations of # which sends ¢ € R to
A=/ +dug+t-da.

Suppose that /., are nondegenerate perturbations of / in the sense
of Definition 1.4. Propositions 2.3 and 2.11 assert that x( /) and (/)
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agree. This fact is a straightforward consequence of the theory of nonlinear
Fredholm maps (see [9]). The maps in question being /; , thought of as
maps from Z* to . which commute with the vector bundle projection.
Lemmas 1.2 and 1.3 also follow readily once this nonlinear Fredholm
theory is set up.

The application of the abstract Fredholm theory to this gauge theoretic
context is not complicated. There is a basic construction to reduce the
problem to finite dimensions. Since all of the perturbations in question
have compact zero sets (courtesy of Lemma 8.3), standard, finite dimen-
sional degree theory then applies. The following is an outline of the re-
duction to finite dimensions.

To begin, fix attention on a zero [4] of /4 in #*, and for notational con-
venience ¢ = 0 will be taken. There exists d > 0 such that a neighborhood
[4] in &* is diffeomorphic (by construction) to

N (6) = {a e L} Q' xsu(2)):dja =0 and
(8.10) 2 2 2 2
llalls = IV aallz. + llallz. <67}

For 6 > 0, but sufficiently small, a trivialization of & — #'(J) is
defined by a map /:.Z | (5)— A4 (9) x Z; which sends (a, f) to

(8.11) l(a)-f=f—dax,
where x = x(a, f) € L}(QP x su(2)) is the unique solution to the equation
(8.12) dyxdsy=+(a@n*f—xfAa).

The Sobolev inequalities and Kato’s inequality insure that ||x|l4 <
ClA] - llallzs - ||flz2 < C'[A] - ||all4 - ||f]|z: where ¢ and ¢’ are constants
which depend on [A4] through the first eigenvalue of the operator dd,4 on
L2(Q° x su(2)).

Note that y, being jointly linear in a and in f, has uniform estimates
on the norms of its derivatives.

Let IT denote the L2-orthogonal projection in .7, onto the kernel of
V /4. Let v € ker(V 4,). There exists dp > 0 such that if v € /()
and |t| < do, then there exists a unique a’(v, ) € #°(6) which solves the
equation

(8.13) (1-ID) (v +a") (Aasy+a +1 dergrara) =0€ (1 -1D) - Z.

This assertion is proved using the inverse function theorem applied to a
map from (1 —I1)-.%; to itself. The inverse function theorem insures that
a'(-) depends smoothly on its arguments.



590 CLIFFORD HENRY TAUBES

Note that 4 + v + a'(v,t) is a zero of /4 + - d« if and only if v is a
zero of the smooth map S:ker(V 4,) — ker(V £.) which sends v to

(8.14) S)=M-1(v+d'(v,1) - (fssvsa +1- derarviar).

The finite dimensional map S is the local reduction of the original infi-
nite dimensional system. Having constructed S, the proof of Proposition
2.3 is reduced to finite dimensional degree theory for the map S (see [9]).
Note also that (8.14) establishes Lemma 1.2.

Lemma 1.3 is established by a similar argument, but one must deal with
the singularity in the manifold structure on % which occurs at the trivial
connection. To do this, fix a base point Xy in M and introduce the group
%o as in §2. Then, construct an SO(3) equivariant version of S by working
SO(3) equivariantly on &/ /%j.

8c. Perturbations and Heegard splittings. Choose a set A of loops of
size N < oo. As allowed by Lemma 8.1, choose the loops to lie in the
interior of Mj. In defining the functions {p,},cA, make sure the tubular
neighborhood about each loop y lies inside M. Set « = f({p,}), where
/:RY — R is a smooth function. Set /' = / +dw. This is a perturbation
of / as described in Definition 1.4; one which is compatible with the
Heegard splitting in the sense of Definition 4.6.

Note that d«|, defines, via (8.1), an L2 and L* section of Q! x su(2);
this section is denoted v[A4]. A formula for v[A4] is provided in (4.9).

The assignment of v[A4] to [4] € %, defines a section, d« ), of
the vector bundle .4, of (4.8). For a = 0, 1,2, introduce the section
Al = [+ du, of the vector bundle &, — Z,.

In each case a = 0, 1, 2, the section £ is a relatively mild deformation
of /.. Of particular interest is the behavior of £, ~!(0).

Lemma 8.6. Let M be a homology 3-sphere with Heegard splitting. Let
« be admissible in the sense of Definition 1.4, and compatible with the
Heegard splitting in the sense of Definition 4.6. For a = 0, 1,2, introduce
the perturbation /! = /, + du,.

(1) Suppose that [A] is an L3-connection on M, x SU(2) which obeys
Al = 0. Then [A] is a smooth connection whose derivatives to any
finite order obey a priori estimates which depend solely on the Riemannian
Structure on M, and certain norms of the derivatives of the function f.

(2) For any f, Z.~'(0) is compact.

(3) Given & > 0O, there exists ¢ > 0 such that when the function f on RV
obeys |df| < ¢, then /£, ~'(0) lies within an L3-distance  of /#~'(0).

Proof of Lemma 8.6. Except for potential complications due to the
boundary of M, this lemma has virtually the same proof as Lemma 8.3.
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However, for any connection A, the support of v[A] is disjoint from 9 M,
so any connection 4 which is a zero of // restricts to a neighborhood of
O M, as a flat connection. Thus, the boundary question is moot.

The set £, ~'(0) C B, is a deformation of £, ~!(0); the next lemma and
proposition describe this set. To state the result, introduce the notation
~0 for /£ ~1(0) N.BY.

Proposition 8.7. The set of loops A, a function ¢:RN — R, and, given
6 > 0, a number ¢ > 0 can be chosen so that for {s,} C B(¢) C RV, the
Junction « = q({p,}) - 3", Sy - Py has the following properties:

(1) The sets /£, ~'(0) and £~'(0) are identical on an open neighborhood
of their intersections with B,\ B2, that is, on the complement of compact
sets in 2.0 and m2.

(2) The set ».° is a smoothly embedded submanifold of BY, which is
smoothly isotopic to »% by an ambient isotopy which is the identity on an
open neighborhood of the intersection of 7.0 with B,\ZB?.

(3) The L}-distance moved by a point in .0 by the isotopy in (2) is less
than o.

(4) For an open, dense set {s,} C B(e), the conditions of Proposition 1.5
are met.

Proof of Proposition 8.7. Use Lemma 8.1 to choose some N < oo loops
A in the interior of My, so that the set of functions {p,},cs separates the
points of »q, and defines an embedding of mg into RV

Except for the orbit of the trivial connection, ~; intersects »z, in a
compact subset of mg. This allows the function g to be chosen so that ¢
vanishes on an open neighborhood of RV of the points in #q\~J. It also
allows for g to be chosen so that, vis-a-vis assertion (4), the requirements
of Proposition 1.5 are satisfied for a dense set in B(e).

Assertions (1) and (2) are direct consequences of the implicit function
theorem and Proposition 4.5 provided that (8.2), (8.6) and (8.7) are used
to control the perturbation d«,. The proofs are straightforward modifica-
tions of the proofs of Lemmas 8.2-8.4 and Proposition 8.5. See also the
discussion is §8b, above. The details are left to the reader. Assertion (3)
follows from Lemma 8.6.

Appendix

The purpose of this Appendix is to summarize the Fredholm properties
of the various operators and families of operators which are needed for the
proof of the equivalence of Casson’s invariant and §- (/). The proofs of
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the assertions below will be mostly brief, as they amount to straightforward
applications of the Sobolev inequalities, the Rellich lemma and Kato’s
inequality (see [1], or in the gauge theory context, see the appendix in [12]
and [17]). Proposition 2.1 is proved at the end of the Appendix.

To begin, let X be an oriented, Riemannian 3-manifold with boundary,
0X. Introduce & to denote the space of smooth connections on X xSU(2).
Using the product connection, identify ./ with Q'(X) x su(2) and use the
L2-inner product on the latter space to give & the structure of a manifold,
modelled on a pre-Hilbert space.

Part 1. The operators. Introduce 7! = {a € Q! x su(2): i} y(*a) = 0}
and 7°° = {1 € Q%xsu(2): i} (1) = 0}. Use the Li-inner product to define
a pre-Hilbert space structureon 7 = 7 ' o 7 °. Let F1=Ql xsu(2) and
F 9= Q0 x su(2); use the L2-inner product to define a pre-Hilbert space
structure on £ = _£! @ 0.

Introduce & to denote C*®(X;SU(2)). Let &€ act on 7  and on # by
conjugation, and let & act on .27 in the usual way. The products &/ x 7~
and & x £ then define smooth vector bundles over & to which the -
action on %/ lifts. Since the L2-inner product is being used to define the
pre-Hilbert space structure on _#, this metric defines a smooth, £-invariant
fiber metric for the vector bundle & x #.

To make a Z-invariant metric on & x 7, define, for each connection
A € &, the metric (-, )4 on 7" for which the inner product of v, y’' € 7~
is given by

(Al) (‘//9 V/’)A = (VA v, VA V/I)L2 + (Wa '//I)L2

It is a standard exercise with the Sobolev inequalities to show that as 4
varies in %/, the metric above varies smoothly to define a £-equivariant
fiber metric on the vector bundle ./ x 77". That is, the metric on the fiber
7 of & x X over a connection A is the metric that is given in (A.1).

Let A be a connection on P = X x SU(2). (2.7) defines a bounded
operator from 7" to _#, which will be denoted by K ,.

Lemma A.1. Let X be a compact, connected, oriented, Riemannian 3-
manifold with boundary. Let A be a smooth connection on X x SU(2).
Then K. % — 7 defines a bounded, Fredholm operator on the respective
completions. The index of K4 is equal to —— - Xox, where xox is the Euler
characteristic of 0X. By varying the connectzon a smooth, Z-equivariant
map, K., is defined from &/ into the space of bounded, real Fredholm
operators from ¥ to £ .

Proof of Lemma A.1. The assertion that K4 is Fredholm is a standard
calculation (see [6] and [5]); K, is the twisted signature operator on the
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3-manifold with boundary. A change A — A + a in 4 changes K by a
zeroth order term which is linear (over C*°(X)) in the components of
the su(2) valued 1-form a. Thus, the index of K, is independent of the
connection 4. For this reason, the index calculation reduces to DeRham
theory; choose A4 to be the trivial connection and one is calculating Betti
numbers of X. The last assertion of the lemma follows readily from the
fact that K4 differs from K4, , by a multiplication operator which is linear
over C*°(X) in the components of a. This is an application of the Sobolev
inequalities. q.e.d.

Fix an irreducible connection 4 on P and fix a € Z'!. Define v =
v4(a) € QO(X) x su(2) to be the unique solution to the equation

(A.2) dyd,v =dja, i3y (xd4v) = 0.
Define u = u,(a) € Q° x su(2) to be the unique solution to the equation
(A3) dijdsqu=—x(F4N(a—dsv)—(a—ds)AFy), izx(u)=0.

Fork =0,1,2, use 92 to denote the pre-Hilbert space whose point set is
QO%(X)xsu(2) and whose inner product is the L2-inner product. Remember
that &/ has its L?-Hilbert space structure, and give Q'(X) x su(2) the L?-
Hilbert space structure. Then, the Sobolev inequalities insure that the
assignment of (v,u) to (A4,a) defines a smooth map from & x Z'! to
Q9 x Q0. In addition, when A is fixed, this becomes a bounded, linear
map from %! into Q9 x QY.

Fix the irreducible connection 4 on X x SU(2) and define K : 7" — _#
by sending (a, ¢) to

(A.4) K, 0= (xds(a—dqvg(a)) —dyus(a) +dqp,d};a).

Lemma A.2. Let X be a compact, connected, oriented, Riemannian 3-
manifold with boundary. Let A be a smooth, irreducible connection on
X x SU(2). Then K % — £ defines a bounded, Fredholm operator on
the respective completions. The difference K 4, — K 4 is a compact operator.
By varying the connection, a smooth, &-equivariant map, K., is defined
from 7* into the space of bounded, real Fredholm operators from %" to 7 .

Proof of Lemma A.2. Since the assignment of a to (v4(a),uy(a)) is
smooth, K, is bounded. The Rellich lemma insures that K, — K, is a
compact operator. Thus, K, is also a Fredholm operator. Since the as-
signment of (4,a) to (v4(a)) is smooth, K ., defines a smooth map from
&* into the space of real, bounded Fredholm operators from 7" to 7.
This map is £-equivariant by inspection. q.e.d.
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The operator K| is useful because it commutes with a natural Hodge-
type decomposition of &/ x Z°!. To construct this decomposition, intro-
duce the map A: . x#'! — Qg by sending (4, a) to

(A.5) A (A;a) =dja.

Let &/* denote the set of irreducible connections on X x SU(2). Re-
stricted to 4 € W*, d5d: Q) — QY has bounded inverse with Neumann
type boundary conditions. In fact, for each ¢ € Qg, there exists a unique
o’ € Q) which obeys d%d 0’ = ¢ and i3x(xd40') = 0. The inverse func-
tion theorem insures that A; = A;'(0) N (& * x Z!) is a smooth manifold
with projection 7;:A; — &% defining a smooth vector bundle. The group
Z acts naturally on A, and 7 is an equivariant map.

The fiber of this vector bundle over a connection A is the vector space

(A.6) Ty={ae? ' :dja=0}.

Let Q9. denote the linear subspace {¢ € Q%:i*(p) = 0}. Note that the
L2-inner product defines a pre-Hilbert space structure on Q‘l’c. Define a
map Ag: ./ x F! — (Q9.)* by sending (4,a) to the linear functional on
Q9. which sends ¢ to

(A.7) Ao(A,a) -9 = — /x tr(a A xd 40).

Essentially a repeat of the preceding argument shows A, = Aj 10) n
(* x #1) is a smooth manifold with projection n:A, — &* defining
a smooth vector bundle. The fiber over a connection A is the vector space

(A.8) Zy={ae f:dja=0}.

The group £ acts naturally on A;, and 7 is again an equivariant map.

It is convenient to exhibit a cover of & # over which the bundles A,
have trivializations. A set % (4;¢) in this cover is indexed by 4 € &/ * and
¢ > 0, but small:

(A.9) Y(A;e) = {A +a:a Q! xsu(2) obeys ||a||4 < &}

Define /;: A, |, — % x T4 and ly:Ayly — % x Z; by sending (4 + a,v)
to (4 +a,v —daK1p), where k) o = K o(a,v) obeys the equation

(A.10) didskio—*(aANv+vAa)=0, i3 x(xd k) = 0 = i35 (ko).

The Sobolev inequalities insure that the /; o are smooth vector bundle maps
with smooth inverses as long as ¢ is small enough. Neither map is an
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isometry, but it is a straightforward exercise to establish the existence of
a constant z[A4] such that ¢ is sufficiently small and 4 + a € Z(4;¢), then

|{V0, V1) 4+a — (Vo — dak1(a, vp), v1 — daki(a,vo))a| < z - &,
{wo, wy) 2 — (wo — dgko(a, wo), w) — dako(a, wo)) 2| < z - &,

for all (4 + a,vp),wo1) €A ® Aylr-

The vector bundle Hom(A;,A,) — & * is defined by taking the fiber over
a connection A4 to be the Banach space of bounded, linear operators from
4 10 Z,. For each integer n, let Fred,(A,;,A,) C Hom(A,,A,) denote the
fiber bundle whose fiber over a connection 4 is the Banach manifold of
bounded, linear, Fredholm operators from .7; and .%;. The reader can use
the trivializations in (A.9) and (A.10) and the Rellich lemma to check that
these fiber bundles are well defined.

Let T: % — 94 and L,: F — %4 denote the L2-orthogonal projec-
tions. As the connection 4 is varied, 7{.) defines a smooth vector bundle
map between the trivial bundle over &/#*, &# x 7! and the bundle A,.
Likewise, L., defines a smooth vector bundle map between &/ #x #! and

(A.11)

the bundle A,.
By construction, the operator K , obeys
(A.12) K,oT,=L 0K,

(A.12) and Lemma A.2 have the following immediate corollary:

Lemma A.3. Let X be a compact, connected, oriented, Riemannian
3-manifold with boundary. Let A be a smooth, irreducible connection
on X x SU(2). Then LyoK, o T4I4 — £ defines a bounded, Fred-
holm operator on the respective completions. By varying the connection A,
LyoK, 0Ty T4 — % defines a smooth, -equivariant section, V /£, over
Z* of the fiber bundle Fred, (A, Ay) withd = —3 - x(3X).

A word about perturbations is in order: Let A be a finite set of embedded
curves lying in the interior of X with parametrized tubular neighborhoods,
also in the interior of X.

A section of Fred,(A,,4,), V /', is defined by assigning to a connection
A the linear map which sends a € 9 to

(A.13) V/|-a=x*dsa+0v[A] a-duya).

Here, v[A] is defined in (4.9), and «/,(a) is defined in (4.11).

Lemma A4. Let X be a compact, connected, oriented, Riemannian 3-
manifold with boundary. Let A be a smooth, irreducible connection on
X xSU(2). ThenV £{: T4 — £, defines a bounded, Fredholm operator on
the respective completions. By varying the connection A, V /{: T4 — Z4
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defines a smooth, Z-equivariant section, V /', over &/ * of the fiber bundle
Fred,(A,,Ay) withd = —3/2 - xax.

Proof of Lemma A.4. The Rellich lemma and the Sobolev inequalities
insure that the difference V /] — V /; is a compact operator. Smoothness
as A varies is left as an exercise with the Sobolev inequalities.

Part 2. Adjoints. The adjoint V /j;* defines a bounded, linear map
from the completion of % to the dual, .7*, of the completion of 7.
This operator assigns to v € .% the linear functional which sends a € 7
to the real number

(A.14) V/;,’*(v)-as/axtr(v/\a)—/Xtr(dAv/\a+*av[A]-u/\a).

As 7 is a pre-Hilbert space with the inner product in (A.1), its comple-
tion and the dual to its completion are isomorphic. Using the Hilbert space
metric (-, )4, the operator V /;,'* defines a bounded, Fredholm operator
from .%; to the completion of I, [13]. As A varies in #*, V /,*: % — T,
defines a smooth, £-equivariant section, V / "* over &* of the fiber bun-
dle Fred,(Ag,A;) with d = 3 - xx.

Part 3. L2-theory. For formally selfadjoint operators, an L2-theory
is useful. Begin again with the operator K, and consider only the case
0X = @. Let Z denote the L?>-completion of both " and _#. Lemma
A.1 implies that K, defines a closed, unbounded, essentially selfadjoint
operator on Z~ with 77" as dense domain. The Weitzenboch formula for
K4 shows that the norm on 77" which sends v to ||K4 - ¥||;2 + ||¥]|2 is
equivalent to the L2-norm (-,-) 4 on 7. Since the forgetful map from L?
into L? is compact, this fact implies that the resolvent of K, is compact.
Thus, K, has discrete spectrum without accumulation points.

Let w:Z  — Z be a linear operator with dense domain 7 which is
relatively compact with respect to K. Standard stability theorems [13]
imply that K, + w has compact resolvent also. Lemma A.2 insures that
K , is such a perturbation of K 4. Thus K , defines a closed, essentially self-
adjoint operator on Z~ which has discrete spectrum without accumulation
points.

Let J , denote the L2-completion of 74 and of .%. Then, the pre-
ceding comments and (A.8) insure that V /; defines a closed, essentially
selfadjoint operator on .7, which has discrete spectrum without accumu-
lation points. Lemma A.4 asserts that V // and V /; differ by a compact
operator, so V /Z/ likewise defines a closed, essentially selfadjoint operator
on J_, which has discrete spectrum without accumulation points. These
results are summarized by
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Lemma A.S. Let X be an oriented, compact, connected 3-manifold with-
out boundary.

(1) The assignments of the operator K, and K , to a connection A on
X x SU(2) define smooth maps from &/ and /* respectively into the space
of closed, essentially selfadjoint Fredholm operators on the Hilbert space
X ; the difference, K4 — K ,, defines a smooth map from /* into the space
of K 4-relatively compact operators on the Hilbert space % .

(2) There is a smooth fiber bundle over /* whose fiber over a connection
A is the space of closed, essentially selfadjoint, Fredholm operators on I,
which restrict as bounded, Fredholm maps from 9, to %;.

(3) For each irreducible connection A, define the operator V /] by (A.13).
The assignment of V /| to A defines smooth, & -equivariant sections over
SZ* of the fiber bundle in (2). The difference V /| — V /4 is V £y-relatively
compact.

Proof of Lemma A.S. Assertion (1) concerning K.) just summarizes the
preceding discussion and Lemma A.1. For assertion (2), the existence of
the asserted fiber bundle is proved by directly constructing it using the
trivializations of A,, which are given in (A.9) and (A.10). It suffices to
remark that for ¢ > 0, but small, and for fixed 4 + a € .#'(4;¢), the
assignment of v € Q! x su(2) to dyx(a,v) € Q! x su(2) extends to define
a compact map from Lf(Ql x su(2)) to itself, and to a compact map from
L?(Q' xsu(2)) to itself (use Weitzenboch formulas, and the Rellich lemma
to show this). Assertion (3) follows from Lemma A.4. q.e.d.

Lemmas 2.4 and 2.6 are corollaries to Lemma A.5, and Lemma A.5
provides the framework for the proof of Proposition 2.1.

Proof of Proposition 2.1. The first assertion of the proposition is a stan-
dard consequence of assertion (3) of Lemma A.5. For the second as-
sertion of the lemma, let A(z), ¢ € [0, 1], denote a path of connection
with A(0) = 4, and A(1) = A4,. As ¢ varies, the eigenvalues of V/j,
vary. If the zero crossings are not transverse, the family of operators
v /j,'(,) (t € [0, 1]) can be perturbed (rel{0, 1}) by adding to V /j,’(,) a smooth
family, s(¢) (¢ € [0, 1]), of selfadjoint, relatively compact (with respect to
\Y /A’(,)) operators so that the perturbed family has its eigenvalues crossing
zero transversely. This perturbation can be arbitrarily small in the follow-
ing sense: Let T be a closed, linear operator between two Hilbert spaces.
If an operator S has the same domain as 7, there is the notion of the
T-bound of the operator S (see [13]): this is the number

IS|r = Sl;lg(lS /(1T - v| + [v]).
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The perturbation family, s(-), above, may be taken to have arbitrarily
small 7-bound for T =V /;1'(.). The spectral flow for the perturbed family
is well defined, and the discussion in [5] shows that this spectral flow is
independent of the perturbation if the perturbation is sufficiently small.
Use such a small perturbation to define the spectral flow along the path
A().

Change the path from A(¢) to a new path, 4'(¢t) = A(¢) +a(t), and a new
family of operators, V /4’(.), is defined which differs from the old one by
a relatively compact family of operators whose T-bound (for 7 =V /;,’(,))
is uniformly bounded by a constant multiple of the L2-norm of a(t). Use
the trivializations of A, in (A.9) and (A.10) to show this. This latest fact
implies that the spectral flow along a path from 4; to A, is a constant
function on the space of paths from A4, to 4,. (The fact that .2/ # is simply
connected is implicit in this statement.)

The group Z is not path connected. Let g € & be a gauge transforma-
tion which is not homotopic to the identity. Let 4] = g - A;. The spectral
flow along a path from A4} to 4; will not be the same as that from 4, to 4,.
The difference of the spectral flows along two paths is equal to the spectral
flow around the closed loop in .Z* based at [4,] which, after lifting to 2/ #,
is defined by going out on the first path, and coming back on the second.

The spectral flow around a closed loop of operators, V /;{(,), is equal to
the index of an operator on M xS! [5]. The relevant operator on M x.S! has
index divisible by 8. (This operator comes from the selfdual deformation
complex for the mapping torus of the automorphism g, a principal SU(2)
bundle over M x S!. The index is computed in [4].)
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