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ON THE GROUP OF CONFORMAL TRANSFORMATIONS
OF A COMPACT RIEMANNIAN MANIFOLD. Il l

CHUAN-CHIH HSIUNG

1. Introduction

Let gij9 Rhijk, Rij = R*ijk be respectively the metric, Riemann and Ricci
tensors of a Riemannian manifold Mn of dimension Λ, and denote

(1.1) P = RWRhijk, β = Λ*4R4,.

Throughout this paper all Latin indices take the values 1, , n unless stated
otherwise, and repeated indices imply summation. In a recent paper [2] the
author proved

Theorem 1. Suppose that a compact Riemannian manifold M n («>2) with
constant scalar curvature R = gijRij admits an infinitesimal nonhomothetic
conjormal transformation v, and let Lv be the operator of the infinitesimal
transformation v. If

(1.2) a2LvP + b(2a + nb)LvQ = const.,

where a and b are constants such that

(1.3) c = Aa2 + 2(#ι - 2)ab + n(n - 2)b2 > 0 ,

then Mn is isometric to a sphere.
In particular, when a = 0 or b = 0, Theorem 1 is reduced to a result of

Yano [4], which is a generalization of some results of Lichnerowicz [3] and
the author [1], Yano pointed out that condition (1.3) is equivalent to that a
and b are not both zero.

Very recently, Yano and Sawaki [5] obtained the following theorem similar
to Theorem 1:

Theorem 2. Suppose that a compact Riemannian manifold Mn (n >2) with
constant R admits an infinitesimal nonhomothetic conformal transformation
v. //

(1.4) LυLv[(n - 2)aΨ + 4b(2a + b)Q] < 0 ,
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where a and b are constants such that a + b Φ 0, then Mn is isometric to a
sphere.

The purpose of this paper is to generalize both Theorems 1 and 2 to
Theorem 3. Suppose that a compact Riemannian manifold Mn (n >2) with

constant R admits an infinitesimal nonhomothetic conformal transformation
v.If

(1.5) LΌLV (aΨ + c ~ 4a* Q) < 0,

where

c = 4a2 + (n- 2)[2a Σ ^ + (^ - b2 + bz - b, + b5 - b6)
2

(1.6)
- 2bxb5 - 2b2b4 + Ibφs + (n - 1) Σ 63 > 0,

α αΛί/ b's being constants, then Mn is isometric to a sphere.
It is obvious that Theorem 3 is reduced to a generalization of Theorem 1

when b2 = = 66 = 0, and to Theorem 2 when

We need the following theorem of Yano [5] to prove Theorem 3:
Theorem 4. Suppose that a compact orientable Riemannian manifold Mn

(n > 2) with constant R admits an infinitesimal nonhomothetic conformal
transformation v so that

(1.7) Lυgij = Iφgij, φ = const.,

and let V denote the operator of covariant derivation of Mn with respect to

(1.8)

where

(1.9) Tij^Rij-^gij,

n

φϊ = Vιφ = gijVjφ, and dA is the element of area of Mn at a point, then Mn

is isometric to a sphere.

2. Lemmas

Throughout this section Mn will always denote a compact orientable
Riemannian manifold of dimension /2>2. Let Δ be the Laplace-Beltrami
operator on Mn. Then, for any scalar field / on Mw,
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(2.1) Δf=-FΨjf.

Thus we have

(2.2) JΔf dA=0

from the well-known Green's formula:

(2.3) J p ^ dA = 0 ,

where f t is any vector field on Mn.
Lemma 1. If a nonconstant scalar field φ on a manifold Mn satisfies Δφ =

kφ, where k is constant, then k is positive.
Proof. From equations (2.1), (2.2) we obtain

0 = f Δ(φ2)dA = 2 J(φΔφ - φ%)dA

(2.4)

which gives Lemma 1 immediately.
Lemma 2. Let v be an infinitesimal conformal transformation on Mn so

that

(2.5) Lvgtj = 2φgυ .

Then

rn , , LvRhίjk =
(2.6)

(2.7) L^,, = ft^ - (n -

(2.8) LVR = 2(« - 1)J^ - 2Rφ .

Lemma 2 can be proved by a straightforward computation.
Lemma 3. // Mn has constant R and admits an infinitesimal nonhomothe-

tic conformal transformation v so that (1.7) holds, then

(2.9) Δφ = Rφ/(n-l),

(2.10) R>0.
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Equation (2.9) follows from equation (2.8) due to the constancy of R, and
equation (2.10) from Lemma 1.

Lemma 4 (Yano and Sawaki [5]). // Mn admits an infinitesimal con-
formal transformation v so that equation (2.5) holds, then, for any scalar
field f on Mn,

(2.11) CφfdA = -± (LJdA.

Proof. Substituting fvt for ξt in the Green's formula (2.3) we obtain

(2.12) ffF% dA = - fvifif dA = - (LJ dΛ .

On the other hand, since

from equation (2.5) we have 7ιVi = nφ, which and equation (2.12) yield the
required equation (2.11) immediately.

3. Proof of Theorem 3

On the manifold Mn consider the covariant tensor field of order 4:

Whijk = aThijk + bigktTij — b<ghjTik + b&tjThk

— b&iicTij + b&hiTjk — b&jkThi,

where

(3.2) Thijk = Rhijk - R (gijgnk - gikghj),
n[n — 1)

and a and fc's are constants satisfying (1.6). Then

(3.3) WWWult = aΨ + I H ^ β - 1 ί-^V + *=¥
λz — 2 / ί\/2 — 1 w — L

where c is denned by (1.6). From equation (3.3) it follows that

c ~ 4f(3.4) LΌ{W^«Whίjk) = LΌ

n —

By assuming the infinitesimal nonhomothetic conformal transformation v to
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be defined by (1.7), from equations (3.1), (3.2), (1.9), (2.5), (2.6), (2.7),
(2.9) we can easily obtain

LvWhijk = 2aφRhijk - [a + (n - 2)M&

+ [a + (n - 2)bJghJF4t - [α + (π -

fι -(n- 2)b5ghiVkφj

(3/2 - 4X*, -I- M

(3.5) J « ftjfcg [ 4 Λ + ( 3 π - 4X6,

4 3̂ 2 4
bφRgg H—7 -~b$Rgjkghi +n(n - 1

- 2b2φghjRik + 2bzφgijRhk - 2brfguRhj + 2bδφgtιiRjk

Multiplying both sides of equation (3.5) by WΛί./* and making use of equations
(3.1), (3.2), (1.9), (3.3), (1.6) and Ri

ijk = 0, an elementary but lengthy
calculation yields

(3.6)

By substituting equation (3.6) in the well-known formula

(3.7) L9(W"**WhiJk)

we thus have

(3.8) φLv{WWhijk) φφ

Since the manifold Mn is of constant JR, it is known that fo n < 2

(3.9) FWij = 0 ,

and therefore

(3.10) Γ^Tί>7 = 0 .

Thus

(3.11) FKTijφφi) = Γ^ty' +

Without loss of generality we may assume our manifold Mn to be orientable,
since otherwise we need only to take an orientable twofold covering space of
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Mn. Substituting equation (3.8) in equation (3.11), integrating the resulting
equation over the manifold Mn and using equation (2.3) we obtain

2c f Ti3φψdA = JφLΌ(W^Whijk)dA
(3.12) *" *n

On the right side of equation (3.12), the second integral is nonnegative
since its integrand is so, and the first integral is equal to, by Lemma 4 and
equations (3.3), (1.5),

= - 1 (LΌLv(aΨ + c ~ 4f Q\dA > 0 .

Hence the integral on the left side of equation (3.12) is nonnegative, and
Theorem 3 follows from Theorem 4 immediately.
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