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THE DIRAC OPERATOR ON HYPERBOLIC
MANIFOLDS OF FINITE VOLUME

CHRISTIAN BAR

Abstract

We study the spectrum of the Dirac operator on hyperbolic manifolds of
finite volume. Depending on the spin structure it is either discrete or the
whole real line. TFor link complements in S3 we give a simple criterion
in terms of linking numbers for when essential spectrum can occur. We
compute the accumulation rate of the eigenvalues of a sequence of closed
hyperbolic 2- or 3-manifolds degenerating into a noncompact hyperbolic
manifold of finite volume. It turns out that in three dimensions there is no
clustering at all.

0. Introduction

The aim of this paper is to study the spectrum of the Dirac operator
on hyperbolic manifolds with finite volume. Since the corresponding
problems for the Laplace-Beltrami operator acting on differential forms
have already been examined, let us first briefly describe those results.
The first natural thing to do is to look at the spectrum of the model
space, n-dimensional hyperbolic space H". Donnelly [13] computed the
spectrum of the Laplace operator A, acting on g-forms on H". For the
point spectrum he obtained

_ {0}7 q= n/2
specp(Bq) = { 0, otherwise
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and for the continuous spectrum

— [(n—?q—1)2/4,oo), qgn/2
spece(Bg) = { [(n— 20+ 1)2/4,50), ¢ > n/?
The eigenvalue 0 in the case n = 2¢ occurs with infinite multiplicity.
When we pass to quotients of the hyperbolic space we cannot hope to
be able to explicitly compute the spectrum anymore. But the essential
spectrum which is much more robust than the eigenvalues may still be
controlled. Indeed, Mazzeo and Phillips [24] showed that except for
the eigenvalue 0 the essential spectrum on a noncompact hyperbolic
manifold of finite volume is the same as that of H"

[ [(n—2q—1)?/4,00), q<n/2
spece(Bq) = { [(n — 2+ 1)*/4,00), q>n/2
In dimension 2 and 3 one can approximate hyperbolic manifolds of finite
volume by compact ones. In dimension 2 this is clear from Teichmiiller
theory and it can be done continuously. In three dimensions it fol-
lows from Thurston’s cusp closing theorem that for any noncompact
hyperbolic manifold M of finite volume one can find a sequence of com-
pact hyperbolic manifolds, pairwise nonhomotopic, which converge in
a suitable sense to M. What happens to the spectrum under such a
degeneration?

Since the spectrum of closed manifolds is discrete, we expect the
eigenvalues in the range of the essential spectrum of the limit manifold
accumulate. This is true and the rate of clustering has been determined
by Ji and Zworski [21] for surfaces, by Chavel and Dodziuk [9] for n = 3
and ¢ = 0, and by Dodziuk and McGowan [12] for n = 3 and ¢ = 1. By
Hodge duality this covers all cases.

It turns out that each cusp of the limit manifold M contributes
to the accumulation rate. This is not surprising because each cusp
contributes to the essential spectrum. ILet M; be the approximating
sequence of closed hyperbolic manifolds, M; — M. The cusps of M are
approximated by degenerating tubes around short closed geodesics in
M; of length ¢; ; =% 0, 7 =1,...,k, where k is the number of cusps
of M. For an operator L on a manifold N and an interval I C R we
introduce the eigenvalue counting function

Ny n(I) == t(spec(L) N 1I).
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Here eigenvalues have to be counted with multiplicity. Then the accu-
mulation rate turns out to be

k
N (D) = el q)= 3" log(1/8:5) + Ou(1)

j=1
where
2, n=2, £k=0,2
_ 4, n=2, k=1
cn,q) = 1/2, n=3, k=0,3
1, n=3, k=12
and
[1/4,1/4 + 2?], n=2
I= [M1,14+2%], n=3 k=03
[0, 22], n=3 k=12

and O4(1) denotes an error term bounded as a function of . Moreover,
Colbois and Courtois [10, 11] showed that the eigenvalues below the
bottom of the essential spectrum of M are limits of eigenvalues of the
M;.

We want to study the analogous questions for the Dirac operator
D acting on spinors, sometimes also called Atiyah-Singer operator, on
hyperbolic manifolds. The spectrum of the model space H™ has been
computed by Bunke [6]. Note that there is an incorrect statement about
the eigenvalue 0 in that paper. See also [7, 8] and the remark after the
proof of Lemma 1 in this paper. The result is

specy(D) = 0, spec.(D) = R.

Since D is of first order the spectrum is not semibounded. When we pass
to nonsimply connected hyperbolic manifolds a new piece of structure
enters the picture for which there is no analog for the Laplace operator.
We have to specify a spin structure on the manifold. First of all, this
means that we have to restrict our attention to hyperbolic spin mani-
folds. In particular, the manifolds must be orientable. If the manifold is
spin the spin structure is not unique. There are as many spin structures
on M as there are elements in the cohomology group H'(M;7Z/27). Tt
turns out that the choice of spin structure has dramatic impact on the
Dirac spectrum. We will define in Section 3 what it means that a spin
structure is frivial along o cusp of a hyperbolic manifold. This is an
essentially topological property. Our first result is
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Theorem 1. Let M be a hyperbolic manifold of finite volume
equipped with a spin structure.

If the spin structure is trivial along ot least one cusp, then the Dirac
spectrum satisfies

spec(D) = spec.(D) = R.

If the spin structure 1s nontrivial along all cusps, then the spectrum
18 discrete,

spec(D) = specq(D).

We see already that there is no analog for the eigenvalues below the
bottom of the essential spectrum as studied by Colbois and Courtois.

We will see that if M is 2- or 3-dimensional and has only one cusp,
then only the second case occurs, and the spectrum is always discrete
(Corollary 1). If M is a surface with at least two cusps, then both cases
occur. The spin structure can be made trivial on any choice of an even
number of cusps.

In three dimensions this is not true in general. It can happen that
the spectrum is always discrete even if the manifold has more than one
cusp. If the hyperbolic manifold is given as the complement of a link in
53, then there is a simple criterion to decide if there is a spin structure
such that spec(D) = R.

Theorem 4. Let K C S? be a link, and let M = S3 — K carry a
hyperbolic metric of finite volume.
If the linking number of all pairs of components (K;, K;) of K is
even,
LEk(K;, Kj) =0 mod 2,

1 % j, then the spectrum of the Dirac operator on M is discrete for all
spin structures,

spec(D) = specq(D).

If there exist two components K; and K; of K, i # j, with odd
linking number, then M has a spin structure such that the spectrum of
the Dirac operator satisfies

spec(D) = R.
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Determining linking numbers modulo 2 is equivalent to counting
overcrossings modulo 2, hence extremely simple. See the last section for
examples.

Next we study the behavior under the degeneration process in di-
mension 2 and 3. Of course, we have to assume that the spin structure
on M is, in a suitable sense, the limit of the spin structures on the M.
In two dimensions the result is

Theorem 2. Let M; be a sequence of closed hyperbolic surfaces
converging to a noncompact hyperbolic surface M of finite volume. Let
each M; hove exactly k tubes with trivial spin structure around closed
geodesics of length ¢; ; tending to zero. Hence M has exactly 2k cusps
along which the spin structure is trivial. Let x > 0.

Then the eigenvalue counting function for the Dirac operator satis-
fies for sufficiently small ¢; ;:

k
4
Noar(=a,a) = =" log(1/4:) + 0s(1).
j=1

Very recently, Farinelli [17] gave an upper bound on the spectral
accumulation of the lower part of the Dirac spectrum of hyperbolic 3-
manifolds. However, we will show that in three dimensions there is no
clustering at all!

Theorem 3. Let M; be a sequence of closed hyperbolic 3-manifolds
converging to a noncompact hyperbolic 3-manifold M of finite volume.
Let each M; have exactly k tubes around closed geodesics of length ¢; ;
tending to zero. Hence M has exactly k cusps. Let z > 0.

Then the spin structure is nontrivial along all tubes and the eigen-
value counting function for the Dirac operator remains bounded:

Np g (—z,z) = 0,(1).

The reason for this fact, at first glance quite surprising, is of topolog-
ical nature. The spin structure on the tubes must be nontrivial because
the trivial spin structure on the 2-torus is nontrivial in spin cobordism
Qgp " In other words, the spin structures on hyperbolic 3-manifolds
of finite volume for which spec(D) = R do not occur as limits of spin
structures on closed hyperbolic 3-manifolds.
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We see that the freedom to choose different spin structures leads to
new phenomena in the spectral theory of the Dirac operator on hyper-
bolic manifolds for which there is no analog for the Laplace operator.
This also distinguishes the classical Dirac operator acting on spinors
from those twisted Dirac operators on locally symmetric spaces which
have typically been studied in the context of representation theory [1, 2]
and index theory [25].

The paper is organized as follows. In the first section we collect a
few facts about hyperbolic manifolds. The structure of the cusps and
tubes is important for our purposes. A description of the degeneration
process in dimension 2 and 3 is given.

In the second section we present some generalities about the L2-
spectrum of self-adjoint elliptic operators. We give a proof of the so-
called decomposition principle which roughly says that modifying the
manifold and the operator in a compact region of the manifold does
not affect the essential spectrum. This will be extremely useful for us
because we can restrict our attention to the cusps of the hyperbolic
manifolds. There are many versions of this principle in the literature
but we found it convenient to prove it in a quite general form. Our
version can e.g. be applied to the Dirac operator on manifolds with
boundary with suitable boundary conditions.

In Section 3 we prove Theorem 1. We use a separation of vari-
ables along the cusps which reduces the problem to the study of simple
Schrédinger operators on an interval.

In the fourth section we derive a general version of domain mono-
tonicity. This allows one to estimate eigenvalues by cutting the manifold
into pieces. This has been used extensively in the spectral geometry of
the Laplace operator. Here we need this tool for the Dirac operator.

We are then able to prove Theorem 2 in Section 5. It is important
that tubes in a hyperbolic surface are warped products so that the
separation of variables can again be applied.

We would like to do the same thing in three dimensions in Section 7
but we have the problem that tubes are no longer simple warped prod-
ucts. Therefore we include a general formula in Section 6 which relates
the square of the Dirac operator on a manifold foliated by hypersurfaces
to operators along the leaves and normal derivatives. This way we can
regard the square of the Dirac operator on the tube as a Schrédinger
operator acting on Hilbert space-valued functions on an interval. We
will then be able to prove Theorem 3 in Section 7.

In the last section we discuss the different spin structures which 2- or
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3-dimensional hyperbolic manifolds can have. This is more topological
in nature. We conclude with a few examples of link complements for
which essential spectrum does or does not occur.

Acknowledgements. It is a pleasure to thank W. Ballmann, J.
Dodziuk, U. Hamenstiadt, and W. Miiller for many fruitful discussions
and valuable hints. This paper was written while the author enjoyed
the hospitality of SFB 256 at the University of Bonn.

1. Hyperbolic manifolds of finite volume

A hyperbolic manifold is a complete connected Riemannian manifold
of constant sectional curvature -1. We collect a few well-known facts
about such manifolds with special emphasis on the case of finite volume.
A thorough introduction to the topic is given in [5].

Every hyperbolic manifold M of finite volume can be decomposed
disjointly into a relatively compact My and finitely many cusps &;,

k

(1) M=MU|Jé&
7j=1

where each &; is of the form £ = N; x [0,00). Here N; denotes a con-
nected compact manifold with a flat metric gn,, a Bieberbach manifold,
and &; carries the warped product metric gg;, = e 2. gn; + de?.

&

&1

FiGurE 1
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For example, N; could be a flat torus, as is always the case if M is
2- or 3-dimensional and orientable. This simple structure of the cusps
will allow us to apply a separation of variables technique to the Dirac
operator on hyperbolic manifolds of finite volume.

It turns out that very different phenomena occur in hyperbolic ge-
ometry depending on the dimension. In dimension 2 there is a whole
continuum of hyperbolic structures (hyperbolic metrics modulo isome-
tries) on a given surface. This is known as Teichmiiller theory. In
particular, if we fix a compact surface M, then there are continuous
deformations of hyperbolic metrics on M under which M degenerates
to a noncompact hyperbolic surface of finite volume. These deforma-
tions correspond to paths in the Teichmiiller space converging to the
boundary.

In contrast, in dimension n > 3, we know by Mostow’s rigidity theo-
rem that any compact manifold carries at most one hyperbolic structure.
Therefore continuous degenerations are not possible.

If n = 3 however, the following kind of degeneration still occurs.
Thurston’s cusp closing theorem says that for any hyperbolic manifold

M = MyU szl &; of finite volume with metric g there are compact
hyperbolic manifolds (M;, g;) which can be decomposed disjointly into

k
M; = M;oU U T
i=1

where T; ; is the closed tubular neighborhood of radius R; ; of a simple
closed geodesic y; ; C M; of length /; ;. The boundary N; ; = 0T} ; is a
flat torus. In the degeneration (i — oo) the following happens:

o Ei,j — 0

o R ;= %log(l/ﬁi,j) + ¢y — oo where ¢j is some constant indepen-
dent of 4.

e There are diffeomorphisms ®; : My — Mi,O of compact manifolds
with boundary such that the metrics ®f(g;|y;, ;) converge in the
C>-topology to g|y,-

e The pull-backs of the metrics of N; ; converge in the C*°-topology
to the one of Nj.



HYPERBOLIC MANIFOLDS OF FINITE VOLUME 447

Moreover, if we write
Tijlri,ro] = {z € M; | dist(z,75) € [r1,72] }

for the tubular region around +; ;, so that T;; = T;;[0, R; ;], then we
have in addition

e For every 0 < r1 < 79 < R;; the tubular region T;;[ri,r9] is
isometric to T2 x [ry, 9] with the metric g, + dr? where g, is the
flat metric on the 2-torus given by the lattice T', C R? spanned by
the vectors (27 sinh(r),0) and (o ;sinh(r), ¢; jcosh(r)) for some
“holonomy angle” ¢ ; € [—m, 7).

27 sinh(r)

FIGURE 2

This description of the degeneration is also valid in the 2-dimensional
case, except that the tube T; ; is of the form T ; = St x [—R; j, R ;] with
metric ds? = Eij cosh(t)2d0? + dt? where t € [-R; ;, R; ;], 0 € St = R/Z
and R;; = log(1/4; ;) + co. In particular, the boundary of the tube is
of the form S° x §' = S1US!. Hence each tube degenerates into fwo
cusps.
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Vi,j

$i1— 0

FIiGURE 3

In order to define the Dirac operator we also need to specify spin
structures on our manifolds. In the degeneration we require that the
diffeomorphisms ®; : My — Mi,O can be chosen compatible with the
spin structures.

2. Generalities about the L%-spectrum

Let H be a complex Hilbert space and let A be a self-adjoint linear
operator with dense domain A : D(A) C H — H.

Definition 1. A number A € C is called an eigenvalue of A if
A — MId is not injective. In this case we call dim(ker(A — AId)) the
multiplicity of X\. The set of eigenvalues, spec,(A), is called the point
spectrum.

The essential spectrum, spec.(A), is the set of A € C for which
there exists a sequence x; € D(A) satisfying

(2) lz:]] = 1, (A — Ald)z; — 0, ;i =0

for ¢ — oo. Here “—" denotes weak convergence as opposed to norm
convergence “—”.

The union of the point spectrum and the essential spectrum is the
spectrum of A, spec(A) = specy(A) U spece(A).
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Note that the spectrum of a self-adjoint operator is actually con-
tained in R and that the point spectrum and the essential spectrum
need not be disjoint. Figenvalues of infinite multiplicity and eigenval-
ues which are accumulation points of the spectrum are contained in
both the point spectrum and the essential spectrum.

Definition 2. The set
specq(A) = specy(A) — spece(A)
is called the discrete spectrum. The set
spece(A) = spece(A) — specy(A)

is called the continuous spectrum.

Sometimes it will be convenient to look at the square of an operator
instead of the operator itself. We will then use that spec.(A) = 0 if and
only if spec.(A?) = ().

In the definition of the essential spectrum (2) can be replaced by
other equivalent conditions. For example, instead of demanding z; — 0
we could require that there is no convergent subsequence. If the operator
A is the closure of an operator L with domain D(L), then we can as
well require z; € D(L). See e.g. [31] for details. A sequence as in (2) is
called a Weyl sequence.

Let us show that the essential L2-spectrum of self-adjoint elliptic
differential operators on manifolds does not change when one modifies
the manifold in a compact region.

In what follows we will denote the space of LP-sections in a Hermi-
tian vector bundle E over a Riemannian manifold M by LP(M, E), the
Sobolev space of sections whose covariant derivatives up to order k are
LP by H*?(M, E). The space of k times continuously differentiable sec-
tions is denoted by C¥(M, E), 0 < k < oo, and the space of C*-sections
with compact support is denoted by C¥(M, E).

Proposition 1. (Decomposition Principle). Let M be a Rieman-

nian manifold, with (possibly empty) compact boundary, M :Z\O4 UOM.
Let E be a Hermitian vector bundle over M. Let L be an essentially
self-adjoint linear differential operator of order d > 1 with domain D(L),
C(M,E) C D(L) C C§°(M, E). Suppose for every compact K C M
there is an elliptic estimate

3) lollzazaemy < € (Il coqar,zy + 152l coqar.z) )
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for all z € D(L), C = C(K). Denote the closure of L in L*>(M,E) by
L.

Let M’ be another Riemannian manifold and let E', L', and i be
deﬁned_similarly on_M’. We assume there exist compact sets K C M,
K' c M suchthat M— K =M'—-K',and E=FE', L = L' over M—K.

Then

spece(L) = spece(L').

oM’

FiGURE 4

Note that sections in C§°(M, E) need not vanish on M in contrast

to those of CSO(J\OJ, E).

In case OM = {) the elliptic estimate (3) holds automatically if L is
an elliptic operator [27, p. 379, Thm. 11.1]. In this case the decomposi-
tion principle can be found in many places in the literature for various
operators (mostly of second order), see e.g. [19, 14, 16].

In the presence of boundary establishing (3) is subtler. It usually
follows from coercive estimates

o lescy <C- (nxniz(M,E) 122l 7 5

+ Z HBijiId_di_1/2’2(8M,E)>

J
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where B; are boundary (pseudo-) differential operators of order d; <
d—1, 2z € C*(M,E). If Bjzlogps = 0 for all z € D(L), then (3)
holds. The coercive estimate is automatic if L together with the B;
form a regular elliptic boundary value problem [27, V.11]. For example,
a Laplace type operator L together with Dirichlet boundary conditions
z|apr = 0 forms a regular elliptic boundary value problem. We will use
Proposition 1 with Dirichlet boundary conditions for the square of the
Dirac operator which by the Lichnerowicz formula [23]

(4) D2=V'V + %“l
is of Laplace type.

Here a Laplace type operator is an operator of the form
L=V*V+R

where V is a metric connection on a Hermitian vector bundle over a
Riemannian manifold, and V* is its L2-adjoint and R is a smooth sym-
metric endomorphism field (zero order term). Laplace type operators
are special elliptic operators of second order.

One can also apply the decomposition principle directly to the Dirac
operator with suitable boundary conditions. Since we will not use this
fact we leave the details to the reader.

PROOF OF PROPOSITION 1. Since the whole situation is symmetric
in M and M’ it is sufficient to show spec.(L) C spece(L'). Let X\ €
spece(L) and let z; € D(L) C L?(M, E) be a Weyl sequence as in (2).

Choose a compact subset K; C M whose interior contains K and
another compact subset Ko C M whose interior contains K;. By the
elliptic estimate (3)

loillzoenmy < € (loillizgane + 12l 2gr.))
< O (14 T = il g + )
@
< C.

Since (x;); is bounded in the H%?-norm and K, is compact we can, by
the Rellich’s lemma, pass to a subsequence, again denoted (z;);, which
converges in H412(Ky, F) to some element zo, € H9"12(K,, E).

To compute z~ we pick a cut-off function 1 identical to 1 on K
and vanishing outside K. On the one hand, since ¢1z; — Y124 in
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L*(Ks, E),
(120 Y12o0) 2 (i) = (P18 P1800) 12(Ka, ) — (P18 00; Y1800) 12 (K, B)-
On the other hand,
(125, Y1%00) 2 (31, 1) = (wia"/}%xoo)LQ(M,E) —0

because x; — 0. Hence 9174 = 0 and 24|, = 0 € H2(Ky, E).
Therefore

(5) ||xi||Hd—1a2(K1,E) — 0.

In particular, for i sufficiently large, ||:1ci||%2(K1 B < 1 and thus
2 1

(6) HxiHL?(M—Kl,E) > 3

Choose a cut-off function ¢ € C®(M,R) with 9y = 0 on K and
¥ =1on M — K, 0 < <1 everywhere. Let us look at the sequence
y; € L>(M',E') where y; = ¢ -z; on M — K = M' — K" and ; = 0 on
K'. First of all, by (6),

Do | —

lyill 225z oy = Wil T2z — sy >
Secondly, for any z € L?(M’, E'),

(Wis 2) 2 (i 1y = (TisY2) 23,y — 0
by (2). Hence y; — 0.
Thirdly,
L'y; = L(ya;) = ¢ Loy + Q;
where @ = [L, ] is a differential operator of order d — 1. Moreover, @

vanishes outside K because V1) does. There is a constant Cs > 0 such
that

1Qill L2 5y < Co - il a2k, -

Therefore (5) implies [|Qz| 24y gy — 0. We conclude

[9(L; — Az)|| 237,y + [1Qill L2 (v 7y
1 Lz; = Azill o,y + 1Qall 231 ) — O

ILyi = Mill 2 )

IA A
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Thus the sequence (yi/||yill 2w, ry)i is @ Weyl sequence for the oper-
ator I/. Hence A € spece(L'). q.e.d.

The proposition will be very useful for the study of the essential
spectrum of hyperbolic manifolds because it tells us that we only need
to consider the operator on the cusps and they have a very simple form.

3. The Dirac operator on hyperbolic manifolds

In this section we will study the type of the spectrum of the Dirac
operator on hyperbolic manifolds of finite volume. Studying the type
means finding out if the spectrum is e.g. purely discrete or purely essen-
tial or contains both components. Our Dirac operator will always be the
classical Dirac operator, sometimes also called Atiyah-Singer operator,
acting on spinors. For definitions see [22].

If M is an n-dimensional Riemannian spin manifold and N C M is
an oriented hypersurface, then every spin structure on M canonically
induces a spin structure on N. If n is odd, then the restriction to N
of the spinor bundle XM of M is precisely the spinor bundle of N,
YM|y =XN. If n is even, then Z M|y is isomorphic to XN @ £N.

Let H denote the mean curvature function of N with respect to the
unit normal field v. Let D™ be the Dirac operator of M. Let DV be
the Dirac operator of N in case n is odd. If n is even let DV be the
direct sum of the Dirac operator of N and its negative. In either case
DY acts on sections of SM|y. The two operators DM and DV are
related by the formula

~1
(7) —v-DMg=DVNg - nTHU + VMg,

see e.g. [4, 29]. Here o is a section of XM defined in a neighborhood of
N, “7 denotes Clifford multiplication with respect to the manifold A
and VM is the Levi-Civita connection of M.

The case of a warped product will be of special importance. Let N
be an (n — 1)-dimensional Riemannian spin manifold, and let I C R be
an interval. We give M = N x I the product spin structure and the
warped product metric

ds*(z,t) = p(t)?gn (x) + dt?

where p : I — R is a fixed positive smooth function. For example,
cusps of a hyperbolic manifold are of this form with I = [0,00) and
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p(t) = e7t. Let v = % be the unit vector field along I. The mean

curvature of N x {t} in M is now given by H(t) = —ﬁl(%.

Lemma 1. Let M be a warped product as above. Suppose there is
a subspace X of the kernel of DV such that

ker(DV)=Xov- X, X 1lv-X.

Write d = dim(X) = dim(ker(DV))/2. Let 0 < 1 < pig < pg -+ — 00
be the positive eigenvalues of DY, each eigenvalue repeated according to
1ts multiplicity.

Then there is a unitary equivalence

L2(M,=M) — @ LY(I,C, dt)
puEspec(DN)

d 00
= Pr:a,c,a) e @@L, dy
j=1 j=1

under which the Dirac operator DM is transformed into
d 00

DM%@DO@@DW

d
b=, %, @t
nw = .
@ty O

Similarly, the square of the Dirac operator is transformed into

O = P L

uespec(DN)

where

where

on L2(I,C,dt).
Proof. We decompose

I*(NNSM|y)=H o Xov - XOH,
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where H* is the sum of eigenspaces of DV for positive or negative
eigenvalues respectively. Let 1, @2, 3, ... be orthonormal eigenvectors
corresponding to the positive eigenvalues 0 < p; < po < pg--+ — 00,
¢; € L?(N,SM|y). Then we have the Hilbert space decomposition

oo
HT=EPC- g
j=1

Since Clifford multiplication with v anticommutes with DY we see that
v - is an eigenvector for the eigenvalue —p; and hence

0
H =EPC v g,
j=1

Write H; := C-; ®C-v-@;. Similarly, let 91, ..., 14 be an orthonormal
basis of X and put H; :=C-4; ®C-v-4;. Then

d 00
L*(N,=M|y) =P H; 0 PH,.
By (7) the Dirac operator D leaves the Hilbert space decomposition
d _ 00
L*(M,=M) = @ L*(I, H;, p(t)" " dt) & @ L*(I, Hy, p(t)" ' dt)
j=1 j=1
invariant and
M n—1 )
DY (ajp) + ajve;) = (Oé—juj +——Hao; - a—j)‘Pj
n—1 )
+ <Oéj/j,j — THOéj + Oéj)V(pj.
The map
n=1 (o7
aj; +a—jreg = pt) = {7
—J
yields a unitary equivalence
L2(I,H, p(t)"dt) — L*(I,C?, dt)
under which the Dirac operator is transformed into

d by
Dy, = d Ou _E+p_(#
i = .
’ E—Fpﬂ(% 0
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and similarly for the zero eigenvalues. The formula for the square of the
Dirac operator follows immediately. q.e.d.

Remark. The assumption ker(DV) = X ®v-X, X L v-X, is
necessary only for the decomposition of the Dirac operator D™ itself,
not for its square (D*)2. This assumption is automatically satisfied
if M has even dimension. In this case M|y = ST M|y & S~ M|y =
YN @ YN and one can simply take X = ker(DV)N C*(N, YT M|n). If

dim(M) is odd, then the assumption is equivalent to A(N) = 0.

Remark. Lemma 1 together with Proposition 1 is already enough
to give a simple computation of the Dirac spectrum of hyperbolic n-
space H™. After removing a point o from H"™ the space is isometric
to a warped product S"~! x (0,00) where S"~! carries its standard
metric of constant sectional curvature 1 and p(¢) = sinh(¢). By Lemma
1 the square of the Dirac operator on H" — {0} is unitarily equivalent

2 h 2
to @/LESP@C(S”_I) LN where LM = _g? + V/L(t)a Vu(t) = %&5)—;&- All

Dirac eigenvalues p of S"~! are nonzero.

Since V,(t) — 0 for t — oo we know spec.(L,) = [0,00) where L, is
acting on the Hilbert space L2([1, 00), C, dt) with say Dirichlet boundary
conditions at ¢ = 1, see [15, p. 1448, Thm. 16(b)]. By Proposition 1 we
have that spec.((DH")?) = spec.((D*"~51(2)2) = [0, 00).

One checks [3] that D, does not have any square integrable eigen-
functions on (0,00), see also [20, 30, 32]. In particular, there are no
L2-eigenspinors for the Dirac operator on H", spec,(DH") = {.

We conclude spec((D")?) = spec.((D™")?) = [0, 00). Finally, since
H™ is a simply connected symmetric space the spectrum of the Dirac
operator is symmetric about 0. In even dimensions this is automatic.
In odd dimensions the geodesic reflection about o can be used to map
an eigenspinor or a Weyl sequence for A € spec(DH n) into one for —A.
We obtain

spec(DH") = spec.(D™") = R.

See [6] for a computation of this spectrum using harmonic analysis.
Note that there is an incorrect statement about the eigenvalue 0 in that
paper. See also [7, 8].

Definition 3. Let M be a hyperbolic manifold of finite volume. Let
€ = N x[0,00) be a cusp of M. A spin structure of M will be called
trivial along £ if the induced operator D" on N has a nontrivial
kernel, i.e., there exist ¢ € C®(N,XM|y), ¢ # 0, but DV = 0.
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This terminology is justified by the fact that in the most prominent
case when N is a flat torus, the trivial (biinvariant) spin structure of
N is the only one among its 2"~! spin structures for which the Dirac
operator has a nontrivial kernel.

The following theorem is our first main result. It tells us that only
two extremal cases can occur for the type of spectrum of the Dirac
operator on a hyperbolic manifold of finite volume. It can only be
purely discrete spectrum or the whole real line. It is the spin structure
which is responsible for which of the two cases occurs.

Theorem 1. Let M be a hyperbolic manifold of finite volume equipped
with a spin structure.
If the spin structure is trivial along af least one cusp, then the Dirac

spectrum salisfies

spec(D) = spec.(D) = R.

If the spin structure is nontrivial along all cusps, then the spectrum
is discrete,

spec(D) = specy(D).

Proof.  Recall decomposition (1) of M into a relatively compact
part and finitely many cusps,

k

M= MU &
j=1

We start with the case that the spin structure is trivial along at
least one end. Hence M has a cusp & = N; x [0,00) with metric
ge, = e~ 2gn, +dt? where gy, is a flat metric and ker(D™1) # 0. Choose
¢ € ker(DM), ¢ # 0, such that v- ¢ =i-p or v- ¢ = —i- . This is
possible since 1?2 = —1. W.lLo.g. let v-¢ =i - ¢.

Let A € R. We look at spinors o on &; of the form

(8) o= ap

where « : [0,00) — C is a smooth function.
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For () = el(m=D/2=2t 50 — oy 0, we see using (7) and H =1

—1
Doy, = V{DMU)\—”THUA—I—V,],‘/[U)\}

n—1 .
= V{O — oo\<p+oz,\<p}
= —Aiv-oy
= Aoj.

For 0 < a < b < 0o we denote &1 45 := Ny x [a,b] C & C M. For a
spinor o = a of the form (8) one easily computes the L%-norm

ol = el [ latPet=a

W.Lo.g. assume ||¢||3, = 1. Then we obtain for o = o}

loallZze, ) =b = a
Now choose smooth functions 4, : R — R such that
e Y, =00n R —[m—2,2m + 2],

o U, =

n [m,2m)],

i+

1

o 0 < 9, < —— everywhere,

3

< \/— everywhere.

We extend o, := 9,0 by zero to all of M and compute

2 1 -
HUmHL2( M) Z EHUAHLZ Slmgm)_L

1D = NowmllZzary = IV¥m - oallza

2
HV'L/}m ) 0)“ ’L2(gl,m—2,m UEL,2m,2m+2)

< HV"/}mH%OO ) H(D\"%2(6‘1,m_2,mU51,2m,2m+2)
4

m

IA
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Hence (D — A\)o,,, — 0. For arbitrary square-integrable x on M we have

‘(X)Um)LQ(M)‘ = ‘(X7am)L2(51,m—2,2m+2)‘
< HXHLQ(gl,m—Z?mH) ) HmeHLOO : HU>\HL2(51,m—2,2m+2)
-1
—0 —_——
~ ]
S HXHLQ(gl,m_272m+2) : ﬁ m —+ 4.

Thus

om — 0.

This shows A € spece(D) and hence

spece(D) = R.

Let us now put M’ := szl &; and turn to the case that the spin
structure is nontrivial along all cusps, i.e., ker(D?M") = 0.

By Lemma 1 the square of the Dirac operator on M’ is unitarily
equivalent to @uespec(Df’M’)Lu’ where L, = —g—; + pet + p2e? is a
Schrédinger operator on L2([0, 00),C, dt) with potential V,(t) = pe’ +
p2e?t. We impose Dirichlet boundary conditions.

Note that all 4 € spec(D?™") are nonzero. Since V, — oofort — oo,
the classical theory of Weyl and Titchmarsh [15, p. 1448, Thm. 16(a)]
tells us that the spectrum of L, is purely discrete: spece(L,) = 0.

To see spece(D, L) = 0 we show that only finitely many p €
spec(DaM/) contribute to the spectrum in a given compact interval
[-C,C] C R

Only finitely many g € spec(D?') satisfy —1/2 < p < 0. For all
11 € spec(DOM') — (=1/2,0) we see that V,(t) = pel + p2e? > p? — |,
hence spec(L,) C [u> — |u|,00). Since the pu € spec(D?M') form a
discrete set with p? — oo there are only finitely many p for which
spec(Ly,) N [—C,C] # 0. Thus spec(@@,, L) is discrete.

By Proposition 1

spece(D?) = spece((DM/)Q) = spece( @ L,) =0.
pEspec(DIM”)

Thus spece(D) = 0 and the theorem is proven.  q.e.d.
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Corollary 1. Let M be a 2- or 3-dimensional hyperbolic manifold
of finite volume equipped with a spin structure. Let M have exactly one
cusp.

Then the spectrum of the Dirac operator is discrete:

spec(D) = specy(D).

Proof. Decomposition (1) of M is in this case
M = MyUE.

Here M, is a compact manifold with boundary S' or T respectively.
It is well-known that the trivial spin structure on S' and 72 do not
bound a spin structure on a compact manifold. Indeed, they generate
spin cobordism pr “* and Qgp " respectively, see e.g. [22, p. 91]. Hence
the spin structure must be nontrivial along £. Theorem 1 yields the
assertion. q.e.d.

Corollary 2. FEwvery 2- or 3-dimensional oriented hyperbolic mani-
fold of finite volume has a spin structure such that the spectrum of the
Dirac operator is discrete:

spec(D) = specy(D).

Proof. Again we look at decomposition (1). Chopping off the cusps
yields the compact manifold My with boundary. The boundary is a
disjoint union of S's or 2-tori. Gluing in disks or solid tori we obtain
an oriented closed manifold M'. In dimension 2 and 3 all orientable
manifolds are spin. In three dimensions this follows from triviality of the
tangent bundle. Pick a spin structure on M’ and restrict it to My. Since
the trivial spin structures on S' and 7?2 do not bound, the induced spin
structure must be nontrivial on all boundary components. Extending
the spin structure to M yields a spin structure which is nontrivial along
all cusps. Hence Theorem 1 yields the statement. q.e.d.

As we shall see in the last section a surface of finite volume with at
least two cusps can always be given a spin structure such that spec(D) =
R. Hence both cases in Theorem 1 occur. In three dimensions this
depends on the manifold. It can happen that the spectrum is always
discrete even if the manifold has more than one cusp. If the hyperbolic
manifold is given as the complement of a link in §2, then there is simple
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criterion to decide if there is a spin structure such that spec(D) = R.
This involves counting of overcrossings (Theorem 4). See the last section
for examples.

4. Domain monotonicity

In order to study spectral degeneration in the next section we need
a tool known as domain monotonicity in the spectral theory of the
Laplace-Beltrami operator. We have to find a version for the Dirac
operator. It will allow us to estimate the spectrum by decomposing
the manifold into pieces and controlling the spectrum of the individual
pieces. When doing this, new boundary components appear and we
have to exhibit suitable boundary conditions.

Domain monotonicity can be conveniently expressed in terms of
eigenvalue counting functions. Let M be an n-dimensional compact
Riemannian manifold with smooth boundary dM. Let L be a formally
self-adjoint elliptic differential operator acting on sections of a Hermi-
tian or Riemannian vector bundle defined over M. Let the domain of L,
specified by boundary conditions 5, be such that L becomes essentially
self-adjoint. Denote the corresponding self-adjoint extension by L. For
any interval I C R we introduce the eigenvalue counting function

NE (1) == f(spec(L) N ).
By passing to n-dimensional submanifolds of M it is possible to esti-
mate N f i(I) from above and from below. The two estimates are quite
different in nature. Let us start with the simpler one, the estimate from

below. Recall that an operator d is called overdetermined elliptic if its
principal symbol o4() is injective for all nonzero covectors & € T* M.

Proposition 2. (Domain Monotonicity I). Let M be a compact
Riemannian manifold with smooth boundary OM. Let d: C*°(M, FE) —
C™®(M, F) be an overdetermined elliptic linear differential operator of
first order, defined on Hermitian vector bundles ¥ and F. Put L =
d*d. Let N C M be a compact submanifold with smooth boundary
ON, dim(N) = dim(M). We impose Dirichlet boundary conditions,
D(L) = {p € C®(M) | v|oar = 0}, similarly for N.

Then for any x > 0

Nl]ii]r‘ijchlet [07 :E) Z Nl]?,i]rii;hlet [0’ (L‘)
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FIGURE b

Proof. The operator L is the self-adjoint operator associated with
the closed semi-bounded quadratic form

q(p) = (dp,dp) >

with a form core given by C§°(M,XM), cf. [26, VIIL6].

Extension by zero yields an embedding C§°(N,EN) — C§°(M,XM)
and the quadratic form for N is simply the restriction of the quadratic
form for M. The variational characterization of eigenvalues yields the
proposition.  q.e.d.

Example. If d : C*°(M,R) — C*°(M,T*M) is exterior differentia-
tion, then the proposition yields the standard domain monotonicity for
the Laplace operator L = A.

Example. If d = D : C*(M,EM) — C®°(M,EM) is the Dirac
operator on a Riemannian spin manifold, then we obtain a monotonicity
principle for the square of the Dirac operator L = D?. We will use this
in the next section.

For the reverse estimate we assume for simplicity that M is a closed
manifold. By a decomposition of M we mean finitely many submanifolds
My, ..., My of M with smooth boundaries M, and dim(M;) = dim(M)
such that

o]
e The interiors M ; are pairwise disjoint,
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FIGURE 6

If M is a compact Riemannian manifold with smooth boundary O M
and exterior unit normal field v and L = d*d is as above, then we call
the boundary condition

(0a (v)dep)|ons = 0
the natural boundary conditions for L.

Proposition 3. (Domain Monotonicity IT). Let M be a closed Rie-
mannian manifold. Let d : C*(M,FE) — C*®(M,F) be an overde-
termined elliptic linear differential operator of first order, defined on
Hermatian vector bundles E and F. Put L = d*d. Let M = U?Zl M; be
a decomposition of M as explained above.

We impose natural boundary conditions for the Mj. Let L together
with the natural boundary conditions form a regular elliptic boundary
value problem.

Then for any x > 0

k
NLM 0 fIf S Z Natural 0 x

Proof. If N is a compact Riemannian manifold and L = d*d,
then L with domain D(L) = {¢ € C®(N,EN) | (o4 (v)dy)|sny = 0}
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is essentially self-adjoint [27, V.12]. Look at the closed semi-bounded
quadratic form

q(p) := (dp, dg) >
with form core C®°(N,%N). The Green’s formula

(d*do, )2 (v vy — (Ao, d) 2 (v siny = /8M<Ud* (v)dep, )
shows that the self-adjoint A operator associated with ¢ has domain

D(4) = {peD(g)|3x € L*(N,SN): (,X)12 = (dip, dip)r
vy € D(qg)}
> {yp € H*(N,=N) | (04 (v)dp)|on = 0}
= D(L).
Hence L C A and since both operators are self-adjoint L = A. Therefore
the eigenvalues of L = d*d can be computed using the quadratic form ¢
with C°(N,XN) as space of admissible test sections.

Returning to our closed manifold M with the decomposition M =
M; U...UM; we look at the isometric embedding

k
C®(M,~M) C L>(M,=M) — @Ow(Mj,zM C @L2 (M;,~M;)
j=1
Y= (()0’]\7[17' .- 7(:0‘Mk)

Under this embedding the quadratic form ¢ corresponding to L = d*d
on M is the restriction of the orthogonal sum ¢; @ ... @ g of the forms
for Mj. Now the variational characterization of eigenvalues completes
the proof. q.e.d.

Example. If d : C*°(M,R) — C*°(M,T*M) is exterior differentia-
tion, then we obtain Neumann boundary conditions for the Laplace op-
erator L = A. More generally, let d =V : C*°(M,FE) —» C*(M, T*M ®
E) be a Riemannian connection. Then the above monotonicity principle
holds for the operator L = V*V with Neumann boundary conditions:

0=o0v-(r)Vp =-V,0p.
Example. If d =D : C®°(M,XM) — C*(M,EM) is the Dirac op-

erator on a Riemannian spin manifold, then the monotonicity principle
for the square of the Dirac operator L = D? takes boundary conditions

I/-D(p’aM =0
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or equivalently
D(P‘OM =0.

5. Degeneration in two dimensions

Now we study the behavior of the spectrum under the degeneration
process described in the first section. If the limit manifold has continu-
ous spectrum we expect that the eigenvalues of the compact manifolds
accumulate in the degeneration. We will see that this is true and com-
pute the accumulation rate. We start with the 2-dimensional case.

Theorem 2. Let M; be a sequence of closed hyperbolic surfaces con-
verging to a noncompact hyperbolic surface M of finite volume. Let
each M; hove exactly k tubes with trivial spin structure around closed
geodesics of length ¢; ; tending to zero. Hence M has exactly 2k cusps
along which the spin structure is trivial. Let x > 0.

Then the eigenvalue counting function for the Dirac operator satis-
fies for sufficiently small ¢; ;:

4 k
N asy(=,2) = — 3 log(1/£i) + 0 (1):

j=1

Here O,(1) denotes an error term bounded as a function of i where
the bound is allowed to depend on z.

Proof. To keep the notation simple we restrict ourselves to the case
that the M; have exactly one degenerating tube with either trivial or
nontrivial spin structure, hence &k = 0 or k£ = 1. Recall from Section
1 that the tube T; is isometric to S' x [~ R;, R;] with warped product
metric ds? = €7 cosh(t)2d0? + dt?, 0 € S' = R/Z, t € [-R;,R)], R; =
log(l/éi) + ¢p.

Choose a constant ¢; = ¢1(z) such that for all nonzero eigenvalues
w of D" we have

(9) e |- (70 [ — 1) > o,

Put

TZ'::S1 X[—Ri—l—cl,Ri—Cl] c1T; C M

and

Mg == M;oU (S* x [-Ri, —R; + 1]) U (S' x [R; — ¢1, R]) C M;.
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Then M; = Mi,O U ’f’z
The Lichnerowicz formula (4) says in our case

PR 1
D =V*V + 1 =V*'V 5

Proposition 3 yields

Npar(—z,2) = Npe2 [0, z?)

Nyev—1/2,1,[0,2%)

Novan[1/2, 5% +1/2)

NV*V,Mi [0,(1)2 + 1/2)

NNeumannf(y 0.2 4 1 /9) 4 NfNeumenn [0 52 1 1 /9)
[

IA A

vV, YV, M0

eumann eumann 2
NNy 19, 0%) 4+ N —1/2, 22).

All Mi,o are diffeomorphic and the metrics converge in the C'**°-topology
to the metric of the limit surface. Thus the eigenvalues also converge
and therefore Ngg‘:%’lg[—l/l 72) = 0,(1).

Using Lemma 1 we obtain

eumann 2 —_ eumann 2
Ngz,fi [—1/2,1‘ ) - Z Nguz[_Ri‘FCl:Ri_Cl][_l/Q’(I; )
u€Espec(DST)
2 o R
where L, = —g? +V, Vu(t) = p- %%. We can estimate the
potential V,, on [-R+c1, R—c1] = [—log(1/€) —co+c1,log(1/€)+co—ci]
for nonzero 1 € spec(DS") as follows:

|| — | sinh(?)]
Vu(t) 2 ‘/1" €2COSh(t)2

v

1 !
|l (62 cosh(¢)2 écosh(t))

- €C(lglr’1(t) (EC(lgljl(t) B 1)

|| ||
2 lef—c1 \ feR—c1 -1

= (e ] = 1)

>(II2
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by (9). Hence for nonzero p € spec(DS') all eigenvalues of L, with
Neumann boundary conditions are bigger than 2, i.e.,

mant 2
NE:?[—aRH-ChRi—Cﬂ[_1/2’ €T ) =0.

Denote the multiplicity of the eigenvalue 0 in spec(DS') by mult(0).
We have shown

ND,Mi(_xy x) < NNeurPann[_l/Q’ fIf2) + NNeunlann[_l/Q’ fIf2)

< D217y D% My o
N2 40,0

— mult(0) 'N_Nezélillei+c1,Ri—Cl}[_1/2’x2) + 04(1)
— mult(0) - N_N%IZIEIR¢+C1,R1—C1}[O7xg) + 04(1)

= mult(0) - @ +0a(1)

= mult(0) - QxﬁRi + 0,(1).

In case the spin structure is nontrivial along T; we have mult(0) = 0
and

Np g (—z,z) = 0,(1).

The theorem is proven in this case. If the spin structure is trivial, we
have mult(0) = 2, hence

4£ERZ'

Npar(~z,2) < +04(1)
_ %(log(l/ﬁi) +¢o) + 04(1)

= %log(l/ﬁi) + O4(1).

In this case we also need a lower bound which is easily obtained by
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applying Proposition 2 and Lemma 1:

ND,Mi(_xaw) = ND2,Mi[O’$2)

> NBERR,)

= Z N R: R0, 2.
pespec(DSL)

> mult(0) - Np 1R, RZ}[O,(LQ)

= 9. 22 oy

= %log(l/&') + O (1).

q.e.d.

6. Manifolds foliated by hypersurfaces

In three dimensions we have the problem that the degenerating tube
is not a warped product so that the simple separation of variables of
Lemma 1 does not apply. But the tube is foliated by flat 2-tori as
described in Section 1. In order to take advantage of this we derive
a formula relating the square of the Dirac operator on a manifold fo-
liated by hypersurfaces to normal derivatives and operators acting on
the leaves.

In this paper we will only need Corollary 4 at the end of this section.
The reader may skip this section at a first reading and only come back
to it when needed. We hope that the general formula in Proposition 4
will also be useful in other contexts.

Let M be a Riemannian spin manifold of dimension n. Let M be
foliated by oriented (hence spin) hypersurfaces {N}. Denote the unit
normal field to the foliation by v, its shape operator by B, B(X) =
—Vxv, and its mean curvature function by H := ﬁTrB .

Let 3 M be the spinor bundle on M. Recall that 3 M|y is the spinor
bundle of N if n is odd. If n is even, then M|y coincides with the sum
of two copies of the spinor bundle of N. Clifford multiplication with
respect to N is given by

X®@e—=>X v-p

where the dot “” denotes Clifford multiplication with respect to M.
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Recall equation (7)

n —

1
5 H+ V)

—v.-DM _ pN _

One can also relate VM to the spinorial Levi-Civita connection V¥
for N by

1
(10) V;]‘?wZV;]?WrgB(X)-va

see e.g. [4, Prop. 2.1].
We need one more piece of notation. Define

n—1 n—1
Db = Zei-u-vg(ei) = ZB(ei)-V-Vg
i=1 i=1

If B happens to be a multiple of the identity, B = ¢-Id, then

n—1
@B:cg ei-u-Vg:cDN.
i=1

Proposition 4. Let M be an n-dimensional Riemannian spin mani-
fold with Ricci curvature Ric. Let M be foliated by oriented hypersur-
faces {N} as described above. Then

(DM)? = (D) = (V") + (n = WHV, + VY, - DF
n—1,_xn (n—-12%_, 1, _, 1 _
- H - v—~—H"+—-|B]"—=v- .
5 (VYH) v 1 —1-2\ ] 5V Ric(v)
Here |B| denotes the Hilbert-Schmidt norm of B, i.e., |B|? = > /\§
where Ay,..., A\,_1 are the eigenvalues of B.
Proof. Let er,...,e,_1 be a local orthonormal tangent frame to

one leaf of the foliation. We locally solve the following linear ordinary
differential equation in the normal direction:

(11) Vie; = —(Vov,ej)v.

Here V denotes the Levi-Civita connection on T'M. We claim that this
extends the frame to an orthonormal frame ey,...,e,_1,~ on an open
subset of M.
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Namely, we compute
Oy (v,e5) = (Vur,e5) + (v, Voe;)

W To,e) + (v, — (Vov,e5) 1)
= (Vv €j> — (Vo €j>
= 0

and

8V <ei7€j> =

(Vv
=) (— (Vv e) v, e5) + (ei, — (Vuv,ej) v)
0.

Vezaej> (eivvv€j>

Let R™ be the curvature tensor on M. Recall [4, Prop. 2.3] that
Clifford multiplication by v anticommutes with DV

(12) DN(v-¢)=—v-DVop.

Now let us start the computation of (D)2, Squaring (7) we obtain,
using (12) and DV (fo) = (VNf)-v-o+ fDVo,

—1
(DM)Q — (y.DN_n2 HV—I_VVI]/‘J)

-1
.(V.DN_n2 HV+V'V]VW>

n—1
2

HDY + DNv¥

— (DN)Q _

n—1

v-(VNH) -v-v

n—1 (n —1)2 n—1
——HDY - H? HVM
T3 4 TV
v- (V) - DN —vMpN
n—1 ~1 ~1
(13) +5— O H = 5= Hv - (V) + “—HV}!

v (Vo) VY (V)2
= (DY) - (VI P LV E) w4 (DY, V)
+(n—1)HVY 4+ 0. (V). VM 4 v . (V,v)- DY
n—1

—1)2
_%H2+

(Vo)
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A simple computation yields the well-known formula
(14) Z e; (ej,v) = lRic(u).
J ja v 9

We get

(DN, vM] = DNyM _yMpN

14
n—1

= DNV -V eV
j=1

1
—I—Zeju[vg - §B(ej)1/, v

n—1
= (VVI/)I/DN + V@W + Z €jV(Vf\é,,,}
j=1
+RE(€j, v))

n—1

+ = Zeﬂ/v B(e;)v
j 1

= (V,,I/)VDN—I-VgV

n—1
M
—1—5 ejvV_p Ble;)—VMe; I/E ej R ej,
j=1

n—1

5 HVY

(15) +
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n—1

1
5 ej(Vyv)B(ej)v
j=1
(10)(L1)(14) (VVV)VDN-FV@W

n—1
1
—D8 4 §4 1: ejv - 5B(=B(e;))v
-

n—1
r .
+ Z ejyv%uv,eﬁv — §I/RZC(I/)
i=1
—1 —1
+Z vay_vyo”2 H
1 n—1
+5 Z (Vov,ej) vvB(ej)v
Jj=1
1 n—1 n—1
+3 Z(V,,V)ejB(ej)u + Z (Vyv,ej) Blej)v

1
— (Vov)vDN + VS, —DP + 5;3\2

1
+(V, ) VM — §VRiC(V)

n—1 n—1

+— HVM — SO H
-1 1

L o pgvM 3BV
n—1

5 H(V,v)v+ B(V,v)v

1
= (Vov)vDN + VS, —DP + 5;3\2

1
+(V, ) VM — §VRiC(V)
n—1
2

oo 1H(VVV)I/

1
o,H + §B(VVV)I/ —
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Plugging (16) into (14) yields
(DM = (DY) (V) - (VN H

+(n - V)HVY +v(V,)VY 4 0(V,v)DY

(n—1)°

n—1 n—
3 o2 H—
4 Tt O 2

1
+(V)pDN + VY —DF 4 5\312

1HV(VVI/)

H(V, ) VM — %VRiC(I/)

n — n—1

R Lo, m + %B(VVV)V = o
= (DY~ (W - TN+ (0 - DETY
—@HQ +Vy , —DF + %\BP
—%VRiC(V) + %B(Vyu)u
W (DN (WM 4 (- )EVM 4 VY B
_ _ 2
. . L) - %Iﬂ

1 1
—1-5\3]2 — v Ric(v)
q.e.d.

Now let us specialize to the situation M = N x I where N is a closed
(n — 1)-dimensional spin manifold, 7 C R is an interval, and M carries
a metric of the form
ds® = g, + dr?
where g, is a 1-parameter family of metrics on N. The foliation is given
by the leaves N x {r}. Then V,v = 0 and the formula in Proposition 4
simplifies to

(D)2 = (DY)? —(V)1)? + (n - )HV,! — D

N (n—1)?
- H) v——
7 (V) =T
We fix g € I. Let P, denote parallel transport from N x {rg} to N x{r}
along v. It is easy to see that

U: L*(M,SM) — L*(I, L*(N, gro, SM|nx {r4}), dt),

-1 1 1
n H? + 5\3]2 — §V-Ric(1/).
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Wo)r)(a) = || o P o),

is a Hilbert space isometry.

Corollary 3. The square of the Dirac operator on M, (D)2, trans-
forms under U into the following Schriodinger operator acting on func-
tions with values in L?>(I, L?(N, Gros ZM | N froy), dt):

_ &’
UDYYUT = —o5 4V
where
B n—10H ’B‘Q
Ve -5 T
-1 1
+ P! ((DN)Q _pB_ nT(VNH)V - avRiC(V)) B

Proof. The first variation formula for the volume element of hyper-

surfaces tells us
d 1 dvol,, 1 d%dvolgr
— lo _— — —_— =
dr 8 dvolg, 2 dvoly,

1
(16) = —5Tx(B)
_ _n- 1H.
2
We compute
dvol
UVMU(w) = OVM (S p,
dvoly,
n—1 dvol, dvol,
17 = U H P, ——0 P
(17) ( 2 \/ dvoly, o \/ dvoly, v
-1
- I Hv+9
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and
1
U(vVM?2U-lw) = UvMU-! ( 5 )
n—1 n—1
= 5 H ( 5 Ho +v>
n—1 8H n —
- Hi
(18) 2 a7 5 v+v
= + — 1)H9v
—1)? —-10H
2 or
Equations (18) and (19) yield
—1)?

U (—(vyﬁ + (n—1)HVM — u[ﬂ) U~(w)

. . (n—1)2%_, n-10H

= —v—(n—l)Hu—( 1 H” + 5,

-1 2 -1 2

(19) %H% b (n— 1)Ho— %m

_ ~n—1 8H

N 2 or "

The corollary now follows from Proposition 4.  q.e.d.

Example. Let us now look at the example of main interest in this
paper, the tube around a closed geodesic in a hyperbolic 3-manifold.
Recall from Section 1 that M = T[1, R] is isometric to T2 x [1, R] with
Riemannian metric ds?> = g, 4+ dr? where g, is the flat metric on 7%
given by the lattice T',, C 2 spanned by the vectors (27 sinh(r),0) and
(0 5 sinh(r), £; jecosh(r)).

The shape operator B has the eigenvalues tanh(r) and coth(r).
Hence | B|? = tanh(r)% 4 coth(r)?, the mean curvature H = $(tanh(r)+
coth(r)) is constant along the leaves and VIV H = 0. Since the sectional
curvature of T[r1,79] is —1 we have Ric = —2-Id. Therefore Corollary
3 gives

2

U(DM)2—! = _% +tanh(r)’ +coth(r)? — 2+ P71 (DV)? — D) P,

It will be important to estimate the potential

V = tanh(r)? + coth(r)? — 2+ P (DY)? - DP) P,

475
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of this Schrédinger operator from below. Note that D% is formally self-
adjoint because B is parallel along the leaves. If ¢ is a spinor field along
a leaf, then

2

9% = Y Bley)-v-Viy
j=1

hence

190l lavsmyy < 45 1BP-1IVY@lliavmay)

= 4 ‘BP : ((VN)*VN% <P)L2(N,2M|N)

= 4-|B]*- (((DN)2 - ScalN> <P><P)
4 L2(N,SM]n)
4(tanh(r)? + coth(r)?) - HDN(PH%Q(N,EM\N)

4(1 + coth(1)?) - [IDYl1 32y sias.)

IA

IA

N (12
16 - |[D <PHL2(N,2M|N)-
Thus i 1DV gl 22y sariy = 12 10l e sar s £ 4 we get

(((DN)2 _QB)()O7 (P)LQ(N,EM|N) > HDN(PH%Z(N,EM\N)
—4- HDN<PHL2(N,2M\N)
> plp— 4)”‘%’”%2(N,2M\N)-
Hence on each Hilbert subspace of L?(N, g,,, SM| Nx{ro}) Which is left

invariant by PY(D™)2P, and by P~'®P P, on which P~Y{(D")2P, >
p2, p >4, we know that P-t((DV)2 — DB)P, > pu(u — 4) and hence

(20) V > tanh(r)? 4 coth(r)? — 2+ u(u — 4) > p(p —4) — 1

In order to proceed we need to control the eigenvalues of (D)2
Lemma 2. The smallest nonzero eigenvalue of (DV)? on N x {r}

is monotonically decreasing in r € [1, R].

Proof.  The Dirac eigenvalues of a flat torus 72 = R%/T" can be
computed in terms of the dual lattice I'*. A spin structure corresponds
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to a pair 6 = (d1,02), d; = 0,1, and the square of the Dirac operator for
the corresponding spin structure has the eigenvalues

2

1
47T2 v — 5((511)1 + (52’1)2)

where v1,v9 are a basis of I' and v runs through T'*, cf. [18]. In our
case I' has the basis

= (R )= (7)),

compare Section 1. Hence a basis for I'* is given by

1
vy = 27rsin;1(7‘) Vg = ( (1) ) )
" 2nfcosh(r) £cosh(r)

Thus the eigenvalues

(/ﬁ — (51/2)2 + (27T(k‘2 — (52/2) — Oé(/ﬁ — (51/2))2
sinh(r)2 22 cosh(r)? ’

k1, ke € 7, are monotonically decreasing functions.  q.e.d.
The lemma together with (20) immediately implies

Corollary 4. If M = T[1,R] carries a nontrivial spin structure
and if the smallest eigenvalue p® of (D)2 on N x {R} satisfies p > 4,
then (DM)? is unitarily equivalent to a Schrédinger operator

dQ

—W-FV,

acting on Hilbert space-valued functions on [1, R] with

VZpp—4) -1

7. Degeneration in three dimensions

With the preparations in the previous section we are able to modify
the proof of Theorem 2 such that it also works in three dimensions. In
contrast to the 2-dimensional case there is no accumulation of eigenval-
ues.
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Theorem 3. Let M; be a sequence of closed hyperbolic 3-manifolds
converging to a noncompact hyperbolic 8-manifold M of finite volume.
Let each M; have exactly k tubes around closed geodesics of length ¢; ;
tending to zero. Hence M has exactly k cusps. Let z > 0.

Then the spin structure is nontrivial along all tubes and the eigen-
value counting function for the Dirac operator remains bounded:

Np g (—z, ) = Og(1).

Proof. Again we restrict ourselves to the case that there is exactly
one degenerating tube, i.e., kK = 1. Recall the decomposition of the
manifolds

M; = M; oUT;[0, Ry,
R; = %log(l/ﬁi) +¢g. Since IM; o = I0T;[0, R;] bounds the solid 2-torus
T;[0, R;] the induced spin structure on 97;[0, R;] must be nontrivial.
Look at decomposition (1) of the limit manifold

M = MyUE
where the cusp & = N x [0, 00) carries the warped product metric e 2.
gn + dt?. Since we assumed compatibility of the spin structures of the
M; and of M, the spin structure of M must also be nontrivial along &.
Let pg be the smallest positive eigenvalue of the Dirac operator on

(N, gn). Choose a constant ¢; = ¢1(x) such that

(21) e po(e o —4) — 1> z”

e“ g > 4.

The number e - uy is the smallest positive eigenvalue of the Dirac
operator on (N,e 2 gy). Put

M := My UT;[R; — c1, Ry).
This yields the following decomposition of the manifolds M;:
M; = M; g UTi[1, R; — ¢1] UT;[0,1].

Using Proposition 3 and the Lichnerowicz formula (4) we get as in the
proof of Theorem 2

Npar(—w,w) < Nps"wr[=3/2,2%)

(22) N Ry e [-3/2,47)

eumann 2
+ 52,Ti[0,1}[—3/2> z°).
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The same argument as in the proof of Theorem 2 gives

(23) N =3/2,5%) = Oy(1).
The universal covering of the 1-tube T3[0, 1] around the closed geodesic
v; is the 1-tube 7 around a geodesic v in hyperbolic 3-space. The
group of deck transformations is isomorphic to Z and is generated by
a shift of length £ = ¢; along v while rotating by an angle o = «;.
Denote this isometry of 7 by Ay,. Note that o takes values in the
compact interval [—m,w]. As long as /£ also takes values in a compact
interval, say £ € [1/2,1], all eigenvalues vary in a bounded range and
P, [=3/2,2%) = 04(1).

Now if 0 < ¢ < & choose m € N such that m¢ € [1/2,1]. Then
T/Apq is covered by T /A, . Hence every eigenvalue of T /A, is
also an eigenvalue of T /A;;,o. Therefore

DAL -3/20%) S NGEF, | [3/2.07) = 04(1).

This shows
Ny [<3/2,2%) = O4(1)

for all & € [—m, 7] and £ € (0, 1]. Hence

(24) D [=3/2,2%) = 04(1).
It remains to estimate D@#ﬁ“ﬁ“}‘%‘_cﬂ[—3/2,x2). By Corollary 4 the

operator D? on T;[1, R; — ¢1] is unitarily equivalent to a Schrédinger
operator —% + V;. For sufficiently large ¢ the potential V; is bounded
from below by e ug(e® g — 4) — 1. This follows from (21) because the

eigenvalues of dM; o converge to those of OM;. We conclude

(25) gg‘jﬁa[llu,l}?i—cl][_g/z (II2) =0

for sufficiently large i. Plugging (23), (24), and (25) into (23) we obtain
Np g (—z,z) = 0,(1).

q.e.d.

8. Spin structures on hyperbolic manifolds

The previous discussion has shown that the spectrum of the Dirac
operator depends in a crucial way on the spin structure. This is true for
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the degeneration as well as for the L?-spectrum of a hyperbolic manifold
of finite volume. The fact that there is no spectral accumulation in
three dimensions has a topological reason. Tubes necessarily carry a
nontrivial spin structure because the trivial one on the 2-torus does not
bound. In this last section we will discuss the question which kind of
spin structures are actually carried by 2- or 3-dimensional hyperbolic
manifolds of finite volume.

All (co-)homology groups in this section are to be taken with coef-
ficients 7Z/27. Recall that H'(M) acts simply transitively on the set of
spin structures of a spin manifold M.

The 2-dimensional case. Let M be an oriented surface with k
ends. Topologically M is a closed surface M with k points p1,...,px
removed. Let D; denote small disks around p;. The Mayer-Vietoris

-k
sequence for the pair (M, =1 D;) yields an exact sequence

k
(26) 0 — H'(M) — HY(M) — @ H'(D; — {p;})
j=1

— H*(M) — 0.

Pick a spin structure on M to identify spin structures with elements of
H'(M). Take the restriction of this spin structure to M and identify
the spin structures on M with elements of H!(M). The unique spin
structure on D; induces the nontrivial spin structure on D; —{p;} ~ S'.
Hence (26) tells us that the restriction mapping from spin structures on
M to M is injective and a spin structure on M extends to M if and
only if it is nontrivial along all ends.

If we identify HY(D; — {p;}) = Z/2Z and H*(M) = Z/2Z, then

the map 69?:1 HY(D; — {p;}) — H*(M) corresponds to (Z/2Z)" (L)

7./27. Hence any spin structure on M must be trivial along an even

number of ends.

To summarize, a spin structure on M corresponds uniquely to a spin
structure on M together with a choice of an even number of ends along
which the spin structure is trivial.

spin structures 1:1 spin structures choices of an even
on M on M number of ends of M

In particular, on hyperbolic surfaces of finite area with more than
one cusp both cases in Theorem 1 do occur.
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To discuss Theorem 2 let now M be a closed oriented surface. Let
T ~ S' x I be a tube around a closed geodesic 7. The tube 7' may
carry the trivial or the nontrivial spin structure. Is it possible to “flip”
the spin structure, i.e., are both spin structures on 7" induced by some
spin structure on M?

One can flip the spin structure if and only if there exists a cohomol-
ogy class in H'(M) acting nontrivially on [y] € H; (M), i.e., if and only
if the homology class [y] is nonzero in Hi(M). This is the case if and
only if removing v does not decompose the surface into two connected
components.

If M — « is disconnected which spin structure does T' carry? Both
connected components can be given a spin structure which is nontrivial
along all ends, cf. the discussion above. These spin structures can be
glued together to give a spin structure on the original surface M. Hence
T must carry the nontrivial spin structure in this case. We note:

The tube can carry both spin structures if and only if cutting along
v does not decompose the surface into two connected components. In
this case spectral accumulation in Theorem 2 may or may not occur
depending on the choice of spin structure. If M — v disconnects, then
the tube carries the nontrivial spin structure and does not contribute to
the spectral accumulation.

The 3-dimensional case. The proof of Theorem 3 has shown
that all tubes in a closed hyperbolic 3-manifold carry the nontrivial
spin structure. This is responsible for the fact that there is no spectral
accumulation in three dimensions. Spin structures on hyperbolic 3-
manifolds of finite volume which are trivial along some cusps do not
occur as limits of spin structures on closed hyperbolic 3-manifolds. Do
they exist at all?

Let us first show that just like in two dimensions any spin struc-
ture on a hyperbolic 3-manifold of finite volume is trivial along an even
number of cusps.

Let M = MyU szl &; be a hyperbolic spin 3-manifold with & cusps.
Let the spin structure be trivial along k; cusps and nontrivial along ks
cusps, k = k1 + ko. Chop off the ends to obtain the compact manifold
My with boundary. Two of the three nontrivial spin structures on the
2-torus bound spin structures on the solid torus S, 72 = 9S. The third
one can be transformed by some automorphism of 7?2 into one which
bounds a spin structure on the solid torus. Hence using appropriate
gluing maps we can glue in solid tori to the boundary components of M
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on which the spin structure is nontrivial and extend the spin structure.
We obtain a compact spin manifold M/ whose boundary consists of
k1 tori. The induced spin structure is trivial on all these boundary
components.

Assume k; were odd, ky = 2m + 1. Choose m pairs of boundary tori
and identify them. Since the spin structures on the tori are all trivial
they can be glued together. We obtain a compact spin manifold M{
whose boundary consists of the one remaining 2-torus. The induced
spin structure on this torus is trivial. This contradicts the fact that the
trivial spin structure on 72 does not bound.  q.e.d.

Here is a criterion for when a boundary torus can inherit the trivial
spin structure.

Lemma 3. Let M be an oriented 3-manifold with boundary. Let T
be a connected component of the boundary diffeomorphic to o 2-torus.
Then the following two assertions are equivalent:

o M carries a spin structure inducing the trivial spin structure on
T.

o The inclusion map T — M induces an injective map on the first
homology

Proof. A solid torus S induces exactly two of the three nontrivial
spin structures on its boundary 8S = 72. Denote the three nontriv-
ial spin structures on T2 by Si,S»,Ss. Choose a spin structure on
M U(IdyTQ) S. Since the induced spin structure on 7> bounds a spin
structure on S it is nontrivial, say Sj.

The automorphisms of T2 act transitively on {Si, S, S3}. Choose an
automorphism ® of 7% such that ®*S; is the nontrivial spin structure
on T? which is not induced by one on S. Pick a spin structure on
M U(g 2y V. The induced spin structure on T2 is again nontrivial but
# S1.

We have found two spin structures on M inducing two different
nontrivial spin structures on 7.

Case 1. Hy(T) — H;(M) is injective, i.e., H (M) — H'(T) is
surjective.

In this case H'(M) acts transitively on the spin structures of T and
in particular the trivial spin structure occurs.
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Case 2. H((T) — H((M) is not injective, i.e., H' (M) — HY(T) is
not surjective.

In this case dim ImH'(M) < 1 and hence fImH' (M) < 2 where
ImH"(M) denotes the image of H'(M) in H'(T). Therefore at most
two spin structures are induced on T'. But as we have seen above there
are two mnontrivial spin structures which do occur. Hence
dimImH'(M) = 1 and T inherits exactly two spin structures both
nontrivial.  q.e.d.

A main source of hyperbolic manifolds of finite volume is given by
complements of links in $®. For such manifolds Lemma 3 can be trans-
lated into a very simple criterion.

Theorem 4. Let K C 5% be a link, let M = S — K carry a hyper-
bolic metric of finite volume.
If the linking number of all pairs of components (K;, K;) of K is
even,
LE(K;, K;) =0 mod 2,

i # j, then the spectrum of the Dirac operator on M is discrete for all
spin structures,
spec(D) = specy(D).

If there exist two components K; and K; of K, 1 # 3, with odd
linking number, then M has a spin structure such that the spectrum of
the Dirac operator salisfies

spec(D) = R.

Proof. Each component K; of K corresponds to one cusp of M.
Let Ki,..., K; be the components of K and let Sq,...,5) denote thin
solid tori around the link components. The solid tori have to be pairwise
disjoint. Denote the boundary tori by 1} = 05;.

-k
The Mayer-Vietoris sequence for the pair (M,{J;—; ;) yields an
exact sequence

k k
(27) 0 — @ Hi(1)) — Hi(M) ® P Hi(S;) — 0.
j=1 j=1

Choose a basis «;,3; of Hi(T;) such that a; generates the kernel of
H,(T;) — H1(S;) and B; is represented by a curve unlinked to the soul
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of Sj. From (27) we see that the map @le H,(T;) — Hi(M) restricted
to the span of «q, ..., a is injective.

Now let ¢; denote the linking numbers of K7 and Kj, j > 2. Then
B is homologous to Z?:Q cja; € Hi(M), see Figure 7.

) )

¢_§

K,

NN

FIGURE 7

Thus 1 maps under Hi(T1) — Hi(M) to 0 if and only if all ¢; are
even. Otherwise it maps to an element linearly independent from the
image of «;. Hence H{(T1) — Hi(M) is injective if and only if there
is a link component K; such that LE(K1, K;) is odd. Lemma 3 and
Theorem 1 finish the proof. q.e.d.

The proof shows that pairs of link components with odd linking
number correspond to those pairs of ends along which the spin structure
can be made trivial. Note that the condition on the linking numbers is
extremely easy to verify in given examples. Since we compute modulo 2
orientations of link components are irrelevant. If the link is given by a
planar projection, then modulo 2, Lk(K;, K;) is the same as the number
of over-crossings of K; over Kj.

Examples. The complements of the following links possess a hy-
perbolic structure of finite volume. All linking numbers are even. Hence
the Dirac spectrum on those hyperbolic manifolds is discrete for all spin
structures.
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X )

S o

Spectrum of the Dirac operator is discrete.
FiGURE 8

Note that the links 52 (Whitehead link) and 63 (Borromeo rings)
are among the first ones for whose complements Thurston constructed
hyperbolic structures [28].

Examples. The complements of the following links possess a hyper-
bolic structure of finite volume. There are odd linking numbers. Hence
those hyperbolic manifolds have a spin structure for which the Dirac
spectrum is the whole real line.
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For some spin structures spec(D) = R.
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