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NEW APPLICATIONS OF MAPPING DEGREES
TO MINIMAL SURFACE THEORY

BRIAN WHITE

In [21], Tomi and Tromba showed how it was possible to use the degree
theory of Smale [19] to solve the long open problem of proving that every
smooth embedded curve in the boundary of a convex subset of R3 must bound
an embedded minimal disk. Later Almgren and Simon [4] and Meeks and Yau
[15] gave different proofs. In this paper we give other applications of degree
theory to minimal surfaces. In particular, we show:

(1) If @ is an even constant coefficient parametric elliptic functional in
R3 and 7 is a smooth embedded curve on the boundary of a strictly convex
subset of R3, then « bounds an embedded ®-stationary and ®-stable disk.
Furthermore, a generic such curve bounds an odd number of embedded ®-
stationary disks and an even number of embedded ®-stationary surfaces of
each other topological type.

(2) Let N be a smooth Riemannian 3-manifold with strictly mean convex
boundary diffeomorphic to the 2-sphere. Suppose either that N is not dif-
feomorphic to the 3-ball, or else that IV contains a compact minimal surface
without boundary. Then there exists a sequence D; of embedded minimal
disks in N such that dD; C N, 0D; converges to a smooth embedded curve
~, and the area of D; tends to infinity.

(3) There exists a complete minimal hypersurface M in R" such that M is
singular, M is not a cone, and M is asymptotic at oo to an area minimizing
cone C that is regular except at the origin.

(4) There exists a complete area minimizing hypersurface M in R"™ such
that M is asymptotic to an area minimizing cone C that is regular except
at the origin, but M is not congruent to any leaf of the foliation of minimal
hypersurfaces associated with C.

These results are proved in §§2, 3, 4, and 3, respectively. All depend on the
preliminaries in §1, and §5 .s a continuation of §4, but otherwise the sections
are independent of each other. §6 discusses examples.
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Concerning (1), in 1961 Morrey [16] proved the existence of H! maps of
disks that minimize such functionals ® subject to prescribed boundary values.
But still no regularity is known for such maps. On the other hand, there also
exist surfaces that minimize ® among all surfaces, of arbitrary topological
type, having a prescribed boundary; such surfaces are known to be smooth
away from the boundary [3].

Statement (2) shows that the method of proving (1), which requires an a
priori bound on area, breaks down in a serious way in manifolds.

Statement (3) partially answers the question, raised by R. Hardt [6,1.6],
of whether there exists a complete area minimizing hypersurface which is
singular but not a cone. Note that such a hypersurface cannot be constructed
by perturbing a cone by a small vectorfield since by monotonicity the tangent
cone at infinity must be different from the tangent cone at the singularity.

Statements (3) and (4) also show (see §6) that the recent classification, due
to Simon and Solomon [18], of complete minimal hypersurfaces asymptotic at
infinity to quadratic cones fails for all other known cones.

I would like to thank Mario Micallef and Bruce Solomon for helpful discus-
sions related to §§4, 5, and 6, and the Centre for Mathematical Analysis for
their hospitality during the preparation of this paper.

1. Preliminaries

In this section we summarize those results of [24] which we will use. Analo-
gous results were proved earlier for the special case of two dimensional minimal
disks in R™; cf. [5], [22], [21]. Let M be a compact connected m-dimensional
Riemannian manifold with nonempty boundary, and let N be an (m + 1)-
dimensional Riemannian manifold with strictly mean-convex boundary. We
regard two maps f,g: M — N as being equivalent if f = g o u for some dif-
feomorphism u: M — M such that u(z) = z for £ € 9M. Let [f] denote the
equivalence class of f.

Theorem A (24, 3.3]. Let # = {[f]:f € C**(M,N) is a minimal
immersion with f(OM) C ON}. Then A 1is a smooth Banach manifold and

I: .l — C?*(OM,0N)
I([f]) = f|oM
is a smooth Fredholm map of Fredholm indez 0.
In some situations it is possible to assign a mapping degree to II:

Theorem B [24, 5]. Let .#' and W be open subsets of .# and
C?*(OM,dN), respectively, such that W is connected and II: ' — W 1is
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proper. Then there is an integer d = d(A',W) such that for generic vy € W,

Z (_l)index[f] —d.

[(flen—t(mnz’

In particular, this holds for each v € W such that every [fl e I~ (y)N.AZ'
has no nontrivial Jacobi fields that vanish on OM. Furthermore, if d # 0,
then TI=X(y) N.A'" is nonempty for every y EW.

Corollary 1.  For generic v € W, the number of elements of 1™ (y)NA"
15 congruent to d modulo 2.

Corollary 2. For generic vy € W, the number of stable surfaces in 171 ()
N.A' is less than or equal to d plus the number of unstable surfaces.

Whereas Theorem A is quite general. Theorem B is severely restricted
by the hypothesis of properness. The following gives a useful criterion for
properness.

Theorem C. Let .7 and W be open subsets of .# and C**(OM,0N),
respectively, with II(.#') C W. Then II: 4" — W is proper if the following
hold:

(1) A" is a closed subset of I™1(W).

(2) If K ¢ W is compact and [f] € I7Y(K) N.#", then the area and the
curvatures of f(M) are bounded above by a constant depending on K.

Proof. Let [f;] € 17} (K) N.#'. Then by (2), it is fairly easy to show
(cf. [23, 3]) that a subsequence [f;(;)] must converge to some regular minimal
surface [f]. But by (1). [fle #Z'. q.ed.

In the applications to follow, we use Theorems B and C as follows. First
we choose .#Z' and W so that (1) of Theorem C holds. Then we either prove
(2) and conclude that d exists, or else show that d does not exist and conclude
that (2) is false.

2. Embedded stationary surfaces in R?

Let ®:9B3 — (0,+00) be a smooth function. Then ® defines a functional
on C! surfaces in R3 by

3(s) = / _, Blila) de

where 7i(z) is a unit normal to S at z, and the integration is with respect
to surface area on S. We shall assume that & is elliptic, i.e., that for some
A > 0, the function

z = |z|(®(z/|z]) — A)
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is a convex function of £ € R3. We shall also assume that ® is even, i.e., that
®(v) = ®(—v). Then the theorems of §1 remain true if we replace “minimal”
by “®-stationary”. (If ®(v) = |v|, then ® defines the area functional, and S
is ®-stationary if and only if S is minimal.)

2.1 Theorem. Let N be a compact subset of R® with smooth, strictly
convez boundary, M a surface such that dM 1is connected, and A the Banach
manifold of Theorem A corresponding to ®. Let W be the set of C** embed-
dings of OM into ON and A' = {(f) € I~} (W): f is an embedding }. Then
:.#4' — C**(0M,0N) is proper and

d—{l if M is a disk,
“lo ifnot

Corollaries. (1) Every v € W bounds an embedded ®-stationary disk.

(2) A generic v € W bounds an odd number of embedded ®-stationary disks.

(3) If g #£ 0, then a generic v € W bounds an even number of embedded
®-stationary surfaces of genus g.

Proof. Since ® is even, the strong maximum principle implies that if [f]
is a limit of ®-stationary embeddings such that f|dM is an embedding, then
f(M) is embedded. Thus .#" is closed in II=!(W).

One can show with the first variation formula, applied to radial deforma-
tions, that the area of f(M) is bounded in terms of the length of f| M. Also,
the principal curvatures of f(M) are bounded in terms of f|dM, the area
of f(M), and the genus of M. (See [23] for a precise statement and proof.)
Thus by Theorems B and C, II: .#’ — W is proper and has a degree d.

Now let 4(0M) be the intersection of AN with a plane P. Then by the
maximum principle, applied to the planes parallel to P, the only ®-stationary
surface bounded by v is PN N. Since PN N is strictly stable (and therefore
has no nontrivial Jacobi fields which vanish on M), this means that d = 1 if
M is a disk and d = 0 if not.

2.2. Theorem. Let N and ® be as in Theorem 2.1. If vy 13 a smooth
embedded curve in ON, then g bounds an embedded ®-stable disk.

Remark. The author discovered this theorem by a different method. The
proof here is a modification of a proof for the area functional shown by Bill
Meeks. This argument was discovered independently by F. H. Lin [13].

Proof. Let v be a smooth embedded curve in dN. Let S be the union
of all ®-stationary surfaces bounded by ~g, {2 one of the two components of
ON ~ (y0), and M the unit 2-disk. Then the set of C%* embeddings of M
into {2 has two connected components; let W be one of them. Let

A' = {[f] e I~} (W): f is an embedding and f(M)N S = Q}.
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Then .#" is an open and closed subset of .# by the maximum principle [29),
and II: .#’ — W is proper as in Theorem 2.1. Thus II:.#’ — W has a degree
d, and, as in Theorem 2.1, d = 1.

Now let ; € W be a sequence of generic curves such that ||v; —yo||2,a — 0.
Then each v; bounds an embedded ®-stationary disk D; with D;NS = &. By
[23, 3]. a sequence of D;’s converges to an embedded ®-stationary disk D with
0D = ~p. Note that D lies on one side of S. We claim that D is “one-sided
®-minimizing”, i.e., that if V is a surface of any genus with dV = ~¢ and
intV C the component of N ~ D containing 2, then ®(V) > ®(D). For if
not, then there is a surface (integral current) V' which minimizes ® subject to
those conditions. Since ®(V') < ®(D), V # D. In particular, D is between V
and S. But by definition of S, V C S, a contradiction. Finally, note that the
one-sided minimizing property implies stability.

Corollary. There erist embedded ®-stable disks D and D' such that
0D = 0D’ = 7o and such that every ®-stationary surface embedded or im-
mersed and of any topological type lies between D and D'. In particular, if yo
bounds more than one ®-stationary surface, then D # D'.

2.3. Theorem. Let M be a compact connected surface with more than
one boundary component. Let #' and W be as in Theorem 2.1. Then
II: . #' — W is proper and the degree d = 0.

Proof. Properness is exactly as before. To see that d = 0, for simplicity
suppose that OM has exactly two boundary components, I'; and I's. Let
~v: € W be a sequence such that

length~;(0M) — 0,
7%(T1) = p1,  %(T2) — p2, p1 # p2-

We claim that for sufficiently large 7, II7!(y;) N.#" is empty. For suppose
S; eI~ 1(y;)N.A". Since S; is connected, there is a point z; in S; with

(%)

dist(z;,8S;) > r = |p1 — pal.

By [22, Theorem 3], a subsequence of the S; converges to a surface S with
isolated singularities. But by (%), area(S;) — 0 as ¢ — oo. The contradiction
shows that for large ¢, S; does not exist. Thus d = 0.

3. Disks of arbitrarily large area

Theorem. Let N be a compact connected smooth Riemannian manifold
whose boundary is strictly mean convez and diffeomorphic to the two-sphere
S2. Suppose that

(1) N is not diffeomorphic to the 3-ball B®, or that
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(2) N contains a compact minimal surface ¥ without boundary.

Then there exists a sequence of embedded minimal disks D; in N such that

(3) 0D; CON,

(4) 0D; converges to a smooth embedded curve T,

(5) area(D;) — oo.

Proof. Case (1) reduces to case (2) as follows. If N is not diffeomorphic
to B2, then we can minimize area in the class of all embedded spheres in N
that do not bound balls in N. The result is a compact minimal sphere ¥ C N
[14].

Thus for simplicity let N be the unit ball in R equipped with a smooth
Riemannian metric such that N is strictly mean-convex and such that (2)
holds. Now apply Theorems A and B with M = the unit 2-disk. Let W
be the space of C** embeddings of M into AN, and let .#" be the set of
[f] € I~} (W) such that f is an embedding and such that for some open
subset () of V:

QN =g,
o0 Nint(N) = f(int M),
f(M) has the orientation induced by (1.

By the maximum principle, .#" is open and closed in I~} (W).
For —1 <t <1, let

T:=0B*n{(z,y,2): 2 = t}.

Now we claim (see below) that for ¢ sufficiently near —1, T'; bounds a unique
minimal surface S;. This S; is a strictly stable embedded disk which is or is
not in .#" according to which way we orient I'y. It follows that d, if it existed,
would have to be both 1 and 0. Thus d does not exist, and II is not proper by
Theorem B. By Theorem C, this means there exists a sequence of embedded
minimal disks D; satisfying (3) and (4) and such that the area and/or the
principal curvatures of the D; tend to infinity. But the curvatures of such a
disk D are bounded in terms of D and the area of D [23]. Thus in fact the
area of D; must go to infinity.

To establish the claim, note that there is a neighborhood U C N of
(0,0,—1) that is foliated by strictly stable embedded minimal disks S; with
0S; =T;. (This is proved by the implicit function theorem as in, for example,
the appendix to [23].) Now let R; be a sequence of minimal surfaces in N
with OR; = T';(;), where (i) — —1 as ¢ — oo. Let T; be a disk that minimizes
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area subject to

oT; = Ft(i)v
T; C R; U {the component of N ~ R; not containing (0,0, —1)}.

Then T; is an embedded minimal disk [15]. Clearly area(T;) < area(dN).
Unless

(6) area(T;) — 0,
thus by [23, 3(3)] the T; (or a subsequence) would converge to a minimal
surface T with 0T = (0,0, —1), and T is regular away from (0,0,—1). But
then (by [23, 2], for example) T would be regular everywhere, contradicting
the maximum principle since N is mean-convex and N N T is nonempty.
Hence (6) holds. By the lower density bound for minimal surfaces, this means
that for large 7, T; must be near 9T; = I';(;) and therefore in U. Thus R; is
also in U. But then by the maximum principle applied to R; and the leaves
St, R; = Si(;)- This completes the proof.

4. Complete minimal hypersurfaces.

Throughout this section and the next, B, will denote the ball of radius r in
R™*! centered at the origin, and ¥ will be regular (m — 1)-dimensional min-
imal submanifold of the unit m-sphere dB; such that the cone C = {rz:z €
¥,r > 0} is area minimizing. Let % and 2~ be the two connected compo-
nents of dB; ~ ¥, and for z € ¥ let n(z) be the unit vector that is normal
to X, tangent to 0B, and that points away from Q1~. If u: ¥ — R, we define
¥ — 0B by

i(z) = (z + u(z)n(z))/(1 + u(z)?)/2

We let ||ullo, ||u||k.a» and |u| denote the C°, C** and .#? norms, respec-
tively, of u.

According to [10], R™*! has a foliation .# of area minimizing hypersur-
faces, one of the leaves of ¥ is C and the other leaves of # are all regular.
If L; is a leaf near C, then L, N dB; = l}(E) for some [;: X — R. Here L,
denotes the leaf such that

{ infly ift >0,
supl; ift <0.
In particular, Ly = C.
We begin with an easy application of Theorem B that is interesting in its
own right.
4.1. Theorem. Thereis a é =46(X) > 0 such that if
(1) C s area minimizing,
(2) there is no isotopy in By from Qe leaving ¥ fized,
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(8) us (0 <t <1)is a path in C**(X) such that for some € < 6, ug = I,
uy = l_g, and ||ut||2,o < 6 for all t,
then there is a t € (0,1) such that 4;(X) bounds a singular minimal surface.

Remark. Note that if (2) does not hold, then dB; is topologically the
double of 0. This implies (by, for instance, the Meier-Vietoris sequence for
oB; =0 U {17) that T is a homology sphere. In other words, (2) holds
unless ¥ is a homology sphere.

Proof. Suppose not. Then there are a constant ¢ and a neighborhood W
of {u:0 <t < 1} in C**(X) such that if u € W and T is a regular minimal
surface with 0T = 4(X), then the curvatures of T are bounded by c. (For if
not, there would be a ¢t € [0, 1] and a sequence T; of regular minimal surfaces
such that

oT; — (X)) in C%,

*
() max(curvature of T; at z) — oo.
z€T;

But a subsequence of the T; would converge to some minimal surface T with
0T = 4:(X). By hypothesis, T is regular. But that contradicts Allard’s
regularity theorem [1], [2].)

Now let M be the closure of 21, N the unit ball B;, and .# the Banach
manifold of minimal surfaces given by Theorem A. Let .47 be the connected
component of H‘I(W) that contains L, N By, where W = {@&:u € W}. Then
A’ does not contain L_.N By, since any path in .#’ from L.NB; to L_.NB;
would be an isotopy violating (2). (By [10, 2.1], (z,t) — (1 — t)z + t(z/|z|)
(0 <t < 1) defines isotopies from L, to L_, to QF and 1, respectively.)

The areas of surfaces in .#’ are bounded by the isoperimetric inequality,
and we have already mentioned that their curvatures are bounded. Thus
II:.#' — W is proper and has a degree d. Now by the maximum principle
applied to the leaves of .#, L, N I3, is the only minimal surface bounded by
ie(E). Also, it is strictly stable since L, is minimizing and therefore stable.
Thus d = 1. Likewise L_. N By is the only minimal surface bounded by
I_¢(). Since L_c N By ¢ .#', d =0, a contradiction. q.e.d.

If f:[a,b] x £ — R, then f determines a surface S(f) = S(f;a,b) by

S(f) = {r(e + f(r,2)n(2)) /(1 + f(r,2)*)"/?:r € [a,b],z € T}.

Thus S(f) is minimal if and only if f satisfies the appropriate Euler-Lagrange
equation which we will call the “minimal surface equation”. This equation is
a divergence-form quasilinear elliptic equation whose linearization at 0 is

2
Ju(r,z) = r(é%) u(r,z) + (m + 1)%“("’ z) + ;JEU(T’ z),
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where Jy is the Jacobi or second variation operator on ¥ C 9B, :
Jsu(z) = (A + |A(2)]* + (m — 1)) u(z),

and A(z) is the second fundamental form of ¥ (as a submanifold of dB;)
at . Let A\; < Ay < --- be the eigenvalues of Jx, and V;, Vs, --- be the
corresponding eigenspaces:

Jsu=—-Xju if and only if u € V.

4.2. Lemma. Ifu is a solution of Ju =0 on (a,b) X X, then u has the
form

u(r,z) = Y aipi(z)r®-m/2,
(i[>0

where 6(1) = (i/[i])(m? +4X4)Y/? and p; € V};). If u is a positive solution on
(0,b) x X, then a; =0 for ¢ < —1. If u is a positive solution on (0,00) X &,
then a; = 0 unless |i| = 1.
Remark. If for some i, m? + 4); = 0, then §(¢) = 0 and the term
a_;p_i(z)r~™/2 in the above formula should be replaced by
a—ip—i(z)r~™/* log(r).

The presence of the log(r) factor does not affect any of the arguments in this
section.

Proof. The first statement is proved by separation of variables. To prove
the second, note that by the Harnack inequality on (r/2,2r) x %,

inf u(r,-) > cysupu(r,-) > calu(r, )|z,
(where ¢; and ¢z do not depend on r) and thus
p1()u(r, ) 2 cap1(x)llu(r, )ll2 > esllu(r, )|z,

since ¢; > 0. Integration over X gives

1/2

li|=1 [i|>0

or (after division by r(6(=1)-m)/2)

1/2
|4|>0

Letting r — 0 shows that a; = 0 for ¢ < —1 by noting that 6(z) < é(j) for
1 < 7. Similarly, letting r — oo, in case u is defined on (0, 00) X £, shows that
a; =0fori>1.
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4.3. Lemma. Unless ¥ is a totally geodesic (m — 1)-sphere, A\, =1—m
and (6(1) — m)/2 = —1 for some 1 > 2, and A\j = (6(j) — m)/2 =0 for some
Jj>3.

Proof. If ve R™*! and v # 0, then z — v - n(z) is an eigenfunction with
eigenvalue A; = 1—m. Unless ¥ is totally geodesic, this function changes sign,
so ¢ > 2. If P is an antisymmetric (m + 1) X (m + 1) matrix and P # 0, then
z +— Pz -n(z) is an eigenfunction with eigenvalue A; = 0. Since 0 > 1 —m,
]>i>2,5072>3.

4.4. Proposition. For every § € (0,1/4), there is a > 0 such that if T
is a (possibly singular) compact minimal surface with OT = u(X), ||u||2,a <0,
then

(1) there is a function f:[6,1] x & — R such that f(1,z) = u(z), ||f||2,a <
6, and T ~ Bs = S(f;6,1).

Furthermore

(2) 11£][36,1 = 8] x Zl3,0 < CslIf(1,)llo,

(3) 11£](38,1] x Zllz,a < Csllf(1,)ll2,a-

Proof. Suppose (1) is false. Then for every n there exist T,, and u,, satis-
fying the hypotheses with § = 1/n but not satisfying (1). By the maximum
principle, Ty, lies between Ly,, and L_;,,. Hence as n — oo, T, — C N By.
Also, the area of T, is not greater than the-area of the cone over u,(X), so
area(T,) — area(C N By). It follows from Allard’s regularity theorem [1], [2]
that (1) holds.

Now let [; be the function f of (1) corresponding to T' = L; N By. Note in
fact that l; extends to a solution of the minimal surface equation on [, 00) X £
so that Ly ~ 8B = S(Iy; 6,00).

To prove (2) and (3), let s = ||ullo. Then %(X) and therefore, by the
maximum principle, T lie between L_, and Ls. Hence I_; < f < l,. Now [
is a positive solution to the minimal surface equation on [§,00) X %, so by the
Harnack inequality

sup(ls|[26,1] x £) < Csinf(l,[26,1] x £) < Cs inf l5(1,-) < Cs|£(1,-)|lo,

and likewise for {_,. Thus
11£](26,1] % Zo < Csl[£(L,-)llo-

Now since f is a solution of the minimal surface equation, (2) and (3) follow
from standard elliptic regularity, by using the fact [9,10.4] that f = f — 0
satisfies a homogeneous linear elliptic equation.

4.5. Proposition. Let m and 7}, be the orthogonal projections of £ (%)
ontoVi+---+ Vi and (V1 + -+ V)L, respectively. Suppose (6(2) —m)/2 <
p < q < (6(3) —m)/2. Then there exist R € (0,1/2) and 6 € (0, R%) with
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the following properties. If T is a compact minimal surface with T = 4(X),
|u||2,a <0, then there is an f:[R3,1] x £ — R such that

(1) T ~ Bgs = S(f; R3,1).

Furthermore, if

|7 (f (1, Nll2,e < |m2(F(1,-))]
then for R2 <t < R,

(2) |7T2(f(t, )l 2> tplﬂ'g(f(l, ))l’
(3) I (£t Dll2,a < tm2(f(1,-))]-

Proof. The existence of f satisfying (1) is just Proposition 4.4. To prove
(2), fix an R and suppose that it fails. Then there exist sequences T}, f,, and
tn € [R?, R] satisfying (1) and

(4) ”fn(la ')||2,a < l/n,
(5) 173 (fn (1, Nll2,e < Im2(f(1,)],
(6) w2 (fa(tn, )| < & lm2(f(1,))-

Let s(n) = ||fa(1,")|lo- By the maximum principle, T;, lies between L_ ()
and Lg(n), SO

(7) l—s(n)/s(n) < fn/s(n) < ls(n)/s(n)-

By the Harnack inequality and the estimates of Proposition 4.4, a subsequence
of I4(n)/8(n) converges smoothly on compact subsets of (0, 00) XX to a positive
limit L which is a solution of the linearized minimal surface equation. By
Lemma 4.2, L has the form

(8) L = p1(z)(ar®W=m)/2 4 pp(=01)=m)/2) (g b > ().

Likewise (5) and (7) imply that (a further subsequence of) f,/s(n) converges
uniformly in C*%/2 on compact subsets of (0,1] x £ and in C?* on compact
subsets of (0,1) x X to a solution F of the linearized minimal surface equation.
By (7), L— F 20 o0n (0,1] x X, so by Lemma 4.2,

L-F= Z bypi(z)r@-m)/2,

i>—1,i#0
Combining this with (8), we see that F has the form
9) F= Y aipi(e)rCO-m/2,

12> —1,17#0
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By (6), |ma(F(t,-)| < tP|ma(F(1,-))| for some t € [R?, R], i.e.,

. 1/2 1/2
(5 awom)co( ¥ )"

1=-1,1,2 1=-—1,1,2
Since (6(¢) — m)/2 < p for 7 < 2, this implies that
(10) a_1=a; =a3=0.

But by (5),
Im2(F(1,°)ll2,¢ < liminf||73(fn(1,")/5(n))ll2,a
< liminf |73 (fn(1,-)/s(n))| = w2 (F (1, -)].
Thus by (10), F(1,-) = 0. But by construction, ||F(1,-)||o = 1. This contra-
diction proves (2).
Now suppose (3) is false. Then there exist sequences Ty, f,, and t, €
[R?, R] satisfying (4), (5), and
”7rl2(fn(tna '))”2,0: > tgu|7r2(fn(1a ))I

Thus, exactly as above, we get a nonzero solution F to the linearized minimal
surface equation of the form (9), and a t € [R?, R} such that

(11) |lm3(F(1,)ll2,a < |m2(F(1,-)] #0,

(12) lm2(F (¢, )ll2,a > t?m2(F(1,))].

Now Fj: (r,z) — (m4(F(r,-))(z) is a solution of the linearized minimal surface
equation, so by standard elliptic theory [9, Chapter 8],

2t
IE(t llan s(}(t‘l/ /Fs(s,z)zdzds)lﬂ
t/2 )

(where C does not depend on t or F)

2t _ 1/2
o [ ateon)

2t 1/2
SC(t'l// Za?s5(3)'mds)
t/2

i>3
(since 2t < 1)

1/2
< C’(Zaftw-’")

>3
= t9.46@)=-m)/2=a . o'|r! (F(1,"))]
< 9. (ROB)»-m)/2=a. 0")|;y(F(1, )]
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(by (11)). Now if R has been chosen small enough that the term in parentheses
is < 1, then we get a contradiction with (12).

Corollary. If ¥ i3 not a totally geodesic sphere, and T is a compact
minimal surface with 0T = u(X), 0 < ||ul|2,o < 0, and ||7h(u)||2,a < |mT2(u)],
then there exist a p < 1 and a function f:[p,1] X ¥ — R such that

T ~ B, = S(f;p,1),
”f(pa ')“2,a =60> ”f(r’ ')H?,a (P<7‘S 1),
and fort € [p/R,1],

|me(f(RE, )| 2 RP|m2(f(2,-))],
|lm2(f (Rt, ))ll2,a < Rm2(£(¢, )]

Proof. Note that if f is a solution of the minimal surface equation, then so
is (r,z) — f(ur,z). Now apply the proposition to f(R"r,z),n =0,1,2,---,
until the first p such that ||f(p,)||2,c = 0.

(Note there must be such a p > 0, since otherwise ||f(,-)||o grows like r?
as r — 0, and by Lemma 4.3, p < 0.)

Theorem 4.6. If

(1) C s area minimizing,
(2) there is no isotopy in By from Q% to O~ leaving T fized,
(3) ’\2 < (1 - m)7

then there ezists a complete singular minimal surface (without boundary) that
1s asymptotic to C at oo but is not a cone.

Remark. By Lemma 4.3, A\; =1 —m and (6(¢) — m)/2 = —1 for some z.
Hypothesis (3) states that ¢ > 3, which implies that the p and ¢ of Proposition
4.5 are less than —1 since 6(7) < 6(2) for j < 1.

Proof. Let 0 be as in the corollary to Proposition 4.5. Let

uy(z) = lcos(wt)e(z) + € - p2(z) sin(nt),

where € < 0. Note that u, (0 <t < 1) is a path in C?*(Z) from [ to [_. By
Theorem 4.1, there is a t € (0,1) such that @;(X) bounds a singular minimal
surface T = T¢. By the corollary to Proposition 4.5, there are a p = p(¢) and
a function f¢:[p,1] x £ — R such that

Te ~ Bp = S(fep. 1),

(4) “fe(Pa ')”2,0 =0> ”fs(r ')H'Z.w (p<r<1),
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(5) [m2(fe(r, )| 2 RP|ma(f(r/R,))l (0 <1< R),

(6) llmo(F(ry DIz, < |m2(f ()] (< T < R).

Note that p(¢) — 0 as € — 0. Now let V,; be obtained by dilating 7, by
the factor 1/p. Then V. = S(ge;1,1/p), where ge(r,z) = fe(pr,z). By (4)
and Proposition 4.4, there is a sequence of &’s tending to 0 such that the g,
converge smoothly on compact subsets of [1,00) x X to a function g. Thus the
corresponding V,’s converge to a minimal surface V with V' ~ B; = S(g; 1, 00).
Since the V are all singular, so is V. By (4), V # C. Since p < —1, by (5)
and (6) we have
llg(r, Ml2,a = @ (r?) = o(r™"),

which implies that V is not a cone.

5. Complete area minimizing hypersurfaces

In the last section, we produced a complete minimal hypersurface V' asymp-
totic to an area minimizing cone C at oo such that V' is not congruent to any
leaf of the foliation associated to C. This V is singular, but the proof does not
tell us whether or not it is minimizing or even stable. In this section, under
slightly different hypotheses on C, we prove that there is such a V which is
minimizing, but we do not know whether or not it is singular.

5.1. Theorem. Suppose ¥ is a regular minimal hypersurface of the unit
m-sphere B; C R™*! such that

(1) Az < (1 - m);

(2) C 1s strictly stable and strictly minimizing.

Then there exists a complete area minimizing hypersurface V that is asymp-
totic to C at oo but is not congruent to any leaf of the foliation associated
with C.

Remark. Recall that C is stable if and only if A\; > —m?/4, and strictly

stable if and only if A; > —m?/4. By Lemma 4.2,

}in(l)t‘llt(r, ) = (ar(é(l)—m)/2 + br(—é(l)—m)ﬂ) - p1(z).
The assumption of strict minimality means that b = 0.

Definition. If f:[a,b] x Z — R, let

2
Y(f,7) = e ()2 = r’"( [ 1696 dz) '.

5.2. Proposition. Suppose ¥ s strictly stable. Then there is a p > 0
such that if f;:[1/16,1]xE — R (i = 1,2) are solutions of the minimal surface

€eM
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equation with || fill2,a S and fr — f2 =9 >0, and if Y (g,1/4) > Y (9,1/2),
then Y (9,1/8) > Y(g,1/4).
Furthermore, if g(1,-) =0, then Y(g,r/2) > Y(g,7) for 1/4 <r <1.
Proof. Suppose the first conclusion of the proposition is not true. Then
there exist sequences of solutions f7', f such that

(1) /7 ll2,0 < 1/m,

(2) f-f=4g"20
(3) Y(g",1/4) 2 Y (g",1/2),
(4) Y(g",1/8) <Y(g",1/4).

Because the minimal surface equation is quasilinear, g™ satisfies a homoge-
neous linear elliptic equation, the coefficients of which are expressions involv-
ing f7* and f7 (cf. the proof of [9, 10.4] or the appendix of [23]). Let

s(n) = supg™|[1/8,1/2] x Z.

Then it is standard (by the Harnack inequality, for example) that a subse-
quence of g"/s(n) converges uniformly on compact subsets of (1/16,1) x &
to a function G that is a solution of the linearized minimal surface equation.
Thus by Lemma 4.2

(5) m(G(r, ) = (arTmHOM/2 4 pp(mm=0(D/2) g (o),
so that
Y(G,r) = a?r®M) 4 2ab+ b2,
Taking the limit of (3) and (4) we have
a?rf(1) 4 p2,-6(1) > a2(2r)5(1) + b2(2r)_6(1),

a?r®M 4+ 528 > q2(r/2)5 () 4 b2 (r/2) 00,

where r = 1/4. Adding these inequalities gives
2(a?r%) 4 p2r=5()) > (a25(1) 4 p2,—8(1))(28(1) 4 2=8(1)),

which implies that a = b = 0. This is impossible since G > 0 and
supG|[1/8,1/2] x¥ = 1. Hence the first conclusion is proved.

To prove the second conclusion, suppose it fails. Then there exist sequences
S and f7 of solutions satisfying (1), (2), and

(6) gn(lv ) =0, Y(gn,'rn/2) < Y(gn, 'rn)
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for some r, € [1/4,1]. Thus, as above, a subsequence of g"/s(n) converges
to a nonzero limit G satisfying (5). Since G(1,-) =0, b = —a. Furthermore,
G is nonnegative and not identically zero, so |a| > 0. Letting n — oo in (6)
gives Y(G,r/2) <Y (G,r) or

a?((r/2)*M + (r/2)~8M) — 2) < 2(r¥M) 4 r=8(1) _ 9y,

which is false (since r < 1 and 6(1) > 0 by strict stability).
Proof of Theorem 5.1. Fix a small € > 0 and let

u: & — R, ut(z) = e(p1(z) cos(nt) + p2(z) sin(wt)).

Note that (by the maximum principle) the area minimizing surfaces bounded
by 1ig(X) lie on one side of C, and those bounded by 4; (%) lie on the opposite
side of C. Thus there exists some t € (0, 1) such that either

4¢(X) bounds an area minimizing surface T, which passes

1
(1) through the origin,
or
@) % (X) bounds two area minimizing surfaces 7! and T2 such

that the origin lies in the region between T} and T2.

We consider only case (2), since case (1) becomes a special case of case (2)
by allowing T! = T2 in (2).

Now apply the corollary to Proposition 4.5 to get p = p(¢), R € (0,1/2),
and functions f! < f2 on [p(€), 1] X (¥) such that

T: ~ B, = S(fé’ P 1)’
|mo(fe(RE, )| 2 RP|ma(fe(t,-)]  (p/R<t<1),
lma(fet, )z < Ime(fe(t )] (P <t R),
sup ||fz(p; )ll2,a =6 > sup ||f£(t,)l|2,a-
1=1,2 1=1,2
Furthermore, by Proposition 5.2 applied inductively to f:(2"-,-), n = 0,
1,2,
Y(fZ-f,02Y(2-f12)  (p<t<1/2)

Now scale T¢ by 1/p(¢) and pass to a subsequence of € — 0 to get limits T*
(z =1,2) with

Tt ~ B, = S(fi; 1, 00)1 fi(r7 :E) = 511_1'1(1) f:(p(E)r, z)'
Then for 1 < r < oo
3) Y(f' -2 2Y (- o),
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(7 Moo < Iral £ )
“ 0 (170 llaa =02 sup [1f°(r, oo

Without loss of generality,

(5) 12 (L )20 =6 2 Sup. 172 (. )ll2,a-
=1,

Also, for R™! < r < 00,

(6) w2 (£ (L, )| 2 rPlma(fi(r, ).

Now we claim that either f! or f2 must change sign (i.e., take on both
positive and negative values). For suppose not, since the origin lies between
T! and T? we then have

fHrz) <0< f2(r,z)  (1<r<oo).

Thus 7! and 72 must be leaves of the foliation & [10, 2.1], so by the strict
minimality of C,

nlincl’° fi(nr,z)/s(n) = p1(z) - cir®P)—m)/2 c1 £0< ey,
where s(n) = max{||f*(n-,-)||o:¢ = 1,2}. Hence by (3),

which is a contradiction.

Thus one of the f*, say f2, changes sign, so that T? is neither C nor any
leaf of the foliation & . Now suppose C’ is a cone with C’ # C (C’ could be
a translate of C, for example). Then

(7 Jim Dist(C' ndB,,C'NdB,) >0,

where Dist(-,-) is the Hausdorff distance. Furthermore, if L is a leaf of the
minimal foliation associated with C’, then

Jlim Dist(L N3B,,C' NdB,) =0,
by [10, 2.1], so
(8) lim Dist(L N8B,) > 0.
r—00
On the other hand, (4) and (6) imply that
Dist(T?2 N dB,,C NAB,) = & (rP*t1).
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The hypothesis on Ay implies that p < —1 (see the remark after Theorem
4.6), so that
lim Dist(T2NdB,,CNaB,)=0.

r—00
Thus (by (7) and (8)) T2 is neither a cone nor any leaf of the foliation asso-
ciated with a cone.

6. Concluding remarks

In this section we show that the hypotheses of §§4 and 5 are satisfied for
most of the known examples of area minimizing cones. Every ¥ for which C
is known to be area minimizing is ¢soparametric, that is, the set of principal
curvatures k1(z), - ,Km—1(z) of ¥ at z does not depend on z. In particular,
this is the case for the examples in Lawson’s list [12] and for the examples
constructed by Ferus, Karcher, and Miinzner from Clifford algebras [8]. For
such cones ¥, the functions z — v -z (v € R"*1) are eigenfunctions of Jg
with eigenvalue A; where A\; < A; < 1 — m. Furthermore, A\; = 1 — m if and
only if ¥ is S™~1 or SP x S™~1-P. (See the last section of [18] for a discussion
of these facts about isoparametric X.) Also, the only isoparametric £ that
is a homology sphere is the totally geodesic S™~1 (cf. [11, 6.4(2)] or [17]).
Thus except for S™~! and SP x S™~1~P_ every isoparametric ¥ such that C
18 minimizing satisfies the hypotheses of Theorem 4.6.

Strict stability and strict minimality are not well understood in general,
but they hold for all the (minimizing) examples in Lawson’s list [12] except S?
(see [10, 3.3]). Also, for every isoparametric & except S2, if C is stable, then
it is strictly stable. (This follows from the fact that A\; = g(1 — m), where ¢
is the number of distinct principal curvatures of £ [18].) Bruce Solomon has
observed that the examples of Ferus, Karcher, and Munzner [8] are all strictly
minimizing. (The proof in (7], [6] that they are minimizing actually shows
that they are strictly minimizing, because the inequalities there are strict.)
Thus except for S™1 and SP x S™~17P_ the hypotheses in §5 are satisfied
for every £ in Lawson’s list [12] such that C is minimizing and for all the
ezamples of Ferus, Karcher, and Munzner [8].

On the other hand, if ¥ = S™~! C S™, then by monotonicity every
minimal hypersurface asymptotic to C at oo is congruent to C. And if ¥ =
SP x §™~1-P and C is minimizing, Leon Simon and Bruce Solomon [18] have
shown that every minimal hypersurface asymptotic to C at oo is congruent
to C or to a leaf of the foliation associated with C.

We conclude this paper with two open questions. Is there a complete
hypersurface V asymptotic to C' at oo but not congruent to C, such that V
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is both singular and area minimizing? Can one classify all complete minimal
(or minimizing) hypersurfaces asymptotic to C? The first question would be
settled affirmatively if one could show that for small ||u||2,¢, @(X) bounds a
unique area minimizing surface. The second question seems very difficult.
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