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THE HIGHER HOMOTOPY GROUPS OF LINKS

W. A. MCCALLUM

1. Introduction

In this paper we generalize the result of Andrews and Lomonaco [2] and
McCallum [7] in which the second homotopy group of a 1-sρun classical knot
and link respectively were calculated to obtain results about / -spinning higher
dimensional links. We take the approach of Lomonaco [6] using Reidemeister
homotopy chains [9].

In particular we prove the following theorem.
Theorem 1.1. // Ln

μ

+k is an (n + k)-dίmensional link of multiplicity μ
obtained by k-spinning an n-dimensional ball configuration Kn

μ C Bn+2 about
the sphere Sn+1 = dBn+2 with Bn+2 - Kn

μ aspherical, and

is a presentation of Π1(Sn+k+2 — Ln

μ

+k) with x19x29 ,xpι (0 < μλ < m) the
images of the generators of Π1(Sn+ι — Kn

μ) under the inclusion map, then

Π.(Sn+k+2 - Ln

μ

+k) = 0 (Ki<k) ,

and

' Σ (drjdxjxf)

is a presentation of Πk+1(Sn+k+2 — Ln

μ

+k) as a left ZΠrmodule. We then apply
this algorithm to particular well known links and, in fact, obtain yet another
proof of the main result found in [1].

2. Preliminary results

Definition 2.1. A ball configuration

K^.Bl U B\ U ••• U Bn

μdBn

μ

+2

is a piecewise-linear proper embedding of the disjoint union of μ copies of Bn

in Bn+2.
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Lemma 2.2. In Y — Bn+2 — Kn

μ there exists an (n + l)-dimensional C,
W. complex K consisting of

0-cell: x\ ,

l-cells: x{, x\, , xι

mi ,

such that (y, dY) deformation retracts onto (k, 3K) where dK = K Π dY>
which consists of

0-cell: x\ ,

l-cells: x\, x\, , x\n ,

Proof. Let T be a triangulation of Rn+2 which has Kn

μ as a subcomplex
and has 8Bn+2 as a subcomplex of its dual triangulation T* where Bn+2 is an
(n + 2)-simplex. Adjoin to Kn

μ any edge of T, which lies within Bn+2 and meets.
XJ at one end point only. Continue this process as long as possible which is
only a finite number of times, always adjoining an edge of T within Bn+2 which
meets the previously constructed complex at one end point only. There results,
an Az-dimensional subcomplex K", which meets dBn+2 at Kn

μ Π dBn+2 and has
Kn

μ as a deformation retract. Let K! be the subcomplex of T# made up of cells
which lie in Bn+2 and do not meet K". Then K! is a complex of dimension
< n + 1, and K' is a deformation retract of Bn+2 - K" and hence of Bn+2 -
K*. Furthermore, K! Π 3Bn+2 is dBn+2 minus several of its open faces. There-
fore a cell complex K of the required type is obtained by shrinking to a point
the remaining cells plus a suitable maximal tree of K".

It now follows that Π^Y) = (x\, x\, , xλ

mi: x\, xl, , x2

m2) where we are
identifying the elements of Π^Y) with their carriers in K.

Let K be the universal cover of K. In K we have

0-cells: gx\ , gel

l-cells: gx\ (1 < / < mx) ,

(n + l)-cells: gXi+1 (1 < / < mn+1) .

We consider the Reidemeister homotopy chain complex

0 - * Cn+1(K) -> > C0(K)

with boundary homorphisms given by
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(0 < i < n + 1, 1 < j < mt), (see [9]).

3. /^-spinning

Definition 3.1. One obtains the (n + A;)-dimensional link Ln

μ

+k of multi-
plicity μ by ^-spinning Kn

μ as follows:

identified along

Sk x 95TC+2 = dDk+1 x a 5 w +

and

Srk - (5fc X 5?) U (D f c + 1 X

identified along

Sk x 35? = dDk+1 x a5?

(see [4] and [11]).

If n = k = 1, then this definition is equivalent to the classical spinning
technique of Artin [3]. We have the following lemma due to Artin [3] and
Summers [11].

Lemma 3.2. Suppose Ln

μ

+k is obtained by k-spinning Kn

μ. Let X = Sn+k+2

- Ln

μ

+k, and Y = Bn+2 - Kn

μ. Then

Π,{X) = ΠX(X) .

Proof. See [11].
We now / -spin Y to obtain X as follows:

X = (Sk XY) I] (Dk+1 x BY)

identified along

Sk xdY = 3Dk+1 x dY .

Lemma 3.3. X will deformation retract onto an (n + k + l)-dimensional
C. W. complex K* with the following cells:

Type I. Cells obtained from the deformation of Y:
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0-cell: x\ ,

1-cells: x\,x\,- ,

(n + l)-cells: xΐ+1, *ί+1, , *£»

Type II. Cells obtained by k-spinning cells of type I :

k-cells: xf ,

: x{*,xΐ, •••,xζ1

(n + k+ lyceUs: xΓ1*, *TV, , * £ £ •

Type III. Cells obtained by the deformation of the "plug", Dk+1 x BY:

{k + D-cells: xf ,

{k + 2)-cells: xΓ,xΓ, •••,<*,

(n + k + l)-ceUs: xf,xf, ••-,<* .

The proof of Lemma 3.3 follows from the definition of Λ-spinning and
Lemma 2.2.

Let K* be the universal cover of K*. Then the cell structure of K* is given
by the following three types:

Type V. 0-cells: gx\ , g e ΠX(.X) ~ ΠJX) ,

1-cells: gx\ (1 < i < mx) ,

in + l)-cells: gx?+1 d < ι

Type IΓ: Λ-cells: gxf , g e

(&+l)-cells: gx\* (1 < i < mj ,

(n + k+ l)-cells: gxTv (1 < i < ιwn+1) .

Type IIΓ. (Λ + l)-cells: gjcf* , g e ̂ W ,

(fc-t-2)-cells: gxf* (1 < i < μd ,

(n + k + l)-cells: gxf (1 < i < μn) .

We now observe that the boundary homorphisms of the Reidemeister
homotopy chain complex of K*,
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are given by

Type I ' : dfigx*) = gdfφ) = g

Type I F : 3*(gjc**) = g3*(S* ) =

where if

then

(see Fig. 3.1),

a j?< _ y7 ί Λ — Z_ι

(3***)* + Σ

(TOP)

Λ 2 *

Fig. 3.1

Type III' : dt(gST) = g3*(5'-) - gS«* ,

as

3*(jc*") = 9(D fc+1 x X«) =

= 0 (1 < i < k), and

— (γl*

x jc4) =

In particular, 9? is given by the Fox free derivatives [5]. Hence by the Hurewiz
theorem

Πn(X) = Πn(K*) = Πn(K*) = Hn(je*) (Kn<k+1)

as a Z/7rmodule, and our theorem is proved for one particular presentation
of Π^X). The general theorem will follow from the following two lemmas
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which show that the Tietze I and II operations on the presentation of nx(X)
induce Tietze I and II operations on Πk+1(X) as a ZΠrmodule.

Lemma 4.3. // a relation s is a consequence of

* " v 15 7*2? * * * ? Ym) ?

then ds/dx is a consequence of

dF/dx = (βrjdx, dr2/dx, ,drm/dx) ,

where s is the relation.
Proof. In ZF we have

= dfarftuϊ^/dx + (u^u^diuh^u^/dx

+ ••• +

but as ri —> 1 in ZΠι and identifying ds/dx with its image in ZΠ1 we obtain

ds/dx = 2 o(ukr^uk)/dx .

Since

dx dx rik — 1

and

we have

diu^ui^ldx = akukdrjdx ,

so that

55 /5Λ: = 2 akukdrίk/dx .
λ; = l

Lemma 4.4. The Tietze II operation on Πγ(Y) induces a Tietze II or the
iedntity operation on Πk+ι(X) as a left ZΠ^module depending on whether e
is in the interior of Y or on its boundary.

Proof. Consider the Tietze II operation
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I I : (*,r) — (x Όy:r ϋ ye'1) ,

where y is a member of the underlying set of generators not contained in x.
Suppose that e is not on the boundary of Y, then it remains to show that

Π' - x* x* •

is obtained from

• ,χ*,y*:

J=/U+I dXj dy

Π
k+1

= U * +1, Λ* + a , , ** : Σ

by a Tietze II operation. But as r and e do not contain any factor equal to y
as a member of the free group on elements of x, we have that drjdxj — 0
(i = 1,2, -,p) and further that

g ^ + * £ > = y Σ ^ y + ^.

and the result follows. If, on the other hand, e were on the boundary, then
(de^/dxj) = 0 for all /, and hence Π'k+1 has the same presentation as Πk+1.

5. Application

In particular we note that if we &-sρin a 1-dimensional ball configuration,
which is geometrically unsplittable and intersects dBz, then the complex K is
always aspherical (see [8]), and further the 2-dimensional C. W. complex K
will have one vertex p, n edges xu x2, , xn and n — μ faces rμ+1, rμ+2, - •, rn

as dY is a surface of genus μ, so that

χ(K) = χ(53 - Kμ) = Jχ(a(53 - J φ ) = 1 - ^ .

Application 5.1. Two linked knotted two-spheres in the four-sphere.
We obtain yet a third proof (the first given in Van Kampen [13] and the

second given in Shinohara and Sumners [10]) that the two unknotted 2-spheres
obtained by 1-spinning the ball configuration in Fig. 5.1 are not isotopically
splittable as

Πλ(Bz - Kl) = (a,b,x: xaχ-ιb~ιaxa-λb-ιaχ-ιa-ιb) .

Also

i72(54 - LI) = (X: (1 - b-ιa - xax~ι + xax'ιb'ιa)X) ,
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and Π2(S4 — Lξ) is nontrivial as it can be mapped onto the integers. However,
if S\ and S2

2 were isotopically splittable, then S4 — L\ would deformation retract
to S'VS'V S\ and hence /Z2(54 - L2

2) = 0.

Fig. 5.1

Application 5.2. An Unknotted two-sphere linked with a knotted two-
sphere in the four-sphere.

We give a proof that ^-spinning the ball configuration as given in Fig. 5.2
is not isotopically splittable. Artin [3] originally showed this to be true for

B\

Fig. 5.2

1-spinning, and later Andrews and Curtis [1] showed that the 2-sρheres obtained
by 1-spinning K\ were not homo topically splittable. We note that if the two
(k + l)-spheres obtained by ^-spinning were isotopically splittable, then

- Lξ+1) = 0 .

However,

Πk+ι • • Πk+1 ®ZΠx ZJ(t) = r2 -
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-t + i)
= Z®Z®Z (see [12]) ,

where

Πλ(B3 — Kl) = (a, by x: x~ιb~ι<

~ι - x~ι)X) .
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