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VIRASORO CONSTRAINTS FOR QUANTUM
COHOMOLOGY

XIAOBO LIU & GANG TIAN

In [8], Eguchi, Hori and Xiong proposed a conjecture that the par-
tition function of topological sigma model coupled to gravity is annihi-
lated by infinitely many differential operators which form a half branch
of the Virasoro algebra. A similar conjecture was also proposed by S.
Katz [16] (See also [9]). Assuming this conjecture is true, they were
able to reproduce certain instanton numbers of some projective spaces
known before (cf. the above cited references and [10] for details). This
conjecture is also referred to as the Virasoro conjecture by some authors.
The main purpose of this paper is to give a proof of this conjecture for
the genus zero part.

The theory of topological sigma model coupled to gravity has been
extensively studied recently by both mathematicians and physicists.
This theory is built on the intersection theory of moduli spaces of stable
maps from Riemann surfaces to a fixed manifold V?¢,which is a smooth
projective variety (or more generally, a symplectic manifold). To each
cohomology class of V' (denoted by O) and a non-negative integer n,
there is associated a quantum field theory operator, denoted by 7,(O).
When n = 0, the corresponding operator is simply denoted by O and is
called a primary field. For n > 0, 7,(O) is called the n-th (gravitational)
descendent of O. The so called k-point genus-g correlators in topological
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field theory can be defined via the Gromov- Witten invariants as follows:
<Tn1 (Ol)Tnz (02) Ty (Ok))g
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where g belongs to the Novikov ring (i.e., the multiplicative ring spanned
by monomials g4 = q7' - - g% over the ring of rational numbers, where
{q1,"-+ ,¢-} is a fixed basis of Ho(V,Z) and A = >, a:q),
[Mgi(V, A)]V"rt is the virtual moduli space of degree A stable maps
from k-marked genus-g curves to V' (cf. [20]), c1(E;) is the first Chern
class of the tautological line bundle E; over [Mg(V, A)] VI™ whose fiber
over each stable map is defined by the cotangent space of the underly-
ing curve at the i-th marked point, and ev; is the evaluation map from
[f/l_g,k(V, A)]vurt to V defined by evaluating each stable map at the i-th
marked point. We also refer to [24] for more discussions in the case
of semi-positive symplectic manifolds, which include all Fano Manifolds
and Calabi-Yau manifolds as special cases.

All genus-g correlators can be assembled into a generating function,
called the genus-g free energy function, in the following way:

Fy(T) := <exp Z tﬁ’rn((’)a)>

n,a g

(tn)fne k
- 3 (M%) (oo

{kn,a} \M:0 ’ n,a g

where O1,--+ ,Op form a basis of H*(V,Q), « ranges from 1 to N, n
ranges over the set of all non-negative integers Z., and {ky o} ranges
over the set of all collections of non-negative integers, almost all (except
finite number) of them are zero, labeled by n and «, and

T={t|ne€Zy,a=1,--,N}

is an infinite set of parameters. The space of all parameters T is called
the big phase space. Its subspace

{T|t5 =0 for all n >0}
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is called the small phase space. The genus zero free energy Fy restricted
to the small phase space is the potential function of the Quantum coho-
mology of V, whose third derivatives define the quantum ring structure
on H*(V,Q). The generating function of all free energy functions, i.e.,

Z(T; \) == exp Z A29-2F (T),
920

is called the partition function, and X is called the genus ezpansion
parameter.

It is widely expected that the partition function Z has many in-
teresting properties. For example, it always satisfies the (generalized)
string equation and dilaton equation (cf. [27], [5]). When V is just a
point, it was conjectured by Witten [27] and proved by Kontsevich [17]
(and also by Witten [28]) that Z is a 7-function of the KdV hierarchy.
On the other hand, it is well known that the 7-function of the KdV hier-
archy which satisfies the string equation is annihilated by a sequence of
differential operators, which form a half branch of the Virasoro algebra
(cf. [4], [11], and [15]). For general manifold V, it is not clear at this
stage what kind of integrable system might govern Z. However it seems
very promising that an analogue of the Virasoro constraints could still
exist. In [8], Eguchi, Hori and Xiong constructed a sequence of linear
differential operators, denoted by L, with n € Z, on the big phase space
(see Section 2 for the precise form of these operators). They checked
that these operators define a representation of the Virasoro algebra with
the central charge equal to the Euler characteristic number of V| i.e.,
the commutators of these operators satisfy the following relation

m m2 -
() [ Lal = (1= 1)L + 0 (),

if the following condition is satisfied:

N
® 1Y tal-t) =5 (3550 - [ at)rcam).
a=1

where d is equal to a half of the (real) dimension of V, b, = %dim((’)a) -
1(d—1), and ¢;(V') is the i-th Chern class of V. Condition (2) is needed
in order that [L_;,L;] = Lg. The following conjecture was proposed
for Fano manifolds with only even dimensional cohomology classes (See
also [9] for a more general conjecture)
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Conjecture 0.1 (Eguchi-Hori-Xiong, Katz). L,Z =0 for all n >
—-1.

We will call equation L,Z = 0 the L, constraint. The L_; con-
straint is the string equation. The Lg constraint is a combination of
the selection rule, the divisor equation and the dilaton equation. All
these equations hold for general manifold V (cf. [24] [27], as well as
[13])). Moreover, due to the Virasoro type relation (1), if L; and L,
constraints are true, then L, constraint is true for all n > 0.

If we write (Lp,Z)/Z as a Laurent series in A, where A is the genus
expansion parameter, then each L, constraint gives a sequence of differ-
ential equations for the free energy functions Fy, corresponding to the
coefficients of different powers of X. Notice that these differential equa-
tions are no longer linear when n > 0 since they contain some quadratic
terms. The coefficient of A™2 gives a differential equation which only
involves genus-0 free energy F. We call this equation the genus-0 L,
constraint. If this equation holds, we also say that Fj satisfies the L,
constraint. The main result of this paper can be stated as

Theorem 0.2. If V has only even dimensional cohomology classes
(or if we only consider even dimensional cohomology classes in the topo-
logical sigma model), then the genus-0 free energy Fy satisfies the Ly and
Lo constraints.

Remark. (1) In this theorem, we do not assume that V is Fano.
In fact, we even do not assume that V is algebraic. All what are needed
in the proof of this theorem are the string equation, the dilaton equa-
tion, the genus-0 topological recursion relation, and Hori’s Ly constraint,
which in turn follows from the selection rule and the divisor equation
(see Sections 1.2 and 1.3 for precise forms of these equations). Therefore
this theorem should be true for all manifolds where these equations hold,
e.g. smooth projective varieties and semi-positive symplectic manifolds.

(2) In this theorem, we also do not assume condition (2), which is
needed to guarantee that [L_;, L1} = —2Lg. The reason behind this is
that the constant term in the Ly operator does not affect the genus-0
constraints. As it was pointed out in [3], if V' has only even dimensional
cohomology classes, then condition (2) is equivalent to AP?(V) = 0 for
p # q, where h??(V) is the Hodge number of V.

(3) As we mentioned above, as long as the Virasoro relation (1)
holds for m,n > 0, this theorem implies the genus-0 L,, constraint for
all n > 0. Consequently, the genus-0 part of Conjecture 0.1 is true.
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(4) The assumption that V has only even dimensional cohomology
classes is not essential. The general case may be treated by the same
method. However, in this paper, we only consider this case for simplicity.

This theorem is a combination of Proposition 3.5 and Proposition 4.5,
which will be proved in Section 3 and Section 4 respectively. The main
idea of our proof can be described as follows: If we consider the first
derivative part of Eguchi, Hori, and Xiong’s L, operator as a vector
field, denoted by L,, on the big phase space, then we have the equa-
tion:

N
3" ((La (Lo — (n + 1)D) O0))o 1% ({Opmi(Ou)T(O0)))g
3) 7

N
= > {(Lamk(OW)O0s))g 177 ((Op (Lo — (n+ 1)D) Ti(O0)))g
o,p=1

where D is the dilaton vector field defined in Section 1.2, ({- - -)), is the
3-point genus-0 correlation function which is a symmetric tensor on the
big phase space defined by the third derivatives of Fy, and (n??) is the
inverse matrix of the intersection form on H*(V,Q). This is a simple
corollary of the generalized WDV'V equation:

N N

BF  ,, PR PR ,, R

7 = U )
| Otg0thotg | DOtLO — L2 Btxdt0t  arotior

0,p=

which is satisfied by the genus-0 free energy function (cf. [27]). If Fp
satisfies the L, constraint, then we can compute both sides of equation
(3) by using the genus-0 Ly and L, constraints and the dilaton equa-
tion. The result for the left-hand side is an expression which contains
infinitely many terms, while the result for the right-hand side only con-
tains finitely many terms. Our crucial observation is that the difference
of these two expressions is the second derivative, i.e., 8%,5%, of a func-

tion which does not depend on 74(0,) and 7;(0,). Moreover, up to
some linear terms, this function is just the coefficient of A2 in the Lau-
rent expansion of (L,1Z)/Z. Vanishing of this function is the genus-0
L;4+1 constraint. This observation provides us with a general strategy
for proving the genus-0 Virasoro constraints, which will be described in
more detail in Section 2. Such a strategy could be easily adapted to
prove many other constraints, as it will be demonstrated in Section 5.
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We would like to mention that in [8], a heuristic argument for de-
riving the genus-0 L; constraint for CP" was given. This argument
is based on a recursion formula, called fundamental recursion relation,
which was discovered in [7] (see also equation (8)). However it seems
that there is a serious gap in this argument. What was really proved in
[8] is the following:

0 (o= ~
% (ba‘I'O,l + ba\I/(),l + \110,1) =0,
for every a = 1,... ,N, where ¥y, and ‘50,1 are two functions on the
big phase space which do not depend on a. Integrating this equation
with respect to {§ and assuming that the integration constant is zero,
one obtains

bi\’i}ﬂ,l + ba‘io,1 + Pp1 =0.

If dimH*(V,Q) > 3, this equation would imply ¥¢; = 0, which is equiv-
alent to the genus-0 L; constraint, and ‘io,l = 0 a new constraint called
the L, constraint (which will also be proved in Section 5 of this paper).
However, in this procedure, it is not clear why the integration constant,
which still depends on infinitely many other parameters, should be zero.
It seems that to prove the vanishing of the integration constant is as
difficult as to prove the L; constraint itself. We also note that in the
derivation of [8], the two sequences of constraints (L, constraints and
L, constraints) are always mingled together. It is not clear how to sep-
arate these two sequences using the original arguments in [8]. In this
paper, we note for the first time that these two sequences can be treated
independently.

This paper is organized as follows. In Section 1, we first define the
basic notation used in this paper. We then review some well known facts
about correlation functions and derive some simple but very useful ap-
plications of these facts. Virasoro operators of Eguchi, Hori, and Xiong
are introduced in Section 2. We then give the precise interpretation of
Conjecture 0.1 for free energy functions. At the end of Section 2, we
describe a general strategy for using the generalized WDVV equation
to prove the genus-0 part of Conjecture 0.1. This strategy is carried
out for Ly and Ly constraints in Section 3 and Section 4 respectively.
In Section 5, we prove two other genus-0 constraints, called L; and Lo
constraints, which were also conjectured in [8]. We will discuss higher
genus cases in a forthcoming paper.
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1. Relations among different correlation functions

In this section, we review some well known formulas for correlation
functions and derive some of their immediate consequences. We will
always identify quantum field theory operators 7,,(O4) with the tangent
vector fields 5?7 and view the genus-g correlation functions, denoted by
(())g as symrr;’étric tensors on the big phase space defined by

ak
((Tml(oal)'rmz (Oaz) Ty, (Oak)>>g = at;",}lat%?k T Bt%{; Fga

where Fy is the genus-g free energy function.

1.1 Convention of notation

We will use the following convention of notation throughout the paper
unless otherwise stated. We will use d to denote one half of the real
dimension of V. N is the dimension of the space of cohomology classes
H*(V,Q). Lower case Greek letters, e.g. a, 3, 7, ..., etc., will be used
to index the cohomology classes. The range of these indices is from 1
to N. Lower case English letters, e.g. 1, j, k, m, n, ..., etc., will be
used to index the level of gravitational descendents. Their range is the
set of all non-negative integers, i.e., Z;. All summations are over the
entire ranges of the indices unless otherwise indicated. We fix a basis
01, O, ..., On of H*(V,Q) which is arranged in such an order that
the dimension of O, is non-decreasing with respect to . In particular,
O, is equal to the identity element of the ordinary cohomology ring.
Gravitational descendents are denoted by 7,,(0,) whose corresponding
parameters are t%,, where m € Z, and a =1,... ,N. 19(0,) is always
identified with O,. We also consider 7,,(0,) with m < 0 as a zero
operator. Let o5 = [, O, U Op be the intersection form on H*(V, Q).
We will use n = (144) and 07! = (n*?) to lower and raise indices. Let
C= (Cg ) be the matrix of multiplication by the first Chern class ¢; (V)
in the ordinary cohomology ring, i.e.,

(4) a(VY)UO, =) Ch0g.
B

Il
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Since we are dealing with even dimensional cohomology classes only,
both n and Cn are symmetric matrices, where the entries of Cn are
given by Cag = [, c1(V) U Oq U Op. Let go = (1/2)dim(0,) and

1
(5) ba=QQ_§(d_1)'

The following simple observations will be used throughout the calcula-
tions without mentioning: If %# # 0 or Nep 7 0, then by = 1 — bg.
ch # 0 implies bg = 1 + b,, and Cop # 0 implies bg = —b,.

Instead of coordinates {t% | m € Z;,a = 1,... ,N}, it is very
convenient to use the following shifted coordinates on the big phase
space

o -1, ifm=a=1,
o, otherwise.

© =t Snad = {
Notice that these two coordinate systems have different origins.

1.2 Some special vector fields on the big phase space

The first vector field, which will be used extensively later, is the following
t .
Z m atm 1

We call this vector field the string vector field. The famous string
equation (cf. [24] and [27]) can be expressed as

1
((S)g = SFy = 5050 D _last{to.

a,f
This equation is equivalent to Eguchi, Hori and Xlong s L_; constraint.
Using this equation and the fact that [S, 6t° ] = 37—, we can show the
following:

Lemma 1.1.

(1) (SN0 =5 D mastf s,

o,

@) ((STm(Da))o = (Tm-1(0a)))g + 60 > Tapth.
B
(3) ((STm(0a)Ta(05)))g = ({Tm(Oa)Ta—1(Op))),
+ ((Tm—l(oa)"'n(oﬁ)»o + (5m,05n,077aﬂ-
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Another special vector field is

o 0O
D:=— & ——.
sh
m,a

We call D the Dilaton vector field. Notice that some authors call
71(O1) the dilaton operator which is different from D. The name for D
is justified by the so called dilaton equation, which can be expressed as

1
+ ﬂ X(V)ég,l-

((D))y = DFy = (29 — 2)F,
Using this equation and the fact that [D, Bt | = %, we can show:

Lemma 1.2.

(1) (D))o = —2Fp.
(2) ((Drm(Oa)))o = = ({m(Oa)))g -
(3) (D7m(Oa)™n(Op))), = 0.

Probably the most important vector field in deriving the Virasoro
constraints is

X::—Z<m+ba—-§2—d)tf‘n87— > chie,

m,a m,a,B

?

atf,i !
where C is the matrix of multiplication by the first Chern class defined
by (4), and b, is defined by (5). When restricted to the small phase
space, X is the Euler vector field of the Frobenius manifold defined by
the restriction of the genus-0 free energy Fy (cf. [6]). Therefore we also
call X itself the Euler vector field. It seems that the significance of
this vector field on the big phase space was first noticed in (7] where
it is called the perturbed first Chern class. As noted in (7], the divisor
equation for the first Chern class ¢; (V') together with the selection rule
implies the following:

Lemma 1.3.

(X)), = XFy =(3—d)(1 — g)Fy + = 5QOZCaﬂt0to
7ﬂ
15g1 (V) Uear (V).

Y
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Adopting the language of Frobenius manifolds, we call this equation
the quasi-homogeneity equation. Using this equation and the fact that

a 3-d\ 0 0
["’@F(m“’a‘T)ag*;Cﬂ ,

Btm 1

we can show

Lemma 1.4.

(1) {(X)o=0@B-dF+= anato
o,

@ (Xrn(©@ah = (m+ 8+ 252 (7O
+ > CE ({rn-1(0p)))g + Sm0 Y _ Capto-

3 [
(3) {({(X1m(Oa)mn(Op)))y
= 0m,00n,0Cap + (M + 1 + by + bg) ((Tm(Oa)™n(0p)))

+ZC3 ((Tm-1(04)™(Og))) +267 Tm(Oa)Tn—1(04))), -
Y

Let Lo := —& — §%¢-D. Then the dilaton equation and the quasi-
homogeneity equation imply

1
((Lo)), =LoFg = —=dg0 Captits
9 2

™) -7
—élzég,l (i;—dx(V)—/Vcl(V)UCd—l(V))-

This equation was first discovered by Hori [14]. It is equivalent to
Eguchi, Hori and Xiong’s Ly constraint for the partition function.

1.3 Genus-0 topological recursion relation and its appli-
cations

Topological recursion relations make it possible to express many correla-
tion functions involving gravitational descendents by those only involve
primary fields. Such relations have been proven to exist in genus-0 (cf
[24] and {27]) and genus 1 and 2 (cf. [12], [13] and [2]). In this paper we

I
t
|
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only consider the genus-0 case. Genus-0 topological recursion relation
has the following form:

(7 (0a) T (O8)T(0)))g = D ((Tm-1(0a)Os))o ({07 10 (Op) Tk (O4)))g
a

for m > 0. In this formula, we used the convention that the indices of

primary fields are raised by n~!. Therefore O° should be understood

as 3 ,n°?0,. As noted by Witten ([27]), this recursion relation implies

the generalized WDVV equation:

Z ({Tm(O0a)™(08)O0s)) o ({07 Tk(Ou)T(OW)))g

o

= Z ((Tm(oa)Tk(Ou)Oa))o ((OaTn(OB)Tl(OV)»o -

When restricted to the space of primary fields, this equation implies the
associativity of the algebra defined by the third derivatives of Fy and
n~!. However when gravitational descendents are involved, the exact
algebraic structure hidden in this equation seems not very clear. As
we will see later in this paper, the genus zero Virasoro constraints are
actually disguised in this equation.

Genus-0 topological recursion relation is a recursion formula for 3-
point functions. It can be used to derive recursion formulas for 2-point
functions when combined with other equations. For example, applying
the topological recursion relation to the 3-point functions in Lemma 1.4
(3), we get

> {8m08ua + ((Tm-1(0a)O0))o} ((OuXO,)),
TR

{((O"Ta-1(0p)))g + On000,8}
= m,Oan,Ocaﬁ + (m +n+by + bﬂ) ((Tm(oa)'rn(oﬁ)))o

(8) +3 €5 ((m-1(O5)Ta(0p))),
+ 5 ((Tm(Oa)T-1(00)))g

Notice that, by Lemma 1.4 (3),
(9) ((Opxou»o = C;w + (bu + bu) <(Ouou))0 ’

which only involves primary fields. Therefore (8) is really a recursion
relation if m +n + by + bg # 0. This recursion relation was first noticed
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in [7], where it was called the fundamental recursion relation. It was
also used in [8] to give a heuristic argument (with some serious gaps) to
the genus-0 Virasoro constraints for CP™.

Applying the topological recursion relation to the 3-point functions
in Lemma 1.1 (3) and notice that

({OuSOL)) o = Nuvs

we get another recursion formula:

((Tm(Oa)Tn-1(0p)))g + ({Tm-1(Oa)7(Op))),
(10) = 5m,0 ((OaTn—l(Oﬂ»)o + 5n,0 ((Tm—l(oa)oﬂ»o

+ D ((Tm-1(0a) 06 ) ({0 Tn-1(Op))), -

In this paper, this formula will mainly be used to shift the level of
descendents from one primary field to another. It is also interesting to
observe that sometimes it is very effective to use this formula to reduce
the level of descendents. For example, for m = n > 0 and a = 3, this
formula takes the following simple form:

(T (Oa)Tm-1(0a)) Z«Tm 1(0a)05))g ({0 Tm-1(Oa)))g -

2. Virasoro operators

In this section, we first give the constructions of Virasoro operators
by Eguchi, Hori, and Xiong. We then describe the relationship between
these operators and the generalized WDVV equation. This provide us
with a general strategy to prove the genus-0 part of the Virasoro con-
straints. We will use the normalizations in [9], which are more consistent
with [24] and [27].

Define

1 i
o =St St
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Ly = Z(m+ba)£;;af }: chie, ﬁ

m,a,3 m—-l
(12) w anﬂt

+51:1_ (3_;‘1X(v)_/vc1(V)Ucd_1(V)),

and for n > 1,

m+n
. - b
Ly = Y Y AD(m,n)(C?)5%2 v
m,a,3 j=0 m+n-j
n—1ln— P 6
(13) Z Z Z BY)(k,n) Cj)gna"aﬂ————
a,B8,y3=0 k=0 atnklg

2)\2 Z(Cn+1 aﬂt

where C7 is the j-th power of the matrix C, (C"“)a[; are entries of the
matrix C"t1y, AY )(m, n) and BY )(m, n) are constants defined in terms

of Gamma function by

, ['(bo +m+n+1)
AU (m,n) = =2 > (
['(bg + m) ety <lp okl <mn \icl ba +l
and
B((x]) (m, n) :I‘(m -+ 2 — ba)F(n —-m + ba)

I'(1 = ba)T'(ba)
J
> (I

—-m—1<l; <2<+ <l <n-m-—1

549

When j = 0, the last factors in Agj)(m,n) and Bc(,j)(m,n) should be

understood as equal to 1. Any term which contains £ with m < 0
should be understood as zero. Eguchi, Hori, and Xiong also construct

L_, for n > 0. However, the significance of these operators is not clear

and we do not deal with them in this paper.

It is well known that L,Z(T;)) = 0 for n = —1 or 0, where T =

{t% | m € Z4, @ = 1,... ,N} and Z(T;)) is the partition function
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defined in the introduction. The first equation (i.e., for n = —1) is the
string equation. The second equation (i.e., for n = 0) is equivalent to
(7). The analogous equation for n > 1 is the content of Conjecture
0.1. Let ¥y, (T) be the coefficient of A?9~2 in the Laurent expansion of
(LnZ(T; X))/ Z(T; A). In other words, ¥y, is defined by

(14) LnZ(T; ) = { Y Wy X972 3 Z(T; ).
9>0

We call the equation L,Z = 0 the L,,-constraint for the partition func-
tion; it is equivalent to ¥y, = 0 for all g. The equation ¥ ,, = 0
will be called genus-g L,-constraint. For n = —1 or 0, this is a first
order linear differential equation for the genus-g free energy F;. When
n > 1, it is a second order non-linear differential equation involving all
free energy functions Fy with 0 < ¢’ < g. The genus-0 constraints are
special in the sense that only Fp is involved in these equations. It is
straightforward to check the following fact:

Lemma 2.1. Suppose that the L, operators satisfy the Virasoro
relation

[Lm,Ln] =(m-n)Lyyn form,n>1.

Given m,n > 1 and m # n, if \Ilg,,m =

, 'n=0 for all g satisfying
0<g <g, then ¥y 1r, = 0.

9

In this paper, we are only interested in the genus-0 constraints
Wo,n = 0. We first observe that to prove the genus-0 L, constraints,
it suffices to show that all second derivatives of ¥y, vanish. In fact,
Lemma 1.2 (2) and (3) at the origin trivially imply the following:

0? 0 0
—— U =— —W nd -—U = -2V .
atlots ~ on atr o ane Groom 0nlr=o

T=0 T=0 T=0

(Same formulas also hold for \~Ilo,n defined in Section 5.) Therefore once
we know that all the second derivatives of ¥y, are zero, ¥y, and all of
its first derivatives have to vanish at the origin. Consequently ¥g , is
constantly equal to zero.

It is also of interest to observe that all the vector fields introduced
in Section 1.2, i.e., §, D, and X, vanish at a very special point

To={f*=0|meZya=1,...,N}
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It follows from Lemma 1.2 (2) that all 1-point genus-0 correlation func-
tions vanish at this point, i.e.,

(1) ({7m(Oa)))o 17, = 0

for all m and a. Consequently, ¥q , and all of its first partial derivatives
vanish at Tp since each term of these functions contains either % for
some « and m, or a 1-point genus-0 correlation function. However, there
is a little problem with this argument since the genus-0 energy function
is just a formal power series at the origin and may not converge at To
(we would like to thank Getzler for pointing out this to us). Although
one might expect that such a nice function should converge, rigorously
speaking, we need to use the arguments in the last paragraph, which
are simply obtained by applying Lemma 1.2 at another point.

In the rest of this paper, we will show that all the second derivatives
of ¥y, vanish by using the generalized WDV'V equation as described in
the following strategy. Write the first derivative part of the operator L,
as a vector field £, on the big phase space. We already saw two of these
vector fields in Section 1.2, i.e., L3 = —-§ and Ly = —&X — %’D. For
any two operators 7(0,) and 7;(O, ), the generalized WDVV equation
implies

> ({Ln (Lo — (n +1)D) Oa))o ({O*T(OL)T(OL)))g

[4

= {Lamk(04)Oa))g ({0 (Lo — (n + 1)D) 1i(O,)))g -

Compute both sides of this equation by using the genus-0 L, constraint
(which is assumed to be true). It can be shown that the difference of the
resulting expressions is equal to &%‘[‘I’O’”H' Therefore the generalized
WDVYV equation implies that all the second derivatives of ¥g 41 are
zero. As noted above, this proves the genus-0 L, ;; constraint. Although
the computation involved in this process is a little tedious, it is in fact
quite straightforward. The only subtleties here, if there is any, are when
and where to use the recursion formula (10) and Lemma 1.4. In the rest
of the paper, we carry out this strategy for the L, and Ly constraints in
full details. Due to the existence of the Virasoro type relations between
L,, operators, this implies all the genus-0 Virasoro constraints.
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3. L, constraint for genus zero free energy function

As explained in Section 2, the genus-0 L; constraint is equivalent to
the equation ¥y ; = 0, where

Tpi = Y (m+ba)(m +be + 1)ig, ((Tm41(0a)))g
+ 3 (2m+ 2bg + 1)CEE2, (T (Dp)))q
m,a, 3

(16) + ) (€t ((tm-1(08))g

m,a,0

% S ba(l = ba) {(Da)o {(O%))q

1
+3 S (C)aptdty.
a,0

As noted at the end of Section 2, to prove ¥y, = 0, it suffices to
show that all the second partial derivatives of ¥ ; are equal to zero.
We will see that this fact actually follows from the generalized WDVV
equation. According to the general strategy described at the end of

Section 2, we should compute 3-point correlation functions involving
two vector fields:

Lo =—X———’D Zm+b t'a:"a?f’LZC ﬂ
m,a,0 ml
and
Lo—-D =) (m+by+ 1) ———+Zcﬂta
m,a m,a,f m—l

We first compute the following 3-point correlation function:
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Lemma 3.1.

((ACO(EO_ ) (oa)))o
=—Z n+b +1) ((Tn(oa)'rm(oa)))o

— Z (2n + 2b, + l)Cf,’fZ ((Tn—l(op)Tm(Oa»)o

n,o,p

— D (€?)e8 ((Ta-2(0p)Tm(0a)))g
n,o,p

+(m + b )(m + ba — 1) ({(Tm(Oa)))g
+ (ba + by +2m = 2)C3 ((tm-1(0s)))g

+ (€3 ((rm—2(0c)))g

g
+6m.0 {Z(% 1)Caot§ — 2(62)Mt"}
+0m,1 D> (C*)aotf.
g
Proof. By Lemma 1.2 (3),

((Lomn(08)Tm(0a)))g = — (X 7n(Op)Tm(Oa)))o
= _6m 00n Ocaﬂ - (m +n+ba+ bﬂ) <(Tn(0ﬂ) (O )))0

553

—ZC (Tn(Op)Tm— 1((97) ZC7 Tn-1(Oy)Tm(0a)))g -

Hence

((Lo(Lo — D)m(Oa)))g
= Z n+ bﬁ + 1)~ ((EOTn(O,B)Tm(Oa)))o

+ Z C ({(LoTn-1( a)’Tm(Oa)»o

n,B,0
== Z(n +bs + (m+n+bs + bﬂ)ig (<Tn(0ﬂ)7'm(oa)))o
n,pB

=Y (n+bg + 1)CLE ((Ta(Op)Tm-1(04)))g
n,B,y
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= Y (n+bg + 1)CIEE ((Ta1(0y)Tm(Oa)))g
n,8,y

—6m,00n,0 »_(n + bg + 1)Caplth
n,8

= (m4n+ba + by = 1)CFTE ((Ta—1(00)Tm(Oa)))qg

n,B,0

— > CECIHE ((rn-1(O6) Tm—1(O4)))g

n’ﬁ!””y
— > CECIE ({rn-2(Oy)Tim(Oa)))q
n,B,0v
(17) ~6m,00n,1 >, C§Casth

n,0,0

= =Y (n+bg)(n +bg + )i ((1a(Op)Tm(Da))),
n.B

= (2n 4 2bg + 1)CHE ((Tn-1(Oy)Tm(Oa)))q
n,B,y

- Z (02)}55 ((Tn—2(07)7'm(oa)))o
n,B8,y

~8mo 3 _(bs +1)Caply
B
—0m,0 2(02)aﬂ£§3
B
~ > (n+bg + 1)(m + ba)EE ({1 (Op)Tm(Oa))),

n,B
- Z (m + ba)%'fg {({Tn-1(06)Tm(Oa)))g

n,B,0

— > (n+bg + 1)CLE ((Tn(Op) Tm—-1(O4)))q
n,8,y

— ) CHCUE ((Tn-1(O6)Tm-1(O))) -

n,8,0,7
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On the other hand, by Lemma 1.2 (2) and Lemma 1.4 (2) we have

> (n+bg + D ((ma(Op)m(Oa))),
n,8

+ ) CFEE ((Ta-1(06) Tm(0a)))g

n,B,0
(18) = ({(Lo — D)rm(0Oa)))g

= — (Xrm(Oaly ~ 222 (Drm (0

== (m + bo — 1) ((Tm(oa)»o
=) C5 ((tm-1(06)))g = 6mo Y Caotf.

The lemma then follows by applying (18) to the last 4 terms in (17).
q.e.d.

Setting m = 0 in Lemma 3.1 , multiplying both sides of the equation
by ((O*7x(0,)7(O,)))y, and summing over o, then applying the genus-
0 topological recursion relation, we get

> " ((Lo(Lo — D)Oa))g ((O*T(OL)T(OL))),

a3

= =D (n+b5)(n+ by + 1)E, ((Tat1(O6)7k(0)(O1)))g

n,o

(19) = D (2n+2b5 + 1)CEE ((a(Op) (0 T(O)))g

n,o,p

= (€58 ({Ta-1(Op)m(0u)m(OL)))g

n,o,p

+ 3 balba = 1) {(Oa))o {{O°H(O)m(OL))g -

Notice that the ranges of summations may change when using the topo-
logical recursion relation. Hence some scattered terms may be absorbed
into a big summation after using the topological recursion relation.

On the other hand, using Lemma 1.2 (3) and Lemma 1.4 (3), we
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have
> ({Lomk(04)Oa))g 1° ((Op(L0 — D)(OL)))4
a,f
= (X7k(0L)0a))g 1™ ((0X7(OL))),
o,
(20) = Z {5k,ocua + (k + bu + ba) ((Tk(ou)0a>>o
a,f

+ €5 ((1k-1(05)Oa))g }"aﬁ
. {5,,06’,,[; + (I + by + bg) ((1(0,)Op)),

+3C ((1-1(0p)Op)), }
p

The generalized WDVV equation implies that the left-hand sides of
equations (19) and (20) are equal. However, the right-hand sides of
these two equations appear very different from each other. One obvious
distinction between them is that the right-hand side of (20) has only
finitely many terms, while the right-hand side of (19) has infinitely many
terms due to the existence of infinitely many gravitational descendents.
In the rest of this section, we will show that the difference of these two
expressions is 6—‘2;,-5‘?,’:—\110,1.

We first prove two lemmas which express certain quadratic functions
of 2-point correlation functions in terms of linear functions of correlation
functions.

Lemma 3.2.
> {balk+b, —1—b,) — (k+b,)(I+b,+1)}
“{{16(Oh)0a))y {O*(OL)))g
= (k+b,—1-b,)> {C ((1(Ou)1(Oa)))g

—Cﬁ ((Tk(oa)Tl(OU)»O}
= (k 4 bu) (k + by + 1) ({7641 (Op)7(OW)))
=+ b))+ by + 1) ({(me(Ow)1141(00))) -
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Proof. Let

fi=Y {balk+b,—1=b,) = (k+by)(I+b,+1)}

{(15(0R) Oad)g ({0 T(OL)))g
=(k+ by —1=5,) Y (b — by — 1 = 1) {(k(0,) Oa))y (O (OW)))g

a

— (b + Dby +1+1) Y (1k(0L)Oa))g ((O*(OL)))g -

Application of Lemma 1.4 (3) to the first term and of the recursion
formula (10) to the second term leads to

[ =+ by — l—b,) Z ((Tk(oy)oa)>0

{ ((OQX’TI +ZCU 'Tl 1 )))0+6¢,OC,‘,"}

— (b + b +1+1) {((Tk+1((9 )T(Ou)))g + {7e(Ou) 41O )))o } -

Using the genus-0 topological recursion relation to the first term and
formula (10) to the second term, we have

f=—(k+ by —1— by) ((Tk+1(0u)x"'l(ou)>)o
+(k+b,—1~b) 263 {{{mk+1(0L)T1=1(O6)))

+ ((Te(0) T (O0)))g — G0 {(Te(OW)Os))o }
+ 00k +by =1 =)D ((k(On)Oa))y C2

a

- (bu + l)(bu +I1+ 1) {(<7k+1(0u)Tl(Ou))>o + ((Tk(OM)THl (OV))>0} :
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Applying Lemma 1.4 (3) to the first term, we obtain

f=—(k+b,—1- b,,){(k + by + 14 by + 1) ((Te41(Op)T(OL)))

+ ) €5 ((r(O5)T(O0)))g

+ ZC,‘,’ {mk+1(Op)11-1(05)))g }
+(k+by—1—b, Zc { {Te41(0)m-1 (o))
+ {00, }

= (o + (b + 1+ D{ (1 (0)1(@))),
+ ((Tk(O“)TH_l (01/)))0 }

Simplifying this expression gives the desired formula. q.e.d.

Lemma 3.3.

> (k + ba + b,)CE ((T(OL)Oa)) g ({O*T1_1(Op)))g
o8

+ Y C2CE ((1k-1(0a)O0)) 4O T-1(Op)))g

= Za(ﬂk + by + 140, + 1)C ((me(Op)T1(Oa)))g
:Zﬁ C2C8 ((14—1(0a)Ti(0p))),
+ %:(02)3‘ {((me(Ou)71-1(Ca))q
_(sZOancf’ ((Oami-1(0p)))g

— 10 ZC (XT(O)0a))) g + 8k,001,0(C?) -
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Proof. Let

foo= D (k4 ba +by)CE ({7k(0L)0a))g {O*1_1(Op)))g
a)/a
+ ) CECE ((14-1(0a) O0))o (O T_1(Op)))q
a,B,0

ch{(k + b + bu) <<Tk(ou)oa))o

a,8

+ ZCZ ({T6-1(05)Oa))g } ((OaTl—l(Oﬁ)))o .

By Lemma 1.4 (3), we have
D0 {{{XT(04)0a))g — 8k,0Cua } ((O*i_1(Op)))g -

Applying the topological recursion relation to the first term yields
Zcﬂ (X Te(OL)T(Op))) g — 81,0 (X Tk(OL) Op))o }

_6k,OZCuCua O Tl—l(oﬂ)))O‘
a,B

Using Lemma 1.4 (3) again to the first term, we get

5 cg{ak,oa,,ocug +(k + b+ L+ by) (0O
B

+ )€ ({me-1(05)T(Op)))q

+ch T (Op)11-1(O4 )))0}

—d10 3 €8 ((X7(0,)08)),
B

—6k,0 D, CoCua ((0%1i_1(Op))), -
a,B

The lemma then follows from the fact that CZ # 0 implies bg = b, + 1.
q.e.d.

Now from (20) we can deduce the following:



560 XIAOBO LIU & GANG TIAN

Lemma 3.4.

D {Lomk(00)Oa))o (O (Lo — DIT(O)))g

o

= (b +bu)(k + by + 1) ((Te41(O0u)11(O0)))
+({+0,)(+ b, + 1) ((Te(O) 1141 (O0)))

+ > (2 + 2b, + 1)CZ ((1e(Oa)Tu(OL)))g

+ i(Zl +2b, + 1)C3 ((16(Op)(0a)))g
3 (T @O

i i(cz)g {(me(0u)T1-1(0a)))g

+ }: ba(1 = ba) ({Te(0) D))y {O*T(O1)))g

+6k,001,0(C?) o -
Proof. By (20),
D (Lomk(Ou)Oa))g 1™ ((Op(Lo — D)n(Ow))q

ap
= —Z{ba(k—i-bﬂ—l—b,,)
[4]

_(k + bu)(l + b, + 1)} <(Tk(0u)oa)>o ((OaTl(Ou)»o
+ ba(l = ba) ((T(OL)Oa))g (O (OL)),

+ > (k + by + ba)CE ((1(04) 0o ({0111 (Op)))g

a,p

+ ) CICE ((1k-1(04)0a)) ({0 1-1(O,))),

,0,p

+ Y+ b, +85)CE ((0-1(0)0)) ((O5m(O)),
B0
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+ Z CaCo <<’r;c 1 )0ﬂ>>0 ((Opmi—1(0p) g

B.a,p

PILL ((re-1(0)07)) ((Opm-1(Op))g
p
+6k.0 };cfj{(l + by + bg) ((1(0L)Op)),
+ ;C,’J ((11-1(0p) Op))q }
+010 ZCS{(k + by + ba) ({76(0u) Oa))g

+ZC {({T—1( ))0}

+6k,061,0(C?) -

Applying Lemma 3.2 to the first term, Lemma 3.3 to the third and
fourth terms, an analogue of Lemma 3.3 with (g, k) interchanged with
(v,1) to the fifth and sixth terms, and formula (10) to the seventh term,
we obtain

> ({Lomk(04)Oa))o 1™ ({Op(Lo — DITI(OL))),
a,p

—(k+b—1=5) > {C2 (e (O)m(Oa)))g

—~C2 ((m(Oa)Ti(O))g }
)

+(k +bu) (K + by + 1) (7641 (Ou)(O0)))
+(+0,)+ b, + 1) ((Te(Op)1141(O0)))g
+ D ba(l = ba) {(1e(O4)Oa))g ({(O°T(O,)))o

+ > (k4 by + 1+ by + 1)CE ((1(00)71(Oa)))g
+ancﬂ Tk-1(0a)11(O0p)))
+Z (% WT-1(0a))),

561
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—5koZC°‘Cﬂ ({Oami—1(0p))),

—JIOZC (X7e(Ow)O0a)))y

+5k,o5t,0(c Yuw
+Z k+ by + 1+ by + 1)C ((1(0,)76(0a)))g

ZC“C‘@ 71-1(0a)7%(0p)))g
+Z (€)% ((n(O)Tk-1(0a)))g
—~810 Z CeCl ((Oami1(0p))),

‘5kOZC (X711(0L)0a)))o

+0 0510(C v
—}:C"C” (T(O6)T1-1(0p))) g + ({Te=1(O5) (D))o

—0k,0 ({0 1—1(O0p))) g = 81,0 ({Tk-1(Os) Op))o }

+¢5k,0 ch{(l +b, + bﬁ) ((Tl(ou)oﬂ))o
B

+ che ((11-1(0,)O0p)),q }

P

+5l,0 263{(1‘: + bu + ba) ((Tk(ou)oa»o

+ZC (Tk-1(04)O ))o}

+65,001,0(C?) -

Simplifying this expression and applying Lemma, 1.4 (3) to the two terms
containing the Euler vector field X, we arrive at the desired formula.

q.e.d.

Now it is straightforward to check that the difference between the

right-hand side of Lemma 3.4 and the right-hand side of equation (19)
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is at" T \I'O 1- Hence the generalized WDVV equation implies that

a‘;’;, EE\IJOJ = 0. Therefore we have proved that all the second deriva-

tives of Wy ; vanish. As mentioned at the end of Section 2, this implies
the following.

Proposition 3.5. The genus-0 free energy function Fy satisfies the
L, constraint.

The proof of other genus-0 Virasoro constraints has the similar fla-
vor, as we will see in Section 4 for the case of Ly constraint.

4. L, constraint for genus zero free energy function

The genus-0 L, constraint is equivalent to the equation ¥go = 0,
where

Toz = ) (m+ba)(m+ba + 1)(m + ba + 2)5, ((Tmt2(0a)))g

m,a

+ ) {3(m+ba)® + 6(m + ba) +2} CEE2, ((Tm41(Op)))g

m)a)ﬁ

+ 37 3(m + ba + 1)(CP)EE2, ({rm(Op))),

m,a,[

(21) + 3 (CHEE ((Tm=1(0p))),
m,a,3

=57 (be = Dbalba + 1) ((11(Oa)))o (O,
1 Z (362 — 1)CE ((O8)), (O

2 2(03 aﬂto

As in the proof of the L; constraint, we only need to show that all
the second derivatives of ¥g o are equal to zero. This time we need to




564 XIAOBO LIU & GANG TIAN

compute 3-point correlation functions involving vector fields

0
Ly = ) (m+ba)(m+be+ 1) "
m,x
(22) + 3 (2m + 26, + 1)cg£$niﬁ
o Otm
+ > (€t
mza:,ﬂ ) atgn 1

and

0 - O
Lo—2D = Z m + bg + 2) t:‘né;a— + rrgx:,ﬂcgt?natfn—l
The genus-0 Ly constraint can be reformulated as
({£1))g = -—Zb (1 = ba) ((Oa))g ((O%))g
(23)
; (CQ)agt tﬁ.
a,p
Using this equation and the fact that
0 3
—] = — 1
(24) —}: 2m + 2bg + 1)65—8[3—
Otm
_Z atfn .

we can prove the following.
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Lemma 4.1.

((ﬁle(oa)Tn(Oﬂ)»o
= —(m + ba)(m + bo + 1) {{Tm+1(0a) ™ (0p)))

- Z (2m + 2by, + l)C“ <(Tm(oa)7'n(oﬂ)>>0

—Z C2 {({Tm-1(0c)n(0p)))g

(n +b)(n + bg + 1) ((Tm(Oa)Tn+1(0p)))g
- Z(zn + Zbﬂ + 1)Cﬂ ((Tm(oa)'rn(oa)»o

—Z () ﬂ( Tm(Oa)Tn-1(0¢)))o

-—Eb (1 = bg) ({Tm(Oa)m(0p)Os))o ((O%))g

S b1~ b (7 (OO (O T (Oa N,

_(Sm,O(Sn,O (C2)aﬂ .
Proof.
((£17m(Oa)7(Op)))g
g 0
1525‘52;5}70

0 0 0
~{agevien g} g

0 o 0 0,0
=L+ (L, Fy+ (L1, F,

at?n{atﬁ 1+ 16 Otn]} o+ L4 5t°‘]atﬂ 0

0 0 g .0

= 5@;&—3(([: Mo+ 6ta =a L1, Py ﬂ]F0+[ 1, 5{;]8 5 0.

The lemma then follows from (23) and (24). q.e.d.

We can now compute

565
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Lemma 4.2.

((El(ﬁo - ZD)Tn(Oﬂ)»O
==Y (m+ba)(m + be + 1)(m + by + 2)

m,a

t~ {{Tm+1(Oq )Tn(oﬂ)))
= Y {3(m+ba)* +6(m + ba) + 2}

m,a,r

C3E% ((, (Oa)Tn(Oﬁ)))o
= > 3(m+ba + D(CE ((Tm-1(05)7a(0p))),

m,x,0

- Z (Cs)gxigv, ((Tm—2(OU)Tn(Oﬂ)))0

m,a,o

+(n +bg)(n + bg + 1)(n + bg — 1) ((Tn+1(Og)))g
+ 3 {3(n + bg)? — 1} € ({Ta(O0)))g

+ Z 3(n+ bﬂ)(C2)g ((Tn—l(oa))>0
2(63) ({(Tn—2(0s)))g
- Z (b — 1)bs(n +bg — 1) ({O7)) ((Osmn(Op))),

—Z (by — 1)bs C ((Th—1(0, )Oa))o <(Oa))0
—Jn,o{ Z bg(bs +1)Cps ((O%))g

—3bg Z(C2)'B”tg + Z(CB)QUE({}
+0n,1 Y _(C)pot]-

Proof. Using Lemma 4.1, we have
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((L1(Lo = 2D)1(Op)))g
= Z(m +bo + 2)£$n ((‘CITm(Oa)Tn(Oﬂ)))o

+ Y €t ((L1mm-1(06)a(0p))),

m,a,c

= "(m + bo)(m + bs + 1)(m + ba + 2)E5

(1 (Oa)a(08)s
— 3 (2m + 2ba + 1)(m + ba + 2)Co 0

({1 (O0)Ta(Op)))g
— 3 (m+ba +2)(C*)atm (Tm-1(05)a(Op)))

m,a,o

=) (m+ bg + 2)(n + bg)(n + bg + 1)
C (m(Oa) (O,
— 3 (m+ba +2)(2n + 2bg + 1)CF 1,

(OO
~ 37 (m+ ba + 2)(C)FE2 (T (Oa)Tao1(O6)))o
— E (m + b + 2)b0(1 - ba)ig‘n

(02090, (0%
— 57 (m+ ba + 2)bo(1 — b,)7%,
- 2(0a) 00 )0 (O Ta (OB,

((
- nOZ Cz aﬂfo

-3 Z m + by — 1)(m + bs)CIE% ({1 (O0)Tn(0p)))g

m>1 a0

i
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— > (2m+2b, — 1)CICEES, ((Tm-1(0p)Ta(Op))),

_ mg;p CL(CHLEL, ({(Tm-2(0p)Tn(0p))),

_ Zaa(p” +bg)(n + b + 1)CE ((Tm—-1(0s)Tns1(Op))),
_ :;7 (2n + 2bg + 1)CICHE%, ({Tm-1(00)Tn(O))))q

_ m;f Ca(C) ot ((Tm-1(O5)Tn-1(0p)))q

_ mgpb,,(l = 8,038, (Tnot (00)(O) a1y (07N
. Z Bo(1 = B)CSE ((Tm1 (00O (OPra (O3,
—Z,o’% C5(C?)4ptt.

The fourth term and the thirteenth term can be combined together to
produce a correlation function involving Lo — 2D. The same is true
when combining together the fifth term and the fourteenth term, the
sixth term and the fifteenth term, the seventh term and the sixteenth
term, the eighth term and the seventeenth term. Using the fact that
by = bo + 1 if C # 0, we can simplify the above expression as follows:

((L1(Lo — 2D)7a(Op)))g
== (m+ba)(m + by + 1)(m + by + 2)i%,

(e (OO
— Y {3(m+ba)? +6(m + ba) + 2} C5E%,
() O8))s

+ Z ba(ba + 1)CIES ({(Osma(Op)))g

(25) - Z 3(m + bg + 1)(02)2531 ((Tm—l(oa)'rn(oﬂ)))o

m,o,o
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— Y (€3t ((Tm—2(0p) T (Op))g

m,a,p

—(n + bg)(n + bg + 1) {{(Lo — 2D)7n41(Op))),
= "(2n + 2bs + 1)CF ({(Lo — 2D)7n(O0)))g

=3 (€5 ({(Lo — 2D)mn-1(O0)))g
- Z bo (1 = bs) {({(Lo — 2D)m(0p)Oq))o ({O7))g

— 3 bo(1 = b) ({(LLo — 2D)Oe))y (O (D))

—0n.0 {Z(ba +2)(C?)aptd + Z(cmﬁﬁf} .

a

By Lemma 1.2 (2) and Lemma 1.4 (2),

(((Lo = 2D)ma(Op))),
= —(n+bg —2) ({a(O0p))),
=Y CE{(rn-1(0a))g = 8n0 Y Coots,

and by Lemma 1.2 (3) and Lemma 1.4 (3),

{(((Lo — 2D)(0p)O,))),
= —(n+bg+bp) ((Tn(oﬂ)op>>o

=} {{mn-1(0y)Op))g = 61,0Csp.

Applying these two formulas to the right-hand side of (26) and simply-
ing, we obtain the desired formula. q.e.d.

Setting n = 0 in Lemma 4.2, multiplying both sides of the equation
by ({OP1(0)m(0L))) o» Summing over 8, and then applying the genus-
0 topological recursion relation, we get
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D ((£1(Lo — 2D)Op)), <<0ﬁTk(Ou)Tl(OV)>>O
s

== (m+bs)(m+bs + 1)(m + bs +2)

m,a

12 ((Tm42(0a)Te(OW)T(OL)))g
- Z {3(m + ba)? + 6(m + bs) + 2}

m,a,o

.cgfgl <(Tm+1(Oa)Tk(Ou)Tl(Ou)»o
(26) — Y 3(m + ba + 1)(C?)5E% ((tm(O) Tk (O)T(O)))g

m,a,o

= (€2 ((Tm-1(O00) Tk (O)TI(OL)))

m,a,o

+ 3 (bs = Dba(bs + 1) ((ra (@) ((OPe(OIm(©2))),
B

+ (865 — 1)C5 (0o ((O°m(0)n(0)) ),
B,o

= (b = Dby (bs — 1) ((O"))g
B,0

(0 0a))o { (O rk(0)m(0,)))

= 3 bs(bs + 1)Cs0 (07 ({0 e(0)n(0.)) ) -
B,0

Notice that the ranges of summations may change when using the topo-
logical recursion relation. Hence some scattered terms may be absorbed
into a big summation after using the topological recursion relation.

By Lemma 1.2 (3) and the definition of Ly,

{({(Lo — 2D)Tm(oa)Tn(Oﬂ)>)o == ((X'rm(oa)'rn(oﬂ)))oa

for any m,n,a, 8. Thus by Lemma 4.1 we have

lfui
llii
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> (Lim ()08}, { (0°(Lo — 2D)m(0,)) )
B

= ;Uc + B) (k + by + 1) (m41(0,)09)), ( (0P Xm(0)))

+ 3 (2K + 26, + 1)CE (76(05)0p))y ( (O X1 (0)) )

8,0

+ () (e (00)0p)), ({07 Xm(01)) ),
4 jt bs(bs + 1) {(7k(Ou)(Op))) ((OPXn(01)))
@n o+ i(zbﬂ +1)C5 ((me(0n)Os)), <<Oﬂ’fft(0v)>>o
+Zb (1 = b0) (00500} (0o (O X (0.)) )
+Zb(1—b ) (70000 ))g (1070a)), ((O°Xn(0))),

+(5k 0 Z Jus (072 (0.))) .

From Lemma 1.4 (3), we know that the right-hand side of (27) has
only finitely many terms. As in the proof of the L; constraint, we will
show that the difference of the right-hand sides of (27) and (26) is equal
to %—3%:‘1!0,2. For this purpose, we need to express the products of
correlation functions in (27) as summations of correlation functions.

Using the generalized WDVYV equation to the sixth term and the
topological recursion relation to the first three terms and the seventh
term on the right-hand side of (27), we obtain

> {L17k(0,L)Op)), <<Oﬂ(£0 - 2D)n((9.,)>>0
8

= (k +bu)(k + by + 1) ({Te42(0) X1(0,))),
+ Z 2k + 2b, + 1)C5 ({11 (00) X71(O,)))g

+Z (€)% ((me(O) X7 (O0)))g
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—bk0 »_(C)7 ({0 XT(0L)))g
+ Eﬂ) b+ 1 (0T (O ((0°Xn(0.)) ),
+ 3 (2bg + 1)CF (7:(0,) 001 ((0°Xm(0,)) )

Bie

+ ) be(1 = by) {{XO504)), ({O%))g
B,o

0

(0P (0m(00))),
#3781 = ) (OO {ra (O0) X (OL)))g

+8k0 Y (€ s <<oﬂxn(oy)>>0 .
B

We then apply Lemma 1.4 (3) to get rid of the Euler vector fields in the

above expression. After simplification, we will find many terms which

also appear in aaT;' a—‘?g\llog or on the right-hand side of (26). We call those
k

terms good terms. There are also many terms which appear neither in
3‘97;,5—?7,—\110,2, nor on the right-hand side of (26); we call those terms bad
k

terms. Grouping good terms together and bad terms together gives the
following;:

S (100 ({07 (Lo — 2D)7(0,)) )
B

= (k + b)) (k + by + 1)k + by + 2) (T4 2(0,)7(O))),
+ D {3(k +bu)? + 6(k + by) + 2}C5 ((1k41(00)71(O0)))g

+ 3k + by + 1)(C2) ((Te(00)Ti(O)))g
+ (€ (irk1(00)T(O)))g
+ 3 (1= b)ba(1 + bg) (e (O (O8N ((OPIm(01)))

B
(28) +) " ba(l = ba)(ba + bg) ((O%))g ((0aOp)),
a,
((O*n(@n(0.)),

i
i
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£ bal1 — ba)Cag (100} {(0P(Om(O))),
o,B
+3 " ba(l = ba)(ba + 1) {{Te(O) O%))g ({T1(Oa)T1(OW)))g

— Y (362 — 1)C8 ((7k(O,) Op))y ((O%T(OL)))g
a,B

+3k,001.0(C3) o
+(k +b,)(k + by + 1)1 + b)) ({(Tr42(0L)T(O0)))g

+ 3 (2k + 26, + 1)(1+ b)CF (k41(00)(O0)))g

+ Sk + Bk + by + 1)CE (T2 (Ou)n-1(00))g

[

+ > (L + 5D {m(05)T(O)))g

o

Z(Zk +2b, + D)CECE ((Th41(Oa)Ti-1(0p)))g
+Z et {(m(Oa)i-1(0p)))q
+ Zbﬂ bg + 1)(1 + b)) ((7k(0)71 (Op)y ({O°7(0.)))

B
+ Y bs(1 = bg)(t +8,) ((re(@)0M))) (M(O)m(Ou)))g
B

0

+)(2ba + 1)(1 +b,)CE ((h(0,)Op))o ({0 (OL)))g
o8

+5l,0{ > balbs + 1)CE ((7:(0)1(Op)))
8

+ (26 +3)(C?)7 ({m(Ou)Op))g }
8

|
N
|
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+ Y bg(bg + 1)CS ((1x(0)1(0p))), <<0ﬁ”—1(0")>>
B,o

+3 b1 — bg)CE <<Tk(0“)of’>>0 (T1(08)1-1(00))),
B0

0

+ 3 (265 + DCECE (mu(OW)0a))y ((0P-1(02)))

a,f,0

where the first 10 terms are good terms and rest terms are bad terms. In
order to transform bad terms into good terms, we need more properties
for correlation functions.

Lemma 4.3.

@) Y (00050 ({0 n(0,) )
B

=3 ((2n(0)07)) ((11(0p) X)),
B
@) Y ((-1(00)07)) {(m(O)Xn(O))),
B

= (=107 (Op)) { (P27 (0)))
B
+ ((741(OR) X O))),
— b0 (1 (0 X))y = bk, -1 ((OLXT(OL)))y
i) Y (((0)0)) (OO,
B

= Z (m(OW)T1(Op)))g <<Oﬂn(0”)>>0
B

+ ((Tk+2(Op)T(O)))g — (Te(O)T142(O0)))g
— 0,1 ((7’1((9“)71(0,,)»0 — Ok,—2 ((OuTl(Ou)>>o
+ 61,1 ({(Te(Ou)1(O0))) g + 1,2 ((Te(OL) Ou))g -

Proof. (i) follows by applying topological recursion relation to both
sides of the equation for the terms which contain 7.

To prove (ii), we first use topological recursion relation, and then
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use formula (10) as follows:

5= ({7-1(0)0%)) ((n(On) X)),
B

= 2 ((m-1(00)0%)) ((050a))g (O XT(OL))g
= Z{ (T.(Ou)O0a)g + ((Tk-1(Ou)T1(Oa)))g

—0k0 ((Ouoa»o } ((OQXTI(OV)))O .

Applying topological recursion relation again to the first and the third
terms, we obtain (ii).
We now prove (iii). Let

fo= Y ((m(0)0%)) (m(O)m(©@.)-
B

;o= Z((rk(ou)oﬂ»o{—<<oﬂn+1(0u)>>0+6z,_1<<oﬂ0u>>0
B

+Z (0 0 {{0a0g)), }

Using (10) reversely to each term gives

[ = = {(mk41(0u)11511(0L))) g — ((Te(Op)T142(O0)))g
+6k,-1 ({OuTi41(O0)))g + 01,2 ((Tk(OW) Ou) ),
+4, 1{(Tk+1 u)0u>)o {me(O0u)TL(O)))g — 8k,—1 ({OLOL))o }

+Z (O 0 {{{n1(0a)Tk(OL)))q

+ ((OaTk+1(Ou)>)0 - 6k,—1 (<OO‘O/‘)>0} .

Applying (10) again to the last two terms and simplifying, we obtain
(iii). q.ed.

Using Lemma 4.3, we can show

i
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Lemma 4.4.

> bl + 1) (k{07 (09, ((O°(O))),
B
+3 bs(1 — by) <<Tk(0“)oﬂ>>0 {(r(Og)m(OL)))g
B

+ (265 + 1)Cap ((1£(0L)0%))q <<Oﬁ”(0")>>o
a,f

= —(k +bu)(k + by + 1) ((Te+2(0u)(O0)))
(4 by + 1+ by + 2) (e (Ou)m42(00)))g

— > (2K + 2b, + 1)CZ ((T41(Oa)T(O1)))g
+> (2 +2by, +3)C2 {(Te(O)T111(0a)))g

2(02)"‘ {7 (Oa)T(Ou)))o
+ Z (€*)5 Um(OW)T(Oa)))q

—01,1 {bU(bu + 1) {(me(O)1(O)))g

+ Y (2by + 1)CS ((Te(0u) Oa))g }

[a

Proof. By Lemma 1.4 (3),
Zbﬂ by + 1) (@7 (0} ((O°n(0)) ),
- —;{ (k + b, + bg + 1) ((me(©,)71(Op))g
—(k + b) (me(O) (O,

: {(z + b, +1—bg) <<oﬁn(oy)>>0

(29) ~+b,+1) ((0Pn(0,))) }
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——Z{ EERCRETCAIRS DI ALCIETCRIY

_ch(<7k(0u) Mo = (B +bu) ({(7k(OL)T1(Op)))g }
{<<,mﬂn 9))y et ((00n(00), = hoc?
—(l+b,+1) <<oﬂn(oy)>>0 }

Similarly, we have

> - bs) ((7e(0)0%)) {1 (0p)n(ON,
=;{ufw+1—bﬂ><<m<ou>oﬂ>>o
— (k+5,) ((7:(0)0°)) }
. {(l + by + 14 bg) ((11{Og)(OW)))
(30) =+, + 1) {{r1(Op)1(OL)))g }
-5 { ((rmoner),
Sa((naeae), et
-t ((mi00)), |
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. { (X7 (Oﬁ)’rl(ou)))o
- ZC,’,’ ({(T1(0B)T1—1(Op)))g
p

— Y C5{0,m(0))
p

— (1 + b, +1) {((n(0p)n(OL)))g }

Expanding both (29) and (30), summing them together, then using
Lemma 4.3 to simplify, we obtain that, for k > 0and [ > —1,

Z bg(bg +1) ((Tk(OM)Tl (Oﬂ)»o <<OﬂTl(Ou)>>o
B
+ 2451 = b5) ({(OW)O)) ((m(Op)m(O)),
s

== C {{(mk+1(0) X1(OL)))g — k0 {{T1(O0) XT(O)))}
—(k + 5,) ({Tk+2(0,) X7 (0,))g
+an{ (0 X7141(05)))g
= 01,0 ({1 (OL) X71(00)))
— 8,1 ((k(OW) XO,)), }
~ Y- caet{ (noi(Oa)man (@),
o,p

= ((Tk41(O0 )71 1((9 )))
+ 8k,0 {{T1{Os)11-1(Op)})
— 01,0 {(7%-1(O ) ( oo

= 61,1 ({Te-1(O 0}
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= Yk +8,)CE{ k(O T41(00)))g
~= {{Tk+2(0u)1-1(Os )
- 5!,0 ((Tk(ou)Tl(Oa)))o
— 8,1 ((7k(0,)00))o }
= Y CEUAT(O)0%))e ((Om(OL)))g
a,p

+ D CECR ((mh-1(0a)0%))o ((Opm(O0)))g

a,0,p

+ZC” {7k (Ou)Op)) o {O7 XTI (OL)))g

_ Z COCY ({mk(Ou)Op)) o ({O7T—1{O))) g

a,0,p

+ Y (k+5,)C5 (Te(OW)O%))g ((O,m(O1)))

a,p

+(+ by + D] (70 X7112(0,))),
— 81,1 (RO X1 (OL)))g }
= 2+ + 1C{ {71 (O0) 2O
i — (e (@) Oy
+ 0k,0 ({T1{O0s)TI(O)))g
— 8,1 (1 (00)T1 (O }
—(1+b, + 1)k +b){ (MO 742(0)))g
— {(7e42(0)T (O
= b1 ((7k(O)T1(OL))), }
—(+ b, +1) 3 C (1k(Ou)Op))y (O (O

5P

—dk0 Y boCE ((T1(0)T(O0)))g
+61,0 Z(ba + 1)C7 ((me(Ou)71(Os)))y -

579

Using Lemma 1.4 to remove X in this expression and simplifying, we
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obtain the desired formula. q.e.d.

Applying Lemma 4.4 to the last 7 terms of (28) and simplifying yield
>~ (Lm0, 08 (0% (Lo - 2D)m ()
B

= (k + bu)(k + bu + 1)(k + bu + 2) ((Tk+2(OM)Tl(Ov)> 0
+ 2{3(1" + bu)2 + G(k + bu) + 2}CZ ((Tk+1((9,,)'rl((’),,)>)0

+ 33k + b+ DEDE (OO
+ 32 (rke1(00)T (O
+ 3 (1= bp)bs(1 + bg) (Te(O)(Og)N)g { (OP)m(01)))

0

8
+ 3 ba(l = ba)(ba + bg) ((0%)),
a,f
(31) (0208 ({O°(0)n(0)) ),

0

+ 3 bal(l = ba)Cag ((0))y ((O°7e(O)n(O1)) )
o,p
+ Zba(l = ba)(ba +1) ((Tk(Ou)oa))o (11(Oa)T(Ou)))g

— D (3% — 1)CE ((1(Ow)Op))g ((0°7(0,)))g
a8

+3k,061,0(C%)
+(+ b))+ by + 1)+ by + 2) (((Ou)T42(O0))),

+ ) {30+ b,)% + 61+ by) + 2}C5 ((Tk(Op) 141 (00)))g
[+
+ 30+ by + D(CF ((me(0)T(06)))g
ag
+ 2 (€2 ({me(Ou)1-1(00))), -
ag
Now it is straightforward to check that the difference of the right-hand
sides of (31) and (26) is %a—?;’:-‘l/()g, by using topological recursion re-

lation and the relationships between b,’s stated in Section 1.1. The
generalized WDVV equation implies that the left-hand sides of (31)
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and (26) are equal. Therefore 5%76-?’7\110’2 = 0, for arbitrary (k, ) and
k
(I,v). As noted at the end of Section 2, this leads to

Proposition 4.5. The genus-0 free energy function Iy satisfies the
Ly constraint.

5. L, constraints for genus-0 free energy function

Besides L, constraints, Eguchi, Hori, and Xiong ([8]) also conjec-
tured the existence of another sequence of constraints for the free en-
ergy functions. We call them L constraints. The Lo constramt is the
dilaton equation. In this section we will prove the L1 and L2 constraints
for the genus-0 free energy function Fj.

5.1 Zl constraint
The L constraint predicts the vanishing of the following function:

To, = = 30 B (1 ©a))o + 5 Y (Oad)o KOMg

o

We now prove that this prediction is true.

Proposition 5.1.
To; = 0.

Proof. As noted at the end of Section 2, we only need to show that
all the second derivatives of ¥g, vanish. In fact, for any (k,u) and

(l7 V)’

P -
W‘yo’l = —Zt (Tm—{—l ) ( )Tl(o )))

- ((Tk+1( u)Tl(OI/»)Q - ((Tk(Ou)TlJrl(OV)))o
+ Z U (Op)T(O0)Oa)) o ({O%))g

+Z ™%(0 do {OT(O)))q -

By formula (10), the second, third, and fifth terms cancelled with each
other. Hence, applying the topological recursion relation to the first

=gt = ]
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term gives

s = = X B (m(©@0a, ((0*n(0.0m(0)),
m,a,f

+ 2 ((n(07(0.)0a))y (O

Z (DOG)), ((OP1(Gm(0)) ).

B

+ ((k(OW)T(0)0a) ) ((OM)g -

By Lemma 1.2 (2), we have

8 -
Ty, =0.
atlaty =% 0

q.e.d.

5.2 Zg constraint

The Ly constraint predicts the vanishing of the function
oo 1= Z(m + ba + &, ((Tm+2(0a))o

+ Z CBE2, ((Tm11(O8))),

m,o,B

3 e (O (1 (Oa)o — § 3 CE (O (e
a a,p

To prove this constraint, we need to study correlation functions involv-
ing the following vector field,

£1 - Z tm ata
The Zl constraint can be reformulated as

(32) ({£2)) =53 (0o (O
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Using the fact that

~ 0 0
[£1, 8t$‘n] T,

we can show the following.

Lemma 5.2.

<<Elrm(00)>>0 = — ((Tm4+1(Oa)))g
+ 3 (m(©a)0Na (O Do,

@) {((£17m(Oa)7(Op) >>O=Z m(0a) 7 (O5)Oa Vg (O Ny -

Proof. The first equation follows directly from (32) and the fact that

~ 0 0
<<E”"‘ >> - ata B = 5 ara (L1 F) - 6t$n+1F°'
Now we prove the second equation.

<<Zl7'm(oa)7'n(0ﬂ)>>0 =L, 5_%;3675}?0

_Jo 05 0 08 9 0 \n
T\ otmad T g ot [T

y (32), we have

((Errm(@a)ma(0))) = 3 ((Tm(©a)7a(05)00) (O,

+ Z ({Tm(0a)Os ) (O (Op)))g

((Tm+1( )T (Op)))g
— {{Tm(Oa)Tn11(0p)))g -

By formula (10), the last three terms are canceled with each other. This
proves the second equation. q.e.d.

We also need

583
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Lemma 5.3.
> be ((Tm(0a)O0%)) {(11(O5)Ta(Op))),
+ D be ({Tm(Oa)T1(00)))g ((O7T(Op)))

= (m + ba + 1) ({Tm+2(0a) 1 (0p)))
+ ZC Tm+1 Tn(oﬁ)))

(Tl + bﬂ + 1) (( ( )Tn+2(oﬂ))>o
+ZC;3 ((Tm(Oa)Tn+1(0s)))g

—ZC” (Tm(O0a)O%))o ((OpTn(Op)))g -

Proof. By Lemma 1.4 (3), we have
}: be ({Tm(0a)O7))g ({11(Oa) ™ (Op))),
_‘Z Tm (O, (n+bﬂ+b +1) ({7 (Oa)Tn(Oﬂ)»o

~(n+bs+1) D ((Tm(0a)O))g ((11(O5)7a(Op)))q

[

= Z( Tm(0a)O0%))o {((XTl(Oa)Tn(Oﬂ)»o
(33) = Co{O,(0p))),

p

- ch ((Tl(oa)'rn—l(op)))o }
p
—(n+bs+1) D ((Tm(0a)0%))g {{1(O0)7a(Op)))g -

[
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On the other hand,
Zb a)T1{00)))o (O (Op)))g
= = 3 m(Oa)n (Oa) (14 b5+ 1= 50) (OO

+(n +bs+1) }: ({(Tm(Oa)71(O5)))o ({077 (Op)))g
(34) == {1m(0a)T1(O0)))g { (X0 (Op))) — n,0C5

=37 C8 (071 (Op))g }
p

+(n+bg+1) Y (Tm(0a)71(05)))g O T(Op))) -

a

Summing up (33) and (34) together, then using Lemma 4.3 (ii) and (iii)
to simplify it, we obtain

z b, ((Tm(oa)oo))o ((Tl(oa)'rn(oﬂ)))o
+D bo ({Tm(0a)T1(00)))g ((O7Ta(Op)))g

= ((Tm+2(0a)x'rn(0ﬂ)))o
=3 CE{{Tm(0a)O7))g ((Opmn(Op)))q

_Zcﬂ{ i 2(Oa) a1 (O0)g — (@)1 (O,

+0n.,0 ((Tm(0a)11(0s)))g }
+0n,0 Z Cg ((Tm(oa)Tl(Oa)»o

585

—(n+ bg + 1) {((Tm+2(oa)Tn(Oﬁ))>o - ((Tm(oa)'rn—l—?(oﬂ)))o} .

Using Lemma 1.4 (3) to remove X in the first term and simplifying, we
arrive at the desired equation. q.e.d.

Now we are ready to prove the Eg constraint.
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Proposition 5.4.
Tpo = 0.

Proof. As in the proof of~E1 constraint, we only need to show that
all the second derivatives of ¥ 5 are equal to zero. For arbitrary (u, k)
and (v,1), we have

2 ~ -
gz or = o(m+ba+ D (rmsa(Oa) (OO0

+ Z Cgfgn((Tm+1(Oﬁ)Tk(Ou)Tl(ov)»o

m’a’ﬁ

+(k + by + 1) ((Th+2(Op)(OV)))g
+ZC Tk+l ( V)))

+(l + by + 1) ((Te(O)T42(00)))g
+3C8 {me(Ow)T41(00)))g

- Z be ((Tk(Ou)n(Ou)O"))o <(Tl(0¢r)>)0

—-Zb 0)0 ), {(r1 (O (O
- z bo (T(Ou)71(Oe))g (O (O
- Z b OO0} O No
_ch (kOO0 (O

-ZC" (0 0%))g ((0pm(O)))g -

o,p

Applying the topological recursion relation to the first two terms, and
Lemma 5.3 to the eighth and nineth terms yields
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-~

i V02 = 3 (m+ba+ DI (Fm41(0a)00))o (O (OO,
kM m,a,0
+ Y CREn ((tm(05)00))g ({0 Tk (O)T(OL)))g
m,o, 8,0
(35) —Zb (Tk(O)T(0r)O7%)) ((11(Os)))g

— Zb M)Tl )Tl(oa)»o O
—ch Tk ,L u)oa))o ((OP>>0'
o,p

We now use Lemma 1.4 (3) to compute the first two terms. Let

o= mga(m+ba+1)f“ ((Tm+1(0a)O0s))g (O 1k (OL)T1(OL)))g
+m§ acgz;*n ({(Tm(0B)00)) ({OTk(OL)TI(OL)))g
_ mz B (rmes (Oa) 00} (O 7O m(ON)g
—mga:ab ot ((Tm41(0a)O0))o ({0 (Op)T(OL))),

= Z <<XZ1OU>>0 ((OaTk(OM)Tl(Ou)»o
=3 br ((£105) ) (O Tu(O)T(O))), -

By the generalized WDVYV equation and Lemma 5.2, we get

o= Z((ka(oﬂ)O"))o<<Oa5m(0u)>>0
=Y b0 ((£105)) (0" 1(0)n(O))g
= > {AT(0)0%)) {Oemi(0))Op)) ({0

o.p

—Zb { n(@)))ﬁz ((O Op»o((op))fi}
(O (Op)T(OV)))g -

|
i
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Using the generalized WDVYV first and then applying Lemma 1.4 (3),
we obtain

= ; ({(X0,04)) o {O7T(O) Tk (Ou))) g ({O))g

:Z‘ bo {(11(0))) g (O T(OL)T(OL))),
-Zb ({Os0p))o {{O?))g ({O° Tk (OW)T(OW)))

= ;{ by +b5) ((0p04))g + Cap} ({O7T(O0) Tk (OW))) ({OP))g
+, > bs ((11(06))) (O Tk (OL)T(OL)))g
- ‘i by Z ({05 0p))o ((07))g ({077 (OL)T(OL)))g

- zca,, on )7E(O))g (O
+Zb (71(O0)))e ((O°Tk(OW) (O
+;b,,; cOp))o ({0°))o ({O° Te(OR) T (OL))) -

Plugging this formula into (35) and using the topological recursion re-
lation again lead to

2

otk aty g Y02 =0

This proves the proposition. q.e.d.
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