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G-TOTAL CURVATURE OF IMMERSED MANIFOLDS

BANG-YEN CHEN

Given an immersion x: M — E™ of a bounded manifold M of dimension »
in a euclidean space E™ of dimension m, we define what we call the G-total
curvature with respect to a given vector-valued function g on the normal
boundle B, as the integral over B, of g times a power of a general mean

curvature, i.e., fg(Ki)"‘dV A dg. We also define the G-total absolute curva-

By
tures in a similar way. The main purpose of this paper is to give the relations
between different G-total curvatures or G-total absolute curvatures depending
on g, i and m, first for a fixed immersion and later for different immersions.
In particular, our results generalize many well-known results in differential
geometry such as Gauss-Bonnet’s formula, Chern-Lashof’s theorems,
Minkowski-Hsiung’s formulas, etc.

1. Definitions

Throughout this paper, a bounded manifold means a compact manifold with
or without smooth boundary. A closed manifold is a (compact) bounded mani-
fold without boundary. Let M be a bounded manifold of dimension n, and
x: M — E™ an immersion of M into a euclidean space E™ of dimension m.
Suppose that E™ is oriented. By a frame P, e,, - - -, e, in the space E™ we
mean a point P ¢ E™ and an ordered set of mutually perpendicular unit vectors
e, - -+, e, With an orientation coherent with that of the space E™. Let F(E™)
be the set of all frames in the space E™, and F(M) be the set of all (ortho-
normal) frames in M with respect to the induced metric on M.

To avoid confusion, we shall use the following ranges of indices throughout
this paper unless otherwise stated:

1<ij,k,---<n; n+1<<rst---<m; 1<A,B,C,.--- <m.

In F(E™) we introduce the 1-forms 6,, 6,5 by
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(1.1 dx = ), 604e,, dey= ) 04565, 645+ 0p.=0.
Since

1.2) d(dx) =0, d(de,) =0,

from (1.1) we have that

(1-3) dﬁA = Z 03 AN 0BA ) dﬁAB = Z 0AC AN 003 s

where A denotes the exterior product.

Let B, denote the bundle of unit normal vectors of x(M) so that a point of
B, is a pair (P, e) where e is a unit normal vector at x(P). Then B, is a bundle
of (im — n — 1)-dimensional spheres over M and is a (smooth) manifold of
dimension m — 1. Let B be the set of elements b = (P, e,, - - -, e,,) such that

(P9e1"":en)EF(M); (x(P)aela""em)eF(Em),

where we have identified e; with dx(e;). Then B — M may be regarded as a
principal bundle with fibre 0(n) X SO(m — n), and ¥: B — F(E™) is naturally
defined by %(b) = (x(P), ey, - - -, e,,). Let vy, w5 be the induced 1-forms from
04,045 by the mapping X. Then we have w, = 0, and o,, - - -, 0, are linearly
independent. Hence the first equation of (1.3) gives >, w; A\ w;, = 0. By
Cartan’s lemma we may write

1.4 w,y = ), Ajw; . A = A7, .

The eigenvalues k,(P, e,), - - -, k (P, e,) of the symmetric matrix (A47;) (which
is called the second fundamental form at (P,e,)) are called the principal
curvatures of M at (P, e,). The i-th mean curvature K,(P,e,) at (P,e,) are
defined by the elementary symmetric functions as follows:

(15) <’;)K1(P,er) = Zkl(P?er)"'ki(P9er) > i= 1, RPN (I

where (’;) = n!/[i! (n — D)1,

In the following, let dV = o, A\ -+ N, andde = wpny /\ - * N Omymor-
Then dV is the volume element of M, and ds is a differential (im — n — 1)-
form on B, such that its restriction to a fibre S%~*~! of B, over P ¢ M is the
volume element of $%2~*~!. Furthermore, do /A dV can be regarded as the
volume element of B, (for the detail, see [10]).

Let V be a finite dimensional vector space over R, and let

(1.6) g:B,—»V

be a V-valued continuous function on the normal bundle B,. The integral
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1.7 @@Agmﬁ=j'ﬂammwwww

m—n-—1
SP

is called the i-th G-total curvature of rank m at P with respect to g, and the
integral

(1.8) nm&mzfama&mw
M

is called the i-th G-total curvature of rank m with respect to g if the right hand
side of (1.8) exists. The integral

(1.9) K¥(x, P, g, m) = fgmm&mawo

m—n-—1
Sp

is called the i-th G-total absolute curvature of rank m with respect to g at P,
and the integral

(1.10) Imm&m=fﬁmﬂ&mw
M

is called the i-th G-total absolute curvature of rank m with respect to g if the
right hand side of (1.10) exists.

In this paper, let X denote the E™-valued function on B, which maps (P, e)
e B, onto x(P), and e the E™-valued function on B, which maps (P, e) ¢ B,
onto e. We also denote by X the position vector field on M in E™.

The G-total absolute curvatures have been studied previously by Chen [4],
[6] and Santalé [17] for arbitrary i-th G-total absolute curvatures, and by
Chern-Lashof [10], Chen [2] and many others for the last G-total absolute
curvature. For the relations between i-th G-total absolute curvatures and
integral geometry, see Chern [8], Santalé [17].

2. Elementary formulas

Through a point in E™, let v, -+ -, U,_y, 0 be m vectors in E™, and let
v, X +++ X vn, denote the vector product of the m — 1 vectors vy, - -+, Up_;-
Then
(21) v-(01 >< cee X vm_l) - (_1)m-1|v’ vly Ct vm—ll ]
where |v, v;, -+ +» Un_;| denotes the determinant of v, v,, - - -, v,,_,. From (2.1)
we have

2.2 elx.-.xéAx...Xemz(_l)mhaeA,



374 BANG-YEN CHEN

where the roof means the omitted term. In the following, let { , > denote the
scalar product in E™, and X the combined operation of the vector product
and the exterior product. We list a few formulas for later use:

(2.3) d’x = de, =0,
Q4 dxX - XdxXep X Xée, X+ Xey=n!(—=D""edV,
SN—
Ider’ ‘o -,de,,dx, i '>dx’en+1s ° 'seml
(2.5) 2 n—i
= (=1n! K,P, e, )dV (i not summed) ,
(2.6) p(P,e) = x(P)-e, K,(P,e) =1.

In the following, if there is no danger of confusion, we shall simply denote
Kt(P, e) by Ki! en by e and A:’; by Aij'

3. Mean curvature form
Let
3.1 = (=D, A\ o Ny A\ -+ N wge; .

Then @ is a well-defined vector-valued (n — 1)-form on M, and is called the
mean curvature form of the immersion x: M — E™. Since we have, from a
direct computation, that

(3.2) 0="D" e Rde R e K Keen s

by taking exterior derivative of (3.2) we obtain
(3.3) de = nHAV ,

where H = (1/n) 3, AZe, is called the mean curvature vector. If the mean
curvature vector H = O identically on M, then M is called a minimal sub-
manifold of E™. From (3.3) we see that

Observation. M is a minimal submanifold of E™ when and only when the
mean curvature form @ is closed.

Moreover, by (3.3) and Stokes’ theorem, we have

Proposition 3.1. Let x: M — E™ be an immersion of an n-dimensional
bounded manifold M in E™. Then

(.4) n fHdV = fe,

where oM denotes the boundary of M.
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Proposition 3.2. Under the hypothesis of Proposition 3.1, we have

(3.5) no(M) + n f (X, HYAV = f (X,65,

where v(M) and X denote the volume and position vector field of M,
respectively.
Proof. By taking exterior derivative of (X, @) and applying (3.3) we obtain

(3.6) (X, 0> = ndV + n(X,H>dV .

Integrating both sides of (3.6) over M and applying Stokes’ theorem, we
obtain (3.5).

Remark 3.1. Proposition 3.2 was obtained by Hsiung [13] for » = 2 and
by Chern-Hsiung [9] for closed M.

Corollary 3.3 (Chern-Hsiung [9]). There exist no closed minimal sub-
manifolds in a euclidean space.

Corollary 3.4. If M is a minimal submanifold of E™, then

G.7) noM) = f (X,6) .

These two corollaries follow immediately from (3.5). By Corollary 3.4 we
have
Corollary 3.5. Let M and M’ be two bounded minimal submanifolds of
E™ such that (a) there exist two neighborhoods U and U’ of 6M and oM’
respectively such that U = U’ and (b) dim U = dim U’ = dim M = dim M’.
Then v(M) = v(M’).
4. Differential formulas

Let @ = )] a;e; be a smooth vector field on M. Then
(4.1 da = 3 (da; + 35 a;oij)e; + 1 diwize, s
and therefore
da, 0) = X (—=1)""(day + X awi) Aoy N -« Nag N -+ Ny, .
Thus, if we put da; = ) (a;),0, and w;; = ) ' 0, then
(4.2) ‘ dla, @) = (diva)dV ,

where diva = } (a;); + X a,l'};. From (4.2) follows immediately
Proposition 4.1. Under the hypothesis of Proposition 3.1, we have
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(4.3) f (div @)dV = f (.8,

for any tangent vector field a on M.
Let f be a smooth function on M. By grad f, we mean grad f = ), f.e;,
where df = 3 f,w,. Since

4.4 d(f@) = (grad f)dV + nfHAV ,

from Stokes’ theorem .we obtain
Proposition 4.2. Under the hypothesis of Proposition 3.1, we have

(4.5) n f {HAV + f (grad NV = f /9 .

Let g be a smooth function on the normal bundle B,. Put dg = }, gw; +
Z 8rWpy and Vg == Z 8:€;. Then we have
Lemma 4.3. Under the hypothesis of Proposition 3.1, we have

(4.6) d(g® N do) = Fg)dV N do + ngHdV A do .

Proof. By taking exterior derivative of g® /\ do and applying (3.3), we
obtain (4.6) immediately.

There exists a self-adjoint linear transformation 4 of the tangent space
Tp(M) of M at P into itself defined by

4.7 Ae; = — 3 Aye; s
where (4,;) denotes the second fundamental form at (P, e). It follows that
4.8) A(dx) = AT we) = 3 onje; = (de)',

where (de)’ is the tangential component of de. Let 4’ (dx) denote the tangent
vector obtained from dx by applying A repeatedly j times, and * the Hodge
star operator defined by

4.9) *(2 fiwe) = 2 (=D oo, A -os Ady A\ oo N\ wge;

For convenience we put U, = dx and U; = AY(dx), j = 1,2, ---.
Lemma 4.4. Let e = e,,. Then

de X - XdxX deX -+ XdeX ey, X -+ X en

(410) n—t—1 [

— (=D —i— DY (" VKU,
=0\t —1]
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This lemma can be proved in the same way as Lemma 2.1 was proved in
[1], so we omit the proof here.
Lemma 4.5. Let
d;=eXde X -+ XdeXdx X+ Xdx,
4.11) et e
i=0,1,---,n—1.

Then

di= —m—nti-DI@—i-D!(=D Zi;‘)(i:’h)Ki_h*Uh/\da

h=

! — ] — ! m-1 3
4.12) + Mom (l.:'_;f D! T (DK A o

Ao Nops A e A Onmils -

This lemma can be proved by a direct computation of the left hand side of
(4.12) ; we omit the proof.
Lemma 4.6. Let

(4.13) m=dp AN<X, 4>, xi=<X,e>, i=0,1,---,n—1.

Then
m=m—nti-Dl—i—DI3Y 3 (=i
h=0 jo,***,jr=1
n h
(4.14) -(l. " h)Ki_h 2w M( ﬂlAjk_ljk)dV A do

+ (_l)in! (m El--rll_ —i—): — ! K“l(sj;:l (xs)z>dV A do .

Proof. By (4.8) and (4.9), we have

(4.15) U, = z"j (—l)i(ﬂlAjk_ljk>wjnefi,

Joyeeeydi=1

and therefore

4.16) *Ui= 3 (—1)f°+i*‘<’li[1Ajk_,fk)wl/\'"/\d’fo/\'“/\wneji-

Joyeeeydi=1

By Lemma 4.5, we obtain
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mn=Mm—n4+1i— 1)!(n—i—1)!hzi: zn: (—l)h”"”('fh)Ki-h

=0 jo,*++,n=1 l

3 xijh<ﬁ ,zljk_lh)w,,w1 Aoy A cos Ndg Ao A on A do
A=1 k=1

nlm—nt+i-—1N! o [
+ (=D G+ D! Kis (Zl (x.) )‘W A da .

From this we can easily derive (4.14).
Lemma 4.7.

dpANdi=m—n+i—Dlm—i—DIY 3 (=D
h=0 jo,*++,jn=1

n h
4.17) .(l. n h)Ki_h 5 xje,.hAm(n A jk_,,k)dV A do
i1 x=1

nlm—n4+i-—1! ("“1 )
+ (=D TT D1 K;., s=§+1x3es dv N do .

This lemma can be proved in the same way as we prove Lemma 4.6.
Lemma 4.8.

dp'™ X, 4;)) = (I — Dp* 'z,

;nl(m—n
— (=D :

+ =D g v A do

(4.18) !

— (=1 (’g - ?)f’ D! ik, dv A do .

Proof. Since
deX - - XdeXdx X - Xdx
(4'19) m—-n+i-1

= (—1ptlm = "t I= D! g eav A do,
!

— [ — !
420) <X, 4> = (—1 ntl D! gav A do,
l!

by using (4.11), (4.13), (4.19) and (4.20) we can prove (4.18) without

difficulty.
Lemma 4.9.
(n) {(n — l)(m —n+ i) pLKz‘+1 + ik,
l i+1

— (= DpK; 3 xjxkA,k}dV A do



G-TOTAL CURVATURE 379

@21+ ( i 1)(1 — Dt S )KdV A do

s=n+l1

— (—1)i+? pl—1<X,A.;>
=(=D d{(m—n—f-i—l)!(n—i—l)!}

= B () O K A0 — Ky U0 A

Proof. By Lemma 4.4, (2.5) and (3.1), we have
Zi KiwtUn = —(MK6 + 5 [, ", K, o*U
l—h i~h = i i h=0i—h i~h 3
(—=Dm+i-t
itn—i—1)!
dx X - XdxXdeX - XdeXK ey X+ Xen,
v—\,‘_/

n—-i-1 i

— (?)Kﬂ +

and therefore
2 1 ) Keontn 202y = — (1) KiCdx, €)

(=Dr dx X -+ - XdxXdeX -+ - XdeXey,,, X -+ Xen
l’(n_l_l)|v—y—‘/ \_———r‘/

— _n <i)KidV + (l.>(n DK,V = —z( )KdV
On the other hand, from (4.12), (4.13) it follows immediately

z‘; ( )Kl Wdp A (X, *US A do = — (’})K 5 X2 A,dV A do

(=D%x ~(; 1) & c0Kedv A do
m—n+i—D'(n—i— 1! P4 1), 44,7 T

Substituting the right side of the above two equations in the following equation
and simplifying the resulting equation by using (4.18) we can easily reach
4.21):

hZill (,- " h){d(p“lKi_h<X, *U,») — pr X, d(K;_,*U,)>} A do

= 2 (i 2 )l = Dp Koo A (XU,
+ P'K;_,dX, *U D} A do .
Lemma 4.10. Let
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m-1
(4.22) w’ = Z: (—l)st AN D, ns1 VANERENVAN d)m,s VANEREIVAN WOy —1€s -

s=n+l
Then
P\ KX, dK;, ¥)) = d{p"'K; . X, T)

-1

(4.23) —(U=Dp S ()KndV A do

s=n+1

i=0,1---,n—1.
Proof. By using {dx, K; ,¥> = 0, we have

d{p* K 1 X, Ty — p' KX, d(K; B
= — Dp'°Kdp N X, ¥ + P'K, Kdx, T)

=(- l)pl-Z( "’z (xs)z)Kde A do .

s=n+

Lemma 4.11.

Z‘ (—l)i_1<n _7_ 1)Kn—i—1 Z xjxjiAjjo(n Ajk—xh)
= j=1 k=1

Proof. For simplicity, we choose the principal frame with respect to
e = e,, So that

O = —k,0; (i not summed) .

By a direct calculation we can easily obtain (4.24).
Similarly we can prove

Lemma 4.12.
n-1 . 3
ZE) (—1)1_1('1 _fll— I)Kn—i—l Z xjejiAJjo (lﬂl Ajk-xfk)
425 7 B

= —K,,(i xi'ei> .
i1

5. Integral formulas and their applications

Theorem 5.1. Let x: M — E™ be an immersion of an n-dimensional
bounded manifold M in E™. Then we have

Ty(x, P-KX, VK ;p, 1) + nTy(x, p-<KX, HD, 1) + iTy(x, p*%, 1)
(5-1) — (l — l)T,,/(x, Z ijkAjkpl—z, 1) — fpl_lKi<X’ 0> /\ da ,

3By
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forall i =0,1, ---,n — 1 and an integer I.
Proof. By Lemma 4.5 and (4.22), we have

(—=1)i+4, _ (n\ g n .
(5.2) m—n+i—Dln—i—11 <i>KZ6/\d"+ <i+1)K“‘¢

+ Z( )thUh/\do

By first taking exterior derivative of (5.2), using (4.19) and applying Lemma
4.3, and then taking scalar product of X with both sides of the resulting equa-
tion and multiplying by p'~!, we obtain

(m—n+ z)( it l)szde A do = <r;>p"1<X, VK>V A do
+n ('Z)pl‘IKKX, H>dV A do
+ i (l ) 1= 1<X d(Kz h*Uh A\ d0‘)> + ( i1 1) l—1<X,d(Ki+1¢-)> )
h=1

Substituting (4.21), (4.23) in the above equation for the last two terms and
simplifying the resulting equation by using (4.12), (4.13), (4.22) we can easily
obtain

<r;){p"‘<X, VK> + np=K (X, H
+ ip“‘K- — (= DPK, X x0, A, )dV A do

i+t d(p*~KX, 4,>)
m—-—n+i—1D'n—i—-1!

+ (-

= 2 (i M )@ KX UL A do)
_ <i>d<pl“KiX,6 A do .

Integration of both sides of the above equation and application of Stokes’
theorem give immediately (5.1).
Theorem 5.2. Under the hypothesis of Theorem 5.1, we have

K n n h
-0 X (—l)h_1<i " h) T; » <x, Pt xijhAjjo(n Ajk_,jk)’ 1)
h=0j j=1 k=1

=0 jo,+-,dn=1

+on—n+ 0, )T p D + = () Tix ™ D
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(_1)‘i+1 -
m—-—n+i—-—D'n—i-—1! ip X, 4,

(5.3)

This theorem follows from Lemmas 4.6 and 4.8.
Theorem 5.3. Under the hypothesis of Theorem 5.1, we have

(m—n+1i <i _Ir_l I)T“l(x’ ple, 1) — l(i -I’-i 1)Tiﬂ(x, (:;;xses)’ 1)
G4 + lhzilo (“1)h_1(,‘ - h) Tin ( 2 xse5,A4 55, (lil Jue ljk)’ 1)
- (m—n-}-z(—ll))i:(ln—z—l)' fp‘dz, i=01,--,n—1.

Proof. Substituting (4.17), (4.19) in
d(p'd;) = p'dd; + Ip*~'dp N\ 4,

we can easily obtain

(m — n+z)(l+ 1>pKH1edV/\da—lpl 1( _t ) m( Z xses)dV/\do'

s=n+1

D N i S P Do W P
J =1

=0 jo,-*ydn=1

. (’ﬁl Ajk—ljk) dV A\ do'
= (=P L) lm —n+i— D' (n—i—D!].

Integrating both sides of the above equation and applying Stokes’ theorem,
we hence have (5.4).
Theorem 5.4. Under the hypothesis of Theorem 5.1, we have

(I = DT, (x, p'"%X, X, 1) + nT,_y(x, p*™ 1)

J— _ l ( 1) 1-1
= (n 4+ 1= DT(e 0, D) + =5 fp X, 4y

(5.9

Proof. This theorem follows from Lemma 4.11, Theorem 5.2 fori =n—1
and the following identity >, x,x, = X-X — p%

For I = 1, Theorem 5.2 reduces to

Corollary 5.5. If M is closed, then we have
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(i + I)Tz(x’ 1, 1) + (m —n + i)Ti+1(x: P, 1) = 0 s

5.6
(5.6) i=01,---,n—1.

Remark 5.1. If the codimension m — n = 1, then (5.6) are Minkowski-
Hsiung’s formulas [12].

If i is odd, then G,(x, P, 1,1) = 0; if i is even, then G,(x, P, 1, 1) depends
only on the Riemannian structure of M with the induced metric (see Remark
8.2). Hence from Corollary 5.5 we obtain

Corollary 5.6. If M is closed, then the i-th G-total curvatures T;(x,p, 1)
for all i = 1,...,n depend only on the Riemannian structure of M with
respect to the induced metric. In other word, T/x,p,1) is an isometric
invariant foralli =1, - .., n.

From Corollary 5.5 follows

Corollary 5.7. If M is a complete submanifold of E™ with Gy(x, P, p, 1)
= 0 everywhere on M, then M is not compact.

Putting / = 0 in Theorem 5.3 we obtain

Corollary 5.8. If M is closed, then T(x,e,1) =0 foralli=1,-.-,n.

Corollary 5.9. If M is closed, then

(5.7 (m + 1 — DT,(x,p'e, 1) = T,(x, p'7'X, 1) .

Corollary 5.9 follows from Lemma 4.12 and the identity X — pe =

DA X4y
Corollary 5.10. If M is closed, then

(5.8) nT,(x,H,1) + Ty(x,FK,;,1) =0, i=01---,n—1.
In particular, if G,(x, P, 1, 1) is a constant, then
5.9 T,(x,FK;,1) =0, i=0,1,-..,n—-1.

The first part of this corollary can be obtained by applying to (5.1) for
I =1 a translation x — x + ¢ where c is any constant vector in E™, and the
second part follows from Proposition 3.1 and (5.8).

Corollary 5.11. Let M be an n-dimensional oriented closed submanifold
in E™ such that M does not contain the origin and the n-th mean curvature
K, (P, e) is nonnegative everywhere on B,. Then

(5.10) nTy_y(x,p7', 1) > (m — 2)T,(x,1,1) .

Proof. This corollary follows from Theorem 5.4 for | = 0 and the assump-
tion K, (P, e) > 0.
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6. Gauss-Bonnet’s formula

In this section, we shall assume that M is an n-dimensional oriented closed
manifold imbedded in E™. ,

Proposition 6.1. Let ,, - - -, a, be h nonnegative integers, and a,,.- - -, a,
be h fixed vectors in E™. Then

n-1 n-1
% T (x. T] <ol e)"CX. &a/ a1
i=1 j=1
(61) . + 0{th (x, hl:ll <aj, e>aj<X, e>an—1X, 1
j=1

h-1
Mt a e+ — l)Tn<x, T ay )X, €)™, 1) .
1

Proof. Put

62 Q= "2 (=D, A os Nba A o N st -
Then
deX - - XdeXe=(m—2)!(—D)""'Q.
—_
On the other hand, from (4.19) we have
6.3) deX ---Xde=(—1D"m — D! K,edV A do .
—
Therefore
6.4 (=1D"dQ = —(m — DK, edV N da .
Moreover, we can prove that
6.5) (—=D™X,de> N\ Q = (X — (X, epe)K,dV N da ,
(6.6) (—=D<a, de) N\ Q = (a — <a,e>,)K,dV N do ,

where a is a fixed vector in E™. Hence by taking exterior derivative of
{a, e - Lay_y, e)™ (X, e)*Q and applying (6 3), -+.,(6.6) and Stokes’
theorem, we can obtain (6.1).

Proposntlon 6.2. Let a be a fixed vector in E™ perpendicular to
a,, ,@y_;. Then

a,T,(x, {a, ay{a,, e> " a, e - - - {a,_,, &> (X, &)™, 1)
+ @, T (x, {a, &> - - - {a,_,, )" (X, )" (X, a), 1)
=(m+a+ -+ a— DT, {a, &)
Ly, e KX, e a, e, 1) .

6.7
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By taking scalar product of (6.1) with 4, we obtain (6.7).
Proposition 6.3. If a, is a fixed unit vector in E™ perpendicular to
a,, - - -, a,, and a, is a positive even integer, then

(6.8) T,(x,<a,ed™ - lay, ep™ 1) = 1T (x,{a, )" - - - {an, e, 1),

where

(69) 7T = 2cm+a1+~--+ah—1/(calcm+az+«--+uh—1) >

and c;, = 2xt%*V ['(L(k + 1)) is the area of the unit k-sphere.
Proof. Setting &, = 0 and a = a, in (6.7) we readily obtain

(o, — DT, (x,<ay, e>Xa, €)™ - - - Lay, )", 1)

(6.10) « «
=m+oa + - +a, — DT, (x,{a,ed™ --- Lay, &), 1) .

Repeating (6.10) for 3o, — 1 times thus gives (6.8).
Proposition 6.4. Let y(M) denote the Euler characteristic of M. Then

(6.11) To(x,1,1) = cp_ix(M) .

Proof. 1f dimM = n is odd, then we have G,(x,P,1,1) = 0, so that
T.(x,1,1) = 0. On the other hand, by the Poincaré duality, we have y(M)
= 0. Thus we obtain (6.11). Now assume n to be even. If the codimension
m — n is odd, then the normal bundle B, has dimension m — 1. Since B, is
closed and oriented, from Gauss-Bonnet’s formula we have

(6.12) T,(x,1,1) = }c,_,x(B,) .

Since B, is a bundle space of (m — n — 1)-dimensional sphere over M, we
have y(M) = X(Sm‘"‘l)x(M) = 2y(M). Hence (6.12) reduces to (6.11). If the
codimension m — n is even, then we define an immersion ¥: M — E™*! by
X(P) = x(P) for all P in M. By a direct computation, we obtain ¢, T,(x, 1, 1)
=cpiTu(%,1,1) = cpp_icnx(M), which implies (6.11).

The main purpose of this section is to prove the following generalization of
Gauss-Bonnet’s formula. .

Theorem 6.5. Let «y, - - -, &, be h nonnegative integers, and a,, - - -, a,, be
h orthonormal vectors in E™. Then ’

(6.13) T,(x,<{a,ed™ - - - {ay, &> 1) = {tx(M), if ay, « -+, a are even,
0, otherwise,

where

(6'14) t = 2hcm+a1+---+ah—l/(cal Tt ca;,,) .
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Proof. If ay, ---,a, are all even, then by applying Proposition 6.3 for A
times and using (6.11) we obtain (6.13).

If at least one of «,, - - -, «, is odd, then without loss of generality we can
assume «; to be odd. Application of (6.10) for {(a, — 1) times thus gives

T.(x,<a,, e - - {ay, )™ 1)
= cT,(x,<{a,, e{a,, &) - - - La,, &)™, 1),

where c is a constant. On the other hand, by Proposition 6.1 we have

(6.15)

h
(6.16) E‘,‘”T"("’ {a,, &) - - - Lay, e)*ta; 1)

=m+a+ - + a, — DT,(x,<a,, & - - - {ay, >, 1) .
Thus by taking scalar product of (6.16) with a, we obtain
(6.17) Tn(x, <al, e><az, e>°‘2 e <ah’ e>"h, D=0.

Combination of (6.15) and (6.17) hence gives (6.13).
Remark 6.1. Theorem 6.5 is the well-known Gauss-Bonnet formula when
a, = ---a, = 0, and was proved in [3] when A =1and m — n = 1.

7. Immersions with Lipschitz-Killing curvature > 0

For an immersion of an n-dimensional manifold M in E™, the n-th mean
curvature K,(P, e) is also called the Lipschitz-Killing curvature. In [10], S. S.
Chern and R. K. Lashof studied the n-th total absolute curvature of rank 1
with respect to 1, i.e., TA,(x,1,1), and proved the following interesting
inequality for closed M:

(7.1 TA,(x,1,1) > pM)Cp_, »

where A(M) = max {};7,dim H;(M; F): F fields}, and H,M,F) denotes
the i-th homology group of M over F. If we denote the i-th betti number of
M by b;(M), then it is obvious that (M) > > 7, b;(M). In this paper, an
immersion of an n-dimensional closed manifold M in E™ is called a minimal
imbedding if TA,(x,1,1) = f(M)c,,_,. In the following, let

(7.2) A(P) = max {K,(P,e); ec S "'},

(7.3) p(P) = min {K,(P,e): ec Sz™""'},
= s B,: K,(P, 0},

(7.4) A+ {(P ee (P,e) > }

A_={(P,e) e B,: K,(P,e) < 0},
(7.5) 2*(P) = max {A(P),0},  p~(P) = min {u(P), 0},
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(7.6) (M) = %(ﬁ(M) -% b,-(M)) ,

where S7-7~! denotes the unit (m — n — 1)-sphere of unit normal vectors to
x(M) at x(P) in E™. We call 4 and g the principal curvature and secondary
curvature of M in E™, If is clear that M has no torsion when and only when

Proposition 7.1. Let M be an n-dimensional oriented closed manifold
imbedded in E™. Then

.7 [rav = (w0 + E buon) =1
7.8 fg‘dV < —(t(M) + % bzi_l(M))Cc’:‘—-i .

Equality sign of (7.7) holds when and only when the codimension m — n = 1
and x: M — E™ is a minimal imbedding. Moreover, equality sign of (7.8)
holds when and only when either (a) dim M = n is even and the Lipschitz-
Killing curvature K,(P, e) > O everywhere, or (b) the codimensionm — n = 1
and x: M — E™ is a minimal imbedding.

Proof. From Theorem 6.5 it follows that

(7.9) f K,(P,e)dV A do + f K, (P, e)dV A do = Zo (—1)ib(M)c,,_, .

On the other hand, by (7.1) and (7.6) we have

f K, (P, e)dV A do — f K, (P, &)dV A do
(7.10) % i-
> ( % bi) + 2t(M))cm_1 .

Combination of (7.9) and (7.10) yields

(7.11) f K,(P,e)dV A do > (t(M) n jz,; bzi(M))cm_l ,

(112 [KP,oav A do < —(10) + 5} b 00)e,

Therefore by (7.2), (7.3), (7.4) and (7.5) we obtain (7.7) and (7.8). Now
suppose that equality sign of (7.7) holds. Then the inequalities (7.10), (7.11)
and (7.12) are actually equalities, so that x: M — E™ is a minimal imbedding.
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Next suppose that the codimension m — n > 1. It is easy to see that if 2(P) >0
at P ¢ M, then K, (P, e) = A(P) for all (P, e) € SZ~""!. In particular, this implies
that dim M = n is even. Since the set {(P,e) € B,: the second fundamental
form at (P, e) is positive definite} is of positive measure, by choosing a point
(P, @) in this set we have A(P) > 0. Thus we obtain K,(P, e) = A(P) for all
e € S27"7". On the other hand, by definition we see that the second fundamental
form at (P, —é) is negative definite, and the continuity of the second funda-
mental form implies that the Lipschitz-Killing curvature K, (P, e) = 0 for some
points in $%~"*~'. Since this is a contradiction, we get m — n = 1. Conversely,
ifm —n=1and x: M — E™ is a minimal imbedding, then the equality sign
holds in (7.11) and (7.12). On the other hand, K,(P,e) = A*(P) on A, and
K.(P,e) = p~(P) on A_. Moreover, A, = {PeM: 1*(P) #+ 0} and A_ =
{P e M: p(P) + 0}. Consequently, the equality sign holds in (7.7) and (7.8).

Now suppose that the equality sign of (7.8) holds, and the Lipschitz-Killing
curvature K, (P, ¢) < 0 for some points (P, e) in B,. Then x~(P) < O for some
Pin M, and K, (P, ¢) = p~(P) for all (P, e) € S%~"~* whenever g~ (P) < 0. This
is impossible by the continuity of the second fundamental form on the fibre
S%="~! if the codimension m — n > 1. Thus we get m = n + 1. On the
other hand, from the equality of (7.8) and the inequality of (7.10) it follows
that the equality sign holds in (7.11) and (7.12). This implies that the immer-
sion of M in E™ is a minimal imbedding. Consequently, either the Lipschitz-
Killing curvature is nowhere negative, or m =n + 1 and x: M - E™ is a
minimal imbedding. In the first case, we have (M) = 0 and b;,(M) = 0 for all
odd i. Thus (a) if K,(P, e) is nowhere negative, then by the inequality (7.8)
we have #(M) = 0 and b,(M) = 0 for all odd i, and therefore by (7.3) and
(7.5) we get the equality sign of (7.8); and (b)if m =n + landx: M — E™
is a minimal imbedding, then the equality sign of (7.8) follows immediately
from the equality sign of (7.10) and the definition of ux. This completes the
proof of the proposition.

Theorem 7.2. Let x: M — E™ be an imbedding of an n-dimensional
oriented closed manifold M in E™. (a) The Lipschitz-Killing curvature K ,(P, e)
> 0 everywhere if and only if () M has no torsion, (ii) all odd-dimensional
betti numbers of M vanish, and (iii) the imbedding x: M — E™ is minimal.
(b) If the Lipschitz-Killing curvature K, (P, e) > 0 everywhere, then dim M is
even, and either dimM = O or the codimension m — n =1, M has no
torsion, and x(M) is a convex hypersurface in E***,

Proof. (a) If the Lipschitz-Killing curvature K, (P, e) > 0 everywhere, then
= (P) = 0. Thus by Proposition 7.1, we obtain #(M) = 0 and b;(M) = 0 for
all odd i. Moreover, A_ = @. These imply that

TAn(xa 17 1) = Tn(x; 15 1) = X(M)cm—l = ,B(M)cm—l >

i.e., the imbedding x is minimal. Conversely, if x is a minimal imbedding, M
has no torsion, and odd-dimensional betti numbers of M vanish, then
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TAn(xa 13 1) = X(M)cm_1 == Tn(x, 13 1) .

By the continuity of K, (P, e) on the normal bundle B, and the definitions of
TA,(x,1,1) and T,(x, 1, 1), we thus obtain K,(P, e) > 0 everywhere.

(b) Suppose that K,(P,e) > 0 everywhere, and n > 0. Then from
K, (P, —e) = (—1)"K,(P, e) it follows that dim M = n is even. Let (P, &) be
a point in B, such that the second fundamental form at (P, &) is positive
definite. Then the second fundamental form at (P, —é) is negative definite. By
the continuity of the second fundamental form on the fibre $%~*~! we see that
if the codimension m — n > 1, then the Lipschitz-Killing curvature K,(P, e)
= 0 at some points in $7%"~'. This is impossible by the assumption. Thus we
have m — n = 1. In this case, the condition that K,(P,e) > O everywhere
implies that Gauss-Kronecker curvature of M in E"*! is positive everywhere.
Hence x(M) is a convex hypersurface in E**!.

Remark 7.1. If the codimension m — n = 1, then the sufficiency of
Theorem 7.2, Part (a) was proved by Chern-Lashof [10, II], and Theorem
7.2, Part (b) was the well-known Hadamard theorem. In [10, II], Chern and
Lashof gave an example of nonconvex hypersurface in E*** with K, (P,e) > 0
everywhere. In [15], Kobayashi gave an example of a minimal imbedding of
complex projective spaces in higher dimensional euclidean space; in his
example, the Lipschitz-Killing curvature K, (P, e) > 0 everywhere.

If Cis a closed curve in E*, then we have the so-called curvature £ and
torsion . If the torsion ¢ = 0 identically on C, then C is a plane curve in E°.
Moreover, if the curvature k is constant and the torsion = = 0 identically, then
C is a circle in a plane of E*. By using Theorem 7.2 and a result of Chern-
Lashof [10, I], we have

Corollary 7.3. Let x: M — E™ be an imbedding of an even-dimensional
topological sphere in E™ with m — n > 1. Then the secondary curvature 1 = 0
when and only when M is imbedded as a convex hypersurface in an (n + 1)-
dimensional linear subspace of E™. Moreover, the secondary curvature p = 0,
and the principal curvature A is constant when and only when M .is imbedded
as a hypersphere in an (n + 1)-dimensional linear subspace of E™.

8. Product immersion and immersion with constant G-total curvature

Proposition 8.1. Let x,: M, — E™ and x,: M, — E™ be immersions of
M, and M, in E™ and E™: respectively, and x, X x, be the product immersion
of x, and x,. Then

Gn1+n2(x1 X X, (P, Py), 1, l)cm1—1cm2-1

8.1
= Gnl(xl’ Pl, 13 I)an(xza Pza 13 l)cm1+m2_1 H

for all (P,, P,) e M, X M,, where dim M, = n, and dim M, = n,.
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This proposition can be proved in the same way as Theorem 10 was proved
in [2, I], so we omit the proof.

Corollary 8.2. Let M, and M, be two oriented closed manifolds. Then the
Euler characteristics of M, and M, satisfy

(3.2 1My X M) = x(M,) X x(M,) .

This corollary follows immediately from Theorem 6.5 and Proposition 8.1.

Proposition 8.3. Let x: M — E™ be an immersion of an oriented closed
even-dimensional manifold M in E™ such that x(M) is contained in an (n + 1)-
dimensional linear subspace E**' and the n-th G-total curvature G,(x,P,1,1)
> 0 everywhere on M. Then x(M) is a convex hypersphere in E**', and there
exists an oriented closed even-dimensional nonconvex submanifold in E**? with
positive constant n-th G-total curvature G,(x, P, 1, 1).

Proof. The first part follows from Proposition 8.1 and Theorem 7.2. Let
Sin x Si* C E"*? be the natural product manifold of two unit }n-spheres in
E™*2, Then this product manifold in E**? has constant n-th G-total curvature
G,(x, P, 1, 1) everywhere.

By Proposition 8.3 we have

Corollary 8.4. If M is an exotic n-sphere, then M cannot be immersed in
E™*! as a hypersphere with G,(x,P,1,1) > 0.

Remark 8.1. Every compact homogeneous space M can be immersed in a
euclidean space with constant i-th G-total curvature G,(x, P, 1, 1). This immer-
sion can be done by using equivariant immersion of M in the euclidean space.

Remark 8.2. Let M be an n-dimensional manifold immersed in E™. If i is
an even positive integer, 2 < i < n, then we have

Gi(x’ P? 1’ 1) = const. Z 5(]2: ..,,]];i>Ri1j2k1k2 e Rji—ljiki—lki ’

in which Rj;;, are the components of the Riemannian-Christoffel tensor
(relative to orthonormal frames) of the induced Riemannian metric on M, and

0 (]g" N ’k) does not vanish if and only if j, - - -,j; are rearrangement of
w e kg

1+ ++, kg its value is 1 if the permutation is even and —1 if odd. Hence we

see that Gy(x, P, 1, 1) are isometric scalar invariants. In fact, Gy(x, P, 1, 1) are

among the most important scalar invariants of the Riemannian metric. For

example, G,(x, P, 1,1) = const. }; R, ;,i.x, is called the scalar curvature of the

Riemannian metric (see, for instance, Chern [7], Nagano [16]).
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