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0. Introduction

Let q = q(A) be the Kac-Moody Lie algebra associated to a symmetrizable
generalized Cartan matrix 4 = (a;;);; <, and let S C {1,---,/} be a subset
of finite type. Denote by pg the corresponding “parabolic”; r “the maximal”
reductive subalgebra of pg and u™ the orthocomplement of pg (so that u™ @ pg
=q). Let L(A,) be the quasi-simple q-module, with highest weight A.
Further, let (A(u~, L(A,)"),9) be the standard chain complex associated to
the Lie algebra u~ with coefficients in the right module L(A,)’, and let
(C(q,r), d) denote the standard cochain complex associated to the Lie algebra
pair (q,r) (with trivial coefficient C). There is associated (in general infinite
dimensional) a group G (resp. a “parabolic” subgroup Pg) with q' (resp.
Ps N q'). The flag variety G/Pg admits a Bruhat cell decomposition with cells
(V. ) parametrized by w € W\ W = W¢ (W is the Weyl group for q).

In this paper we explicitly compute the action of the Laplacian A = 399* +
0*d on A(u~, L(A)"). Further, we use this to prove the “disjointness” of the
operators d and 9 (defined in §3), acting on C(q, r). This gives rise to a “Hodge
type” decomposition, with respect to the pair d, d (d,  are not adjoints of each
other), of the space C(q,r). In particular, every d cohomology class in C(q,r)
has a unique d, 9 closed representative. The “Hodge type” decomposition also
gives, by a slight refinement of the arguments, that H}(q,r) is bigraded;
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H?9(q,r) = 0 unless p = g and HZ'?(q,r) is a vector space with a “canonical”
C-basis { 5™}, e w with length w—p- Finally (and this was one of our main points of
interest) we prove that, properly defined, /,, s™ = 0 unless w = w’ and [, s"
> 0. So the d, 9 harmonic forms {s"}, c 41, properly normalized, are dual to
the Bruhat cells of the flag variety G/Ps. This result, in particular, applies to
the based (at ) loop space Q,(K) of a finite-dimensional compact connected
simply connected Lie group K,. Garland and Raghunathan had conjectured
the existence of such a dual basis {s*}, in this case. The topology of £,(K)
has been studied extensively by Bott via Morse theory.

When q is a finite-dimensional semisimple Lie algebra, all these results are
due to Kostant and are contents of his papers [16] and [17]. In the infinite
dimensional situation, Garland has computed A for a special case. Most of the
other results are new (as far as is known to the author).

The author’s indebtedness to various ideas in Kostant’s two important
papers [16] and [17] would be clear to any informed reader.

Now, we describe the contents of this paper in more detail.

In §1 we recall the (well) known (though scattered) facts from Kac-Moody
Lie algebras, which we would, often, be using. We also fix some notations to be
used throughout the paper.

Let ¢ = q(A) be the Kac-Moody Lie algebra associated to a symmetrizable
generalized Cartan matrix 4 and let S C {1,---,/} be a subset of finite type.
In §2 we briefly definer, u™, L(A,) and the chain complex (A(u~, L(A,)"), 9)
in §1. The main theorem of this section (Theorem (2.1)) describes the action of
the Laplacian A = 90* + 9*d on A(u™, L(A,)"). More precisely, the theorem
states: Let WP be an irreducible r-submodule of A(u~, L(\,)") with highest
weight B. Then A|,s is scalar multiplication by 3[a(Ay+ p, Ay + p) —
o(B + p, B+ p)l. We would also like to isolate Remark (2.2) and Proposition
(2.10). Remark (2.2) gives an (equivalent) “invariant” reformulation of the
main theorem, e.g., when L(A,) is the one-dimensional trivial module, it says
that the Laplacian 2A is “essentially” negative of the Casimir operator.
Proposition (2.10) describes the action of a “Casimir like” operator on u".
When q is finite dimensional, this proposition is well known and is trivial to
prove. Of course, as an important corollary (Corollary (2.3)(a)) of Theorem
(2.1), we can deduce one of the main theorems of Garland-Lepowsky in [6],
which describes the homology H ,(u~, L(A,)").

In the infinite-dimensional situation; Garland [5] has computed the action of
the Laplacian in the special case when q is an affine Lie algebra; p is the
standard maximal F-parabolic and L(A) is the one-dimensional trivial mod-
ule. His computation (unpublished) is fairly long and complicated.
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The proof of our Theorem (2.1) differs, in many ways, from Kostant’s
original proof. Trying to generalize Kostant’s proof as it is, one encounters
many difficulties, most notably; one encounters various infinite (often
meaningless) sums (e.g. £, 2ad y,ad x, actingonu™!).

To conclude, the amount of cancellations (occurring in the proof of the
theorem) has some parallels with the proof of the Index Theorem given by V.
K. Patodi, which involved an enormous amount of cancellations. It is not
known if a proof of Theorem (2.1) can be given similar in spirit to the proof of
the Index Theorem evolved after works of Gilkey and Patodi (see [1]). The
author is indebted to Professor H. Garland for some of these thoughts.

In §3 the operators d’, d”, 9’ and 9", acting on C(q,r), are defined. d’ (resp.
d”’) corresponds to the holomorphic (resp. antiholomorphic) differential and
d=4d +d”. 0 =209 + 9" is obtained by transporting the differential of the
chain-complex A(u ® u~), corresponding to the Lie algebra u @ u~ (defining
[u,u”] = 0), via the map e induced by the Killing form. The main theorems of
this section are Theorems (3.11) and (3.15). Theorem (3.11) states that the pair
(d,d) (resp. (d’,d’); (d”,9")), acting on C(q,r), is disjoint (in the sense of
Kostant). The content of Theorem (3.15) is: 1) H(C(q,r), d) is bigraded, 2)
H?9(C(q,r),d) = H9(C(q,r),d”), 3) HP9(C(q,r),d)=0 if p+# g and
H?P(C(q,r), d) is a vector space of dim/C equal to the number of Weyl group
elements in W of length p. (The properties 1) and 2) are shared by all the
compact Kahler manifolds!). In fact, more strongly, there is available a
“Hodge type” decomposition of C(q,r), with respect to the operators (d, 9).
This is the content of our Theorem (3.13). In particular, this gives that in every
d-cohomology class, there is a unique form s which is both d and 9 closed. This
fact will be used in §4.

In the general case, Lepowsky has computed the cohomology H }(q,r) by a
different method (see [18, Corollary 6.7]). But his results neither give informa-
tion about the bigraded cohomology groups nor do they give the existence of a
d, 9 closed form in every cohomology class (a fact which will be very crucially
used, as in [17], in the next section). Actually in our Remark (3.3), we have
indicated a very simple proof to recover [18, Corollary 6.7].

The proofs in this section are fairly along the lines of [17], except that some
of them require modifications and correct formulations. As in [17], we have
used the computation of the Laplacian done in the previous section, in the
special case when L(A,) is the one-dimensional trivial module. We would like
to specifically mention one difficulty arising in the case when q is infinite
dimensional. This is Lemma (3.8), stating that KerS @ Im S = C(q, r), where
S = do + dd. This is trivial in the case, q is finite-dimensional, but requires
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more subtle argument in the infinite dimensional case. We have introduced a
“natural” topology on C(q, r), which helps to simplify the arguments.

A word is in order. We could have omitted proofs of some of the lemmas in
this section (referring the reader to [17]), but we decided to present them here
for clarity and completeness.

In §4, the main theorem is Theorem (4.5). To describe this, there is a Bruhat
decomposition (see §4.1) for the flag variety G /P with cells {V,,},,c 42, where
dimg V, = 2.lengthw. Further to any w € W], there is associated a d, 0
harmonic form s* € C?""¢h¥(q r), obtained by the disjointness of d, 9 and
using the r-module structure of H,(u~,C). Now, Theorem (4.5) states that,
defined appropriately, [, s” = O unlessw = w’ and [, s” > 0.

In the infinite-dimensional case, at least for the “based loop groups” (which
are flag varieties associated to the affine groups) this was conjectured by
Garland-Raghunathan (see the last paragraph in [7]). In fact this was one of the
main motivations behind the whole paper.

Acknowledgments. My most sincere gratitude is due to Professors Howard
Garland and M. S. Raghunathan. Their questions led to this work and I had
many very helpful conversations with them. I would also like to thank
Professors 1. G. Macdonald, Arne Meurman and Dale H. Peterson for some
helpful conversations.

1. Preliminaries and notations

We recall some facts, now fairly known, about Kac-Moody Lie algebras
which we will be using frequently in our paper. (See, for the details, [6],
[10]-[14), [18], [19D).

1.1 Definitions. (a) A symmetrizable generalized Cartan matrix A =
{a;;}1<i. j</1s a matrix of integers satisfying a,, = 2 for all i, a;; < 0 if i # j,
DA is symmetric for some diagonal matrix D = dia(q,,- - -,q,) withg, > 0 € Q.

(b) Choose a triple (h, 7, 7'), unique up to isomorphism, where h is a vector
space over C (the field of complex numbers) of dimension / + corank 4,
7= {a,};cic;C W and 7" = {h,;},_,., C hare linearly independent indexed
sets satisfying a;(h;) = a;;. The Kac-Moody algebra q = q(A4) is the Lie
algebra over C, generated by h and the symbols e; and f; (1 < i < /) with the
defining relations [h,h] = 0; [A, e;] = a;(h)e,, [h, f;] = —a;(h)f; for h € h and
all 1<i<l [e,f1=26;h; for all 1<, j</ (ad e,.)““'/(ej) =0=
(ad f)' "4u(f) foralll <i#j <L

h is canonically embedded in q.
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1.2 Root space decomposition. There is available the root space decomposi-
tionq=h®o® X, .y q, Where q, = {x € q: [h, x] = a(h)x, for all h € h}
and A = {a € h* — {0} such that q, # 0}. Moreover A = A, U A_, where
A,c {Z!_n,a;: n, € Z, (= the nonnegative integers) foralli} and A = -A .
Elements of A , (resp. A_) are called positive (resp. negative) roots.

1.3 Parabolics. We fix a subset S (including S = &) of {1,---,/} of finite
type, i.e. the submatrix Ag = {4a,,}, ;s is a classical Cartan matrix of finite
type. There is a natural injection qg = q(Ag) = q(A4). Define AS, (resp. AS ) =
A N{ZcsZa;} (resp. A_N{X,csZa;}). Then

qs=hs;e ) q.® ) q,

aels, aelS

where hg = linear span of {4}, . Define the following Lie subalgebras.

n=3% q; n= Y q;

a€A, ac€l_
u= 3} g5 u= Y q;
aeA \AS aeA \AS
r=qg+h; p=rou

Of course,q = h ® n ® n"= u~ ® p and r is a reductive algebra. p is called the
F-parabolic subalgebra (F for finite-dimensionality of qg), defined by S (see
[6, §3]). If S = @, the associated parabolic p (= h @ n) is the “Borel”
subalgebra. If A4 itself is of finite type (i.e. 4 is a classical Cartan matrix), then
the F-parabolic subalgebras are precisely the parabolic subalgebras of q
containing the Borel subalgebra h @ n.

1.4 Weyl group. There is a Weyl group W C Aut(h*) generated by the
reflections {7,},.,<, (r(9) = ¢ — @(h;)a,), associated to the Lie algebra q.
(W, {ri}i<i<;) is a Coxeter system, hence we can talk of the lengths of
elements of W.

W preserves A. A™ is defined to be Wex and A™ = A\ A®. For a € A™,
dimq,=1and AN Za = {a,-a}.

Given a subset S of finite type as in (1.3), there is defined a subset W, of
the Weyl group W, by Wl = {(we W: A,.NnwA_C A\ AS,}.

1.5 Cartan involution. There is a (C-linear) unique involution w of q defined
by w(f;) = —e; forall 1 <i < /and w(h)= —h for all A € h. It is easy to see
that w leaves q(R) (=“real points” of q) stable.

Further, there is a unique conjugate-linear involution w, of q which coincides
with w on q(R).
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1.6 Killing form. There exists a nondegenerate, g-invariant, symmetric
C-bilinear form ( , ) on g, described as follows.

First define o(a;, a;) = g,a;; for 1 <, j < I Set h, = g;h,. It is possible to
extend o to a symmetric bilinear form, again denoted by o on h*, satisfying:

(1) o is W-invariant.

(2 o(A, a,)=A(h,)foralll <i</and all A € h*.

We fix one such o. Now define <ha’, ha,> = o(a;, ;). The form ( , ) on 7"
can be extended to a nondegenerate, ¢-invariant, symmetric C-bilinear form,
again denoted by ( , ) on g, satisfying:

1) <x, y> =0forx €q,y€qywitha, €A U {0} anda + B+ 0.

Q) [x, y]={(x,y)h, forxeq,,yEq  and a =X/ _na,€A,. (h, =
Xnh,)

We fix, once and for all, one such form. The symmetric form < , > on q,
described above, gives rise to a hermitian form {, } on q, defined by
{x,y}=—-{x,w5(y)) for x, y € q. The hermitian form { , } is positive
definite on n~ (and n). (see [22, §12] and [13, Remark IV, p. 1782]).

1.7 The Casimir operator ([12, §2.3] and [6, §4]). Let O denote the full
category of all the (left) g-modules M (modules will be left, unless stated),
satisfying:

(1) M is a weight module whose weight spaces are finite dimensional, i.e.
M =%, .y M, with all M, being finite dimensional, where M, = {m € M:
h - m = A(h)m for all h € h}. A is called a weight of M if M, + (0).

(2) Let D(M) be the set of all the weights of M. Then there exists a finite
subset {A,---,A,} € h* such that D(M)cU,D(A,), where D(A,)=
(M —ZisiZ ;)

Fix a p € h* satisfying p(h;) = 1foralll <i <L

There exists a natural transformation I' = I'Y, called the Casimir operator, of
the category O (i.e. given a M € O, there is a q-module map I';,;: M - M,
satisfying foI,, = I'yof for any q-modules M, N and a q-morphism f:
M — N).

For a € A, define w, = L t*s* € U(q) (the universal enveloping algebra),
where {s*} is any basis of q, and {7¥} is the dual basis of q_, with respect to
(. ). T is defined as T, + T, where I, is the operator 2%,., , (although
an infinite sum, this makes sense for modules in the category ¢) and T’, acts on
the weight space M, as scalar multiplication by a(A + p, A + p) — o(p, p).

The action of the Casimir I'y;», on a highest weight module M Mo with
highest weight A, is through scalar multiplication by o(Ay + p, Ay + p) —
a(p, p).
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1.8 Quasi-simple modules. A g-module L is called quasi-simple if it is a
highest weight module with highest weight vector x, such that there exists
neZ, withf"(x,)=0foralll <i<l

Let D be the set of all the dominant integral elements 8 in h* (ie.
B(h,))e Z, foralll <i<).

Though we would not be needing, the quasi-simple g-modules are indexed
by D (in a bijective manner) (see [11, Corollary] and [6, Corollary 9.8]). The
correspondence is given by attaching to a quasi-simple module its highest
weight.

We denote by L(A) the quasi-simple q-module with highest weight A € D.

1.9 Algebraic group associated to a Kac-Moody Lie algebra q ([13], [14] and
[21]). A q' (=[q,q]) module (V,7) (7: ¢" > End V) is called integrable if
a(e) is locally nilpotent whenever e € q, for a« € A™. Let G* be the free
product of the additive groups {q,},ea<, With canonical inclusions i : q, =
G*. For any integrable q!-module (V, 7), define a homomorphism 7*: G* —
AutV by m*(i (e)) = exp(m(e)) for e € q,. Let N* be the intersection of all
ker(7*). Put G = G*/N*. Let g be the canonical homomorphism G* — G. For
e € q, (a € A), put expe = q(ie), so that U, = expq, is an additive one
parameter subgroup of G. Denote by U (resp. U™) the subgroup of G generated
by the U, (resp. U_,), a € AS.

Choose A; € h* (1 <i < /) satisfying A;(h;) = §;, for all 1 <j < /. There
is an embedding [14, p. 162-163]

itGo U= <]

/
& L(A))

® L*(A,-))

defined by i(g) = g(X_, vy,) {0 vy ).

Here (L(A);), m(A))) is the quasi-simple module defined in §1.8; L*(A)) is
the vector space L(A,) regarded as a g-module under 7*(A;) = 7(A;)° w; vy
is a highest weight vector in L(A;) and v, is denoted by v when regarded as
an element in L*(A)).

By “differentiating” i, we get an embedding i: ¢' — %. More explicitly
i(x) = x(Ti_jvy ) + x(Ti_,vf) forx € ¢,

9 is endowed with a Hausdorff topology defined as follows. A set V' C U is
open if and only if ¥ N F is open in F for all the finite-dimensional vector
subspaces F of 9. Now, put the subspace (through i) topology on G. G may be
viewed as a, possibly infinite-dimensional, affine algebraic group in the sense
of Safarevi¢ [20] with Lie algebra q'. For a proof, see [14, §4].
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1.10 Notation. Throughout the paper, unless otherwise specifically stated,
all the vector spaces will be over C; linear maps will be C-linear maps; tensor
products and exterior products will be over C. For two vector spaces V and W,
Hom(V, W) would mean Hom(V,W). The ¢q-module maps between q-
modules ¥ and W would be denoted by Hom(V,W). A(V) denotes the
exterior algebra.

For a Lie algebra pair (q,z) and a (left) g-module X: (1) A(q,z, X*) will
denote the standard chain complex associated to the pair, with coefficients in
the right module X*. We follow the sign convention as in [6]. (X' is the right
q-module, whose underlying space is X and on which q acts by the rule
x-b=-b-xforall b€ qand x € X); (2) C(q,z, X) will denote the stan-
dard cochain complex associated to the pair, with coefficients in X. (see, e.g.,
[9, §1)).

A(q, D, X*) (resp. C(q, &, X)) will be abbreviated to A(q, X') (resp.
C(q, X)).

For a Lie algebra q, U(q) denotes its universal enveloping algebra.

2. Computation of the Laplacian for some “nilpotent” Lie algebras
with coefficients in a quasi-simple module.

Let A = {a,;},; <, be a symmetrizable generalized Cartan matrix and S a
subset of {1,---,/} of finite type. We have defined q = q(A4), p,u,u” and r in
§81.1-1.3. Let L(A,) be the quasi-simple g-module with highest weight A, (see
§1.8). This admits a k = {x € q: wy(x) = x} (w, is defined in §1.5) invariant
positive definite Hermitian form. This result is due to Garland [22, §12] in the
affine case. The general case is similar and is due to Kac-Peterson. We fix one
such. Then, there is a canonical Hermitian form { , } on A(u™) ® L(A).

Let 0: A(u™) ® L(Ay) = A(u") ® L(A,) be the differential (of degree -1)
of the chain complex A(u~, L(A,)"). Denote the adjoint of d with respect to
{ . } by 0*. Existence of 3* will be clear when we come to the proof of the next
theorem. (Notice that A(u™) ® L(A) is not complete!)

Since [r,u”] C u~, the reductive Lie algebra r acts on u™ by adjoint action
and acts on L(A) as restriction and hence A(u™) ® L(A,) is an r-module. It is
easy to see that 0 is an r-module map and hence so is 3* (use k invariance of
{ ., }; see §1.6). Define the Laplacian, as usual, by

A = 90* + 0*9.

A(u7) ® L(A,) decomposes as a direct sum of finite-dimensional irreducible
r-modules (see, e.g., [6, Proposition 6.3]). Now, we can state the main theorem
of this section.
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2.1 Theorem. Let q = q(A) be the Kac-Moody Lie algebra associated to a
generalized symmetrizable Cartan matrix A = (a,;),, j<; and let S be a subset
of {1,---,1} of finite type. Let L(\,) be the quasi-simple q-module with highest
weight A,. Then, with the notations as above, the action of the Laplacian A on
A(u™, L(Ay)") is as follows.

Let W# be an irreducible r-submodule of A(u~, L(\,)"), with highest weight B,
then A reduces to a scalar on W* and the scalar is L[o(\, + p, Ao+ p)—
o(B+p, B+ p)l

The bilinear form o on h* and p are defined in §§1.6 and 1.7.

2.2 Remark. Following is an equivalent reformulation of the theorem,
which seems interesting.

Extend the r-module structure onA(u™) ® L(A,) to a p-module structure by
letting u act on A(u”) ® L(A,) as the identically zero homomorphism. Con-
sider the tensor product U(q) ®,,[A(m") ® L(Ay)] (® is to distinguish
the U(p) action on A(u~) ® L(A,), just given, from the U(p) action on
A7) ® L(Ay) = A(q/p) ® L(A,) used frequently in the sequel). It may be of
interest, at this point, to see [6, Proposition 6.4]. Of course, U(q) ® [, [A(u™)
® L(A,)] breaks up as a (possibly infinite) direct sum of highest weight
modules. Now, an equivalent reformulation of the theorem is

21d ®'A = -Tigepamreray T 1d ®'(ld ® Tf,,),
as maps from
U(q) ®L,/(P)[A(u_) ® L(XAy)] - Ulq) ®mlAlu7) ® L(Ay)].

In the case when L(A) is the trivial module C, it says that 2A is “essen-
tially” negative of the Casimir operator.

2.3 Corollaries. (a) As the most important corollary of the above theorem, one
recovers the following important theorem of Garland-Lepowsky in full generality.

Theorem [6, Theorem 8.6]. With the notations as in Theorem (2.1), the jth
homology space H;(a™, L(X\)") is finite dimensional and when equipped with the
standard r-module action, it is naturally r-module isomorphic to the direct sum

Y M(w(Ao+p)-0p)
we l/Vb! with
length w=/
of inequivalent irreducible r-modules. Actually, for any w # w’ € Wy, the irre-
ducible modules M(w(A, + p) — p) and M(w'(Ay + p) — p) are inequivalent.
(See §§1.4 and 1.6 for the definitions of W, lengthw and p. Further,
M(w(\, + p) — p) is the finite-dimensional irreducible r-module with highest
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weight (w(A, + p) — p), which remains irreducible as a qg-module as well.
See, for more details, [6, Proposition 3.1].)

In fact, the chain complex A(u~, L(A,)’) decomposes as the direct sum
of two subcomplexes B =Y ., B; and B’ =¥, , B/, such that 3|, is identi-
cally zero; H,(B’)=0 and B; can be taken to be the sum of all the
irreducible r-submodules M(A) of A/(u~, L(Ay)") = A/(u™) ® L(A,) such that
o(A+p, A+ p)=0a(A,+ p, Ay + p) (with A € h* satisfying A(h,) € Z, for
alli € §).

Of course, as is well known, H/(u™~, L(A,)*) is canonically isomorphic with
the contragredient r-module Hom(H,(u™, L(A,)"), C).

Proof (of the corollary). Define B = kerA and B’ = ImageA. Then, of
course, d|; = 0 and H,(B’) = 0. The expression for A, stated in the theorem,
gives that B, is the sum of all the irreducible r-submodules M(A) of A/(u”) ®
L(Ay) such thato(A + p, A + p) = o(Ag + p, Ay + p).

Hence, H;(u™, L(A,)") = H;(B) = B,. Now using [6, Propositions 8.3 and
8.4], the corollary follows.

(b) One can specialize Theorem (2.1) to the case when S = @ (so that

“=n"), to get the action of the Laplacian A on A(n~, L(X,)").

(c) One can specialize Theorem (2.1) to the case when A is a standard affine
Cartan matrix, p is the standard maximal F-parabolic and N\, = 0 (so that
L(A,) = C) to recover Garland [S, Theorem 2.5].

(d) When we specialize Theorem (2.1) to the case when A is a classical Cartan
matrix of finite type, we recover Kostant’s one of the main theorems [16, Theorem
5.7}

Now, we come to the proof of the theorem. Throughout the proof, we write
L for L(A,). Fix an orthonormal (with respect to the positive definite
Hermitian form) basis { y, } < (respectively {v, } ,e,) of u™ (resp. L), consist-
ing of weight vectors, and define x, = —wy(y,). Clearly {x,},c, is an
orthonormal basis of u. Further, < X, y¢> = 8, , (the Kronecker delta). Choose
any C-basis {4,,},,c, Of r, consisting of weight vectors, and let { %}, ., be
the dual basis, with respect to < R >, ofr, ie., <hm, hf> =34, , formnel.
Of course J is finite. Throughout; the symbols ¢, ¢,y (resp. m, n) (resp. a, b)
would be assumed to run over I (resp. J) (resp. I'). For later purposes, we well
order 1.

Since q = u~ @ p (see §1.3), u~ is canonically isomorphic (as r-module) with
q,/p- So, the adjoint 9*: A(u") ® L - A(u") ® L can be thought of as a map
(again denoted by) 0*: A(q/p)® L —» A(q/p) ® L.

We have the following (observe that q/p, and hence A(q/p), is a p-module
under the adjoint action).
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2.4 Lemma ( Expression for 3*¥). ForY € A(w ) andv € L,

(Y®v)=-Yy, AY®xp— 1Yy Aladx,Y) @ .
? P

(Since (ad x,)Y and xp are zero for all but finitely many @’s, the above
expression makes sense.)

Proof. Define two operators 3, and 9, (of degree ~1): Au™) ® L —» A(u)
® L, by

(A Ap®V)=3, () A - Ay)BD

(where d,- is the differential of the chain complex A(u~, C)) and

N

LA Ay 0)= Y (D7) A AP A - AY) @y,

p=1
fory,,---,y,€u andv € L.
By definition d = 9, + 9,. Clearly,
@)y ==X (e rl}rgny, foryeu
P<¢
= 3X {0 e vel}ye A s
?.0
— 1 . .
=32 {[x4¥]. v}y, Ay, (from g-invarianceof {, ))
9.0

= %Zadx¢())) NYy= _%EY.;;A adxq>(y)-
[ ]

Consider the operator 8: A(q/p) = A(q/p), defined by

0(Y) =2y, Aadx,(Y),for Y € A(q/p).
¢

It is easy to see that @ is an antiderivation (of degree +1). Also, (9,-)*
can be seen to be an antiderivation: A(q/p) — A(q/p). Hence (3,-)*Y =
- 32X, ¥, A ad x,(Y) forall Y € A(q/p). So we have

(I,) a(Yy®v)=-3Yy,Aadx(Y)®v forY e A(q/p)andv € L.
P
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Now, we seek an expression for 0%.

B A Ay ®D)
= Y {yl/\n-/\ys@v,az(y%/\~--/\y¢s+l®va)}
acl’

Pr<"" <@4

Yo N NV, B Y,

=ﬁ ugp {yl/\ ---/\ys®v,62(y%/\ "'Ayws+1®va)}
PP €1
Yo, N ---/\y%+l®ua
~ 1 s+1 , i
_m QE’,, p{:'l(—l) {)’1/\"'/\)%’)’%/\"’/\yqa,,/\"'

Q1P €1
A Yo, Hu, Vo, " D} Vo, N Ay, @0,
(_1) s+1
=—(S+1)' Z Z {yl/\.../\ys’y‘pl/\.../\)’)%/\.../\y%ﬂ}
Cop=1 ael’
Pr P €T
Yo, Ny N =m= A Jy N oo Nyy ®{xq)pv,ua}va

(from the k invariance of { , } on L)

! s+1
=———Z DY Ay A - Ay ®Xx 0.
(S + 1)' p=1 (pPEI Pp 1 Pp
So
(12) a;(yl/\ H./\ys®v)=—zyq)/\yl/\ "'/\y_v@xcp'v

pel

foryy A -+ Ay, € N(u")andv € L.

Adding (I,) and (I,) we get the lemma.

We extend the operator 3*: A(q/p) ® L —» A(q/p) ® L to the operator
Id ® 3*: U(u™) ®[A(q/p) ® L] = U(u") ®[A(q/p) ® L]. Since the canoni-
cal map U(u") ®[A(q/p)® L] = U(Q) ®y,)[A(q/p) ® L] is an isomor-
phism (the p-module structure on A(q/p) ® L is just the tensor product
module structure), we get an operator (of degree +1)

0*: U(q) ®U(p)[A(q/p) ® L] - U(q) ®U(p)[A(q/p) ® L]-

Caution. 9* is, in general, not a U(q)-module map, but it is indeed a
U(u~)-module map.
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We further describe a differential d of degree —1 on U(q) ® vl AQ/P) ® L].
For any Lie algebra pair (b, a), there is a standard (b, a) free resolution of the
trivial one-dimensional b-module C as follows (see [2, §9]).

a:
- = U(b) ®U(3)A5(b/a) = - = U(b) ®,,A(b/a)
9 €
= U(b) ® ., A°(b/a) > C - 0.

On tensoring this resolution with any b-module V, we get a resolution (of the
b-module V')

s 9,®1d
- = [U(b) ® o A°(b/a)] @V -

g®1d
- [U(b) ® o A%(b/a)] @V > ¥ - 0.

Now, by using the Hopf algebra principle as given in [6, Proposition 1.7}, we
can identify (as b-modules)

¥
U(b) ® o [A(b/2) ®c V] > [U(b) ®, A'(b/a)] ® V.

(We will describe ¢ in the next lemma.)

Define a differential d, (abbreviated to 0 in the sequel): U(q) ® vl A (@Q/p)
® L] - U(q) ® [ A '(q/p) ® L], by 3, = ¥7'(3, ® Id)y. Of course, 3 is a
g-module map. (Here we have substituted q, p and L for b, a and V
respectively.) The following lemma describes 9.

2.5 Lemma.

3(A®(Y®v)=40(3,(Y)®0v)
+ Y [(—1)"“Ayp (Y P ®v) +(-1)"4 @ (Y ®ypv)]
p=1
forda e U@Q, Y=y, A --- ANy, € N(w)andv € L.
Here Y(”) denotesy, A -+ A §, A -+ A y,and 3,(Y) is the differential of

Y in the chain complex A(u~, C).
Proof. Let us recall the expression for ¢ and ¢! from [6, Proposition 1.7]:

Y(4e(Y®uv) =2 (4,87Y)®4,,p,

yH((A®Y)®v) =34, ®(Y® T(4,,) v)



402 SHRAWAN KUMAR

for 4 € UQ), Y < A(q/p) and v € L. Here A(A)=%,4,,® A,, is the
diagonal map: U(q) = U(q) ® U(q) and T is the unique anti-automorphism:

U(q) — U(q), which is -1 on q.
Using these expressions for y and ¢!, the lemma is easy to prove. q.e.d.
Define A = 39* + 0*J. A is an operator of degree 0 on U(q) ®ypmlA(a/p)

® L]. Now, using Lemmas (2.4) and (2.5), we get the following expression (all
the expressions are in the space U(q) ® ;,,[A(q/p) ® L]):

Y1e®y,A(adx,)Y ® v)

201 Y®v)=5(—z2®yq,/\ Y ® x,p—
P P

+28*(1 ®9, (Y)ev+ X (-1)""'yevPey
p=1

’

5
P (
+ Zl(~l) @Y Py
o=

for Y=y, A -~ Ay,€ Au") and v € L. (Y? is defined in the statement

of Lemma (2.5)).
Again applying Lemmas (2.4) and (2.5) and cancelling, we get the following

lemma.
26 Lemma. For Y=y, A --- Ay, € A(u”)andv € L, we have
2000 Y®u)= Y [28(ady,)Y @ xv —1© 3, (y, Aladx,)Y)®0

pel
~-1®y,Aadx, (3, Y)®v

-2y, ® Y®x,p+28®Y®yx.p

+ Y (-D2ey, AYPely, x,]v
p=1

s
+ Y (D) ®y, AYP®[x,, y,] v
p=1

S
p=1
-y, ®(adx,)Y® v +1 ®(adx¢)Y®y¢U],

where [x, y,]_ denotes the image of [x,, y,] under the canonical projection

qg=u &p—->u.
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Proof. The lemma can be easily checked, using the well-known (and easy
to verify) relation
(1;) 8, (yAY)+yAad,(Y)=-(ady)Y forycu andY € A(u™).
g.e.d.
Let us specialize the above lemma to the case when L is the one-dimensional
trivial module C. Let us denote the Laplacian in this case by A,. Then we have

20,10 Y)= Z[—l ® 8u~(yq, A ad xw(Y)) -y, ®(ad x,)Y

(14) + Z (_1)p+l[xcp’ yp]_®yq> AYP
p=1

~1@y, A(adx,)3,-(Y)]

forY=y, A --- Ay € A).
We have the following, slightly simpler, expression for A,
2.7 Lemma.

2001 @ Y) =3 (-2)y,® ad x,(Y) + Z (-1)"*' e F(y,) AYP

+ Y X (-1)"®adh,(y,)Aladhf)Y ),
meJ p=1

(in U(Q) ® yp A(Q/P) for Y=y, A === Ay, € N). ({h,,} and {h}},c;
are defined just before Lemma (2.4)). The operator F = Fg: u™ — u~ is defined by

F(y)= Zq;el[qu[x.pa yl.1fory €u.
Remark. We would describe F more explicitly in Proposition (2.10).
Proof.

Z Z (_1)p+1[‘xq)’ yp]_®yq3 A Y(P)
¢ p=1

=Y X XD (3 5] 25} 2 @y, A Y

¢ P ¢

PPN C VS VLT{ENA NS 4

¢ P @

=X
¢

R
Y (~1)"+1y¢®[yp,x¢]_/\ Y (by the invariance of { , }),
e

—

Mu

1) X

(—1)p+l[x‘p, V] @y, AYP=_3%y ®(adx,)Y.
! P
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Further,

2 1®ady,(adx,Y)
?

ad x_)Y is to be interpreted as an element of A(u™) = A(q/p))-
P

_ Z Z (_1)P~1 ® ad yq)([xq), yp]_/\ Y(P))
P NC I PNER SRS

+ L X ()" ®x,, 5,1 A ad y, (Y1),

So, using the definition of F, we get
N

Y1e®ady,(adx,Y)= ¥ (-1)" ' ® F(y,) A YP

p=1

+X L (1) ®[x,, 5] A ad y (YP).

» P
Now we seek an expression for d,«(ad x,Y) — ad x,(3,(Y)). We have

described an operator 9 (of degree ~1) on U(q) ® , [A(q/p) ® L], just before
Lemma (2.5). Let us specialize to the case when L is the one-dimensional trivial
module C and denote the operator 9, in this case, by 9,. Since 0, is a
U(q)-module map,

d(1®adx, (V) =x,-3(1®7)

()

=xlp

p+1
183, (Y)+2(-1)""y,® Y“’)},
P
(by Lemma (2.5)).

Further, it is easy to verify that the following diagram is commutative:

¢ ® [vw @ ra)| e @ v @ Mo

U@ U U@ U
1$ 1§

A(q/p) — ~ A(q/p)

(The vertical mapis Y = 1 ® (1 ® Y).) Hence
8, (ad x, (V) = ¥ (-1)"""ad([x,, y,] [ x4 5,1 )Y
(1) r=1
+ad x,(3, (Y))in A(u).
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Finally,
Zy(p A ad([‘xq)’ yp] _[‘qu’ yp]_)Y(P)

' =§ §y¢A<[xq>,yp],hm>ad RE(YP)
+§ %:y‘p A xq. 3,1, x, }ad x,(YP)
“LL {5 ] 3}y 7 ad B3 (YP)
+§ %ﬁ {172 Yols ¥y } g A ad x,(YP),

Yy A ad([x,, y,]1-[x,, 5] )Y®
(1) "
) = -Y adh,(y,) Aad h%(Y®) = Y ad y,(3,) A ad x, (Y P).
m @
Now Lemma (2.7) follows by substituting the identities (I;) and (I5)-(I;) in

(1,), along with the (trivially verified) identity

Z (ﬁl)pil ®[xq)’ yp]_/\ ad yqp(Y(p))
p=1

(Iy) \
+ 2 (-1)"®ad y,(y,) Aad x,(Y7) = 0.

g.e.d.
We have two expressions for 2A,(1 ® Y), one given by the identity (I,) and
the other by Lemma (2.7). Equating these two expressions, we get the identity

3 [-1 ® auf(yq) A ad xq,(Y)) — Y, ®ad x (Y)

®
+ ) (—l)pﬂ[xq,, Y] ®y, AYP—18 y Aad xw(aufY)] ®v
p=1
(L) =Xy, ®adx,(Y)+ ¥ (-1)""" @ F(y,) A YP
P p=1

+ ) i (-1)"®adh,(y,)Aadh?(YP)| @0

meJ p=1

valid in [U(qQ) ® ) A(g/P)] ®c L, where Y = y; A --- Ay, € A(u’)andv €
L.
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Taking ! (see the proof of Lemma (2.5)) of both the sides, we get the

identity
(1) I, = 4/'1(110) valid in U(q) 9) [A(q/l’) ® L]-
P

We prove the following lemma, which would be used to simplify the

expression for A.
2.8 Lemma.

N
Z Z (—1)p®yq)/\ Y(p)®[yp?xq>]v
¢ Lp=1

+1®(ad y,)Y®xp+1&(adx,)Y ® yp

=-Y1®adh,(Y)®h*, inU(q) 9) [A(q/p) ® L],
m P

forany Y=y, A --- Ay, € A(u)andv € L.
Proof.

T T (1) @y, A YD 8]y, x,l0
Y p

=Y YY) ey, AYP e[y, x,] x,}x
» p ¢
+ Y Y Y (D) @y, AYP ([, x, ], vy} v
® p 9
+ Y LY () @y, A YD e[y, x, ). h)hip
¢ p m
=Y Y Y () e [y, vl Vet A YD @ x
¢ p @
+ Z(—l)p+l®{[yp,x¢],yq,}yq,/\ YP®yp
P

ry

¢ P

PRI N ) LA- T B 8 NN S NPASS G- s
[_

1®ady,(Y)®@x,—1®adx,(Y) ®y¢v]

+

¢
Y 1®adh,(Y)®hip.

m

Now, the lemma follows.
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Substituting the identity (I,,) in the expression of 2A (as given in Lemma
(2.6)) and using Lemma (2.8), we get (after cancellation)

2A(1 @ Y®U)=Z[—2yw® Y®xq,v—2y¢®adx¢(Y)®v]
@

(I,5) +220Y®yxp+ Z(—l)pH@F(yp)/\Y“”@v
® p=1

+Y Y (1) ®adh,(y,) Aadhi(YP) @0
m p=1

-Y2®adh,(Y)®hiv

m

for Y=y, A --- Ay, € Au")andv € L.
The following lemma, which relates A and A, is easy to prove.

29 Lemma. A: U(@) @, [A@/p) ®c L] > U(@) ® [ A@/P) ®c L] is a
U(u")-module map and the following diagram is commutative.

A

A(q/p) @ L Alg/p) @ L

1 C
€8 v @ [sm @ L]

U(u™)

c® [U(q) ® [Aa/m @ L]

U(u™)

Here the vertical map is the canonical map given by
Yeuv—18(1®(Y®uv)).

Assuming the next proposition, we are in position to complete the proof of
Theorem (2.1).

Using the above Lemma (2.9) and the identity (I,,), we get
(113)
2A(Y ® v)

=2 2Y®yx v+ ) (—1)””F(yp) ANYP Qo
P p=1

+2 | X (-1)%adh,(y,) Aadhi(YP)®v—2ad h,(Y)®hjp
m | p=1

(continues)
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=Y2Ye®yxp+ 3 X (-1)’adhjadh,(y) A Y70V
P p=1 m

+ Y Y(-1)’adn,(y,)Aadri(YP)®v~Y adh,(Y)® 7w
p=1 m m

~Y adh*(Y)®h,p—Y adh*adh, (Y)®v— Y Y®hih, v

m

+Y adh®adh, (Y)®v+ Y Y®hh,v.

(By the next Proposition (2.10) and using X, ad 4, (Y) ® hjv =
Y, adh®(Y)®h,v)
The above sum reduces to
Y2¥eyxp—2adhiadh,(Y)®v~) adhjadh,(Y ®v)
] m m

+Y adh*adh, (Y)®v+ Y® Y hih,v

m m

=Y®Tv-T(Y®v),

where T (resp. I'") is the Casimir operator for g-modules (resp. r-modules), as
defined in §1.7, with respect to the (already fixed) nondegenerate symmetric
form ( , ) on q (resp. the restricted form on r). Here, we are using the
well-known fact that T =%, _ hi%h,.

Since v € L(Ay), ['(v) = [6(Ay + p, Ay + p) — 6(p, p)]v and for

YY.®v. e WAT(YY, ®0v,)
k

=[o(B+p.B+p)—0(p,p)] X (Yi®0y)
(see §1.7, last paragraph). So the proof of the theorem is complete modulo the
next proposition.

We come to the following proposition, which seems interesting on its own.

2.10 Proposition. F(y)=-X _,ad h¥ad h,(y) for all y € u~, where
F(9) = Fs(9) = Zq [y %» ¥1] (see Lemma (2.7).

Proof. First, we assume the proposition for the case S = @ and prove it
for all the subsets S of finite type.

The maps Fg and ¥ ad h}; ad h,, are both r-module maps: u”™— u~ (Fy is an
r-module map, can also be seen by observing that Fg = 2A,: u”— u~, see
(I,3)). So, to prove the above proposition, it suffices to prove that Fo(y) =
-%,,ad h*ad h (), for y a highest weight vector with respect to the action of
r (with weight —8). It is easy to see that, for any such y, Fg(y) = Fu(y)
(F, corresponds to the case when S = @). But

Fo(y)=-[a(-B+p,-B+p)—o(p.p)]y,
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(since we have assumed that the proposition is true in the case S = @).
Further, £, ad h%, ad h,, is the Casimir operator I'" and hence

Y adhjadh,(y)=[o(-B+p,-B+p) —o(p.p)]y.

m
(See just before this proposition.) This completes the proof of the proposition
for all the subsets S of finite type, assuming the proposition for the case
S=0.

We come to the case S = &. We need to prove that

F(y)=-[o(-B+p,-B+p)—0(p,p)]y foryeqpwithBeA,.

We prove this by induction on |8| = ¥, m,, where 8 = ¥ m,a,. It is indeed
true for simple roots a;, aso(p — a;, p — «;) — o(p, p) = 0 (see §1.6).

Assume, by induction, that it is true for y € q_z. We want to show that it is
true for [ f, , y] for any 1 < i, < /. For notational convenience we take i, = 1.
We can assume, without loss of generality, that 8 # «;.

For a root @ = ¥ n,a;, we denote & = ¥, , n,a, (& may note be a root). By
the a;-root string through a, defined ®,, we mean {a + Za;} N A. @_ is finite
[6, p. 49]. If « € A, with @ # 0, clearly, we have ®, C A . Define the operator
fo,: 4 — qby

n(y)
for)= X X [y [xy]],
YEP®, i=1
where {x},---,x7("} is an orthonormal basis of q, and y; = -wy(x}) for all
1 < i< n(y). The operator f, commutes with the adjoint action of the
Lie-subalgebra generated by {e,, f, h,}, on q (see [6, proof of Proposition
4.2]). We denote A, .= {a € A,: a # 0}. Two roots a, &’ € A, , are cal]ed
equivalent (denoted a ~ a') if ®, = ®,.. Clearly ®, C A, fora € A, ,. Now,
we have

J,
F(»)= X [f]+ (<e >)[f1,[el,y]]
aEA++/:
(1,,) with a<
n(B—ay)

+ L [ [xia]]

for y € q_g with any B = Y m,a, € A, ,, where 8 is the Kronecker delta and
the last term is to be interpreted as 0 if 8 — a; & A .

The proof of this identity is easily checked, keeping in mind:

() Ifa =X!_, n,a €A, theneitheralln, > 0 orall n;, < 0, and

2Q)Zay N A ={ta}.
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Applying the identity (I,,) to F,[ f,, ] and F,(y), we get

[fl’ Fg()’)] - Fz[fl’ Y]

1-96, ,
= )> [fbf(ba(y)] +(7Z/T:j_)‘[f1’[f1s[el,)’]]]

acld,  /~

witha<f
n(B—a;)
+ Ell [ [ as [ % 2] —.xe;/~ fo lf1 7]
witha<pg

n(B)
—ﬁ[n,[el,[ﬁ,y]]] - 2 [, [x4. 1, 21]]-

Since f, commutes with the action of f;, we have

(1 - 8m1.0)
[fl’F;a()’)]_an[fla)’]“_‘ el’fl> [fl’[fl’[elvy]]]

n(B—ay)

S YR VN P VT |

(I5) _Z’e%f_ly[fla[eh[fl’)’]”

n(B)

-X [ [ Lo v1]-

Finally, we prove the following identity.

n(B—ay) . _ n(p) .
o [ Db [ 1] = 2 D [ 120 01]]
I i=1 j=1
<91Tf1> ([fl»[flv[eu J’]” _[flv [el»[fp )’]”)

Since [xp_,, ¥] € q_,,, we have

[5ha 2] = ([ A ety = (el ) gy
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So, substituting, we get

n(B—a)

Z [fl [YB « /ii—any”]

n(B—ay)
-l e

i=1

= Z—e:—fl)[fl’ [fl’[el’ )’”]

Exactly, similarly, we have
n(pB)

P [ [ L 21]] = <e endy 2 Z RERTINATNA

Zel—” Z (15 b el of )

=m[[[f1d’],"’1]’f1]
= Z—e:—fly[fl, [el,[fl’ Y]]]

Substituting (I,4) in (I;5), we get

[fl’Fz()’)] = F[f1, ]
%#Q[fl [fl [es )’]” W[fl [91 [, Y]]]

= m([fu [fl’[el’ )’]” "[fla [el’[fl’ )’]”)
(since, if m; = 0, [e,, y] = 0)

. _ 2B(h)
(117) <e f> [fl [hl y]] Ze__f_'[fl

[fl (J’)] z[fx’y]
= —[o(-B+p,-B+p)—o(-B—a,+p,-B— e +p)]|[f1, »].

By induction hypothesis, F,(y)= —[o(-B + p,-B + p) — a(p, p)]y and
hence, by (I,,), the proposition follows.
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3. Disjointness of d and 9.

Let q = q(A) be the Kac-Moody Lie algebra associated to a symmetrizable
generalized Cartan matrix 4 = (a;;);; ;<, and let S be a subset of {1,---,/},
of finite type. Recall the definitions of u, u™, r and p from §1.3. Also recall
from §1.10; C(q,r) denotes the standard co-chain complex, with differential d
(of degree + 1), associated to the Lie algebra pair (q, r) with trivial coefficients.
More explicitly, C(q,r) is defined to be ¥ ,,Hom (A’(q/r),C) (r is acting
trivially on C). Extend d to a derivation d of ¥, ,Homc(A%q/1),C), as
follows.

Since q/r can be canonically identified with u @ u~, the projection ¢ — q/r
has a canonical splitting . Define d as the composite of

ZO [A(g/D]* = L[N (@]* - Z [A(@]* S T [Aa/n)],
s> R s
where the first map is the canonical inclusion, d is the differential of the
cochain complex X[ A’(q)]* and & is the projection induced by the splitting 6.
Caution! d, in general, is not a differential.
We have the canonical decomposition
[A(a/0)]* = X Homc(A?(u) ® AYu”),C).
p+q=s
In the sequel, we denote Hom (A?(u) ® A%u~),C) by cr, Hom (A?(u) ®
A%u),C) by C”7 and put C* =% Cra, C'=% C?9, so that
C* = C*(q,r) (in the earlier notation).

It is easy to see (by using, just, the definitions) that d(C”7%) c CP*'9 &
C?9*! Define d’: €74 — C?*149 to be the projection of d on the first factor
and d”: CP9 — CP9*1 to be the projection of d on the second factor.

Similarly, we define 3’ and 9" as follows. Put a Lie algebra bracket on
u ® u~ by demanding [u,u"] = 0 and brackets in u and u~ are the ones coming
from the brackets in q. Let 50 denote the differential (of degree —1) of the chain
complex A(u ® u™). Using the nondegenerate form < , > on q (described in
§1.6), we canonically embed

() e=e( y: Y AMuou )= Y [A(ueu)]*

s=>0 s=0

ptq=s ptqg=s

Further, we topologize C* = Hom (A*(u & u-), C) by putting the topology of
pointwise convergence, i.e., f, = f in C* if and only if f,(v) = f(v) in C (with
the usual metric topology), for all v € A*(u @ u"). It is easy to see that C*,
with this topology (we would not be considering any other topology on C*), is
a complete, Hausdorff, topological vector space (see [4, Proposition 15.20]).
Moreover, e( A*(u ® u")) can be seen to be dense in C*.
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30 can be extended (uniquely), under the identification (*), to a continuous
map 9: C* - C*~L. Further, 3(C?9) c C? 14 @ CP9 !, Define 3’: €79 —
CP~ 19 (resp. 3”: €79 — CP971) to be the projection of d on the €» 14 (resp.
CP-971) factor.

Of course, all the d, 9, d’, d”’, 3’ and 9" are continuous and r-module maps.
Define d, 3, d’, d”’, 3’ and 3” to be the restrictions of d, 9, d’, d”’, 3’ and 0”
(respectively) to the subspace C(q,r) = X, ,C?%q,r). We have the following
relations:

(118) (d’)z = (d”)2 =0,
(Ig) (a')2 = (a")2 = 0.

The relation (I,4) (resp. (I,4)) follows immediately from the corresponding
fact for d (resp. 9).
Now, we prove the following
3.1 Lemma. With the notations as above,
bdr+ d = 3d +dY =0 oY C.

s>0

Proof. Let b” (resp. b’) be the (degree +1) cochain map of C =
Y, Hom(A’(u ® u™),C), considering u ® u~ as a Lie algebra by demanding
[u,u] = 0 (resp. [u~,u”] = 0); [u,u"] = 0 and putting the subalgebra structure
(coming from q) on u~ (resp. u). Define ¢’ = d’ — b (resp. & =d — b).Itis
easy to see that d”, b” and & are all derivations (of degree +1), are
continuous and, further,

(I3) &'(N) = (-1)"X (ad y,)(X) ® yx  for X € Hom(A’(u),C),
(1) &'(p) =0 forp € Hom(A%u"),C).

Here y; denotes the element of Hom(u ", C) defined by y*(y,) = §, , for all
@, ¢ € I({ yy}pe,is defined in §2) and u™ & r acts on

Hom(A”(q/(u"@ r)),C) = Hom(A”(u),C)

under the adjoint action (u~® r derives its Lie algebra structure from q) (see,
just before Lemma (2.4)). (For a fixed element u € A?(u) ® Al(u"), [ad Yo(A)
® yalu = 0 for all but finitely many @ € I, hence the expression Y ad y,(A) ®
Yo makes sense.) Since ¢ is a derivation, we have by (I,,) and (I,;),

(1) Z'(Aep)=(-1)" X (ad y,)(A) ® yx A p

pel
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for A € [A?(u)]* and p € [A%u")]*. Further, the following identity is easy to
see.
(1) " + b9 =0 onC
Moreover, by (I,,) (for Y € A?(u”) and p € Hom(A%u"), C))
e + &y(e(Y)@p) = (-1)"3'Y [ad y,(e(Y)) ® y¥ A p]
®

+&[9(e(Y)) ® p]
(since e(Y) € Hom(A”(u),C))

= (-1)" L(3(ad y,(e(Y)))) ® y2 A p

+(-1)"" L (ad y, (3(e(Y)))) ® y2 A 1

(by the continuity of 3’)
= (-1)" Xe(d(ad y, (¥))) ® y2 A
¢

-1 ~
+(-1)"" Le(ad y,(3,(Y))) ® y* A p,
®

by using the invariance of e and the definition of d’. But éo(ad Yp(Y)) =
ad y(p(f)o(Y)) (as is easy to check), hence 3'¢” + ¢”d'(e(Y)® p) = 0. By
continuity, we get
(L) 32 + &% =0 onC".

Adding (I,,) and (I,,) we get 0’d” + d”9’ = 0. Exactly similarly we can
prove the other half. q.e.d.

Now, we can state one of the crucial propositions of this section.

3.2 Proposition. The map H(kerd’,d"”) — H(C(q,r), d"”), induced by the
inclusion of ker 0’ in C(q,r) is an isomorphism.

Observe that ker 9’ is d”’ stable, by the previous lemma.

Proof. For a=Yn,a;€ AU {0}, define |a| = |a|g = [Z;.sn,]. Further,
define

Nyy(u™) = )y qQp A o Aqg CA(T)
all B;eA \AS,
satisfying
Zi-11Bl=k
(A%, is defined in §1.3). Put A ;,(u”) = X, A%, (u"). By [6, Proposition (5.4)],
each A’ ,(u") is finite dimensional and, of course, A%, ,(u™) = 0 for s > k.
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Denote
F, =3 Homr(AP(u) ®Au7)/ Y, Ar(u)® A‘{k)(u_),C) = C(q,r).
p.q k<m—1

(By definiton of | |, A%,,(u") is an r-module.)
We have the filtration

() C(qr)=F,DF,>--- DF, D ---

since, for a, 8, a + B € A U {0}, |a + B| < |a| + |B], it is easy to see that all
the F,’s are d” closed.

Define Fm = «w(F,), where 7 is the canonical projection: C(g,r) —
C(g,r)/ker 0’. This gives the filtration
(%) C(g,r)/kerd =F, > F, > F> -

Let E™" denote the spectral sequence associated to the filtration (%,). We
want to compute E"". By the definition, E;*" = H"*"(F, /F, . ).

Recall that for any a-modules ¥ and W (a is any Lie-algebra), the map &:
Hom(V, W*) —» [V ® W]*, defined by &(f)v ® w)= f(v)w (for fe
Hom(V, W*),v € Vand w € W), is an a-module isomorphism.

Denote Z” = ker 3’ N C?°. . can be identified with

ZHomr(Aq(u*)/ Y A‘{k)(u_),AP(u)*/Z”).

k<m—1

This shows that £, /F, ., can be identified (under the restriction map) with
X, ,Hom (Af, (u"), AP(u)*/Z?). The inclusion A%,,(u”) = A%u") has a
canonical r-module splitting. This allows us to identify ¥,  Hom, (A9, (u")
A?(u)*/Z*?) with a subspace of X, Hom (Au”), A’(u)*/Z?) =
C(g,r)/ker 9. Under this identification, X, ,Hom, (A9, (u"), A?(uw)*/Z?) is
b"-stable. (By (I,3), b” descends to C(g,r)/ker d’.) From the expression (1,,),
¢"(F,) < F, ,,, hence ¢”(E,) c E, . This gives

)

(I5) Hp " (Fy/F, ) = HE (B, F, ).
By the definition of »” and (I,5), it is easy to see that
(126) Elmm = Z [H(qm)(u_) ® Ap(u)*/zp]r’
prqg=m+n

where H ¥, (u~) denotes the cohomology of the complex X, Hom(A%,,,(u"), C).

Consider the embedding e;: ¥, A?(u”) = X, A”(w)*, given by (e,(Y)) X =
(Y, X) for Y € A?(u”) and X € A”(u). e, is an r-module map and, of course,
e(kerd, ) c X, Z”(3, is the differential of the standard chain complex
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A(u~,C)). We have the following inclusion
[HE,y(u™) @ (A7(u7)/(ker d,-0 A”(u")))]"

m)

(**) -®e .
2 [ Hg, (u7) ® (AP (u)*/27)]"

Using Corollary (2.3)(a), we see that (xx) is an isomorphism and the left side
of () is equal to O for all m, p and g. So, from (I ), we get E[™" = 0 for all m
and n. Hence E" = 0, as well. In particular, the canonical map H(E,) -
H(C(g,r)/ker ') is surjective for all m. Using this we want to conclude that
H(C(g,r)/kerd’,d”")=0. Fix f€ C(g,r) such that d”f € kerd’. We can
choose f,, € F,, such that #(f,,) — #(f) € d"”'(C(g,r)/ker 3’). By the definition
of topology on C(g,r), it is easy to see that the sequence {f,},en CON-
verges to 0. Further, in the remark following Lemma (3.8), we prove that
under the quotient topology on C(g,r)/ker d’, d”’(C(g,r)/ker d’) is a closed
subspace of C(g,r)/kerd’. So w(f)ed”(C(g,r)/kerd’), implying that
H*(C(g,r)/ker 0’, d”’) = 0. Of course, this immediately proves the proposition.

3.3 Remark. Define

G, =Y Hom,(A"(u) erw)/ ¥ An,we A‘{kz,(u‘),C).

ki +ky<m—1

It is easy to see that G,, is d-closed and hence we get a filtration

(x) C(q,r)=Gy,2G, >G> -

Let E™"(x) denote the corresponding spectral sequence. It is straightforward

to see (the computation is exactly similar to the computation of E{""(%,) in
the proof of the previous proposition) that

El'"v"(x) = Z Z [HP(Hom(A(kl)(u),C))
ki ks p.q
ky+k,=m PTq=m+n

®H"(Hom(A(k2)(u‘),C))] .
Using Corollary (2.3)(a)and the fact that H?(Hom(A kW), €)) is r-module
isomorphic with H,(A , ,(u”)), we get E/™"(k) = 0 unless m + n is even. In
particular, the spectral sequence E;""(k) degenerates at the E, term itself and
hence H*(q, r, C) is isomorphic (although not canonically) with ¥ E™"(k).
So

m+n=s

s 0 if s 1s odd,
(1) H'(q,r,C) = {[Hfl’(u)®Hff’(u')]r ifs=2p.



GEOMETRY OF SCHUBERT CELLS 417

Again using Corollary (2.3)(a), we get

dim ¢ H??(q,r, C) = number of irreducible r-submodules in H?(u)

(To¢)

= number of elements of length p in Wy .

This result is due to Lepowsky, who proved it by a different method (see [8,
Corollary 6.7]). A sharper result is the content of our Theorem (3.15).

We derive the following

3.4 Lemma. d"”9"u € kerd” for any u € C = C(q,r) implies 3"’u=0. A
similar statement is true with "’ replace by ’ throughout.

Proof. Since Alu”) =X, A%, (") (recall the notation A, (u”) from
the proof of Proposition (3.2)), we have

Hom(A%(u"),C) = I, ,Hom( A%, (u"),C).

Denote, for any p, g = 0,

Vg = T1 Hom(Af,,(u"),C); Ve = T1 Hom(Af,,(u"),C);
m<k m>k
CP9 = Hom (A”(u), V{); Cp9" = Hom (A”(u), V).

We prove the lemma by contradiction. Suppose that 9”u # 0. We can
assume that u is homogeneous, i.e., u € C”9*! for some p, g. In the sequel, we
would drop superscripts p, g if no confusion is likely. Let k, be the minimum
integer such that 9"u & C;.. Thus 0"u = v, + v, with v, #0 €
Hom (A(u), A, ,(u)*) and v, € Cy; . This gives

(I5) d"0"u=b"v, + vy + d"v,,

where b”v;, € Hom (A(u), A(ko)(u‘)*) and, by (I,), ¢"v, + d"v, € C,fo.
Further, we prove that b”v, # 0. We define a positive definite Hermitian
form { , } on A ,,(u")* by transporting the Hermitian form { , } from A, ,(u)
under the map &,(k): A, () = A, (u)*, where (&,(k)X)Y = (X, Y) for
X € Ay (wyand Y € A, (u"). Itis easy to see that ~b" is adjoint of 0" under

{.} 1ie,
(I5) (07f1. fo} = ~{£1,0"f,} forf. f, € A gy (u)*x
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By choice, u € C79*! =[1, Hom (A”(u), A% (u")*). Define u, , to be
the projection of u on the kth factor. We have, for any X € A”(u),

(B(0)(X), (X)) = £{0,(X), (37ugey) X} (by (1)
= 1 {0,(X), 0,(X))}
(by using 0"'u = v; + v,, 8”(u(k0)) = (8”u)(k0))
# 0 for some X € A”(u)
(since, by assumption, v, # 0).

This establishes v, # 0. Moreover, by assumption, d”0”u € Ker 9”, hence
by (1), 97d"3"u =0 = 3"b"v, + v, with v € C,fo. But 3"b"v, €
Hom (A(u), A ,(u)*), s03”b"v; = 0. Again using (I5,), we get

{0700 (X), v,(X)} = £{b"v,(X), b"vi(X)} #0
for some X € A”(u), because b”v, # 0, a contradiction. This contradiction

arose because we assumed 9”u # 0. This proves the lemma.
Define the following operators on C:

S =4da + dd, S'=d'0' + d'd, S =4d"3" +9"d";
L = b0 + b, L' = b9+ 0V, L" =b"9" + 9"b",

where b is defined as b’ + b”.
By Lemma (3.1), we get

(I3) S=8+5".
Also, it is easy to prove
(I3,) L=L +1L".

35Lemma. S’ = S" = S/2 as operators on C = C(q,r).

Proof. Recall the map e: X _ A’'u®u) = X _[A’(u® u)]* given by
the nondegenerate form ( , ), defined earlier. Also recall the identity I15),
applied to A(u), which states 3,(x, A X) + x, A 9,(X) = —(ad x,,) X for any
X € A(u) (x,, y, are defined in §2). Applying the map e, we get

(I1) éﬁ()’; A e(X)) +yg A d"(e(X)) = —(ad ‘xtp)e(x)'

(For the notations y; and ad x,(p), see the proof of Lemma (3.1).)
Using the expressions (I,,) and (I5;), we get

(L) (372" + &73")(e(Y) @ e(X)) = - ¥ ad y,(e(Y)) ® ad x,(e( X)),

pel
for Y € A?(u”) and X € Af(u).
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Exactly similarly

(¢ + &) (e(Y)®e(X))=- Y ad Yo(e(Y)) ® ad x (e(X)).

pe]

So, by continuity, we have
(L1s) e + ¢ =3 + 58 onC.

Further, we show that L’ = L on C. To prove this, we use our Theorem
(2.1) in the special case when L(A) is the one-dimensional trivial module C.

For Y € A”(u”) and X € A%u), using the analogue of (I,,) for (4"”,3")
replaced by (b’, 9"), we have

(00 + b)) (e(Y)®e(X)) = (3D + bd)(e(Y)) ® e(X)
= _e(Au'(Y)) ® e(X)’

where A - is the Laplacian, operating on A(u~), as defined in §2.
So, using Theorem (2.1), we get

(00 + bd)(e(Y) ® e( X))
= —4[o(p.p) —o(B+p,B+p)]e(Y)®e(X),

for Y € WA c AP(u”), where WA is an irreducible r-module with highest
weight S.
Exactly similarly

(35 + 53" (e(Y) @ e( X))
= —ta(p,p) —0(B +p,B +p)]e(Y)®e(X),

for X € Hom(W#',C) c A9(u).

(I,¢) and (I5,), put together, give (using continuity)
(I55) b + b =03"p" + b3 onC=|[C].

Adding (I55) and (I534), the lemma follows.

3.6 Definition. Following Kostant [16, §2]; two operators d,d: C — C are
called disjoint if the following holds.

(1)ddX = 0, for any X € C, implies X = 0 and

(2) 3dX = 0, for any X € C, implies dX = 0.

Now, we are in position to prove the following

3.7 Proposition. d’,d": C — C are disjoint. Similarly d”,0”: C - C are
disjoint.

Proof. We would prove disjointness of d”, 9" (disjointness of d’, 9" is
similar). By Lemma (3.4), it suffices to show that 3”d"’u = 0 implies d"u = 0.

(T56)

(137)



420 SHRAWAN KUMAR

Clearly S”d"”u = 0. But S’ = §” (Lemma (3.5)), hence (3’d’ + d’d’)d"’u = 0.
Again using Lemma (3.4), this gives 9’(d”’u) = 0. By Proposition (3.2), d"u =
d”’v for some v € ker 9’. Further, ¢” (ker 9") C Image d’. (This is easy to see,
using the identity (I,,) and the following analogoue of (I53)).

¥(xxAe(Y)) +x:Ad(e(Y))=-ad y,(e(Y)), forYe A(u).

Hence d”’v = b"v + ¢”v € Im b” + Imd’. From the classical Hodge decom-
position, since, by (I5,), —b” is adjoint of 9" with respect to a positive
definite Hermitian form, Im L” = Im »” ® Imd”. Sod”’v € Im b” + Imd’ C
ImL” +Im L =ImL" by (I;3). But by assumption 3”d”v = 0, so that
d’ve-ImL”" N kerd” = Imd”, ie, d’u=d"’v=109"0 for some 4 € C.
Lemma (3.4) gives 0”6 = 0, proving the proposition.

38Lemma. kerS® ImS = C.

Proof. By the disjointness of d’ and 9’, kerS’ N Im S’ = (0). So, by
Lemma (3.5), ker S N Im S = (0).

In the case C is finite dimensional, the lemma is immediate from dimen-
sional considerations. For infinite dimensional C, we need to do more work.

By the classical Hodge decomposition, L (= 2L’)|;, ,: Im L — Im L is an
isomorphism. Let M denote its inverse. Define two operators M, R: C — C by

MlImL=M’ MlkerL=0’ R=—M(S—L)

For any fixed u € C and a € A(u) ® A(u"), there exists j, = j,(a) such that
(R’u)a = 0 for allj > j,. To prove this, observe

(1) Hom (A®(u), Hom(A$,,(u"), C)) is stable under 8", b”.

(2) ¢"(C{) © Cf,q (use the identity (I1,,)). (See the proof of Lemma (3.4),
for the notations.)

So, for any given k, (R¥*'u) € C}*, hence (R’u)a = 0 for all sufficiently
large j. In particular, for any u € C, X, ,(R’u) converges in C. (C is given the
subspace topology from C.)

Now ML|,., = Id|,, ., hence MS|,,, = Id|,,; — R|y, .- Further, it can
be seen that Im L is closed in C. Hence ():j-}ORf)(Im L) C Im L. This gives
that MS|,,, = Id — R|;,, ,: Im L — Im L is an (onto) isomorphism. So

(1) C=ImS + Ker L,

In particular (observing that ker L € Ker 9, from the Hodge decomposition
for the operator L) C = Im d + ker 9, hence kerd C Im d + ker S. So

ker d Imd+ kerS ker S
H = =
(C.d) Imd - Imd kerSNImd-
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Hence dim H*(C, d) < dim(ker S|..). By Remark (3.3), dim H%(C,d) =
dim H*(C,d) = dimker(L|c). But, by (I,), dim(C*/S(C*)) < dimker(L|.)
< dimker(S| ).

Since ker § N Im S = (0), the lemma follows.

Remark. We show that d”(C(g,r)/kerd’) is closed in C(g,r)/kerd’
(C(g,r)/ker 0’ is equipped with the quotient topology).

Since L’ and S’ both commute with ', by Lemma (3.5) and identity (1), S
and L both descend as operators on C(g,r)/ker 9. It is fairly easy to see that
(from the Hodge decomposition with respect to 3" and b’) L: C(g,r)/ker 8’ —
C(g,r)/ker 8’ is an isomorphism. Further, a proof similar to the one given
above (of Lemma (3.8)) implies that S: C(g,r)/ker 3’ — C(g,r)/ker 9’ is again
an isomorphism. In particular,

C(g,r)/kerd’ = d”(C(g,r)/kerd’) + 3" (C(g,r)/ker d’).
Let f, € C(g,r) be such that

Lt. d”(7#(f,)) = =(f), for some f € C(g,r)

n—

=d"(n(g)) +3"(n(h)), for some g, h € C(g,r).

Taking d”, we get that d”9"(h) € ker ', i.e., 9'd”9”(h) = 0. By Lemma
(3.1), we get d”0”(9’h) = 0. Using Lemma (3.4), we have 3”3'(h) = 0, ie.,
0”h € kerd’. So, Lt.,_, . d"(7(x,)) = d"(7(g)), proving the assertion.

3.9 Lemma ( Hodge type decomposition). Let C be any vector space (not
necessarily finite dimensional) and d,d: C — C be two disjoint operators such
that d? = 32 = 0. Further, assume that

(*) kerS + ImS = C (where S =dd + 3d).

Then the following hold
(1) ker S = kerd N ker 0,
) kerS N Im S = (0),ie.,,C=kerS & Im S,
3)ImS =Imd® Imo and
(4) the canonical maps

kerS — kerd/Imd and kerS — kerd/Ima

are both isomorphisms.

Proof. Easy to verify.

3.10 Remark. () is automatically satisfied if C is finite dimensional and in
this case this lemma is nothing but [16, Proposition (2.1)].
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Now, we are in position to prove the following main theorem of this section.

3.11 Theorem. Let A = (a;;),; ;<; be a symmetrizable generalized Cartan
matrix and let S be a subset of {1,---,1}, of finite type. Let C = C(q,r), where
q = g(A) is the Kac-Moody Lie algebra associated to A, and v = rg is the Lie
subalgebra defined in §(1.3). Then d and 0: C — C are disjoint.

Of course, (d’,9') (and (d”,9”)): C - C were shown to be disjoint in
Proposition (3.7).

3.12 Remark. This theorem, when specialized to the case when q is a finite
dimensional, semisimple Lie algebra, gives [17, Theorem 4.5].

Proof (of the theorem). du = d'u + 0”u (resp. du = d'u + d’'u). By using
Lemmas (3.5), (3.8) and (3.9) and Proposition (3.7), we get du (resp. du) € Im S.

Now assume that ddu = 0. Then, clearly, du € ker S. But du is seen to
be € Im S. So du = 0.

Exactly similarly 9du = 0 impliesdu = 0. q.e.d.

Lemmas (3.8) and (3.9) and Theorem (3.11) give, as an immediate corollary,
the following.

3.13 Theorem. Let C = C(q,r) be as in Theorem (3.11). Then, for the pair
(d, 9), the following hold

() ker S = Kerd N kero,

2)C=1imd ® Imd & kerS and

(3) the canonical maps

Y s kerS = H(C,d) and , s kerS — H(C,9)

are both isomorphisms.

3.14 Remark. The above theorem is true with the pair (d, d) replaced by
the pair (d’, 9") or the pair (d”, 3”).

Let C be a bigraded vector space (i.e. C =X, 4 C77) with an operator e:
C — C satisfying e? = 0, of total degree + 1. Define

kere
Ime

H"“’(C,e)={a€H(C,e)= :(a+Ime)NCP9+ @}.

H(C, e) is said to be bigraded if

H(C,e)= @ H"(C,e).
p.q
Now, let us consider the situation when C = C(q,r) and e is any one of the
differentials d, 9, d’, d”, 3’ or 3”. C(q,r) is bigraded by C(q,r) = Zp‘q CrP9 =
Y, ,Hom (A?(u) ® A%u"),C). Also, the operators d’, d”, 9" and 0" are of
pure bidegrees (1,0), (0,1), (-1,0) and (0, —1) respectively. Hence S’, S” are
operators of bidegree (0, 0). But more important is the fact that S (by Lemma
(3.5)) is of bidegree (0,0). In particular, in view of Theorem (3.13), this implies



GEOMETRY OF SCHUBERT CELLS 423

that H(C, d) (resp. H(C, 0)) is bigraded and ¢, ¢ (resp. ¢, ) is an isomor-
phism of bidegree (0,0). Further H(C, d) is relatively easy to describe. This
gives the following generalization of [17, Corollary 5.3.4], to all Kac-Moody
Lie algebras and any parabolics of finite type.

3.15 Theorem. Let C = C(q,r) be as in Theorem (3.11). Then

(1) H(C, d) is bigraded,

(2) HP9(C,d) = HP9(C, d") and

(3) H»9C,d)=0 for p +# q and, for any p >0, dim- H?"?(C, d) = the
number of elements of length p in W¢ (see §1.4 for the notation) = number of
r-irreducible components in Hp(u -, 0).

Proof. (2) is easy since S =2S". Now, H?9(C,d)=kerS N CPi=
H?-49(C,d). Further, by the definition of 3 and finite dimensionality of
H,(u",C),

H?9(C,9) = [H,(u,C) ® H,(u",C)|" (notice the shiftin (p, q))
= [Hom(Hq(u*,C)»C) ® Hp(uA’C)]r
~ Hom,(H,(u",C), H,(u",C)).

Now the theorem follows using Corollary (2.3)(a).

3.16 Remark. Lemma (3.5) and properties (1) and (2) in the above theorem
are the analogues of the corresponding properties for compact Kahler mani-
folds (see, e.g., [8, Chapter 0, §7]).

Finally, we have the following proposition, which determines KerS more
explicitly, although we would not be using it in this paper.

3.17 Proposition. Let h € Ker L. Then of course h determines an element [ h)
in H(C,90). Let s(h) = xlzg‘ls([h]) (see Theorem (3.13) for the notation). Then
s(h) =X, R/(h). (R is defined in the proof of Lemma (3.8).)

Proof. There exists a u € Im L such that s(h) = h + u. It suffices to show
that (1 — R)s(h) = h:

(1 — R)s(h) = (1 + MS — ML)s(h)
= (1 - ML)s(h) (sinces(h) € KerS)

=h (since h € Ker Land ML|,, , = 1d|,, ).

4. Identification of the dual of Schubert basis for
G/ P with a d, 3-harmonic basis

Let q = q(A) be the Kac-Moody Lie algebra associated to a symmetrizable
generalized Cartan matrix 4 = (a;;);; <, and let S be a subset of {1,---,/},
of finite type. Let G denote the (possibly infinite dimensional) affine algebraic
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group /C in the sense of Safarevi¢, associated to the first derived Lie algebra q"
(see §1.9 for details). Recall, from §1.5, the conjugate linear involution w, of q.
On “integration”, this gives rise to an involution of G. Let K denote the fixed
point set of this involution.

The subgroup of Aut (h) generated by the reflections {7}, _, ., (respectively
{7 },es) is denoted by W (resp. W), where 7.(h) = h — a,(h)h,, for all h € h.
It is easy to see that, under the canonical identification x: Auth = Aut(h*) -
(given by (xf)e(h) = ¢(f *h), for f € Auth, ¢ € h* and h € h), W corre-
sponds with W, in fact x(7;) = r; for all 1 < i < /. From now on, we would
identify W with W (under x) and use the same symbol W for both.

For each 1 < i </, there exists a unique homomorphism ¢;: SL,(C) —» G,
satisfying ¢,(} 1) = exp(te,) and ¢,(} ) = exp(tf,) (for all # € C) (see §1.1 and
1.9 for various notations). Define

Hi+=¢i{(6 ?_1):t>0}, Hi=¢i{(6 (Z_l):tec*}’

G, = ¢,(SL,(0)), N, = Normalizer of H, in G,,

H™ (resp. H) = the subgroup (of G) generated by H," (resp. all H,),
N = the subgroup (of G) generated by all N,.

There is an isomorphism ¢: W — N/H, such that ¢(r,) is the coset N,H \ H,
mod H (see [13, §2]). In the sequel, we would identify W with N/H under ¢.

Put B= HU, B-= HU (U,U" are defined in §1.9) and P = P = BWB
(Pg are called the standard parabolics, corresponding to the subset S C
{(1,---,1}, containing B). Denote by K¢ the subgroup K N Pg. It is easy to see,
using [14, Theorem 4(d)], that the canonical inclusion K/K; — G/Ps is a
(surjective) homeomorphism. (K C G is given the subspace topology and
topology on G is described in §1.9.)

4.1 Bruhat decomposition [13], [14]. Recall the definition of Wy from §1.4.
W can be characterized as the set of elements of minimal length in the cosets
Wew (w € W), (each such coset contains a unique element of minimal length).

G can be written as disjoint union

6= U (Ua(w)'lPS)
we W)
(a(w) is an element of N satisfying a(w) mod H = ¢(w); in fact, we will
choose a(w) € N N K, which is possible because KH D N), so that

G/Ps= U (Ua(w)'Py/Py).

weu/sl
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As announced in [14, Theorem 4], G/Pg is a CW complex with cells {V, =
Ua(w)™'Pg/Pg}, < wi and dimg V,, = 2length w. (To interchange right and left
cosets we have, in the expression of V,,, a(w) ! instead of a(w) as in [14].) We
describe V,, more explicitly.

Define, for any w € W,

U, = (a(w)Ua(w) ") nU"™ and T, = (a(w)Ua(w)")nU

Using [13, Corollary 5], it is easy to see that a(w)Ua(w)™ ' = U, - U,, so
that

Ua(w) ' Pg = a(w) 'a(w)Ua(w) ' Pg = a(w) U, P (since U, c U C Py).

Now for w € W¢:
(1) U, is a finite dimensional, connected, simply connected, unipotent,
complex group (with the subspace topology) of complex dim. = length w and
(2) U, N Ps = (e). Hence the canonical map
i*:a(w)'U, - a(w)'U,Ps/Ps =V,

w

is a homeomorphism

4.2 A canonical basis for Ker L. Recall the definition of the operator L:
C = C(q,r) — C from §3 (just before Lemma (3.5)). We describe a basis for
Ker L.

Fix a w € W{ of length p. Define ®, = wA_N A,. ®, consists of only real
roots (say {By,--- ,B,}) (see [6, Proposition 2.2]). Pick y, € q_ g, ( B, being
real, q_ B is one dimensional) of unit norm with respect to the form { , } and
let xg3 = —wo(yg)- Let M(wp — p) C AP(u”) be the (see §2.3(a)) irreducible
r-submodule with highest weight (wp — p). The corresponding hjghest weight
vector can be easily seen, using [6, Proposition (2.5)], to be y; A --- A Y8,
There exists a unique element 72" € [M(wp — p) ® A”(u)]", such that h" =
(2i)7(yg, N = A Vg, N Xg At A xﬁp)mod P,® A?(u), where P, is the
orthogonal (under {.D complement of yg A =o- A yﬂ in M(wp — p) (C
A?(u7)). Denote r” (21)1’(yﬂ "Ny, N Xg Nt A Xp) and denote
e(F*) (resp. e(h™)) by r* (resp. h*). (e is defined in the begmnmg of §3.) It is
easy to see that & € ker L. Moreover { A"}, c yi with tength w=p 1S @ C-basis of
ker L|czr g v

Finally define (see Proposition (3.17)) s* = ¢ s([h"]), where [2*] denotes
the element in H(C, d), determined by 4" and ¢, ¢ is defined in Theorem
(3.13).
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4.3 Definition. Let M be a finite-dimensional smooth (= C*) manifold. A
map f: M — K /K is said to be smooth if, for all x, € M, there exists an open
neighborhood N, C M and a continuous map f: N,, — K satisfying

Mymwof=f Ny where m: K - K/K is the canomcal projection and

(2) consider the composite of the maps

f i
N, >K= G

(i is defined in §1.9). Since i o f: N,, = Uis continuous, may be after shrinking
N, there exists a finite- dxmensxonal vector subspace F C 9 such that
io f(N ,)C F.

We demand that i o f: N, — Fis a smooth map in the usual sense. Such a
lift £ N, — Kwill be called a local smooth lift.

4.4 Defmltlon. Let M be a finite-dimensional smooth manifold. Given a
u € C*(q,r) and a smooth map f: M —» K/K, we construct a smooth s-form
f*(u) on M as follows.

Fix a x, € M. Choose a local smooth lift f: N,, — K. Consider the map
ioLjiy o f: N, — U, where L, 1 is the left translatlon (by f(xO) ):
K — K. Define (f*u) xo = (T° Liy ) 1o f)*i1, where @ is any translation in-
variant s-form on % (so that & is given by &, € Hom (A’(2), C)) satisfying
g @ = u| ps(q'); here, we are using the imbedding of q' in ¥ via i (see §1.9).

It is a routine checking that f*(u) is well defined, ie., (f*u), does not
depend upon the particular choices of f; & and further f*u is a smooth s-form
on M.

Now, we can state the main theorem of this section, which is a generalization
of [17, Theorem (6.15)].

4.5 Theorem. Let q = q(A) be the Kac-Moody Lie algebra associated to a
symmetrizable generalized Cartan matrix A = (a,;), ., ;<,and let S C {1,---,1}
be a subset of finite type. Recall the corresponding group G (defined in §1.9) and
P = Pg, defined earlier in this section.

For any w (of length p) € W{, we have the Bruhat cell (of real dimension 2 p)

a(W)—IUw - Ua(w)‘lPS/PS =V,

in G/Pg (defined in §4.1) and also, we have defined a d, 9 harmonic form
sve CZ”(q, r) in §4.2.

Then i*: a(w) U, > V, > G/P; = K/K is a smooth map and (i*)*(s™")
is an integrable 2 p-form (see §4.3 and 4.4 for definitions), for any w, w' € W of
length p. Further [(i*)*s" =0 if w+w' € W{ and [(i*)*s* >0 for all
w € W (U, is oriented by its complex structure and sign convention is that of
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[15, Chapter 1X, Proposition (2.1))). In fact the form (i")*s" itself is identically
zero, if w # w’ € W{ with [(w) = I(w’) and

[ @yse =200 | (exp2(wp = p))h(2) dg

(the map h(g) is defined in the proof ).

Proof. We first show that i* is a smooth map. The map K X H*X U —» G
(defined by (k, h, u) — khu) is a homeomorphism [14, Theorem 4]. So, any
g € G can be uniquely expressed as g = k(g)h(g)u(g) with k(g) € K, h(g)
€ H" and u(g) € U. Let k: G — K be the projection on the first factor. We
have a commutative diagram

. { /
G4QQMP@MQWMFM

k k
!

Kigumwmwnwmrm

i=1

where k is the map defined by
/ / ! /
)y v; + )y w; = bD v/llvll; + by v/l
i=1 i=1 i=1 i=1

for v, € L(A;) —(0), and w, € L*(A,) — (0). (Here || ||; comes from a K-
invariant, positive definite, normalized (so that [|v, ||; = 1) Hermitian form on
L(A;) and 0, denotes the conjugate of v, under the canonical conjugation on
L(A;), obtained by its real form U(q(R))v, . Further 0,/||v,]| is to be consid-
ered as an element in L*(A;) = L(A)).)

This proves that i* is a smooth map. Now, we compute [, 1, i* (s*).
Since the map i*: a(w)~'U, - G/P factors through G/B and s € C??(q,r)
restricts to the d,9 harmonic form (corresponding to w’) in C??(q,h), it
suffices to compute this integral for the case S = @, i.e., P, = B.

Define i": U,—-G/B=K/T(T=BNK)by fw(g) = gB. Since a(w) € K
and s is a K-invariant form, we have

/ (iW)*sW'=/ (i%)*s™".
a(w) U, U,

The Lie algebra u,, (of U,) can be easily seen to be X, c ¢ _,a, na_9q. Let
Vol denote the volume form with respect to the left invariant metric on U,
induced by the restriction of the Hermitian form { , } (onq) tou,,.
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There is associated the adjoint representation Ad: G — Autq (see, for the
details, [13, §2]). Ad| keeps b-stable. Let Ad: B - Aut(q/b) = Aut(n") be
the map, induced by the restriction of Ad (to B). We extend (again denoted
by)X&:B—»Autc(nean_), by '

Ad(b)(v; + v,) = wy Ad(b)(wy,) +Ad(b)(v,)

forbe B,v; €nandv, €En".

This gives rise to the dual representation (again denoted by) Ad: B -
Aut(Hom(n & n~,C)). It is easy to see that foranyu € Uand h € H

1) (X&u)ﬂ — 0 € Im3d, for § € ker 9, and

(2) (Adh)(Imd) € Imd
(9 is defined in the beginning of §3). (To prove (1), use (I5) together with the
definition of U as the group generated by U)'s, a € A7. See §1.9.)

Now, fix a g € U,,.. The integrand

(o) [(i*)*s* ], = {[L2(i*)*s*] . Vol } Vol,.
By the “left K-invariance” of s*', we have
(141) [(iw)*sw’]g= {[Zz(g)(sw,)] e’V01€}V01g’

where L, ,,: U, = G/B is the map L, (a) = b(g)aB = b(g)ab(g)™'B for
alla € U,,.
It is easy to see that

(L) {[Zree(s™)],. Vol,} = s (Adb(g)7*) = (Ad(b(g)")s™ )7,

where 7" is defined in §4.2.

Further, for any f€ Hom(A’m@® n"),C) and v =0, A --- Ay, €
ANmnaend)
(Is3) f(o)={f,e(-wu)) A -+ A e(-w,)},

({ , } on Hom(A(n & n"),C) is defined by transporting { , } from A(n & n")
via e; see also the proof of Lemma (3.4)).
By (I,5) we get

(Iss) (Ad(b(g)")s™ ) = {Ad(b(2)")(s), .

But, s* = r*" + 36 for some 8 € C(q,r), since r* = h*' (by assumption
S = ). Hence

Ad(u(g) ") Ad(h(g)")(r™ + 36) =Ad(h(g)™")r™ + 36,
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for some 8” € Hom (A*?*!(n @ n"),C). By (I,,) and (I ,,), we get

([t ()], Vol } = {Ad(n(g)")r™ + 367, r}
= {m(h(g)‘_l)rwl, rw},

since 9*(r*) = b(r*) = 0. Finally

—_— Oy w1 [0 ifw=+w',
{Ad(h(g) )r T }_{22P(exp2(Wp—p))h(g) ifw=w'"

This proves the theorem.

Added in proof.

(1) As an application of the results in the paper, we prove that G/P is a
formal space in the sense of rational homotopy theory. Further, we have
explicitly determined the minimal model of G/B and the structure of 7 .(G/B)
® , C as a Lie algebra under Whitehead product.

(2) We also prove that H*(q, rg) (resp. H*(q")) is canonically isomorphic (as
a graded algebra) with the singular cohomology algebra H*(G /P, C) (resp.
H*(G, C)). Moreover, the isomorphism is explicitly given by an ‘integration’
map.

(3) The author, together with Kostant, has determined the value of the
integral in Theorem 4.5 and show that it is equal to

(-4m)”  T1  o(wp.9)™"

ped,—wA_NA,

We, together, also prove that there is a filtration of the ring C[W{] (C[W{] is
the space of all the functions: W¢ — C. This is made into a ring under
pointwise multiplication), such that the corresponding grade algebra GrC[Wy ]
is naturally isomorphic (as an algebra) with the singular cohomology
H*(G/Ps, C). Exactly similar result is true with G/Pg replaced by any left B
invariant closed subvariety ¥, of G/Ps. In this case, W gets replaced by a
subset S of Wy, defined by #= {w € W{: wmod Pg € V. }. In particular,
this result holds for closures of Bruhat cells BwPg| Pg.

In the case S = &, so that P¢ = B, the isomorphism of GrC[W] with
H*(G/B,C) is also shown to be W-equivariant, under the action of W on
C[W] by (w-f)n=f(wly), for w,n € W and f € C[W]. Of course, the
action of W = N(T)/T on H*(G/B, C) is induced from the action of N(T') on
the space G/B = K/T defined as follows.

n-(kmodT) = (nkn"')mod T, forne€ N(T)andk € K.
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We use these results to determine the cup product of any two cohomology
classes in H*(G/B).

(4) The author learned that Kac-Peterson have also proved the Proposition
2.10 in their recent paper: Unitary structure in representations of infinite-dimen-
sional groups and a convexity theorem, Invent. Math. 76 (1984) 1-14.

(5) The author discovered that he has used the same symbol S to denote two
different objects; one to denote a subset of {1,---,/}, of finite type and the
other to denote the operator dd + dd acting on C(q, r) defined in §3.4. But it is
unlikely to cause confusion.

Results in (1), (2) and (3) are true for any symmetrizable Kac-Moody group
G and any standard parabolic subgroup Pg of finite type. The details will
appear elsewhere.
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