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T H E D I R A C O P E R A T O R O N H Y P E R B O L I C 
M A N I F O L D S OF F I N I T E V O L U M E 

CHRISTIAN BÄR 

Abstract 
We study the spectrum of the Dirac operator on hyperbolic manifolds of 
finite volume. Depending on the spin structure it is either discrete or the 
whole real line. For link complements in S 3 we give a simple criterion 
in terms of linking numbers for when essential spectrum can occur. We 
compute the accumulation rate of the eigenvalues of a sequence of closed 
hyperbolic 2- or 3-manifolds degenerating into a noncompact hyperbolic 
manifold of finite volume. It turns out that in three dimensions there is no 
clustering at all. 

0. Introduction 

The aim of this paper is to study the spectrum of the Dirac operator 
on hyperbolic manifolds with finite volume. Since the corresponding 
problems for the Laplace-Beltrami operator acting on differential forms 
have already been examined, let us first briefly describe those results. 
The first natural thing to do is to look at the spectrum of the model 
space, n-dimensional hyperbolic space Hn. Donnelly [13] computed the 
spectrum of the Laplace operator Aq acting on q-forms on Hn. For the 
point spectrum he obtained 

svec (A)- { 0 } ' q = n/2 
specp^g) - 0 o t h e r w i s e 
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and for the continuous spectrum 

specc(Aq)^ 2 
[ ( n - 2 g - l ) 2 / 4 , o o ) , q<n/2 
[ ( n - 2 g + l ) 2 / 4 , o o ) , q>n/2 

The eigenvalue 0 in the case n = 2q occurs with infinite multiplicity. 
When we pass to quotients of the hyperbolic space we cannot hope to 
be able to explicitly compute the spectrum anymore. But the essential 
spectrum which is much more robust than the eigenvalues may still be 
controlled. Indeed, Mazzeo and Phillips [24] showed that except for 
the eigenvalue 0 the essential spectrum on a noncompact hyperbolic 
manifold of finite volume is the same as that of Hn 

spece(Aq 
[(n-2q-l)2/4,oo), q < n/2 
[ (n-2«? + l ) 2 / 4 ,oo ) , q>n/2 

In dimension 2 and 3 one can approximate hyperbolic manifolds of finite 
volume by compact ones. In dimension 2 this is clear from Teichmüller 
theory and it can be done continuously. In three dimensions it fol­
lows from Thurston's cusp closing theorem that for any noncompact 
hyperbolic manifold M of finite volume one can find a sequence of com­
pact hyperbolic manifolds, pairwise nonhomotopic, which converge in 
a suitable sense to M. What happens to the spectrum under such a 
degeneration? 

Since the spectrum of closed manifolds is discrete, we expect the 
eigenvalues in the range of the essential spectrum of the limit manifold 
accumulate. This is true and the rate of clustering has been determined 
by Ji and Zworski [21] for surfaces, by Chavel and Dodziuk [9] for n = 3 
and q = 0, and by Dodziuk and McGowan [12] for n = 3 and q = 1. By 
Hodge duality this covers all cases. 

It turns out that each cusp of the limit manifold M contributes 
to the accumulation rate. This is not surprising because each cusp 
contributes to the essential spectrum. Let M;b be the approximating 
sequence of closed hyperbolic manifolds, Mj —>• M . The cusps of M are 
approximated by degenerating tubes around short closed geodesies in 
Mi of length ijj —> 0, j = 1 , . . . , k, where k is the number of cusps 
of M. For an operator L on a manifold N and an interval I C R we 
introduce the eigenvalue counting function 
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Here eigenvalues have to be counted with multiplicity. Then the accu­
mulation rate turns out to be 

k 
X 

M^MM) = c(n,q)-J2^g(l/iij) + Ox(l) 
J = l 

where 

c(n,q) 

and 
[1/4,1/4 + x% n = 2 

[1,1 +a ; 2 ] , n = 3, k = 0, 3 
[0,x2], n = 3, A; = 1,2 

and Oa;(l) denotes an error term bounded as a function of i. Moreover, 
Colbois and Courtois [10, 11] showed that the eigenvalues below the 
bot tom of the essential spectrum of M are limits of eigenvalues of the 
Mi. 

We want to study the analogous questions for the Dirac operator 
D acting on spinors, sometimes also called Atiyah-Singer operator, on 
hyperbolic manifolds. The spectrum of the model space Hn has been 
computed by Bunke [6]. Note that there is an incorrect statement about 
the eigenvalue 0 in that paper. See also [7, 8] and the remark after the 
proof of Lemma 1 in this paper. The result is 

specp(D) = 0, specc(D) = JR. 

Since D is of first order the spectrum is not semibounded. When we pass 
to nonsimply connected hyperbolic manifolds a new piece of structure 
enters the picture for which there is no analog for the Laplace operator. 
We have to specify a spin structure on the manifold. First of all, this 
means that we have to restrict our attention to hyperbolic spin mani­
folds. In particular, the manifolds must be orientable. If the manifold is 
spin the spin structure is not unique. There are as many spin structures 
on M as there are elements in the cohomology group Hl(M; Z /2Z) . It 
turns out that the choice of spin structure has dramatic impact on the 
Dirac spectrum. We will define in Section 3 what it means that a spin 
structure is trivial along a cusp of a hyperbolic manifold. This is an 
essentially topological property. Our first result is 
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T h e o r e m 1. Let M be a hyperbolic manifold of finite volume 
equipped with a spin structure. 

If the spin structure is trivial along at least one cusp, then the Dirac 
spectrum satisfies 

spec(D) = spece(D) = R. 

If the spin structure is nontrivial along all cusps, then the spectrum 
is discrete, 

spec(D) = speC(i(D). 

We see already that there is no analog for the eigenvalues below the 
bot tom of the essential spectrum as studied by Colbois and Courtois. 

We will see that if M is 2- or 3-dimensional and has only one cusp, 
then only the second case occurs, and the spectrum is always discrete 
(Corollary 1). If M is a surface with at least two cusps, then both cases 
occur. The spin structure can be made trivial on any choice of an even 
number of cusps. 

In three dimensions this is not true in general. It can happen that 
the spectrum is always discrete even if the manifold has more than one 
cusp. If the hyperbolic manifold is given as the complement of a link in 
S"3, then there is a simple criterion to decide if there is a spin structure 
such that spec(D) = M. 

T h e o r e m 4. Let K C S3 be a link, and let M = S3 — K carry a 
hyperbolic metric of finite volume. 

If the linking number of all pairs of components (Ki,Kj) of K is 
even, 

Lk{KuKj) = 0 mod 2, 

i ^ j , then the spectrum of the Dirac operator on M is discrete for all 
spin structures, 

spec(D) = specd(D). 

If there exist two components K;b and Kj of K, i ^ j , with odd 
linking number, then M has a spin structure such that the spectrum of 
the Dirac operator satisfies 

spec(D) = M. 
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Determining linking numbers modulo 2 is equivalent to counting 
overcrossings modulo 2, hence extremely simple. See the last section for 
examples. 

Next we study the behavior under the degeneration process in di­
mension 2 and 3. Of course, we have to assume that the spin structure 
on M is, in a suitable sense, the limit of the spin structures on the M;b. 
In two dimensions the result is 

T h e o r e m 2. Let Mi be a sequence of closed hyperbolic surfaces 
converging to a noncompact hyperbolic surface M of finite volume. Let 
each M-i have exactly k tubes with trivial spin structure around closed 
geodesies of length £ij tending to zero. Hence M has exactly Ik cusps 
along which the spin structure is trivial. Let x > 0. 

Then the eigenvalue counting function for the Dirac operator satis­
fies for sufficiently small t-hf. 

k 
AT *—v 

MD,Ml(-x,x) = — J ] l og ( l / ^ ) + Ox(l). 

Very recently, Farinelli [17] gave an upper bound on the spectral 
accumulation of the lower part of the Dirac spectrum of hyperbolic 3-
manifolds. However, we will show that in three dimensions there is no 
clustering at all! 

T h e o r e m 3. Let Mi be a sequence of closed hyperbolic 3-manifolds 
converging to a noncompact hyperbolic 3-manifold M of finite volume. 
Let each Mi have exactly k tubes around closed geodesies of length £ij 
tending to zero. Hence M has exactly k cusps. Let x > 0. 

Then the spin structure is nontrivial along all tubes and the eigen­
value counting function for the Dirac operator remains bounded: 

ND,MÌ(-X,X) = O x ( l ) . 

The reason for this fact, at first glance quite surprising, is of topolog­
ical nature. The spin structure on the tubes must be nontrivial because 
the trivial spin structure on the 2-torus is nontrivial in spin cobordism 
Q2

pm. In other words, the spin structures on hyperbolic 3-manifolds 
of finite volume for which spec(D) = M do not occur as limits of spin 
structures on closed hyperbolic 3-manifolds. 
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We see that the freedom to choose different spin structures leads to 
new phenomena in the spectral theory of the Dirac operator on hyper­
bolic manifolds for which there is no analog for the Laplace operator. 
This also distinguishes the classical Dirac operator acting on spinors 
from those twisted Dirac operators on locally symmetric spaces which 
have typically been studied in the context of representation theory [1, 2] 
and index theory [25]. 

The paper is organized as follows. In the first section we collect a 
few facts about hyperbolic manifolds. The structure of the cusps and 
tubes is important for our purposes. A description of the degeneration 
process in dimension 2 and 3 is given. 

In the second section we present some generalities about the L2-
spectrum of self-adjoint elliptic operators. We give a proof of the so-
called decomposition principle which roughly says that modifying the 
manifold and the operator in a compact region of the manifold does 
not affect the essential spectrum. This will be extremely useful for us 
because we can restrict our attention to the cusps of the hyperbolic 
manifolds. There are many versions of this principle in the literature 
but we found it convenient to prove it in a quite general form. Our 
version can e.g. be applied to the Dirac operator on manifolds with 
boundary with suitable boundary conditions. 

In Section 3 we prove Theorem 1. We use a separation of vari­
ables along the cusps which reduces the problem to the study of simple 
Schrödinger operators on an interval. 

In the fourth section we derive a general version of domain mono-
tonicity. This allows one to estimate eigenvalues by cutting the manifold 
into pieces. This has been used extensively in the spectral geometry of 
the Laplace operator. Here we need this tool for the Dirac operator. 

We are then able to prove Theorem 2 in Section 5. It is important 
that tubes in a hyperbolic surface are warped products so that the 
separation of variables can again be applied. 

We would like to do the same thing in three dimensions in Section 7 
but we have the problem that tubes are no longer simple warped prod­
ucts. Therefore we include a general formula in Section 6 which relates 
the square of the Dirac operator on a manifold foliated by hypersurfaces 
to operators along the leaves and normal derivatives. This way we can 
regard the square of the Dirac operator on the tube as a Schrödinger 
operator acting on Hilbert space-valued functions on an interval. We 
will then be able to prove Theorem 3 in Section 7. 

In the last section we discuss the different spin structures which 2- or 
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3-dimensional hyperbolic manifolds can have. This is more topological 
in nature. We conclude with a few examples of link complements for 
which essential spectrum does or does not occur. 

A c k n o w l e d g e m e n t s . It is a pleasure to thank W. Ballmann, J. 
Dodziuk, U. Hamenstädt, and W. Müller for many fruitful discussions 
and valuable hints. This paper was written while the author enjoyed 
the hospitality of SFB 256 at the University of Bonn. 

1. Hyperbo l i c manifolds of finite v o l u m e 

A hyperbolic manifold is a complete connected Riemannian manifold 
of constant sectional curvature - 1 . We collect a few well-known facts 
about such manifolds with special emphasis on the case of finite volume. 
A thorough introduction to the topic is given in [5]. 

Every hyperbolic manifold M of finite volume can be decomposed 
disjointly into a relatively compact MQ and finitely many cusps £j, 

k 

(1) M = M0Ù (J Sj 
i= i 

where each £j is of the form £j = Nj x [0, oo). Here Nj denotes a con­
nected compact manifold with a flat metric g^., a Bieberbach manifold, 
and £j carries the warped product metric gg. = e~2t • g^^ + dt2. 

F I G U R E 1 
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For example, Nj could be a flat torus, as is always the case if M is 
2- or 3-dimensional and orientable. This simple structure of the cusps 
will allow us to apply a separation of variables technique to the Dirac 
operator on hyperbolic manifolds of finite volume. 

It turns out that very different phenomena occur in hyperbolic ge­
ometry depending on the dimension. In dimension 2 there is a whole 
continuum of hyperbolic structures (hyperbolic metrics modulo isome-
tries) on a given surface. This is known as Teichmüller theory. In 
particular, if we fix a compact surface M, then there are continuous 
deformations of hyperbolic metrics on M under which M degenerates 
to a noncompact hyperbolic surface of finite volume. These deforma­
tions correspond to paths in the Teichmüller space converging to the 
boundary. 

In contrast, in dimension n > 3, we know by Mostow's rigidity theo­
rem that any compact manifold carries at most one hyperbolic structure. 
Therefore continuous degenerations are not possible. 

If n = 3 however, the following kind of degeneration still occurs. 
Thurston's cusp closing theorem says that for any hyperbolic manifold 

• k 
M = M o Ù U j = i ^ j °f finite volume with metric g there are compact 
hyperbolic manifolds {Mi,gì) which can be decomposed disjointly into 

k 

M% = Mh0Ù ( J Thj 

i= i 

where T j j is the closed tubular neighborhood of radius Rjj of a simple 
closed geodesic jij C Mi of length £ij. The boundary Nij = dTjj is a 
flat torus. In the degeneration {i —> oo) the following happens: 

• iij ->• 0 

• Rij = \ l o g ( l / ^ j ) + Co —> oo where CQ is some constant indepen­
dent of i. 

• There are diffeomorphisms $ j : MQ —> M^o of compact manifolds 
with boundary such that the metrics $Ì{9Ì\MÌ0) converge in the 
C°°-topology to g\ü0. 

• The pull-backs of the metrics of Njj converge in the C°°-topology 
to the one of Nj. 
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Moreover, if we write 

Tij[ri,r2] = {x £ Mi\ dist(x,^/ij) G [n,r2] } 

for the tubular region around 7 J J , SO that Tjj = Tjj[0, Rij], then we 
have in addition 

• For every 0 < r\ < r% < Ri,j ^he tubular region Tïj[ri,r2] is 
isometric to T2 x [ri,r2] with the metric gr + dr2 where gr is the 
flat metric on the 2-torus given by the lattice r r C R2 spanned by 
the vectors (2ir sinh(r), 0) and (aijsmh(r),£ijcosh(r)) for some 
"holonomy angle" ccij G [—n, n]. 

£ij cosh(r) 

a>ij sinh(r) 

2-7T sinh(r) 

FIGURE 2 

This description of the degeneration is also valid in the 2-dimensional 
case, except that the tube Tjj is of the form Tjj = S1 x [—Rij, Rij] with 
metric ds2 = i\é cosh(t)2 dO2'+ dt2 where t G [-Rij,Rij], # G S1 = R/Z 
and Rij = log(l/£ij) + CQ. In particular, the boundary of the tube is 
of the form S0 x S1 = S1ÙSl. Hence each tube degenerates into two 
cusps. 
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F I G U R E 3 

In order to define the Dirac operator we also need to specify spin 
structures on our manifolds. In the degeneration we require that the 
diffeomorphisms $ j : MQ —> Miß can be chosen compatible with the 
spin structures. 

2. General i t ies about t h e L 2 - spec trum 

Let H be a complex Hilbert space and let A be a self-adjoint linear 
operator with dense domain A : V(A) C H —> H. 

Defini t ion 1. A number A G C is called an e igenvalue of A if 
A — Aid is not injective. In this case we call dim(ker(A — Aid)) the 
mult ipl ic i ty of A. The set of eigenvalues, specp(A), is called the point 
spec trum. 

The essent ial spec trum, spece(A), is the set of A G C for which 
there exists a sequence Xi G T)(A) satisfying 

(2) I N I = 1, (A - XLd)xi-> 0, Xi^O 

for i —> oo. Here "—*•" denotes weak convergence as opposed to norm 
convergence "—>•". 

The union of the point spectrum and the essential spectrum is the 
s p e c t r u m of A, spec(A) = specp(A) U spece(A). 

CHRISTIAN BAR 

J, i —> oo 
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Note that the spectrum of a self-adjoint operator is actually con­
tained in R and that the point spectrum and the essential spectrum 
need not be disjoint. Eigenvalues of infinite multiplicity and eigenval­
ues which are accumulation points of the spectrum are contained in 
both the point spectrum and the essential spectrum. 

Definition 2. The set 

specd(A) = speCp(A) — spece(A) 

is called the discrete spectrum. The set 

specc(A) = spece(A) — specp(A) 

is called the continuous spectrum. 

Sometimes it will be convenient to look at the square of an operator 
instead of the operator itself. We will then use that spece(A) = 0 if and 
only if spece(A

2) = 0. 
In the definition of the essential spectrum (2) can be replaced by 

other equivalent conditions. For example, instead of demanding Xi —*• 0 
we could require that there is no convergent subsequence. If the operator 
A is the closure of an operator L with domain V(L), then we can as 
well require Xi G 'D(L). See e.g. [31] for details. A sequence as in (2) is 
called a Weyl sequence. 

Let us show that the essential I/2-spectrum of self-adjoint elliptic 
differential operators on manifolds does not change when one modifies 
the manifold in a compact region. 

In what follows we will denote the space of Lp-sections in a Hermi-
tian vector bundle E over a Riemannian manifold M by LP(M,E), the 
Sobolev space of sections whose covariant derivatives up to order k are 
LP by Hk'P{M,E). The space of k times continuously differentiable sec­
tions is denoted by Ck(M, E), 0 < k < oo, and the space of Cfc-sections 
with compact support is denoted by Ck(M,E). 

Proposition 1. (Decomposition Principle). Let M be a Rieman-
_ o 

nian manifold, with (possibly empty) compact boundary, M =M LidM. 
Let E be a Hermitian vector bundle over M. Let L be an essentially 
self-adjoint linear differential operator of order d > I with domain T>{L), 
C§°(M,E) C V{L) C C$°(M,E). Suppose for every compact K C M 
there is an elliptic estimate 

(3) \\x\\Hd>2(K,E) < C " ( \\X\\L2(M,E) + I I ^ I I L ^ M , ^ ) ) 
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for all x G V{L), C = C{K). Denote the closure of L in L2(M,E) by 
L. 

Let M' be another Riemannian manifold and let E', L', and L' be 
defined similarly on M'. We assume there exist compact sets K C M, 
K' C M' suchthat M -K = M'-K', and E = E', L = L' over M-K. 

Then 
spece(L) = spece(L'). 

'dM' 

FIGURE 4 

Note that sections in Cg°(M, E) need not vanish on dM in contrast 

to those of C§°(M,E). 
In case dM = 0 the elliptic estimate (3) holds automatically if L is 

an elliptic operator [27, p. 379, Thm. 11.1]. In this case the decomposi­
tion principle can be found in many places in the literature for various 
operators (mostly of second order), see e.g. [19, 14, 16]. 

In the presence of boundary establishing (3) is subtler. It usually 
follows from coercive estimates 

\x\ Hd'2(K,E) <C- Ibi L2(M,E) + ll-M L2(M,E) 

+ V l l ß - r l l 2 
- 1 / 2 , 2 (dM,E) 
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where Bj are boundary (pseudo-) differential operators of order dj < 
d - 1, x G C§°(M,E). If Bjx\aM = 0 for all x G V(L), then (3) 
holds. The coercive estimate is automatic if L together with the Bj 
form a regular elliptic boundary value problem [27, V . l l ] . For example, 
a Laplace type operator L together with Dirichlet boundary conditions 
x\dM = 0 forms a regular elliptic boundary value problem. We will use 
Proposition 1 with Dirichlet boundary conditions for the square of the 
Dirac operator which by the Lichnerowicz formula [23] 

(4) jD2 = V * V + ^ 
v ' 4 

is of Laplace type. 
Here a Laplace type operator is an operator of the form 

L = V*V + K 

where V is a metric connection on a Hermitian vector bundle over a 
Riemannian manifold, and V* is its L2-adjoint and 5ß is a smooth sym­
metric endomorphism field (zero order term). Laplace type operators 
are special elliptic operators of second order. 

One can also apply the decomposition principle directly to the Dirac 
operator with suitable boundary conditions. Since we will not use this 
fact we leave the details to the reader. 

P R O O F O F P R O P O S I T I O N 1. Since the whole situation is symmetric 
in M and M' it is sufficient to show spece(L) C spece(L'). Let A G 
speceÇL) and let x-i G T>(L) C L2(M,E) be a Weyl sequence as in (2). 

Choose a compact subset K\ C M whose interior contains K and 
another compact subset K^ C M whose interior contains K\. By the 
elliptic estimate (3) 

\\xi\\Hd'2(K2,E) < C " (^IkiIIL2(M,£) + \\^xi\\L2(M,E) 

< C • 1 + \\Lxi — ̂ Xi\\L2(]ÇfjE) + |A 

(2) , 

Since (xi)i is bounded in the Hd>2-norva and K<i is compact we can, by 
the Rellich's lemma, pass to a subsequence, again denoted (a;,),, which 
converges in Hd~1'2(K2,E) to some element x^ G Hd-1'2(K2,E). 

To compute a ^ we pick a cut-off function ip\ identical to 1 on K\ 
and vanishing outside Ki- On the one hand, since tpiXi —> tpi XQJQ m 

file:////Lxi
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(iplXi^iXooì^^M^E) = {lplXi,1pl%oo)L2(K2,E) > {Ì>lXoc, Ì>lXoc)L2{K2,E)-

On the other hand, 

{^lXh'lpiXoc)L2(M,E) = ( a ^ V ^ o o ^ M ^ E ) > 0 

because Xi —̂  0. Hence Vi^oo = 0 and X00\K1 = 0 G Hd~1'2(K\JE). 
Therefore 

(5) \\xi\\Hd-l>2(K1,E) > 0-

In particular, for i sufficiently large, ||£i|||2("^ E) — h anc^ * n u s 

2 1 
W WXÌ\\L2(M-KI,E) - 2' 

Choose a cut-off function ^ G C00^,]^) with ^ = 0 on K and 
^ = 1 on M — ifi, 0 < ^ < 1 everywhere. Let us look at the sequence 
y-i £ L2(M', E') where y, = ip • Xi on M - K = M' - K' and y, = 0 on 
K'. First of all, by (6), 

11 119 11 119 

lly«lli2(M',£;') — I F Î H L ^ M - K ^ Ê ) — 2' 

Secondly, for any z G L2(M',E'), 

(y'hz)L2(M',E') = {XÌ-,II>Z)L2(M,E) " ^ ° 

by (2). Hence y-i —*• 0. 
Thirdly, 

L'yi = L(ipXi) = ipLxi + Qxi 

where Q = [L,ip] is a differential operator of order d — 1. Moreover, Q 
vanishes outside Ki because Vip does. There is a constant C2 > 0 such 
that 

\\QXÌ\\L2(M',E') < C2 • lki| |fl-d-i,2(x l j£;). 

Therefore (5) implies | |Q£J||L2(M',,E') ~~̂  0- We conclude 

ll-k Hi - tyi\\L2(M',E') ^ IIVK- î̂ - ^XÌ)\\L2(M,E) + I IQ^Î I IL^M'^ ' ) 

< \\LXi - ^Xi\\L2(MyE) + IIQ^ÌIIL^M',^ ')
 y 0-

file:////LXi
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Thus the sequence (yi/\\yi\\L^(M' E'))i *S a Weyl sequence for the oper­

ator L'. Hence A G spece(L'). q.e.d. 

The proposition will be very useful for the study of the essential 
spectrum of hyperbolic manifolds because it tells us that we only need 
to consider the operator on the cusps and they have a very simple form. 

3. T h e Dirac operator on hyperbol ic manifolds 

In this section we will study the type of the spectrum of the Dirac 
operator on hyperbolic manifolds of finite volume. Studying the type 
means finding out if the spectrum is e.g. purely discrete or purely essen­
tial or contains both components. Our Dirac operator will always be the 
classical Dirac operator, sometimes also called Atiyah-Singer operator, 
acting on spinors. For definitions see [22]. 

If M is an n-dimensional Riemannian spin manifold and N C M is 
an oriented hypersurface, then every spin structure on M canonically 
induces a spin structure on N. If n is odd, then the restriction to N 
of the spinor bundle E M of M is precisely the spinor bundle of N, 
E M | AT = E7V. If n is even, then E M | J V is isomorphic to EN © E7V. 

Let H denote the mean curvature function of N with respect to the 
unit normal field v. Let DM be the Dirac operator of M. Let DN be 
the Dirac operator of N in case n is odd. If n is even let DN be the 
direct sum of the Dirac operator of N and its negative. In either case 
DN acts on sections of E M | A T . The two operators DM and DN are 
related by the formula 

(7) -v • DMa = DNa - ! ^ H o + Vffa, 

see e.g. [4, 29]. Here a is a section of E M defined in a neighborhood of 
N, "•" denotes Clifford multiplication with respect to the manifold M 
and V M is the Levi-Civita connection of E M . 

The case of a warped product will be of special importance. Let N 
be an (n — l)-dimensional Riemannian spin manifold, and let I C ffi be 
an interval. We give M = N x I the product spin structure and the 
warped product metric 

ds (x,t) = p(t) QN{X) + dt 

where p : I —> R is a fixed positive smooth function. For example, 
cusps of a hyperbolic manifold are of this form with I = [0, oo) and 
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p(t) = e *. Let v = Jj be the unit vector field along I. The mean 

curvature of N x {t} in M is now given by H(t) = — 4 4 . 

Lemma 1 . Let M be a warped product as above. Suppose there is 
a subspace X of the kernel of DN such that 

ker(DJV) =X®vX, X ±v-X. 

Write d = dim(X) = dim(ker(JD
JV))/2. Let 0 < m < p2 < M3 • • • ->• oo 

be the positive eigenvalues of DN, each eigenvalue repeated according to 
its multiplicity. 

Then there is a unitary equivalence 

L 2 ( M , S M ) ^ 0 L2 (I, C, dt) 
ß£spec(DN) 

d oo 

= 0L2( / ,C2 ,Ä)®0L2(I ,C2
l (Ö) 

under which the Dirac operator DM is transformed into 
d oo 

w/îere 

D _ f ° -ft + W) 1 
Ä + P(<) U 

Similarly, the square of the Dirac operator is transformed into 

(DM? -+ 0 W 
ßespec(DN) 

where 
d2 np{t) /i2 

11 = ~dt? + ^W +
 PW 

on L2{I,C,dt). 

Proof. We decompose 

L2(N, £M|AT) = U+ © X © v • X © n~, 
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where H^ is the sum of eigenspaces of DN for positive or negative 
eigenvalues respectively. Let tpi, </?2, </?3, • • • be orthonormal eigenvectors 
corresponding to the positive eigenvalues 0 < \i\ < \i<i < [3,3 •••—>• oo, 
(fj G L2(N, T,M\N). Then we have the Hilbert space decomposition 

oo 

Since Clifford multiplication with v anticommutes with DN we see that 
v • tpj is an eigenvector for the eigenvalue — /J,J and hence 

oo 

3=1 

Write Hj := <C-ipj ®C-f-ipj. Similarly, let ip\,..., ^ be an orthonormal 
basis of X and put Hj := C • ipj © C • v • ipj. Then 

d oo 

L2(N, XM\N) = 0 Ùj ® 0 U j . 
3=1 3=1 

By (7) the Dirac operator DM leaves the Hilbert space decomposition 

d oo 

L2{M, SM) = 0 L2(I, ÙjlP{t)n-ldt) ® 0 L2(I, Uj^itf^dt) 
3=1 3=1 

invariant and 

a-jH + ~^-Ha-3 - à-3iP3 

+ (a3^3 - ^ — Ha3 + <*j W j -

The map 

(Xj(pj + tt-jVipj H- p(t) 2 n=l a x3 

a 3 

yields a unitary equivalence 

under which the Dirac operator is transformed into 

/ n -A + ±L- \ 
D - , dt "(*) 

* + Pit) u 
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and similarly for the zero eigenvalues. The formula for the square of the 
Dirac operator follows immediately. q.e.d. 

Remark . The assumption ker(DJV) = X © v • X, X _L v • X, is 
necessary only for the decomposition of the Dirac operator DM itself, 
not for its square (DM)2. This assumption is automatically satisfied 
if M has even dimension. In this case T,M\N = Y;+M\N © £~M\ N = 
S7V©S7V and one can simply take X = ker(DN) n C°°(iV, Y;+M\N). If 
d im(M) is odd, then the assumption is equivalent to A(N) = 0. 

Remark . Lemma 1 together with Proposition 1 is already enough 
to give a simple computation of the Dirac spectrum of hyperbolic n-
space Hn. After removing a point o from Hn the space is isometric 
to a warped product Sn~l x (0, oo) where Sn~l carries its standard 
metric of constant sectional curvature 1 and p(t) = sinh(i). By Lemma 
1 the square of the Dirac operator on Hn — {o} is unitarily equivalent 

to e^^s»-!)L^ where L^ = -w + VM Mt) = ßc:SmS2- An 

Dirac eigenvalues /z of Sn~l are nonzero. 

Since Vß(t) —> 0 for t —> oo we know spece(Lß) = [0, oo) where Lß is 
acting on the Hilbert space L2([l, oo), C, dt) with say Dirichlet boundary 
conditions at t = 1, see [15, p. 1448, Thm. 16(b)]. By Proposition 1 we 
have that spece{(DHn)2) = spece{{DHn-B^°))2) = [0,oo). 

One checks [3] that Dß does not have any square integrable eigen-
functions on (0, oo), see also [20, 30, 32]. In particular, there are no 
L2-eigenspinors for the Dirac operator on Hn, specp(D

H ) = 0. 

We conclude spec{(DH")2) = specc{(DH")2) = [0, oo). Finally, since 
Hn is a simply connected symmetric space the spectrum of the Dirac 
operator is symmetric about 0. In even dimensions this is automatic. 
In odd dimensions the geodesic reflection about o can be used to map 
an eigenspinor or a Weyl sequence for A G spec(DH ) into one for —A. 
We obtain 

spec{DHn) = specc{DHn) = R 

See [6] for a computation of this spectrum using harmonic analysis. 
Note that there is an incorrect statement about the eigenvalue 0 in that 
paper. See also [7, 8]. 

Defini t ion 3 . Let M be a hyperbolic manifold of finite volume. Let 
£ = N x [0, oo) be a cusp of M. A spin structure of M will be called 
trivial a long £ if the induced operator DN on N has a nontrivial 
kernel, i.e., there exist y £ C°°(N,EM\N), <p ^ 0, but DNip = 0. 
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This terminology is justified by the fact that in the most prominent 
case when N is a flat torus, the trivial (biinvariant) spin structure of 
N is the only one among its 2 n _ 1 spin structures for which the Dirac 
operator has a nontrivial kernel. 

The following theorem is our first main result. It tells us that only 
two extremal cases can occur for the type of spectrum of the Dirac 
operator on a hyperbolic manifold of finite volume. It can only be 
purely discrete spectrum or the whole real line. It is the spin structure 
which is responsible for which of the two cases occurs. 

T h e o r e m 1 . Let M be a hyperbolic manifold of finite volume equipped 
with a spin structure. 

If the spin structure is trivial along at least one cusp, then the Dirac 
spectrum satisfies 

spec(D) = spece(D) = R. 

If the spin structure is nontrivial along all cusps, then the spectrum 
is discrete, 

spec(D) = specd(D). 

Proof. Recall decomposition (1) of M into a relatively compact 
part and finitely many cusps, 

k 

M = M0Ù (J £j. 
i= i 

We start with the case that the spin structure is trivial along at 
least one end. Hence M has a cusp E\ = N\ x [0, oo) with metric 
gs1 = e_2*(/jVi +dt2 where g^ is a flat metric and ker(DNl) ^ 0. Choose 
(p G ker(D J V l), ip ^ 0, such that v • ip = i • ip or v • ip = — i • (p. This is 
possible since u2 = —1. W.l.o.g. let v • ip = i • tp. 

Let A e l . We look at spinors a on E\ of the form 

(8) a = a<p> 

where a : [0, oo) —> C is a smooth function. 
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For a\(t) = e^n x ) / 2 Xl^, a\ = a\<p, we see using (7) and H = 1 

Dax = vDNlux-'^-—^-Hox + V 
M^ 1 

= v 0 — ax<f + aX(f 

= —\%v • o\ 

= AcrA. 

For 0 < t t < 6 < o o w e denote £i,a,6 '•= N\ x [a,b] C £\ C M. For a 
spinor a = at/? of the form (8) one easily computes the L2-norm 

\W\\ÌHs^b) = \W\\m- f Ht)\\-^-^dt. 
a 

W.l .o.g. assume H l̂lyy — 1- Then we obtain for a — <j\ 

\a^l2(£l,a,b) = b - a-

Now choose smooth functions ipm : R —> M such that 

• Vm = 0 on M - [m - 2, 2ra + 2], 

• VVn = ^ = on [m,2m], 

• 0 < ipm < -j= everywhere, 

dlpn < —7= everywhere. 
— \Jm J dt 

We extend am := ipma\ by zero to all of M and compute 

ii i 19 M i 19 

| | crm | |L2 ( M ) > —lFA|lL2(f1>mi2m) = 1, 

(D - A)am | |L2(M/) - HVV'm • °"A|IL2(M) 

HWVn • 0"A||L2(£lim_2imu£1,2m,2m+2) 

2 ( & , m - 2 , m U f l , 2 m , 2 m + 2 ) 
^ IIV7 / l|2 M i |2 

4 
< —. 

m 
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Hence (D — X)om —> 0. For arbitrary square-integrable x on M we have 

\(X,Vm)L2(M)\ = \(X^m)L^(S1,m-2,2m+2)\ 

< Hx lU 2 (£ l , m -2 ,2m + 2) • | | ^ T O | | L ° O • \Wx\\L^(S1,m-2,2m + 2) 

->1 

1 
< \\x\\L^£hm.2,2m + 2) • ~ 7 ^ ^ m + A • 

Thus 

om —̂  0. 

This shows A G spece(D) and hence 

spece{D) = R 

• k 
Let us now put M' := Ui=i £j a n ^ turn to the case that the spin 

structure is nontrivial along all cusps, i.e., k e r ( D 9 M ) = 0. 

By Lemma 1 the square of the Dirac operator on M' is unitarily 
equivalent to 0A t e s p e c(DöM') Lß, where Lß = -jg + /ze* + /z2e2* is a 
Schrödinger operator on I/2([0, oo),C, dt) with potential Vß(t) = /ze* + 
/j,2e2t. We impose Dirichlet boundary conditions. 

Note that all /z G spec(DdM ) are nonzero. Since V^ —>• oo for t —> oo, 
the classical theory of Weyl and Titchmarsh [15, p. 1448, Thm. 16(a)] 
tells us that the spectrum of Lß is purely discrete: spece(Lß) = 0. 

To see spece(Q Lß) — 0 we show that only finitely many ß G 
spec(DdM ) contribute to the spectrum in a given compact interval 
[-C,C] c R 

Only finitely many /j, G spec(DdM') satisfy - 1 / 2 < /j < 0. For all 
/z G spec(DdM ) - ( - 1 / 2 , 0 ) we see that Vß(t) = /ze* + /z2e2t > /z2 - |/z|, 
hence spec(Lß) C [/z2 — |ju|, oo). Since the /z G spec(DdM ) form a 
discrete set with /z2 —>• oo there are only finitely many /z for which 
spec(Lß) n [—C, C] ^ 0. Thus spec((Q Lß) is discrete. 

By Proposition 1 

speCeCD2) = spece((D
M')2) = spece( 0 Lß) = 0. 

Thus spece(D) = 0 and the theorem is proven. q.e.d. 
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Corollary 1. Let M be a 2- or 3-dimensional hyperbolic manifold 
of finite volume equipped with a spin structure. Let M have exactly one 
cusp. 

Then the spectrum of the Dirac operator is discrete: 

spec(D) = speC(t(D). 

Proof. Decomposition (1) of M is in this case 

M = M0Ù£. 

Here MQ is a compact manifold with boundary S1 or T2 respectively. 
It is well-known that the trivial spin structure on Sl and T2 do not 
bound a spin structure on a compact manifold. Indeed, they generate 
spin cobordism fl1

pm and Q2
pm respectively, see e.g. [22, p. 91]. Hence 

the spin structure must be nontrivial along £. Theorem 1 yields the 
assertion. q.e.d. 

Corollary 2 . Every 2- or 3-dimensional oriented hyperbolic mani­
fold of finite volume has a spin structure such that the spectrum of the 
Dirac operator is discrete: 

spec(D) = speC(i(D). 

Proof. Again we look at decomposition (1). Chopping off the cusps 
yields the compact manifold MQ with boundary. The boundary is a 
disjoint union of 5'1s or 2-tori. Gluing in disks or solid tori we obtain 
an oriented closed manifold M'. In dimension 2 and 3 all orientable 
manifolds are spin. In three dimensions this follows from triviality of the 
tangent bundle. Pick a spin structure on M' and restrict it to MQ. Since 
the trivial spin structures on S1 and T 2 do not bound, the induced spin 
structure must be nontrivial on all boundary components. Extending 
the spin structure to M yields a spin structure which is nontrivial along 
all cusps. Hence Theorem 1 yields the statement. q.e.d. 

As we shall see in the last section a surface of finite volume with at 
least two cusps can always be given a spin structure such that spec(D) = 
M. Hence both cases in Theorem 1 occur. In three dimensions this 
depends on the manifold. It can happen that the spectrum is always 
discrete even if the manifold has more than one cusp. If the hyperbolic 
manifold is given as the complement of a link in S"3, then there is simple 
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criterion to decide if there is a spin structure such that spec(D) = M. 
This involves counting of overcrossings (Theorem 4). See the last section 
for examples. 

4. D o m a i n m o n o t o n i c i t y 

In order to study spectral degeneration in the next section we need 
a tool known as domain monotonicity in the spectral theory of the 
Laplace-Beltrami operator. We have to find a version for the Dirac 
operator. It will allow us to estimate the spectrum by decomposing 
the manifold into pieces and controlling the spectrum of the individual 
pieces. When doing this, new boundary components appear and we 
have to exhibit suitable boundary conditions. 

Domain monotonicity can be conveniently expressed in terms of 
eigenvalue counting functions. Let M be an n-dimensional compact 
Riemannian manifold with smooth boundary dM. Let L be a formally 
self-adjoint elliptic differential operator acting on sections of a Hermi-
tian or Riemannian vector bundle defined over M. Let the domain of L, 
specified by boundary conditions B, be such that L becomes essentially 
self-adjoint. Denote the corresponding self-adjoint extension by L. For 
any interval I c K w e introduce the eigenvalue counting function 

NlM{I):=$(spec{L)rM). 

By passing to n-dimensional submanifolds of M it is possible to esti­
mate Af^M(I) from above and from below. The two estimates are quite 
different in nature. Let us start with the simpler one, the estimate from 
below. Recall that an operator d is called overdetermined elliptic if its 
principal symbol Od(£) is injective for all nonzero covectors £ G T*M. 

Propos i t i on 2 . (Domain Monotonicity I). Let M be a compact 
Riemannian manifold with smooth boundary dM. Let d : C°°(M,E) —> 
C°°(M,F) be an overdetermined elliptic linear differential operator of 
first order, defined on Hermitian vector bundles E and F. Put L = 
d*d. Let N C M be a compact submanifold with smooth boundary 
ON, dim(iV) = d im(M) . We impose Dirichlet boundary conditions, 
V(L) = {<p G C°°(M) | (p\dM = 0}, similarly for N. 

Then for any x > 0 
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F I G U R E 5 

Proof. The operator L is the self-adjoint operator associated with 
the closed semi-bounded quadratic form 

q{ip) : = (dip,dip)L2 

with a form core given by Cß°(M, S M ) , cf. [26, VIII.6]. 
Extension by zero yields an embedding C§°(N, S7V) ^ Cfi°(M, S M ) 

and the quadratic form for N is simply the restriction of the quadratic 
form for M . The variational characterization of eigenvalues yields the 
proposition. q.e.d. 

E x a m p l e . If d : C°°{M,R) ->• C^iM^M) is exterior differentia­
tion, then the proposition yields the standard domain monotonicity for 
the Laplace operator L = A. 

E x a m p l e . If d = D : C ° ° ( M , S M ) - • C ° ° ( M , S M ) is the Dirac 
operator on a Riemannian spin manifold, then we obtain a monotonicity 
principle for the square of the Dirac operator L = D2. We will use this 
in the next section. 

For the reverse estimate we assume for simplicity that M is a closed 
manifold. By a decomposition of M we mean finitely many submanifolds 
M i , . . . , Mfc of M with smooth boundaries dMj and dim(My) = dim(M) 
such that 

Æ 
• The interiors Mj are pairwise disjoint, 
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• M = \Jk
j=1Mj. 

FIGURE 6 

If M is a compact Riemannian manifold with smooth boundary dM 
and exterior unit normal field v and L = d*d is as above, then we call 
the boundary condition 

(ad*(v)dip)\dM = 0 

the natural boundary conditions for L. 

Proposition 3. (Domain Monotonicity II). Let M be a closed Rie­
mannian manifold. Let d : C°°(M,E) —> C°°(M,F) be an overde-
termined elliptic linear differential operator of first order, defined on 
Hermitian vector bundles E and F. Put L = d*d. Let M = [L-=1 Mj be 
a decomposition of M as explained above. 

We impose natural boundary conditions for the Mj. Let L together 
with the natural boundary conditions form a regular elliptic boundary 
value problem. 

Then for any x > 0 

k 

i= i 

Proof. If TV is a compact Riemannian manifold and L = d*d, 
then L with domain V(L) = {<p G C7°°(iv", S7V) | (ad*(v)dip)\dN = 0} 
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is essentially self-adjoint [27, V.12]. Look at the closed semi-bounded 
quadratic form 

q{ip) : = (dip,dip)L2 

with form core C°°(N,T,N). The Green's formula 

{d*dip,tp)L2{N,i;N) - (d<P,dfl>)L*(N,XN) = / ( c ^ H ^ V ) 
dM 

shows that the self-adjoint A operator associated with q has domain 

V(A) = We V(q) | 3X G L2(N, EiV) : (V, X)L* = ( # , d<p)L* 

VV G ©(g)} 

D W G H2(N,VN) | (ad.(i/)dp)|a jv = 0} 

= ©(Ï) . 

Hence Ï C i and since both operators are self-adjoint L = A. Therefore 
the eigenvalues of L = d*d can be computed using the quadratic form q 
with C°°(N, T.N) as space of admissible test sections. 

Returning to our closed manifold M with the decomposition M = 
Mi U . . . U Mfc we look at the isometric embedding 

k k 

C°°(M,EM) C L2(M,EM) ->• 0 C o o ( M ? - , S M i ) C 0L 2 (M, - ,£M ; - ) , 

P ^ M M I . - - - . P I M J -

Under this embedding the quadratic form q corresponding to L = d*d 
on M is the restriction of the orthogonal sum q\ © . . . © q^ of the forms 
for Mj. Now the variational characterization of eigenvalues completes 
the proof. q.e.d. 

Example. If d : C°°(M,R) ->• C°°(M,T*M) is exterior differentia­
tion, then we obtain Neumann boundary conditions for the Laplace op­
erator L = A. More generally, let d = V : C°°(M,E) ->• C°°(M,T*M® 
E) be a Riemannian connection. Then the above monotonicity principle 
holds for the operator L = V*V with Neumann boundary conditions: 

0 = ay*(u)V(p = -Vuip. 

Example. If d = D : C°°(M, EM) ->• C°°(M, EM) is the Dirac op­
erator on a Riemannian spin manifold, then the monotonicity principle 
for the square of the Dirac operator L = D2 takes boundary conditions 

v- D(p\dM = 0 

http://Mmi.---.PImJ-
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or equivalent ly 
D(f\dM = 0. 

5. Degeneration in two dimensions 

Now we study the behavior of the spectrum under the degeneration 
process described in the first section. If the limit manifold has continu­
ous spectrum we expect that the eigenvalues of the compact manifolds 
accumulate in the degeneration. We will see that this is true and com­
pute the accumulation rate. We start with the 2-dimensional case. 

Theorem 2. Let M;b be a sequence of closed hyperbolic surfaces con­
verging to a noncompact hyperbolic surface M of finite volume. Let 
each Mi have exactly k tubes with trivial spin structure around closed 
geodesies of length £ij tending to zero. Hence M has exactly Ik cusps 
along which the spin structure is trivial. Let x > 0. 

Then the eigenvalue counting function for the Dirac operator satis­
fies for sufficiently small t-hf. 

4r JU 
MD,Ml(-x,x) = —Ytiog(l/eid) + Ox(l). 

i= i 

Here Ox(l) denotes an error term bounded as a function of i where 
the bound is allowed to depend on x. 

Proof. To keep the notation simple we restrict ourselves to the case 
that the M;b have exactly one degenerating tube with either trivial or 
nontrivial spin structure, hence k = 0 or k = 1. Recall from Section 
1 that the tube T;b is isometric to S1 x [—Ri, Ri] with warped product 
metric ds2 = I2 cosh(t)2d92 + dt2, 9 G S1 = R/Z, t G [-Ri, Ri], Ri = 
log(l/£i)+co. 

Choose a constant c\ = c\(x) such that for all nonzero eigenvalues 
/i of Ds we have 

(9) eCl"Co • H • (eCl"Co • H - 1) > x2. 

Put 
fi := S1 x [-Ri +a,Ri- ci] CTtcMt 

and 

Mi,o := Mifi U (S1 x [-Ri, -Ri + ci]) U (S1 x [Ri - Cl,R,]) C M{. 
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Then M, = M i ; 0 U T j . 

The Lichnerowicz formula (4) says in our case 

2 Dz = V V H = V V . 
4 2 

Proposition 3 yields 

HD,Mi{-X,x) = J\fD2jMi[0,X2) 

= A / V * V - I / 2 , M J 0 , O ; 2 ) 

= -A/V*v,M,[l/2,a;2 + l /2) 

< ^V.v,M,[0,a;2 + l /2) 

< N*T™£[0, x2 + 1/2) + A/^:™a£ o [0, œ2 + 1/2) 

= A / ^ a n n [ - l / 2 , z 2 ) + A ^ r ^ o
n [ - l / 2 , a;2). 

All Mj;o
 a r e diffeomorphic and the metrics converge in the C°°-topology 

to the metric of the limit surface. Thus the eigenvalues also converge 
and therefore Af^u'^nn[-l/2,x2) = O x ( l ) . 

Using Lemma 1 we obtain 

^ 2 ^ [ - l / 2 , x 2 ) = Y, *V~+c1Ä-Cl][-V2^2) 
ßdspec{Ds ) 

where Lß = -£? + Vß, Vß{t) = /z • ^ ^ ^ r - We can estimate the 

potential Vß on [-R+c\, R — c\] = [— log(l/£) — co + c i , log( l /£) + co — c\] 

for nonzero ß G spec(Ds ) as follows: 

| / i | - £ | s i n h ( t ) | 

> H 

cosh(i)5 

| / i | 1 

£2cosh(t)2 £cosh(i) 

> a; 

1 

eCl-C0\ß\(eCl-C0\n\ - 1 ) 
2 

£cosh(i) ^cosh(t) 

ci R-ci 
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by (9). Hence for nonzero /z G spec(Ds ) all eigenvalues of Lß with 
Neumann boundary conditions are bigger than x2, i.e., 

Denote the multiplicity of the eigenvalue 0 in spec(Ds ) by mult(0). 
We have shown 

MD,Mi(-^x) < Af^nn[-l/2,x2)+M^™[-l/2,x2) 

= Af^J™[-l/2,x2) + Ox(l) 

mult(0) • AT™?™ [-1/2,x2) + Ox(l) 
^ 7 > [ - - R , + C l , Ä , - C l ] 

m«/t(0)-^N e
dT7 n [0,a:2) + Ox(l) 

+2 u ^ M T C I Î - ' M c l J d t 2 

mu/i(0) • g ' 2 ( i ? î C l ) + Ox(l) 
7T 

mult{0)-=^ + Ox(l). 

In case the spin structure is nontrivial along Tj we have mult(0) = 0 
and 

ND,MÌ(-X,X) = Ox(l) . 

The theorem is proven in this case. If the spin structure is trivial, we 
have mult(0) = 2, hence 

Ax R 
NDM-XIX) < l + Ox{\) 

•K 
Ar 

= —(log tV^)+co) + Ox(l) 
7T 

= ^ l o g ( l / £ i ) + Ox(l) . 
ix 

In this case we also need a lower bound which is easily obtained by 
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applying Proposition 2 and Lemma 1: 

MD,MÌ(-X,X) = AfD2ìMi[0,x2) 

> A^r* l e t [0 ,a ; 2 ) 

= E i ^ZTtn^ 
ß£spec(Ds ) 

> mUlt(0)-ArE^%tRi][0,x2) 

= 2 . ^ ^ + 0(1) 
7T 

4r 
= —log(l/£i) + Ox(l). 

q.e.d. 

6. Manifo lds fol iated by hypersurfaces 

In three dimensions we have the problem that the degenerating tube 
is not a warped product so that the simple separation of variables of 
Lemma 1 does not apply. But the tube is foliated by flat 2-tori as 
described in Section 1. In order to take advantage of this we derive 
a formula relating the square of the Dirac operator on a manifold fo­
liated by hypersurfaces to normal derivatives and operators acting on 
the leaves. 

In this paper we will only need Corollary 4 at the end of this section. 
The reader may skip this section at a first reading and only come back 
to it when needed. We hope that the general formula in Proposition 4 
will also be useful in other contexts. 

Let M be a Riemannian spin manifold of dimension n. Let M be 
foliated by oriented (hence spin) hypersurfaces {N}. Denote the unit 
normal field to the foliation by u, its shape operator by B, B(X) = 
- V i v , and its mean curvature function by H := ^jTrB. 

Let E M be the spinor bundle on M . Recall that EM|jy is the spinor 
bundle of N if n is odd. If n is even, then E M | jy coincides with the sum 
of two copies of the spinor bundle of N. Clifford multiplication with 
respect to N is given by 

X (g> ip —> X • v • ip 

where the dot "•" denotes Clifford multiplication with respect to M. 
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Recall equation (7) 

u.DM = DN_a_j_H + VM_ 

One can also relate V M to the spinorial Levi-Civita connection V s 

for N by 

(10) V%<p = V%<p + ^B{X)-vip 

see e.g. [4, Prop. 2.1]. 
We need one more piece of notation. Define 

n—1 n—1 

£* := 5 > • , • V£(ej) = 5>(e,) • , • V£ 
i=i i=i 

If B happens to be a multiple of the identity, B = c-Id, then 

n—l 

5>fl = c 5 > . i / . < = cD". 
i=l 

Proposition 4. Let M be an n-dimensional Riemannian spin mani­
fold with Ricci curvature Rie. Let M be foliated by oriented hypersur-
faces {N} as described above. Then 

(DMf = {DNf - ( V f f + (n - l)HVff + V £ v - D B 

_ ! ^ i ( v w f f ) • y - ( n ~ 1 ) 2 f f 2 + -\B\l - -v • Ric(u). 
2 v ' 4 21 ' 2 v y 

Here \B\ denotes the Hilbert-Schmidt norm of B, i.e., \B\2 = ^ \2-
where Ai , . . . , A„_i are the eigenvalues of B. 

Proof. Let e i , . . . , en-\ be a local orthonormal tangent frame to 
one leaf of the foliation. We locally solve the following linear ordinary 
differential equation in the normal direction: 

(11) Vuej = - {VyV, ej) v. 

Here V denotes the Levi-Civita connection on TM. We claim that this 
extends the frame to an orthonormal frame e i , . . . , e„_i, u on an open 
subset of M. 
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Namely, we compute 

dv {v, ej) = {Vvv, ej) + (u, Vvej) 

= {Vuv, ej) + (u, - {Vvu, ej) v) 

= {Vuv, ej) - {Vuv, ej) 

= 0 

and 

du (ej, ej) = (V„ei, ej) + (ei5 Vuej) 

= (- {Vuu, ei) v, ej) + (e,, - (Vuu, ej) v) 

= 0. 

Let i?E be the curvature tensor on SM. Recall [4, Prop. 2.3] that 
Clifford multiplication by v anticommutes with DN 

(12) DN{v<p) = -vDN(p. 

Now let us start the computation of (DM)2. Squaring (7) we obtain, 
using (12) and DN(f<p) = (VNf) • v • y + fDNip, 

{DMf = L-DN -'^-IHV + VV™ 

v . DN _ HLZ±Hu + v.^f 

+?-±HDN - ( n - 1 ) 2 f f 2 + !^±HV? 
2 4 2 

+v • iyvv) • DN - V^DN 

(13) + ^ • dvH - ^ H u • (Vuu) + ^HVff 

+u • (V„i/) • V f - ( V f ) 2 

+(n - l)HVf + v • (Vvv) -V¥ + v (Vvv) • DN 
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A simple computation yields the well-known formula 

n—l -. 

(14) ^ e j - i ? E ( e ^ ) = -fficH. 
i = i 

We get 

[DN,Vff] = DNVf-VfDN 

n—l 

n - 1 

n—l n—l 

n - 1 

(= -v^ + Bv^-vj 
n—l 

+2j>;,V„i/>v£ 
n—l 1 

+ EeWVef-^(e>,Vf] 
n—l 

= ( V ^ ^ + V ^ + ^e .KVg, , 
i = i 

+i?E(e^)) 

i = i 

= ( V ^ I ^ + V ^ 
n—l n—l 

+ J2 e j ^ V f ß ( e j ) _ V M e j - v J2 ejR^iej, v 
3=1 3=1 

(15) +^HV? 
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+Vfo-^e3,%)l 

-. n—l 

- ö E e i ( v " , / ) ß ( c J > 

(V„l/)l/2?" + V ^ 
n—1 1 

- S ß + ^e^ - - J B(- J B(e , ) ) Z , 

(10)(11)(14) N N 

n—l 

fi J- W J-

+ ^ - i f V r - VT o - ^ - J f 
n—l 

2' 
+ - ^ (V^, ej) uuB(ej)u 

3=1 

-. n—l n—l 

+ 2 2(V" l /)eJß(e> + ZI <V^' ei) ß ( e > 

(yuv)vD» + V$vV-QB + \\B\* 

+ (V„v)vVf? - ^uRic(u) 

-^HVff - \B(VVU)U 

Tb 1 

—H{Vvv)v + B{V 

(V„v)vDN + ^-VB+l-\Bf 

+ (V„v)vVf? - ^uRic(u) 
T) — 1 1 T) — 1 

—dvH + -B{Vvv)v - —^-H(Vvu)u 
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Plugging (16) into (14) yields 

(DM)2 = (DN)2 - ( V f )2 - '—{VNH)v 

+(n - 1)HV™ + v(Vvv)V™ + u{Vvv)DN 

+(yvv)vDN + V*vV-VB+l-\B\2 

+(Vuu)uVff - Kmc{v) 

Ti — 1 1 Ti — 1 

—dvH + -B(Vvv)v - -^-H(Vvv)v 

= {DNf - (Vf?)2 - '^-(VNH)u + (n - l)HVff 

- { ^ ^ H 2 + V^vU-^B + \\B\2 

--vRic(v) + -B{V'vv)v 

+\\B\2-l-vRic(v) 

q.e.d. 

Now let us specialize to the situation M = N x I where TV is a closed 
(n — l)-dimensional spin manifold, I C R is an interval, and M carries 
a metric of the form 

ds = gr + dr 

where gr is a 1-parameter family of metrics on N. The foliation is given 
by the leaves N x {r}. Then Vvu = 0 and the formula in Proposition 4 
simplifies to 

(DMf = {DNf - ( V f )2 + (n - l)HVff - VB 

-^(VNH) - u - ^ l H
2
 + \ \ B \ 2 - \ V Ric(u). 

We fix ro G / . Let Pr denote parallel transport from TV x {ro} to N x {r} 
along v. It is easy to see that 

U : L2(M, SM) - • L2(I, L2(N,gro,ZM\Nx{ro}),dt), 
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is a Hilbert space isometry. 

Corollary 3 . The square of the Dirac operator on M, (DM)2, trans­
forms under U into the following Schrödinger operator acting on func­
tions with values in L2(I,L2(N,groìT,M\Nxtro\)ìdt): 

U{DMfU-' = - ^ + V 

where 

n-ldH \B\2 

V = h J— -
2 dr 2 

+ Pi1 (iDNf -VB- ^(VNH)v - \vBiciy)} Pr. 

Proof. The first variation formula for the volume element of hyper-
surfaces tells us 

A log dVOl9r =
 1 îdVOl9r 

dr dvolgr 2 dvol9r 

(16) = -l-Tr(B) 

We compute 

w?u-'W = uvf Ä P , . 

( n — \ dvolgr dvolgr 

2 dvolgr
 r dvolgr 

n - 1 TT 
= —-—riv + v 

file:///vBiciy)}
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and 

U(V^)'zU-l(v) = UV™U-V-—-Hv + v M 2 T - 1 MT-I
 n 1 

n - 1 T n - 1 T 

-H ——Hv + v 2 2 

,-,r>\ n — I dH n — 1 Tr. 
(18) + — ^ V + — H V + V 

= v + (n — l)Hv 

/ ( n - 1 ) 2
 2 n-ldH\ 

Equations (18) and (19) yield 

U f-(V )̂2 + (n - 1)HV? - {^^HA U-\V) 

= -v-(n-1)Hv-^-rLH* + — — 

(19) +(J1—±LH2V + (n - l)Hv - {^-^H2 

n-ldH 

The corollary now follows from Proposition 4. q.e.d. 

E x a m p l e . Let us now look at the example of main interest in this 
paper, the tube around a closed geodesic in a hyperbolic 3-manifold. 
Recall from Section 1 tha t M = T[ l , i? ] is isometric to T2 x [1,-R] with 
Riemannian metric ds2 = gr + dr2 where gr is the flat metric on T2 

given by the lattice r r C 9i2 spanned by the vectors (27rsinh(r), 0) and 
(oiij sinh(r),tijCosh(r)). 

The shape operator B has the eigenvalues tanh(r) and coth(r). 
Hence \B\2 = tanh(r)2 + coth(r)2, the mean curvature H = | ( tanh(r) + 
coth(r)) is constant along the leaves and VJVH = 0. Since the sectional 
curvature of T[ri,r2] is —1 we have Rie = —2 • Id. Therefore Corollary 
3 gives 

U(DM)2U-1 = — ^ - + tanh(r)2 + co th( r ) 2 -2 + p - 1 {(DNf - VB) Pr. drz 

It will be important to estimate the potential 

V = tanh(r)2 + coth(r)2 - 2 + P~l ((DN)2 - T)B) Pr 
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of this Schrödinger operator from below. Note that T)B is formally self-
adjoint because B is parallel along the leaves. If </? is a spinor field along 
a leaf, then 

Is'Vl 

N < 2 - | P | - | V J > 

hence 

|Î>V2 
L2(N,T,M\N) < 4 - | P | 2 - IIV^ ^H2^ L2(N,T,M\N) 

4 - | J B | 2 - ( ( A r ) * V V ^ L 2 ( A r , E M | J V ) 

4- 151 (^ N2 seal N 
<p,(f 

L2(N,Y,M\N) 

= 4( tanh(r ) 2 + coth(r)2) • \\DN<p\\l,(N^MW) 

< 4(l + c o t h ( l ) 2 ) - | | i ? A r ^ | | | 2 ( J V ) E M | i v ) 

i V 2 < 16 • \\Dn<p\\z
L2 L2(7V,EM|jv)-

Thus if \\Dn(p \L2(N,SM\N) >ß2 
m\v L2(N,Y,M\N) , /j, > 4, we get 

({DNf-VB)^ L2(N,SM\N) > \\DNv\\l2 L2(N,Y,M\N) 

4 • \\D VIIL2(ÌV,SM|JV) 

2 
L2(Af,EM|Ar)-> ^ - 4 ) | | p 2 

Hence on each Hilbert subspace of L2(iV, gro, EM|jvx{r0}) which is left 
invariant by P- 1 (L> J V ) 2P r and by P~l1)BPr on which p- 1 (L> J V ) 2 P r > 
li2, n > 4, we know that P " 1 ( ( P J V ) 2 - £ ) s ) P r > \i{\i - 4) and hence 

(20) V > t anh( r ) 2 + coth(r) 2 - 2 + fi(p - 4) > fi(p - 4) - 1 

In order to proceed we need to control the eigenvalues of (DN)2. 

L e m m a 2 . The smallest nonzero eigenvalue of (DN)2 on N x {r} 
is monotonically decreasing in r G [1,-R]. 

Proof. The Dirac eigenvalues of a flat torus T 2 = R 2 / r can be 
computed in terms of the dual lattice T*. A spin structure corresponds 
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to a pair ö = (öi, 62), öj = 0 ,1 , and the square of the Dirac operator for 
the corresponding spin structure has the eigenvalues 

4TT2 
1 2 

v - 2^lVl +^V2Ì 

where i>i,i>2 are a basis of T* and v runs through T*, cf. [18]. In our 
case r has the basis 

_ / 27Tsinh(r) \ _ / a s inh ( r ) 
Wl~ 0 /W2~ £cosh{r) 

compare Section 1. Hence a basis for T* is given by 

VI =( ™ F ),V2=( ? 
27T^cosh(r) ^cosh(r) 

Thus the eigenvalues 

(Äi - ô1/2)2 (2n(k2 - 62/2) - a(h - ^ i /2)) 2 

sinh(r)2 I2 cosh(r)2 

ki,k2 G 1>i are monotonically decreasing functions. q.e.d. 

The lemma together with (20) immediately implies 

Corollary 4 . If M = T[1,R] carries a nontrivial spin structure 
and if the smallest eigenvalue ß2 of (DN)2 on N x {R} satisfies /z > 4, 
then (DM)2 is unitarily equivalent to a Schrödinger operator 

- - + V 
dr2 

acting on Hilbert space-valued functions on [1,-R] with 

V > / i ( / i - 4 ) - 1. 

7. D e g e n e r a t i o n in three d imens ions 

With the preparations in the previous section we are able to modify 
the proof of Theorem 2 such that it also works in three dimensions. In 
contrast to the 2-dimensional case there is no accumulation of eigenval­
ues. 
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Theorem 3. Let Mi be a sequence of closed hyperbolic 3-manifolds 
converging to a noncompact hyperbolic 3-manifold M of finite volume. 
Let each Mi have exactly k tubes around closed geodesies of length £ij 
tending to zero. Hence M has exactly k cusps. Let x > 0. 

Then the spin structure is nontrivial along all tubes and the eigen­
value counting function for the Dirac operator remains bounded: 

ND,MÌ(-X,X) = Ox(l). 

Proof. Again we restrict ourselves to the case that there is exactly 
one degenerating tube, i.e., k = 1. Recall the decomposition of the 
manifolds 

Mi = Mit0UTi[0,Ri], 

Ri = \ log(1/4) + Co- Since ôM^o = <9Tj[0, Ri] bounds the solid 2-torus 
Tj[0, Ri] the induced spin structure on dTi[0,Ri] must be nontrivial. 

Look at decomposition (1) of the limit manifold 

M = M0Ù£ 

where the cusp £ = N x [0, oo) carries the warped product metric e~2t • 
gN + dt2. Since we assumed compatibility of the spin structures of the 
Mi and of M, the spin structure of M must also be nontrivial along £. 

Let ßo be the smallest positive eigenvalue of the Dirac operator on 
(N^N). Choose a constant c\ = c\(x) such that 

(21) e c>o(eC l / io-4) - 1 > x2 

and 
eCl/i0 > 4. 

The number eCl • /io is the smallest positive eigenvalue of the Dirac 
operator on (Nie~2cig^). Put 

Mifl:=MiflUTi[Ri-c1,R,i]. 

This yields the following decomposition of the manifolds Mç. 

Mt = Mh0 U Ti[l, Ri - ci] U Ti[0,1]. 

Using Proposition 3 and the Lichnerowicz formula (4) we get as in the 
proof of Theorem 2 

MD,Mi{-x,x) < ^ r ^ ; [ - 3 / 2 , a : 2 ) 

(22) + ^ w V C l ] [ - 3 / 2 , z 2 ) 

+ ^ e ^ [ S ; i ] [ - 3 / 2 ^ 2 ) . 



H Y P E R B O L I C MANIFOLDS OF FINITE VOLUME 479 

The same argument as in the proof of Theorem 2 gives 

(23) M^-[-3/2,x2) = Ox(l)-

The universal covering of the 1-tube Tj[0,1] around the closed geodesic 
7, is the 1-tube T around a geodesic 7 in hyperbolic 3-space. The 
group of deck transformations is isomorphic to Z and is generated by 
a shift of length £ = t-b along 7 while rotating by an angle a = a;b. 
Denote this isometry of T by A^a. Note that a takes values in the 
compact interval [—n, n]. As long as £ also takes values in a compact 
interval, say £ G [1/2,1], all eigenvalues vary in a bounded range and 
^ I ^ i Q [ - 3 / 2 , x 2 ) = O a :(l) . 

Now if 0 < t < \ choose m G N such that mt G [1/2,1]. Then 
T/A^a is covered by T/Am£j(xi. Hence every eigenvalue of T/A^a is 
also an eigenvalue of T/Am£>ai. Therefore 

^ 7 7 ^ [-3/2, x2) < M^JTmtJ-V2iX
2) = Ox(l). 

This shows 

for all a G [—n, ir] and £ G (0,1]. Hence 

K?Ï7ÂA-V2>x2) = 0*(1) 

(24) ^ ! ^ [ S : i ] [ - 3 / 2 , x 2 ) = O x ( l ) . 

It remains to estimate 7V z ^ e ™r^._ c i i [ -3 /2 ,2 ; 2 ) . By Corollary 4 the 

operator D2 on Tj[l,i2j — c\] is unitarily equivalent to a Schrödinger 

operator — J 3 + Vi- For sufficiently large % the potential Vi is bounded 

from below by eCl//o(eClA*o — 4) — 1. This follows from (21) because the 

eigenvalues of 9Mj;o converge to those of 9Mj. We conclude 

(25) ^ w : Ä j - C l ] [ - 3 / 2 , x 2 ) = 0 

for sufficiently large i. Plugging (23), (24), and (25) into (23) we obtain 

ND,MX~XIX) = ° x ( l ) -

q.e.d. 

8. Spin s tructures on hyperbol ic manifolds 

The previous discussion has shown that the spectrum of the Dirac 
operator depends in a crucial way on the spin structure. This is true for 
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the degeneration as well as for the L2-spectrum of a hyperbolic manifold 
of finite volume. The fact that there is no spectral accumulation in 
three dimensions has a topological reason. Tubes necessarily carry a 
nontrivial spin structure because the trivial one on the 2-torus does not 
bound. In this last section we will discuss the question which kind of 
spin structures are actually carried by 2- or 3-dimensional hyperbolic 
manifolds of finite volume. 

All (co-)homology groups in this section are to be taken with coef­
ficients Z / 2 Z . Recall that H1(M) acts simply transitively on the set of 
spin structures of a spin manifold M. 

T h e 2-dimensional case. Let M be an oriented surface with k 
ends. Topologically M is a closed surface M with k points p\,... ,p^ 
removed. Let Dj denote small disks around pj. The Mayer-Vietoris 

• k 
sequence for the pair (M, [L-= 1 Dj) yields an exact sequence 

k 

0 — • Hl(M) — • H\M) -^($H\D3 - {Pj}) 
l2b) j=i 

—> H2(M) —>0. 

Pick a spin structure on M to identify spin structures with elements of 
H1(M). Take the restriction of this spin structure to M and identify 
the spin structures on M with elements of H1(M). The unique spin 
structure on Dj induces the nontrivial spin structure on Dj — {pj } ~ Sl. 
Hence (26) tells us that the restriction mapping from spin structures on 
M to M is injective and a spin structure on M extends to M if and 
only if it is nontrivial along all ends. 

If we identify Hl(Dj - {Pj}) = Z / 2 Z and H2(M) = Z /2Z , then 

the map 0 J ? = 1 H
l{Dj - {p3}) -+ H2(M) corresponds to (Z/2Z) f e ( 1 -^ 1 } 

Z / 2 Z . Hence any spin structure on M must be trivial along an even 
number of ends. 

To summarize, a spin structure on M corresponds uniquely to a spin 
structure on M together with a choice of an even number of ends along 
which the spin structure is trivial. 

spin structures 1 ^l:^ J spin structures 1 J choices of an even 
on M f 1 on M \ \ number of ends of M 

In particular, on hyperbolic surfaces of finite area with more than 
one cusp both cases in Theorem 1 do occur. 
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To discuss Theorem 2 let now M be a closed oriented surface. Let 
T a S1 x I be a tube around a closed geodesic 7. The tube T may 
carry the trivial or the nontrivial spin structure. Is it possible to "flip" 
the spin structure, i.e., are both spin structures on T induced by some 
spin structure on Ml 

One can flip the spin structure if and only if there exists a cohomol-
ogy class in Hl(M) acting nontrivially on [7] G H\(M), i.e., if and only 
if the homology class [7] is nonzero in H\(M). This is the case if and 
only if removing 7 does not decompose the surface into two connected 
components. 

If M — 7 is disconnected which spin structure does T carry? Both 
connected components can be given a spin structure which is nontrivial 
along all ends, cf. the discussion above. These spin structures can be 
glued together to give a spin structure on the original surface M. Hence 
T must carry the nontrivial spin structure in this case. We note: 

The tube can carry both spin structures if and only if cutting along 
7 does not decompose the surface into two connected components. In 
this case spectral accumulation in Theorem 2 may or may not occur 
depending on the choice of spin structure. If M — 7 disconnects, then 
the tube carries the nontrivial spin structure and does not contribute to 
the spectral accumulation. 

T h e 3-dimensional case. The proof of Theorem 3 has shown 
that all tubes in a closed hyperbolic 3-manifold carry the nontrivial 
spin structure. This is responsible for the fact that there is no spectral 
accumulation in three dimensions. Spin structures on hyperbolic 3-
manifolds of finite volume which are trivial along some cusps do not 
occur as limits of spin structures on closed hyperbolic 3-manifolds. Do 
they exist at all? 

Let us first show that just like in two dimensions any spin struc­
ture on a hyperbolic 3-manifold of finite volume is trivial along an even 
number of cusps. 

• k 

Let M = MQÙ ( J J = I £j be a hyperbolic spin 3-manifold with k cusps. 
Let the spin structure be trivial along k\ cusps and nontrivial along k^ 
cusps, k = k\ + &2. Chop off the ends to obtain the compact manifold 
MQ with boundary. Two of the three nontrivial spin structures on the 
2-torus bound spin structures on the solid torus S, T2 = dS. The third 
one can be transformed by some automorphism of T 2 into one which 
bounds a spin structure on the solid torus. Hence using appropriate 
gluing maps we can glue in solid tori to the boundary components of MQ 
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on which the spin structure is nontrivial and extend the spin structure. 
We obtain a compact spin manifold Mg whose boundary consists of 
k\ tori. The induced spin structure is trivial on all these boundary 
components. 

Assume k\ were odd, k\ = 2ra + 1. Choose m pairs of boundary tori 
and identify them. Since the spin structures on the tori are all trivial 
they can be glued together. We obtain a compact spin manifold MQ 
whose boundary consists of the one remaining 2-torus. The induced 
spin structure on this torus is trivial. This contradicts the fact that the 
trivial spin structure on T 2 does not bound. q.e.d. 

Here is a criterion for when a boundary torus can inherit the trivial 
spin structure. 

L e m m a 3 . Let M be an oriented 3-manifold with boundary. Let T 
be a connected component of the boundary diffeomorphic to a 2-torus. 
Then the following two assertions are equivalent: 

• M carries a spin structure inducing the trivial spin structure on 
T. 

• The inclusion map T <—>• M induces an inject ive map on the first 
homology 

# i ( T ) ^ # i ( M ) . 

Proof. A solid torus S induces exactly two of the three nontrivial 
spin structures on its boundary dS = T2. Denote the three nontriv-
ial spin structures on T 2 by <Si,<S2,<S3. Choose a spin structure on 
M ILj^ T2\ S. Since the induced spin structure on T2 bounds a spin 
structure on S it is nontrivial, say «Si. 

The automorphisms of T 2 act transitively on {«Si, S2, £3 } • Choose an 
automorphism $ of T2 such that §*S\ is the nontrivial spin structure 
on T2 which is not induced by one on S. Pick a spin structure on 
M U($ T2\ V. The induced spin structure on T2 is again nontrivial but 

We have found two spin structures on M inducing two different 
nontrivial spin structures on T. 

Case 1. Hi{T) ->• HX(M) is injective, i.e., Hl(M) -> Hl{T) is 
surjective. 

In this case Hl(M) acts transitively on the spin structures of T and 
in particular the trivial spin structure occurs. 
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Case 2. Hi(T) ->• Hi(M) is not injective, i.e., Hl{M) ->• Hl{T) is 
not surjective. 

In this case dim ImHl(M) < 1 and hence f,ImH1(M) < 2 where 
ImH1(M) denotes the image of HX(M) in HX(T). Therefore at most 
two spin structures are induced on T. But as we have seen above there 
are two nontrivial spin structures which do occur. Hence 

dim ImH1(M) = 1 and T inherits exactly two spin structures both 
nontrivial. q.e.d. 

A main source of hyperbolic manifolds of finite volume is given by 
complements of links in S"3. For such manifolds Lemma 3 can be trans­
lated into a very simple criterion. 

T h e o r e m 4. Let K C S3 be a link, let M = S3 - K carry a hyper­
bolic metric of finite volume. 

If the linking number of all pairs of components (Ki,Kj) of K is 
even, 

Lk(Ki,Kj) = 0 mod 2, 

i ^ j , then the spectrum of the Dirac operator on M is discrete for all 

spin structures, 

spec(D) = specd(D). 

If there exist two components Kj and Kj of K, i ^ j , with odd 
linking number, then M has a spin structure such that the spectrum of 
the Dirac operator satisfies 

spec(D) = JR. 

Proof. Each component Kj of K corresponds to one cusp of M. 
Let K\,..., K^ be the components of K and let Si,...,Sk denote thin 
solid tori around the link components. The solid tori have to be pairwise 
disjoint. Denote the boundary tori by Tj = dSj. 

• k 
The Mayer-Vietoris sequence for the pair (M, (L-=i &j) yields an 

exact sequence 

k k 

(27) 0 —• 0 tfi(T,) —• Ht(M) ©0^1(5^-) —• 0. 

Choose a basis otj,ßj of H\(Tj) such that oy generates the kernel of 
H\(Tj) —> Hi(Sj) and ßj is represented by a curve unlinked to the soul 
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oîSj. From (27) we see that the map 0 * = 1 Hx(Tj) ->• HX(M) restricted 
to the span of « i , . . . , a^ is injective. 

Now let Cj denote the linking numbers of K\ and Kj, j > 2. Then 

ßi is homologous to j=2cja3 e ^i(M), see Figure 7. 

F I G U R E 7 

Thus ß\ maps under Hi(T\) —> H\(M) to 0 if and only if all Cj are 
even. Otherwise it maps to an element linearly independent from the 
image of a\. Hence Hi(T\) —> H\(M) is injective if and only if there 
is a link component Kj such that Lk(Ki,Kj) is odd. Lemma 3 and 
Theorem 1 finish the proof. q.e.d. 

The proof shows that pairs of link components with odd linking 
number correspond to those pairs of ends along which the spin structure 
can be made trivial. Note that the condition on the linking numbers is 
extremely easy to verify in given examples. Since we compute modulo 2 
orientations of link components are irrelevant. If the link is given by a 
planar projection, then modulo 2, Lk(Ki, Kj) is the same as the number 
of over-crossings of K;b over Kj. 

E x a m p l e s . The complements of the following links possess a hy­
perbolic structure of finite volume. All linking numbers are even. Hence 
the Dirac spectrum on those hyperbolic manifolds is discrete for all spin 
structures. 
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Spectrum of the Dirac operator is discrete. 

FIGURE 8 

Note that the links h\ (Whitehead link) and 6| (Borromeo rings) 
are among the first ones for whose complements Thurston constructed 
hyperbolic structures 

Examples. The complements of the following links possess a hyper­
bolic structure of finite volume. There are odd linking numbers. Hence 
those hyperbolic manifolds have a spin structure for which the Dirac 
spectrum is the whole real line. 
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ei n 

@ © 
For some spin structures spec(D) = R. 

FIGURE 9 
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