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SPECTRUM AND SEMIGROUPS OF ELLIPTIC
OPERATORS ON HOMOGENEOUS SPACES

KENNETH D. JOHNSON

1. Introduction and notation

For a manifold X we denote the bounded continuous real (resp. complex)
valued functions on X by #(X)(resp. #(X, C)). For fe #(X)(resp. #(X, C))
we set || f|| = sup |f(x)|. Let #™(X)(resp. #M(X, C)) denote the real (resp. com-

rEX

plex) valued functions which are bounded and continuously differentiable of
order n.

Let G be a Lie group and H a closed subgroup. Let 4 be a second order
elliptic differential operator on G/H, which is invariant under the left action
of G. Assume that in any local coordinate neighborhood 4 is of the form:

0

+ bk(x)axk ’

aij(x)

2
oxtox’

where (a;;(x)) is a positive definite symmetric matrix and the b,(x)’s are real.
(We use Einstein summation convention.) Unless otherwise stated we will as-
sume G, H and 4 as above.

In § 2, we show that 4 generates a continuous semigroup of probablility
measures on 3(G/H), the Stone-Cech compactification of G/H. This extends
a result of Hunt [3]. We also obtain restrictions on the spectrum of 4. If,
moreover, G/H admits a G-invariant Riemannian metric and 4 is the Laplacian
of this metric, then the above results are strengthened.

Throughout this paper, the crucial technique is given by Lemma 2.1 which
has been proven by Omori [4] under somewhat different circumstances.

This paper is developed from the author’s thesis. The author would like to
thank his advisor Joseph A. Wolf for his constant encouragement, and would
also like to thank the referee for his many helpful suggestions.

2. Spectrum and semigroup

Lemma 2.1. Let f be a real valued C*-function on G|H, which is bounded
from above. Then for an arbitrarily fixed point p of G/H and for any ¢ > 0,
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there exists a q depending on p such that: (i) f(q) > f(p), and (ii) (4f)(g) < e.
Proof. Let b =supf. Selectpe Z*G/H) such that ¢ > 0, || dp| <,
o(eH) > 0 and supp ¢ = C is compact. There exists ¢’ € G/H such that:

(@) + p(eH) > b .

Let g’ € G such that g’ projects to ¢’ under the natural map G — G/H. Set
h(x) = ) + Lep)®) = f) + 9lg' %) .

Now for x ¢ g~(C), h(x) < b. Thus k attains its maximum for some g e g’~(C).
Hence

(4n)(q@) < 0.
So
0> UN@ + ALy 0@ = ()@ + o) 'q) ,

and
U < —Ue)g'q) < ||do|| < e.

Proposition 2.1. a) Suppose fe #(G|H) and Af = Af. If 2> 0, then
f=0. b) Suppose 4 is the Laplacian of a G-invariant metric on G/H and
fe#(G/H,C) and Af = 2f. If Re 2 > 0, then f = 0.

Proof. a) From Lemma 2.1, there exist sequences of points p,, g, in
G/H and a sequence of ¢, > 0 such that:

@ limf(g,) = supf, lim f(p,) = inf f,

(i)  (4N(gn) < en, 4f(pn) > —e,, and

(iii) 711112 &, = 0.

As Af = 2f, 2(q,) < e, and Af(p,) > —e, and hence Asup f < O and 2inf f > O.
As2>0,0>inff >supf>0and f=0. .
b) Suppose f(x) = u(x) + iv(x) and let A(x) = |f(x) . Then from Proposi-
tion 2.1 there exist a sequence of points g, and a sequence ¢, > O such that
6] 11LLIE h(gq,) = sup h,
(i)  (4h)(g,) < e, and
(iii) ,1,132 e, = 0.
Let <, > denote the G-invariant Riemannian metric on G/H. Then
Um(x) = Hf(x) + f(4f(x) 4+ 2{grad u, grad u),

+ 2{grad v, grad v>, > (4H(Of(x) + f(x)4f(x)
= 2Re2[f(x) .
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Thus e, > 4h(g,) > 2Re Af(g,)[* and 0 > suph. As h > 0, A = 0 and there-
fore f = 0. q.e.d.

This generalizes a result of E. B. Dynkin [1] on symmetric spaces.

Lemma 2.2. a) If fe #(G/H) and 2 > 0, then ||(4 — Df|| > 2||fll. b)
If fe #(G/H, C), 4 is the Laplacian of a G-invariant Riemannian metric on
G/H, and 2 > O, then || (4 — Df|| > 2|/ f].

Proof. a) Suppose ||f|| = supf. Select a sequence g, in G/H and a
sequence ¢, > 0 such that:

() lim f(g,) = supf,

() (4N(g.) < e,, and

(i) lime, = 0.

Then (4 — Df(q,) < e, — 4f(¢,), and hence

inf (4 —Df < —2Asupf= —2|f] -

Thus |(4 — D@|| > 2]|/fll. If |f|| = — inf f, the proof is similar. Part b) is
proved by setting A(x) = |f(x)|* and proceeding as above.

Lemma 2.3. Let v,, n > 1, be a sequence of functions in C(G|H) con-
verging uniformly on compact subsets to 0, and suppose Av, converges uni-
formly on compact subsets to f. Then f = 0.

Proof. Suppose not. Then we may assume that there is an open set U with
compact closure such that f|U > B > 0. Without loss of generality we may
assume sup |v,(x)| < 1/2".

zeU

Let V¥V C U be an open set such that ¥ C U, and ¢ ¢ Cg(V) be such that
¢ >0, supgp = 1, and [4¢| < C. Then v, + ¢/2*"* attains a local maximum
at some point x, € V. Thus

Av,(x,) + (1/2* Hdp(x,) < 0.
Hence
dv,(x,) < (1/2*)C,

and for all n we has x,eV satisfying the above inequality. This contradicts the
uniform convergence of 4v, onV to f. q.e.d.

Thus, if g,, n > 1, is a sequence in C¥(G/H), g, converges uniformly on
compact sets to g, and 4g, converges uniformly on compact sets to f, then we
may say 4g = f. From now on we shall identify 4 with this extended operator.

We now consider the problem of solving the equation (4 — 2)g = f for
fe #(G/H) and 2 > O with g e Z(G/H).

Proposition 2.2. Let fe #(G/H) and 2 > 0. Then there exists g ¢ #(G|H)
such that (4 — g = f.

Proof. Suppose first that f is C=. It is clear that we may assume f > 0.
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Put on G/H a complete C*-Riemannian metric. Let 2,CQ2,C-..-Cc 2,C---
be a sequence of open subsets of G/H with smooth boundaries such that 2, is

compact, 2, C 2,,,, and G/H = D £2,. Let L be the Laplacian with respect
n=1

to this metric, and D, = #(4 — 2) + (1 — t)L, and consider the elliptic boundary
problem:

D,u=F on 2, and u=f on 39, for Fe C*(2,) and fe C=(52,). As ind L
= 0 [4, p. 264] we see that ind D, = O for all ¢, and therefore that ind (4 — 1)
=0. If ueC=(2,), and u = 0 on 92,, we have as in Lemma 2.1 that
xsél})p |4 — Du(x)| > 2 zSélg) |u(x)|. Thus ker (4 — 2) = 0. Hence we may find

a unique u, ¢ C*(2,), u, = 0 in 892,, such that (4 — Du, = f in 2,. Set
u, = 0 on the complement of 2,.

Consider the functions v, = u,,, — u, and u,. On the complement of 2,
we have that v, < 0 and u, < 0. We claim that v, < 0 and u, < O every-
where. Otherwise, we can find points x,, y, € 2, such that 0< v,,(x,) = sup v,(x),
and 0 < u,(y,) = sup u,(x). However, we must have 4v,(x)) <0 and
du,(y)) < 0, but in 2, we have that 0 > 4v,(x,) = Av,(x,) > 0 which is a
contradiction, and 0 > Au,(y,) = f(y,) + Au,(¥,) > 0 which is also a contradic-
tion. Thus u, < 0 and u,,, < u, for all n.

Since the u,’s form a bounded monotone sequence of functions, }qum” U, =g

exists in the distribution topology on G/H. Hence (4 — 2)g = f as distributions.
As f is C* and 4 has C=-coefficients, we have that gis C~ and (4 — )g = f
as functions. Moreover, as || u,|| < ||f||/4 for all n, || g|| < ||fll/A.

Suppose now only that f ¢ Z(G/H). Select a sequence f, ¢ Z#(G/H), n > 1,
such that f, is C* for all n and f, converges to f in #(G/H). Then there exists
a sequence g, € #(G/H), n> 1, such that g, is C= for all n and (4 — Dg, = f..
By Lemmas 2.2 and 2.3, g, converges to a g in #(G/H), where (4 — )g=1.

Remark. The proof of the above proposition is a simplification of the orig-
inal proof. Its improvement rests on an observation which was pointed out to
the author by the referee.

We may now apply the Hille-Yosida theorem to obtain that for 2 > 0,
(1 — 4/2)7' is a continuous operator of norm 1 on #(G/H),

T,=exptd =lim(l — td/n)""

n—wo

defines a continuous operator of norm 1 on #(G/H) which commutes with the
left action of G, and finally, for f e ZX(G/H),

tim 7= D — caneo

Let @,(f) = (T,f)(e). Then @, is a continuous functional of norm 1 on
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#(G/H), and thus defines a measure on £(G/H). Note that @,(c) = c for a
constant c.

Lemma 2.4. If fe #(G/H) and f > 0, then ®,(f) > 0.

Proof. Suppose @,(f) = —d < 0 and let ¢ = ||f||. Then ¢ — f > 0 and

lc — fl| < ¢, but ,(c — f) = ¢ + d > c which is a contradiction. q.e.d.
Thus

o,(f) = f f(x)dp,(x) ,

B(G/H)

where p, is a probability measure on (G /H).
Now as T,(L,f) = L/(T.f), we have that

T f(g) = OLy-f) = f (Le-H(®)dp,(x) = f f(gx)dp,(x) .

B(G/H) 8(G/H)

From T,-T,f = T,.f, it follows that

T,..H(g) = f f(g0)dp.. ) = TT L))

B(G/H)
- f (T f)(y)dp.(y) = f f f(gyx)dp,(x)dp,(»)
B(G/H) B(G/H) B(G/H)

Hence p,*p, = p;.,, and the p,’s form a semigroup of probability measures on
B(G/H).

We now summarize our results.

Theorem 2.1. The T,’s for t > 0 form a semigroup of continuous opera-
tors on #(G|H), which commute with the left action of G, and determine
probability measures p, for t > 0 on (G /H), which form a semigroup under
convolution. Moreover, if fe #(G|H), then

T,((g) = f f(gx)dp,(x) .

B(G/H)
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