J. DIFFERENTIAL GEOMETRY
3 (1969) 379-392

SOME DECOMPOSITIONS OF THE SPACE
OF SYMMETRIC TENSORS ON
A RIEMANNIAN MANIFOLD

M. BERGER & D. EBIN

1. Introduction

In this article we consider a compact C~ manifold M and endow it with a
riemannian structure g. For such a riemannian manifold (M, g), the space A4*
of exterior differential forms carries an elliptic operator and the de Rham
laplacian 4, and has an orthogonal decomposition

(1.1) AP = kerd @ dA? ' @D sAP*',

orthogonal with respect to the global scalar product on A”. Moreover the
dimension of kerd is equal to the p-th Betti number of M, thanks to de
Rham’s theorem.

The simplest space of tensors to consider, besides the 4?’s, is the space §*
of symmetric bilinear differential forms on M. It is natural to look for a de-
composition of $? like (1, 1). In this article we give all the reasonable decom-
positions of $?, which we are aware of. Unhappily we have no essential appli-
cations of them, because of the lack of some kind of a de Rham theorem,
connecting topological invariants of M with the dimension of the kernel of the
elliptic operators considered on S°. However we think it is worthwhile to list
and prove these decompositions, hoping the reader will find interest in the
problems and questions which naturally arise.

After fixing notations in §2 we give in §§3 and 4 the decomposition (3.1),
which essentially yields the subspace §'(0) of $* as the tangent space at g of the
space .# /2 of classes of riemannian structures on M under diffeomorphisms.
In §5 we give two decompositions for manifolds of constant scalar curvature
which are naturally associated to deformations of the scalar curvature. One of
these is due to L. Nirenberg. §6 lists four elliptic operators on §*; in §6.c an
application is made to minimal surfaces; Corollary 6.2 was suggested to us by
J. Simons. §§7 and 8 are concerned with Einstein manifolds. As an applica-
tion of the decomposition (3.1) of §3, we find that the space of Einstein
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structures is locally finite-dimensional and we also get a result of nondeform-
ability of some Einstein manifolds (Corollary 7.3 and Lemma 7.4).

2. Notations

On our fixed compact manifold M, we denote by 4? (p=0,1, --.,dim

M = n) the p-th exterior power /p\T*(M) of the cotangent bundle T*(M) of M.
Hence C~(A4?), the space of all C~-sections of A7, is the space of exterior
differential forms of degree p (in particular A° is the space of C*-functions on
M). When no confusion is possible, we write A? for C>(A”). Similarly T? re-
presents the space of all tensors on M, which are r-times covariant and s-times

contravariant, i.e., 77 = [® TM)]® [(;D T*(M)]. By §* C T we understand
the bundle (or also C*(S%) of symmetric bilinear differential forms.

We endow M with a fixed riemannian structure g, making it a ricmannian
manifold (M, g). On tensor spaces on M we have the canonical scalar product

(point-wise) (-|-) and on their sections the global scalar product (-, >

= f(- | -)v,, where v, is the canonical measure of (M, g). If P is a differential
M
operator between some tensor bundles over M, its formal adjoint P* is uni-
quely defined by (P-, -> = (-, P*.>.
Examples. The covariant derivative F: T — T7,,, whosc formal adjoint
P* will be also denoted by 6 = F*: T{,, — T". In local coordinatcs:

1 )

For the restriction of 6 to §*: 9: $* — A', still denoted by d, the adjoint 6* is
given by the formula:

@*E)x, y) = %lr..f(y) +F,E(0)] = %Jg :

where . is the Lie derivative and &’ the vector field dual (by g) to the 1-form
£.

On $* we have the trace: tr: §* -— A" (with respect to g understood), since
g defines canonically a map §* — T} and T} is made up of endomorphisms
(which have a cononical trace). We will set

TZ = theS*:trh =0} = tr''(0) C $*.

Example. On A°, we have the double covariant derivative, called the Aes-
sian: Hess =V ol : A° — §°. Its trace is nothing but — 4, the usual Laplace-
Beltrami operator on A°: 4 = — troHess: A"~ A" (in local coordinates Af
== Xhrf=—-xrd.

4
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Finally, for our riemannian manifold (M, g), we denote by R the curvature
tensor, p the Ricci curvature (p € §?) and ¢ the scalar curvature (z € A%). The
signs we are choosing are such that, for the standard sphere (S*, g,):

R(x,y; x,y) = + 1 for any orthonormal x, y,
plx,x) =n—1 for any unit vector,

r=nn-—-1).

3. The first splitting of S°

As is well known, the set # of riemannian metrics on M is an open (in C*
topology) convex positive cone in the linear space C*(5%). One approach to a
study of riemannian geometry is to consider certain distinguished subsets of
A ; e.g., those metrics which make M a space form, Einstein manifold, homo-
geneous space, etc.

The diffeomorphism group 2 of M acts on .# in a natural way by pull
back. (The usual action on the sections of any tensor bundle.) We denote a
metric g acted on by 7 as *(g), and it is easy to see that if (M, g) is a space
form, Einstein manifold or homogeneous space, then so is (M, 5*(g)). This
means that each of our distinguished subsets of .# is a union of orbits of 2
in . Hence each one can also be looked at as a subset of the space of orbits
M|D.

In [4], Ebin has analyzed the action of 2 on .# and proved the following:

Fix ge 4 and let O, be the orbit of 2 containing g. Then there exist a
neighborhood U of g in 0, and a map y: U— 2 such that if p*(g) e U,
(*(@)N*(g) = n*(g); i.e., x is a local section of the map of 2 onto its orbit.
Also there is a submanifold S of .# containing g such that the map F: U X §
— A defined by F(u, s) = (x(u))*(s) is a diffeomorphism of U X S onto a
neighborhood of g in .#.! Furthermore the tangent space of S at g is the ker-
nel of the operator §: §* — T*.

The existence of S and F is helpful to the study of the local nature of the
various distinguished subsets of .#. Let & be such a subset, and g(t) a curve
in 4, which is contained in & and such that g(0) = g. If n,: U X §—> S is
the projection on the second factor, then

w0 F~'(g(?)) is a curve in 4

(defined for all ¢ such that g(¢) e F(U X S)). But A(t) = z,o F~'(g(#)) and g(#)
are in the same orbit of 2 because if F~'(g(t)) = (u,s), then A(f) = s and
8(t) = (y(w)*(s). Hence h(¢) is also a curve in &, so h(t) © S N €. Thus any

1 4, 2, and 0y are all locally Frechét spaces. Therefore we must understand the
words ‘‘submanifold’’ and ‘diffeomorphism’’ ‘in the sense of ILH-submanifold and
diffeomorphism (see [7]).
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deformation g(#) of g in the set & gives rise to a deformation A(f) in & N S,
such that if n: # — #/2 is the natural projection, ng(¢) = rh(t). Since the

tangent space of S at g is 67'(0), ‘Tlth(t) € §7'(0). Hence to study deforma-
¢ 0

tions in .#/2 we need only study curves in .# whose tangent at g is in §7'(0).

Here we shall prove not the existence of S and F but an infinitesimal version

of their construction, that is, we shall show that
3.1 C=(8*) = 671(0) @ o*(C(4Y),

and §*(C~(A")) is the tangent space of 0, (or U) at g.

First we give a plausibility argument that §*(C*(A")) is the tangent space of
0, at g (for details see [4]). We let ¢,: @ — . # by n — 5*(g), and shall show
that at the identity of 9, 26*: C(A4') — C'(§?) is the tangent map of ¢,.

If »(2) is a curve in 2, with »(0) = Id, then for cach p e M,—‘[I—p(t)(p)‘ is
dt

0
an element of T,. Hence the tangent space of & at Id is the sct of functions
{V}from M to T such that V(p) € T ,. This sct is just C*(T). For any clement
V of C7(T) there is a unique one paramecter group of diffeomorphisms »(r)

such that ——(:I—(yy(t)) = V. Hence to evaluate the tangent map of ¢, at V, it is
¢ 0

enough to know —:711—((7;(1))*(g)). But T‘/;(r)*(l)(g)) is by definition .7°,-(g), the

Lie derivative of V with respect to g. Now using g to identify 4' and T we
find by (2.1) that this map is 25*.

To prove C*(§*) = 67 (0) D 5*(C (A')), we must first derive some results
on linear partial differential operators.

4. Differential operators with injective symbol

Let E be a vector bundle over M with a ricmannian structure, i.c., with
an inner product on each of the fibres of E, and fix a volume element ; on
M. Then C~(E) gets an inner product and we call its completion H%(E). If
J*(E) is the bundle® of s—jets' of E, therec is a natural map j,: C"(E)
— C*(J*(E)). Giving J*(E) a riemannian structurc we get an inner product on
C=(J*(E)). We define ( ), to be the inner product on C~(E) induced by j,
and the inner product on C=(J*(E)). H*(E) is defined to be the completion of
CE)In{ , ),

Assume F is another such vector bundle, and let D: C*(E) — C~(F) be a
differential operator of order k. Then D extends to a continuous linear map
D,: H*(E) — H* (F). Also D*: C>(F) — C”(E) has order k, so it can be ex-
tended to a map D} ,: H"*(F) — H* **(E). We recall that for any p e M and

2 For a definition of J*(E), H%E), and details of this section, see [8].
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any cotangent vector ¢ € T5, there is a linear map ¢,(D): E, — F, called the
symbol of D. Also ¢,(D*): F, — E, is the adjoint of ¢,(D) with respect to the
inner products on E, and F,. We say that the symbol of D is injective, if
a,(D) is injective for all non-zero .

The goal of this section is to prove:

Theorem 4.1.° If D has injective symbol, then

H*"*(F) = D,(H*(E)) ® (D¥.»7'(0) ,

and the summands are orthogonal with respect to the inner product { , > of
H'(F).

Corollary 4.2. C>(F) = D(C>(E)) ® (D*)"'(0), the summands being or-
thogonal as above.

To prove the above theorem we will need the notion of an elliptic operator :
we say an operator a: C*(E) — C=(F) of order & is elliptic if o,(a): E, — F,
is an isomorphism for all non-zero t. A fundamental property of elliptic
operators is:

Regularity Theorem 4.3. If « is elliptic of order k, then

H*~"(F) = a(H(E)) @ ker af ;. ,

and C>(F) = a(C~(E)) ® ker a*. Also if for | > s — k, a,(x) e H(F), then
x € H'**(E), and if ay,(x) € C~(F), then x € C=(E).

Proof. [8, Chapter XI].

Also we need two lemmas.

Lemma 4.4. If D is an operator of order k with injective symbol, then
D*D is an elliptic operator of order 2k.

Proof. ¢/(D*D) = ¢,(D*)a,(D) = (¢,(D))*s,(D), where the “*” on the
right hand side means the adjoint of the operator ¢,(D): E, — F,. ¢,(D) in-
jective implies (¢,(D))*g,(D) is an isomorphism.

Lemma 4.5. Let X and Y be Banach spaces, and T: X — Y a bounded
linear map. Assume C, a closed subspace of Y, is an algebraic linear com-
plement to T(X). Then T(X) is closed in Y, and Y = T(X) @ C topologically.

Proof. See [8, Proof of Theorem 1, p. 119].

Now we are ready to prove our theorem.

We first show that (D,_,D¥*)~'(0) = (D¥)~'(0) and (D*D)~(0) = D~'(0).
Clearly (D,_D¥)~'(0) 2 (D¥)~'(0). If D, ,D¥(x) =0, then {x,D,_,D*x)>
= (D¥x, D¥x> = 0 so D¥(x) = 0. Similarly (D*D)~*(0) © D'(0), and D*Dx
= 0 implies (x, D*Dx) = {Dx,Dx)» = 0 so Dx = 0.

Secondly we show D(H‘(E)) = D,D¥, (H*"*(F)). Clearly D,(H*E))
2 D, DY, (H***(F)). If x=D,y, yeHE), then y = D¥* ,DJa) + b by the

3 This theorem is a special case of the stateiment involving equation (13) on page 447
of [13]. Since the proof of much easier in the special case, we include it.
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regularity theorem, where a e H***(E) and b € (D*D)~'(0). But then by the
above b e D~(0) so

X = De(y) = DsD;kH:Duzk(a) .

By Lemma 4.5, in order to prove our theorem, we need only show
H:(F) = D,(H*E)) ® (D* ,)"'(0) algebraically, since (D¥*,)"'(0) is closed.
(D)7'(0) N Dy(H(E)) = {0} because if D¥ Dx=0 then <(x,D* Dx)
={Dx,Dx> =0, so D(x) = 0.

Also

H"K(F) = (D,_yD¥ ) \(Dy_, D¥ )(H~*(F))
= (Ds-sz:ek—k)_I(Ds-zk(Hx_"(E)))
= D,_(H*"*(E)) N H*"*(F) + (D,_,xD¥.,)~'(0) .

But D,_,.(x) € H*~¥(F) implies D} ;;D,_,.(x) e H*-**(E), which by regularity
implies that x € H*(E). Also (D,_,.D¥* ;)~'(0) = (D*,)~'(0) as we have shown
above, so H*~*(F) = D (H*(E)) ® (D¥.,)~'(0). The summands are orthogonal
by the fact that (D.x, y> = {y, D¥x).

Proof of Corollary. First we show that C=(F) = D(C~(E)) ® D~'(0) alge-
braically. From the theorem we know that the two summands have zero
intersection, so we need only show that they span. Given fe C~(F) we know
f=DJe) + h, ee H'(E), he (D¥,)"'(0). Therefore D*f = D* D e). But
D*f e C=(E), so by regularity e € C'(E) and hence h = f — D(e) € C=(F).

Now we show the sum is topological. In the proof of the thecorem we
showed that

D(H'(E)) N HY(F) = D(H'**(E))
for any t > s — k. But C~(F) = N H'(F), so D(C~(E)) = C=(F) N D(H*(F)),

t>s

and D(C=(E)) is closed in C>(F). The other summand is also closed, so the
sum must be topological.
Now to prove C=(§*) = §*(C=(A4")) @ '(0), we need only look at the sym-

bol of ¢*. A direct calculation shows g,(6*)(§) = _12_(5 @t+1t®E), which is

clearly injective for non-zero ¢.

5. Deformations of scalar curvature

Another splitting of C=(5?) was kindly communicated to us by L. Nirenberg
and is based on a conversation between him and L. Fadeev. To define it we
need the following two operators: a: A' — §?, defined by a(§) = 6*¢ + (68)g,

and : A°— S, defined by p(f) = Hess(f) — fp + (nil ) feg.
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0 (0)® = (1,8), 50 ,@)E) = %(r®e+e®t)+ (t,&)g. It is easy to

check that this is injective. B is a second order operator, a:d a.(8)(f)
= g,(Hess)(f) = f(t ® 1), which is also injective. Hence C=(S?) = a(C~(A4"))
@ a7'(0) and C~(5») = B(C=(4")) @ B7(0).

Lemma 5.1. If (M, g) has constant scalar curvature t, then a(A') and
p(A°) are orthogonal with respect to the standard inner product { , > on
C=(8°T*).

Theorem 5.2. If (M, g) has constant scallar curvature, then

C=(5?) = a(C=(A4") @ B(C=(A") ® a*~'(0) N *'(0) ,

where the summands are orthogonl.

Proof. The theorem follows immediately from the lemma and the two de-
compositions of C~(S?) above.

To prove Lemma 5.1 we must introduce a second order operator 7: S? — A°.
y is defined as follows: given he S% let g(r) be a curve in # such that

2(0) = g and 7i—g(t)l = h. Let z(f) be the scalar curvature of the metric
0

g(1) and define y(h) to be dir(t) . From [2, (3.4)] we find
t

0

(5.3) y(h) = Atr (k) + 36(h) — (h, p) .

1

Since 6*(¢§) = %35,(5') for £ e A, it is clear that y06(£) = — Z..(7), so in

]

particular if z is constant y 0 6* = 0.

It is easy to check that the symbol of 7 is surjective, so ¢,(y*) must be in-
jective. Hence we get an orthogonal splitting C=(S%) = y*(4") @ y~'(0). Since
rod* =0, y*(4° and §*(A4') orthogonal, so that we can get a finer splitting:

(5.9 §' = *A) D *A)Ds'0) Ny '0) .

This is very similar to the splitting of Theorem 5.2, to which we now return.
We prove Lemma 5.1.

We need only show B(A4%) C a*7'(0), for a*~'(0) is orthogonal to a(A').
First we remark that from (5.3) we easily get

(5.5) r*() = (df)g — fp + 6*df .
Also since y06* = 0, doy* = 0 so that
(5.6) o((4hg) — o(fp) + 65*df = 0.

To prove the lemma we must show a* o 8 = 0, and from the formulas for
« and B,
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1
n— 1

@* o f(f) = @ + dotr) (Hess(f) — fp + frg)

5.7) = 65*d(f) — d(pf) + (n L )ra(fg) — d4f
— odf + (nl : )rdf.
But,
(5.8) o(fg) = — df,
SO

(5.9) a*op(f):éa*d(f)—5(pf)—ddf+< —ln — 1+ e

n — n —

Using (5.6) and (5.8), we find that §0*d(f) — 6(pf) — d4f = 0, and the last
term on the right hand side is also zero, so the lemma is proved.

Remark 5.10. S. Deser discusses decompositions like (3.1), (5.2) and
(5.4) in some articles on general relativity for the purpose of finding a canoni-
cal form for the gravitational field. Sec [11, pp. 158-162] and [12].

Remark 5.11. C. Barbance [1] proved our original splitting §* =4 '(0)
+ 6*(A4') in the case where M is an Einstein manifold. She also gave a more
refined splitting for this casc.

Remark 5.12. E. Calabi [3] has investigated the operator 6*: A'— §* in
the case where M has constant curvaturc. He formed a scquence of diffcrential
operators

Dy D,

D, n D
(6*)7'(0) - A' — &' — SH(A?) B, — .. B— 0,

which is locally exact and resolves the sheaf defined by (6*)~'(0). D, is defined
just as y is, except that the full curvature tensor replaces the scalar curvature.
$%(A4% means the symmetric tensor of A4* with itself. and the {B;} arc certain
subbundles of 4A*® A'.

6. Four elliptic operators on §*

a. The rough laplacian J. For any r,s it is easy to check the covariant
derivative V': T? — T, has injective symbol. Hence by Lemma 4.4 thc opera-
tor 4 ="P*V =¢éV: T, — T7 is an elliptic operator on 77, called the rough
laplacian. In local coordinates:

(dniviir= = P
L
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Moreover J is non-negative: {J¢, ) = || 4t|? > 0, and so ker 4 = ker 4. - For
T9 = A° the rough laplacian 4 is nothing but 4, the usual Laplace-Beltrami

operator for functions on M. ~
Note also that 452 C §?, so we can consider 4: $* — $? as an operator on $*

(using the same notation 4). From FPg = 0:
6.1) dg = 0.
It is also elementary that:
kerV = R-g iff (M, g) locally irreducible .
Using the trace tr: $* — A4°, from (6.1) one deduces:
6.2) tr-d=4dotr.

As a consequence of (6.2), we can consider d as an operator 4: TZ — TZ.
b. The operator . Define [|: * — $*® A4' by

(6-3) (Dh)(x’y; Z) = Vzh(x5 )') - V.rh(29 )’) - Vyh(z’ -x) >

and consider ([],4/28): §*— (S*® A") x A'. It is straightforward to check
this operator has injective symbol. Hence if we set & = ([}, ¥/2 8)*([1), ¥2 d) =
CJ*[C] + 26*3, the so-gotten operator O is elliptic non-negative (Lemma 4.4):
{Bh,h)> =||CJh|P+2||6h|*> 0 and ker ® = ker [_|Nkerd. In fact: ker [| =
ker V = ker 4; for by (6.3), [|h = O implies that Fh is antisymmetric in the
two last entries, and being symmetric in the two first entries it has to be zero.
To get an explicit formula for 6, we perform explicit computations (straight-
forward ones with the Ricci commutation formulas) in local coordinates:

O*K) ey = ZL} Pkyy + Ve — Vlkyy) .
Therefore
6.4) 6=3J+K,
where K: §* — §* is the zero-order differential operator defined explicitly by
(6.5) (Kh),, = ZL (arth's + puih's) — 22_;“, R, .pmh™ .
Direct verification yields

K-g=0, so 0.g=0,

(6.6) troK=0.
Hence by (6.2),
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6.7) tro@ = dotr,

so that © also preserves TZ and can be considered as an operator §: TZ—TZ.
On TZ the operator KX is intimately related to the sectional curvature of (M, g)
as follows:

Proposition 6.1. The operator K is positive definite on TZ if (M, g) is of
strictly positive sectional curvature.

Proof. At any point m e M, diagonalize h with respect to g, using an ortho-
normal basis {e,}. Letting the sectional curvature of the plane of T, (M)
generated by e, and e, be a(e,, ¢,) and expressing a(e,, e,) in terms of R, by
a direct computation from (6.5) we get

(Khlh) = Zba(euv eh)(huu - hhh)z .
a#

Hence (Kh|h) > 0, and (K/i|h) = O implies that all the A,,’s are equal; but
trh = 3 h,, so all the h,,’s have to be zero.

¢. The operator ¥. This operator is the one associated to a differential
system introduced by J. Simons in [9, pp. 96-97]. Define ¢: §* > A*® A"
by (eh)(x,y;2) =V h(y,2) — F h(x,2) and (0,¥/209): - (A* @A) X A"
One can check it has injective symbol, so ¥ = (g, v/2 0)*(s, v2 6) = o*¢
+ 25*4 is elliptic, non-negative: (¥'h, h) = ||gh|* + 2||6h|* > O and ker ¥ ==
kero N kerd. Direct computations yield

(a*k)ub = - Z (Vlklub + Vlkllm) ’
l
r=21+K.

By (6.7) we still have tro ¥ = 4o tr and a restricted operator ¥': TZ — TZ.

In [9] J. Simons introduced the system éh = gh = 0, because if (M, g)
C (8$**', g,) is a minimal hypersurface of the standard sphere (§**', g,), then
its second fundamental form h satisfies 64 = gh = 0 (in fact ¢h = 0 and trh
= 0, which implies immediately ¢4 = 0). Combining this with Proportion 6.1,
we get:

Corollary 6.2. If (M,g) C (§"*', 8, is a compact minimal hypersurface,
and (M, g) is of strictly positive sectional curvature, then (M, g) has to be an
equator of (S"*', g,).

Note this is a best possible result, since the flat standard square two-dimen-
sional torus has a minimal imbedding in (S, g,).

d. The operator 4. This operator was introduced by Lichnerowicz in [6,
p. 27]. 1t is defined in an explicit way as 4 = 4 + K. If we write out 4 in
local coordinates, the formula has the property that, when one replaces h e §*
by a e A% then 4h becomes da, the usual laplacian of de Rham on exterior
forms. We do not known if 4, which is of course elliptic, is still non-negative.
We again have tr o 4 = 4 o tr (see [6, last half of p. 27]).
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e. Orthogonal decompositions. By the general theorem on elliptic operators
(4.3), we have the orthogonal decompositions: S§*= kerV @ aA(8Y), §* =
kerV ®6O(5?), S* = ker ¥ @ ¥ (S?), §* = ker 4@ 4(S?). But, contrary to the
case of the laplacian on exterior forms, the sums 0(S?) = d*A4' + [J*(S’® A4"),
T(S?) = 6*A' + o*(A* Q@ A") are neither direct nor orthogonal, for § o ¢* # 0
anddo[]* # 0.

7. Deformations of Einstein manifolds

An Einstein manifold is a riemannian manifold (M, g) for which the Ricci
curvature satisfies p = k-g (for some real number k).

By a deformation of Einstein structures through g we mean a smooth curve
g(2) (¢ running through some open interval containing 0) in # with g(0) = g
and such that, for all ¢, there exists k(z), a real number, with p,,, = k(2)-g(?).
If k(0) 0, by normalization we can replace our deformation by another one
such that p,,, = ¢-g(t),e = +1. In the following we assume this is done. In
the case k(0) = 0, we do not know if such a deformation exists with k(t) not
identically O; it is an interesting problem. We now compute consequences of
the equation p,,, = k(1)-g(t). The formula giving dp,(¢)/dt is classical; we
write it down as in [2, Formula (3.3) for ¢ = 0], all invariants (like 4, d,, 4,
Hess) being understood to be with respect to g = g(0):

Dow 0) = L(an + 25%5h — Hess (tr b)), h = 48D () .
dt 2 dt

From § 3, we know we can assume 64 = 0, so
Apow (0) = Lgh — Hess tr b)) .
dt 2

Lemma 7.1. The function tr h is necessarily constant.

The proof depends on whether k(0) is 1, —1, or 0.

a. k(0) = 0. By hypothesis we have 4h — Hess (tr h) = 2k’(0)- g + 2k(0)h
= 2k’(0)-g. Taking the trace of both sides and using 6d and 4 = —tr o Hess
we get A(tr h) = nk’(0) which implies k’(0) = 0 and tr 4 is constant.

b. k(0) = —1. In this case, p,,, = —g(#) for all ¢ so that taking traces
again: A(tr h) = —tr h, which implies tr h = 0.

c. k(0) =1. Now we have A(trh) = tr h. We apply [5, p. 135] to the

n
n —
lower bound for p, i.e., p > a-g. But here one can take « = 1, so A >

n > 1, and hence trhA = 0.
n—1

effect that 2,, the first eigenvalue of 4 on A4°, is > -a, where a is a
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From the lemma we nave now the standard equation for /i = -di[('-)-(O) of
dt
a deformation of Einstein structures:
(7.1) dh = ¢-h , e=1,—-1,0: p=c¢-g.

Since 4 is elliptic, it has finite dimensional kernel, so from § 3 we get

Corollary 7.2. The subset n(§) of Einstein structures in .4 |9 is finite
dimensional.

Remark 1. We can define a solution of (7.1) as an infinitesimal defor-
mation of Einstein structures.

Remark 2. We proved, precisely, that the tangent direction 4 has to
belong to ker (4 — ¢). The converse might be true: if heker(d — ¢), then
there exists a deformation of Einstein structures with h as tangent direction.
This existence theorem extending an infinitesimal deformation into a local one
seems to be out of the reach of the present results of non-linear analysis.

Using the definition 4 = 4 + K, the definition of K in (6.5), and the fact
that p = ¢-g we can write (7.1) more explicitly:

(7.2) d—e=4+L,
where L is defined explicitly by

(7.3) (Lh)g, = —lZ Roymh'™ .

In the case e = —1 or ¢ = O there exist deformations of Einstein structures,
for example the flat riemannian structures on tori, or the families of constant
negative curvature on a surface of genus greater than one. In the case e = +1,
we have, by the above:

Corollary 7.3. If L is positive-definite on TZ, then (M, g) is not infinitesi-
mally deformable, i.e., dim, & = 0.

This happens, for example, in the following:

Lemma 7.4. If the sectional curvature of (M, g) ranges in the interval
] p—1 , 1] for n = 2p or in the interval]iz__l-, 1] for n=2p+1, then

p 2p(p + 1)
L is positive-definite on TZ.

Proof. This lemma is very elementary. At a given point, we diagonalize k
with respect to g, using an orthonormal basis {e,); set h o =X,, a(e,, €,) =qy-
Then

2
Lwnin = =5 aurens = (z x.,) — 3 dakaX,
2 a#d a a#b

=2 xt + 3 (1 — agp)x.x, .

a#b



SPACE OF SYMMETRIC TENSORS 391

Separate the x,’sin >0and <0:y,>0(@(=1,---,p, 3, <0(=1,---,9
andset A =)y, = — (Z z_,-). We have also 1 — «,, >¢> 0, ¢ to be found
later. But ' ’

LTHD 2 T+ D5+ Do,

AZ
q

— 2eA?,

= Zily%+ §Z§+2€<;yi)(}:zj) 2—':—; +

J

which is positive if ¢ < %(_l- + _l.) Taking the minimum value for this,
p q

ie., p=q= % if n=2p, and g=p+1 if n=2p+1, the lemma is proved.

Remark. In the interval ] n—2

s l], see [2, Proposition (6.4)].
-tn—

8. Corrections and addition to [2]

We wish to take the opportunity, writing on Einstein manifolds, to correct
some mistakes made by Berger in [2].

a. In formula (3.2), p. 38, read at the end a “+”. In formula (3.3) put a
“—""in front of 9dh, in (3.4) “+” in front of ddh.

b. The number i(y) defined on the last line of p. 39 makes scnse only when
n/2, and so does everything which follows in § 4 of [2].

c¢. The end of p. 40 is incorrect, in the sense one should add cverywherc
the condition “z is nowhere zero”. In fact the best way to get Einstein

structures as critical is to take i(y) = fz,-v, under the normalization f 7, = 1.

M

d. The first remark of p. 54 (and ;Io the Proposition (8.1)) is simpl; proved
by Bochner’s theorem [14, Theorem 2.9., p.37]. If (M, g) is flat and compact,
then it has [10, Theorem 3.3.1, p. 105] a covering (M, &) which is a flat torus.
But

Addition 8.1. On a torus, there are no Einstein structures with ¢ = 1 (i.c.,
p = 8), and any Einstein structure with p = 0 is necessarily flat.

Proof. By the quoted result of Bochner, every harmonic 1-form has zero
covariant derivative if p = 0, and is zero if p > 0. By the de Rham theorem
and the Hodge-de Rham theorem there are n(= dim M = first Betti number
of M) such linearly independent such harmonic 1-forms; hence our manifold
carries n linearly independent 1-forms with zero covariant derivative, so it has
to be flat.

Remark. It would be interesting to decide whether or not a torus can carry
an Einstein structure with e = —1, i.e., p = —g (this question is a particular
case of the problem which arose at the beginning of § 5).
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