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VANISHING OF THE TOP CHERN CLASSES OF THE
MODULI OF VECTOR BUNDLES

YouNGg-HooN KiEM & JuN L1

Abstract

We prove the vanishing of the top Chern classes of the moduli
of rank three stable vector bundles on a smooth Riemann surface.
More precisely, the Chern class ¢; for i > 6g — 5 of the moduli
spaces of rank three vector bundles of degree one and two on a
genus g smooth Riemann surface all vanish. This generalizes the
rank two case, conjectured by Newstead and Ramanan and proved
by Gieseker.

0. Introduction

Let Y be a smooth nonsingular curve of genus g > 2 and let M, 4(Y)
be the moduli space of stable vector bundles of rank r and degree d on
Y. In case d and r are relatively prime, M, 4(Y') is a smooth projective
variety of dimension r%(g — 1) + 1. A classical conjecture of Newstead
and Ramanan states that

(0.1) ci(Ma1(Y)) =0 fori>2(g—1);

i.e., the top 29 — 1 Chern classes vanish. The purpose of this paper is
to generalize this vanishing result to higher rank cases by generalizing
Gieseker’s degeneration method.

In the rank 2 case, there are two proofs of (0.1) due to Gieseker
[4] and Zagier [16]. Zagier’s proof is combinatorial based on the pre-
cise knowledge of the cohomology ring of the moduli space: by the
Grothendieck-Riemann-Roch theorem, Zagier found an expression for
the total Chern class ¢(M3,1(Y)) and then used Thaddeus’s formula on
intersection pairing to show the desired vanishing. Because the compu-
tation is extremely complicated even in the rank 2 case, it seems almost
impossible to generalize this approach to higher rank cases.

A more geometric proof of the vanishing (0.1) was provided by Giese-
ker via induction on the genus g. Let W — C be a flat family of
projective curves over a pointed smooth curve 0 € C such that
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(1) W is nonsingular,

(2) the fibers W over s # 0 are smooth projective curves of genus g,

(3) the central fiber Wy is an irreducible stable curve Xy with one
node as its only singular point.

Gieseker constructed a flat family of projective varieties My 1 (20) — C
such that

(1) the total space My 1(20) is nonsingular,

(2) the fibers My 1(205) over s # 0 are the moduli spaces M1 (Ws)
of stable bundles over W,

(3) the central fiber My 1(20y) over 0 has only normal crossing singu-
larities.

Recently, this construction was generalized to the higher rank case by
Nagaraj and Seshadri in [11] by geometric invariant theory, and the
central fiber M, 4(2p) of their construction parameterizes certain vector
bundles on semistable models of Xg. In this paper, we will provide a
different construction, using the technique developed in [8].

To prove the vanishing of Chern classes by induction on genus g,
Gieseker relates the central fiber My ;(20p) with the moduli space
M 1(X) where X is the normalization of the nodal curve Wy = Xj.
Let MY be the normalization of My 1 (20), which is a smooth projective
variety. Its general points represent vector bundles on Xy whose pull-
back to X are stable bundles, and hence induces a rational map

(0.2) M -5 My (X).

Gieseker then proves that the indeterminacy locus of this rational map
is precisely a projective bundle PET of a vector bundle E* over the
product B = Jaco(X) x Jaci(X) of Jacobians, and the normal bundle
to PET is the pull-back of a vector bundle E~ — B tensored with
Opp+(—1). This is a typical situation for flips: we blow up M? along
PET and then blow down along the PE™ direction in the exceptional
divisor PEtT xp PE~. Let M! be the result of this flip. Then the
rational map becomes a morphism M! — M, 1(X), and is a fiber bundle
with fiber GL(2) — the wonderful compactification of GL(2) — that is
constructed as follows. We first compactify GL(2) by embedding it in

P (End(C*) & C).
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Its complement consists of two divisors Z, (divisor at infinity) and Y]
(zero locus of determinant). The wonderful compactification is by blow-
ing it up along 0 € End(C?) and along Y{ N Zj,.

T

The wonderful compactification of GL(r) for r > 2 is similarly defined
by blowing up P (End(C") @ C) along smooth subvarieties 2(r —1) times
and the complement of GL(r) in it consists of 2r smooth normal crossing
divisors. This was carefully studied by Kausz in [7]. In summary,
Gieseker obtains the following diagram:

(0.3) M

blowy wup

MO M!

normalizatio

My 1 (Y) ~s M 1 (W) 76

egeneration 2,1

Ms1(X)

Afterwards, the proof of the vanishing result (0.1) is reduced to a series
of very concrete Chern class computations.

To prove the vanishing of Chern classes for the higher rank case, we
first construct a diagram similar to (0.3). In §1, we (re-)construct a
degeneration M, 4(20) of Nagaraj and Seshadri, by using the stack of
degeneration defined in [8]. We take M as the normalization of the cen-
tral fiber of the family M, 4(20). Next, we define M! as a fiber bundle
over M, 4(X) whose fiber is GL(r) — the wonderful compactification of
GL(r). Explicitly, working with a universal bundle & — M, 4(X) x X,
M! is the blow-up of

P (Hom(Z/{|p1,Z/{|p2) © 0)

along suitable smooth subvarieties exactly as in the construction of
GL(r). The question is then how to relate M® with M!. Our strategy
is to construct a family of complex manifolds M® for 0 < a < 1 and
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study their variations as a moves from 1 to 0. We define a suitable
stability condition for each a (Definition 1.1) and then show that the
set of a-stable vector bundles on semistable models of Xy admits the
structure of a proper separated smooth algebraic space. In particular,
M¢ is a compact complex manifold.

To prove the vanishing result of Chern classes, we need a very precise
description of the variation of M®. We achieved this for the case of
rank 3. Since M31(Y) = M;35(Y) by the morphism [E] — [E*] and
tensoring a line bundle of degree 1, we only need to consider the case
when r = 3 and d = 1. By the stability condition, the moduli spaces
M vary only at 1/3 and 2/3. We prove that M'/? is obtained from
M! as the consequence of two flips and similarly MO is the consequence
of two flips from M'/2. The description is quite explicit and we have
the following diagram.

MO <oy MIL/2 <2 > ML
flips flips
normaliy/
M3 1(Y) ~~~> M3 1(Xo) GL(3)
dégeneration
M1 (X)

Now it is a matter of explicit but very involved Chern class computations
to verify the vanishing result by induction on genus g. The vanishing
result we prove in the end is the following.

Theorem 0.1. ¢;(M31(Y)) =0 fori > 6g — 5.

In other words, the top 3g — 3 Chern classes vanish. It seems that
ceg—5 should also vanish, but we haven’t proved that. Notice that we
also have ¢;(M32(Y)) =0 for i > 6g — 5.

The paper is organized as follows. In Section 1, we will introduce
and construct the moduli space of a-stable bundles on nodal curves;
a special case of this construction is the Gieseker’s degeneration for
high rank cases. The next section is devoted to the study of the a-
stable bundles and the generalized parabolic bundles on curves. The
initial investigation of the variation of the moduli spaces is carried out
in Section 3 and the detailed study of the flips is achieved in Section 4.
The last section is about the Chern class calculation.

1. a-stable sheaves and Gieseker’s degeration

In this section, we will introduce the notion of a-stable sheaves and
prove their basic properties. We will then give an alternative construc-
tion of Gieseker’s moduli of stable sheaves on nodal curves in high rank
case. In the end, we will show that the normalization of such moduli
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spaces can be realized as the moduli spaces of a-stable bundles over
marked nodal curves.

1.1. a-stable vector bundles. Let g > 2 be an integer and let Xy be
a reduced and irreducible curve of arithmetic genus g with exactly one
node, ¢ € Xo. For n > 0, we denote by X,, the semistable model of
X that contains a chain of n-rational curves (i.e., P'). In this paper,
we will fix such an Xy once and for all. Let X be the normalization
of Xy, with p; and py € X the two liftings of the node of Xy under
the normalization morphism. For X,,, we denote by D the union of its
rational curves and denote by Di,...,D, its n rational components.
We order D; so that D1NX =p1, D;ND;y1 # 0 and D,NX = py. We
let XY = Xo — {q} = X — {p1,p2}, which is an open subset of X,,. We
define the based automorphisms of X,, to be

Auto(X,) = {0: Xy — Xy, | 0|0 = idyo} = (C¥)".

(Namely, they are automorphisms of X,, whose restrictions to X° C X,
are the identity maps.)

Later, we need to study pairs (Xn,qT), where ¢t € X,, are nodes of
X,,. In this paper, we will call (X,,q") based nodal curves, and denote
them by X} with ¢" € X,, implicitly understood. For m > n, we say
m: Xy — X, is a contraction if 7|xo is the identity and =|p, is either
an embedding or a constant map. A contraction of Xh — X is a
contraction of the underlying spaces X,, — X, that send the based
node of Xjn to the based node of XJL.

We now fix a pair of positive integers r > 2 and . Let X! = (Xn,q")
be a based nodal curve and let E be a rank r locally free sheaf of Ox, -
modules with x(E) = x. We say E is admissible if the restriction E|p,
has no negative degree factor! for each i. (Here and later, for a closed
subscheme A C X, we use E|4 to mean F®o,, Oa.) Next, we pick an
n-tuple d = (d;) € Z™™ and let € be a sufficiently small positive rational.
The pair (d, €) defines a Q-polarization d(e) on X,, whose degree along
the component X0 (resp. D) is 1 — €|d| (vesp. dse). (Here |d| =Y. d;.)
Now let F' be any subsheaf of E. We define the rank of ' C E at
qT € X,TZ to be

rT(F) = dimIm{F|; — E|,;}.

For real o we define the a-d-slope (implicitly depending on the choice
of €) of FF C E to be

(L1) na(F,a) = (x(F) — arl(F))/rkaF € Q.

!By Grothendieck’s theorem, every vector bundle on P! is a direct sum of line
bundles. Each such line bundle is called a factor of this vector bundle.
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Here the denominator is defined to be

n
rkqF = (1 — e|d|) rank F'|xo + Z ed; rank F|p,.
i=1
We define the automorphism group 2uty(E) to be the group of pairs
(0, f) so that o € Auty(X,,) and f is an isomorphism E = ¢*E.

Definition 1.1. Let F be a rank r locally free sheaf over X);. Let
a € [0,1) be any real number. We say E is a-d-semistable (resp. weakly
a-d-stable) if for any proper subsheaf F' C E we have

pa(F,a) < pa(E,a) (resp. <)
for € sufficiently small. We say E is a-d-stable if E is weakly a-d-stable
and deg E|p, > 0 for all 1.

In case E is a vector bundle on X,, (without the marked node), we
say E is d-(semi)stable if the same condition holds with o = 0.

We remark that when o = 0 the a-d-stability defined here coincides
with the Simpson stability (compare also the stability used in [5]).

We now collect a few facts about a-d-stable sheaves on X,i. To avoid
complications arising from strictly semistable sheaves, we will restrict
ourselves to the case (r,x) =1 and a € [0,1) — A,

(1.2)
Ar=fac0 )] a=_27(3=32), x0,70,7" €7,

0<7“0<7“,0§7“T§7', QTQ—TSTTSQTQ}.
Clearly, A, is a discrete subset of [0,1). When (x,r) =1, 0 ¢ A,.

Lemma 1.2. Let (r,x) = 1 and x > r be as before. Let o € [0,1)—A,
be any real and let d € Z™ be any weight. Then for any rank r a-d-
semistable sheaf E on X! of Euler characteristic x(E) = x, we have

(a) The restriction E|p, has no negative degree factors and there is

no nontrivial section of & which vanishes on X.
(b) For any (partial) contraction 7 : X — X the pull back ™E is
weakly a-d’-stable for any weight d' € Z+T™.

(c) Suppose E is a-d-stable. Then n <1 and Auty(E) = C*.

A similar statement holds for d-(semi)stable sheaves E on X,,.

Proof. We first prove (a). Suppose E|p, has a negative degree factor,
say Op,(—t). Let F' be the kernel of E — E|p, — Op,(—t). Then
rkqF < rkqE, r1(F) <r and

X(F) = x(E) = x(Op,(—t)) = x(E) +t — 1 > x(E).
Hence,
A(F) = arl(F) _ x(E)—ar

F o) =
/J’d( ,O[) rde > r

= pa(E, a).
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This is a contradiction. Similarly, suppose there is a section s € H°(E)
so that its restriction to X% C X, is trivial. Let L be the subsheaf of E
generated by this section. Then since rkqL = ce, ¢ > 0 and x(L) > 1,
pa(L,a) > (1—a)/ce > pa(E, «). This is a contradiction, which proves

(a).

We now prove (b). Let F' be any subsheaf of E. Since E is a-d-
semistable,

(1.3) pa(F,a) < pa(E, ).

Let ro(F) = rank F|xo. If ro(F) = 0, then puq(F,a) = ce~ !, for some
¢ € Q. Obviously ¢ > 0 is impossible by (1.3) and x > r. In case
¢ =0, then x(F) — ar’(F) = 0 and thus pg (F,a) = 0 for all d’. Since
X(E) > r, the strict inequality in (1.3) holds for all d’. When ¢ < 0,
pa (F,a) = e ! for some ¢ < 0 as well. Hence the strict inequality in
(1.3) holds for d’ too.

We next consider the case r > rank E|yo > 0. Then uq(F,«a) —
ud(E, «) is a continuous function of € whose value at € = 0 is

F) — arf

() —arl(F) x|
ro(F) r

Because a € [0,1) — A,, this is never zero. Hence for sufficiently small

6’

pa(F,a) < pa(E, o) <= pa(F, o) < par(E, o).

It remains to consider the case where 7o(F) = r. Obviously, we may
consider only proper subsheaves F' such that F|yo = E|yxo and thus
E/F is a nonzero sheaf of Op-modules. Because E/F is a quotient sheaf
of E|p which is non-negative along each D; C D, x(E/F) > r —r{(F).
Since each vector v € E)| o that lies in a subspace complementary to
Im{F|,; — E|,;} extends to a section of E, x(E) — x(F) > ar —ar'(F)
and thus pg (F, @) < pg/(E, «) for any d’. This proves that E is weakly
d’-stable for all d'.

Now we prove that the pull-back of E to any X,, is weakly a-d’-
stable. We first consider the case m = n + 1. For simplicity we assume
7 is the contraction of the last rational component of X, 1. We pick
d’ so that d; = d; for i <n and d;,,; = 1. Let F be a subsheaf of 7*FE.
Since F|p,,, has no positive degree factor, . F is torsion free and is a
subsheaf of E. Further, since R, (F) is a skyscraper sheaf, by Leray
spectral sequence we have

X(F) = x(mF) = x(R'm F) < x(m.F).



52 Y.-H. KIEM & J. LI

We now investigate the case 79(F") > 0. (The other case can be treated
as in the proof of (b), and will be omitted.) Because F is weakly a-d-
stable and o & A,., we must have
X(mF) — arf(m F) _ x(E)
<
ro(me ) r

Combined with the above inequality and rf(F) > rf(7,F), we conclude

par (F, ) < par (7", ).
This proves that 7* F is weakly a-d’-stable. The general case m > n+1
follows by induction. This completes the proof of (b).
Now assume F is a-d-stable. Consider the vector space
V={se H(E|p)|s(p2) = 0}.

We know that its dimension is no less than n by Riemann-Roch since
degree(E|p) > n. By part (b), the evaluation map

V — El,;; via s~ s(p1) € Elp,
is injective. Because dim E|,, = r, we have n < r. This proves (c).

The proof of the second part of (d) is based on the notion of GPB,
and will be proved in Section 2 (Corollary 2.7). q.e.d.

In the light of this lemma, the a-d-stability is independent of the
choice of d as long as a € A,. In the remainder of this paper, we will
restrict ourselves to the case where the following is satisfied.

Basic Assumption 1.3. We assume (r,x) = 1, x > r and o €
[0,1) — A,

Henceforth, we can and will call a-d-stable simply a-stable with some
choice of d understood.

1.2. Gieseker’s degeneration of moduli spaces. In this subsection,
we will give an alternative construction of Gieseker’s degeneration of
moduli of bundles in high rank case. The first such construction was
obtained by Nagaraj and Seshadri [11].

Let (r,x) =1 be as before and fix d = (1,...,1) € Z" for any n. Let

Ve (X) = {E | E is d-stable on X,, for some n,
rank F = n and x(F) = X}/ ~

Here two E and E’ over X,, and X, are isomorphic if there is a based
isomorphism o:X,, — X, so that c*E' = E.
Lemma 1.4. The set V,,(X) is bounded.

Proof. 1t follows immediately from the bound n < r in Lemma 1.2.
q.e.d.
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Let 0 € C be a pointed smooth curve and let # : W — C be a
projective family of curves all of whose fibers W except Wy are smooth
and the central fiber Wy is the nodal curve Xy chosen before. Let
C°=C—-0and W° =W —W,. For s € C° we let M, (Ws) be the
moduli space of rank r and Euler characteristic y (namely x(EF) = x)
semistable vector bundles on Wy. We then let 9, (W°/C°) be the
associated relative moduli space; namely for s € C° we have

M, (W°/C°) X o 5 = My (W),

The goal of this section is to construct the degeneration of the family
M, (W°/C°) by filling the central fiber of the family.

Our construction is aided by the construction of an Artin stack 20
parameterizing all semi-stable models of W/C. Without loss of gener-
ality, we can assume C' C Al is a Zariski open subset with 0 € C the
origin of Al. Let W[0] = W and let W[1] be a small resolution of

W0] x o1 A%, where A? — Al is via (t1,13) — t1to.

The small resolution is chosen so that the fiber of W[1] over 0 € A2
is X1, and the fibers of W][1] over the first (second) coordinate line
A! C A? are a smoothing of the first (resp. second) node of X;. Next
W2] is constructed as a small resolution of

W[l] X A2 Ag, where A3 — A2 is via (tl,tg,tg) — (tl,tztg).

The small resolution is chosen so that the fiber of W[2] over 0 € A3 is
X5 and the fibers of W2] over the i-th coordinate line A! C A? are a
smoothing of the i-th node of Xs. The degeneration Wn] is defined
inductively. For the details of this construction please see [8, §1].

Let C[n] be C x a1 A", Then W(n] is a projective family of curves

over C[n] whose fibers are isomorphic to one of Xy,...,X,. As shown
in [8], there is a canonical G[n] = (C*)" action on W[n] defined as
follows. Let 0 = (01,...,0,) be a general element in G[n]. Then the

G[n] action on A™*1 is
(t tns1)® = (o1t1, 07 toot L Ontn, 0 )
1y tntl =01 1701 02 2)"'50-71710-77, nyOp ln+l)-

The Gn| action on Wn]| is the unique lifting of the trivial action on W0
and the above action on A"*!. Consequently, we can view W n]/G[n]
as an Artin stack. It is easy to see that W[n|/G[n] is an open substack
W(n +1]/G[n + 1] via the embedding W[n]/A" C Wn + 1]/A"*! with
A" ¢ A" the embedding via (¢;) — (t;,1).

We define the groupoid 20 to be the category of pairs (Wg/S, ),
where S are C-schemes, Wg are families of projective curves over .S and
m:Wg — W are C-projections, such that there are open coverings U,
of S and p,:U, — C[ngy] so that

Ws x5 Uy = Wng] X Cng) Uas
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compatible with the projection Wg — W. Two families Wg and W§ are
isomorphic if there is an S-isomorphism f:Ws — W¢ compatible to the
tautological projections Wg — W and W§ — W. By our construction,
207 is indeed a stack.

We next define the family of stable sheaves over 20. Let S/C be any
scheme over C. An S-family of locally free sheaves over 20/C' consists
of a member Wg in 2 over S and a flat family of locally free sheaves
E over Wg/S. We say E is admissible (resp. (semi)stable) if for each
closed s € S the restriction of E to the fiber W, = Wg X g s is admissible
(resp. (semi)stable). Let Wg and W¢ be two families in 20(S) and let
E and E' be two families of sheaves over Wg and W§. We say E ~ E'
if there is an isomorphism f:Wg — W in 20(S) and a line bundle L
on S so that f*E' = E ® prgL.

We now define the groupoid of our moduli problem. For any C-scheme
S, let Fry (S) be the set of equivalence classes of all pairs (E, Wg), where
Wyg are members in 20(S) and E are flat S-families of rank r Euler
characteristic x stable vector bundles on Wj.

We continue to assume the basic assumption 1.3.

Proposition 1.5. The functor ., (20) is represented by an Artin
stack M, (20).

Proof. The proof is straightforward and will be omitted. q.e.d.

Since all stable sheaves have automorphism groups isomorphic to C*,
the coarse moduli space M, , (20) of M, , (W) exists as an algebraic
space.

Theorem 1.6. The coarse moduli space M, (20) is separated and
proper over C. Further, it is smooth and its central fiber (over 0 € C)
has normal crossing singularities.

We divide the proof into several lemmas.

We let ., (W[r]) be the functor that associates to each C[r]-scheme
S/C[r] the set of equivalence classes® of stable sheaves E over W[r] X,
S of rank r and Euler characteristic x. Since (7, x) = 1, the stability is
independent of the choice of the polarizations d(e). By [13], §, (W [r])
is represented by an Artin stack 9, , (W{[r]) and its coarse moduli space
M, (W([r]) is quasi-projective over C|[r].

Lemma 1.7. The moduli stack M, (Wr]) and the moduli space
M, (W([r]) are smooth over C|r].

Proof. This is a simple consequence of the deformation theory of
sheaves on Wr]. Let [E] € M, (W[r]) be a closed point, represented
by the sheaf E, as a sheaf of Oyy|-modules. Let Z be the support

2The equivalence relation for sheaves over W[r] is the usual equivalence relation.
Namely E ~ E' if E~ E' @ prgL.
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of F, which is a fiber of W{r| over £ € Clr]. We denote by ¢ the in-
clusion Z — W{r]. It follows from the deformation theory of sheaves
that the first order deformation of F is given by the extension group
Ext‘l,VM(E, E) which fits into the exact sequence

0 — H'(Z,End(:*E)) — Extyyy(E, E)
— H%(Z,End (\*E)) @ T¢Cr] — 0.

Since E is stable, HY(Z,End(1*E)) = C. Further, it is a direct check
that the homomorphism of the tangent spaces

(1.4) Tig M (Wr]) — TeClr]

is the next to the last arrow in the above exact sequence.

To show that 9, (W[r]) is smooth, we need to show that there is
no obstruction to deforming E. Since the support Z is a closed fiber
of W[r] — C]r|] and since E is a locally free sheaf of Oz-modules, the
obstruction to deforming F lies in

H*(Z,End(1*E)) @ T¢Cr] = 0.

This shows that 9, ,(W]r]) is smooth. Since (1.4) is surjective,
M, (W(r]) is smooth over C[r]. Finally, since the automorphism group
of each [E] € M, (W]r]) is isomorphic to C*, the coarse moduli space
M, (W(r]) is also smooth over C[r]. This proves the lemma.  g.e.d.

Corollary 1.8. The coarse moduli space M., (20) is smooth and is
flat over C'.

Proof. Clearly the GJr]-action on Wr] naturally lifts to an action
on M, (W]r]) and M, (W[r]). By Lemma 1.2, the stabilizers of the
Glr]-action at all points of M, , (W{r]) are trivial. Hence the quotient
M, , (W{r])/G]r] is an algebraic space. Further, because M, (Wr]) is
smooth, M, , (W{r])/G]r] is also smooth.

Now let

©: M, (W[r])/Glr] — M, (20)
be the induced morphism. To prove that M, (20) is smooth it suffices
to show that ® is surjective and is étale. Since M., (W|r]) is the coarse
moduli space of the stack 9, , (W{r]), its quotient M, (W {r])/G[r] is
the coarse moduli space of the stack I, , (W[r])/G[r]. Because the
nature morphism

M, (Wr])/Gr] — M, (2)

is étale, the morphism @ is also étale. Further, ® is surjective because
of Lemma 1.2. This proves that M, (20) is smooth. Finally, since
M, (W([r]) is smooth over C[r] and C[r] — C is flat, M., (W[r]) — C
is flat. Hence M, (W[r])/G[r] — C is flat and so is M, (20) — C.
q.e.d.
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Lemma 1.9. The algebraic space M, (20) is separated and proper
over C.

Proof. We first check that M, (20) is proper over C, using the val-
uation criterion. Let £ € S be a closed point in a smooth curve over
C. We let S° = S5 — ¢ and let E° be a family of stable sheaves over
Wgo for a C-morphism S° — Cn| for some n. We need to check that
S° — M, (20) extends to S — M, (20). Since M, , (20) is flat over
C, it suffices to check those S° — M, (20) that are flat over C'. In case
& lies over C°, Wgo extends to Wg = W X S with smooth special fiber
We. Hence there is an extension of £° to a family of stable sheaves over
Ws. We now assume £ lies over 0 € C. Since S° is flat over C, S — C
does not factor through 0 € C'. Without loss of generality we can assume
S° — C factor through C° C C. Then E° is a family of stable sheaves
on W xo5°. We consider Wg = W xS, which possibly has singularity
along the node of W. We let Wy be the canonical desingularization of
Wys. The central fiber Wg (of W over €) is isomorphic to X, for some
m. We next fix a polarization d(e) on Wy so that its degrees along the
irreducible components of V~V5 are 1 —me,¢€,...,e. Then by [13], there
is an extension of E° to an Og-flat sheaf of (’)Ws-modules F so that

E|y;, is semistable with respect to a polarization d(e). Therefore E is
We

locally free since W is smooth, E is Og-flat and F ’Wg has no torsion
elements supported at points. By Lemma 1.2, for any rational curve
D; C W; the restriction E|p, is either trivial (= O%:) or is admissible
along D;. We let Wg be the contraction of WS along those D; so that
E |p, is trivial. Let 7: Wg — Wy be the contraction morphism and let
E = m,E. Tt is direct to check that E is locally free and its restriction
to W is admissible and stable.

It remains to show that the family Wg can be derived from a C-
morphism S — C[r]. Let t € T'(Oa1) be the standard coordinate func-
tion. Since the exceptional divisor of WS — Wg has m irreducible
components, p*t € mé"“ — mg’”z, where p: S — Al is the composite
S — C — Al. Hence possibly after an étale base change, we can assume
p*(t) =ty tm for t; € T(mg). Let S — C[m] = C x a1 A™! be in-
duced by S — C and (f, ..., ty):S — A™F L. Then one checks directly
that the fiber product W[m| X gy, S is isomorphic to Ws. As to W,

we consider the morphism S — C[m/] defined as follows. Let G-y Com
be the nodes of Wg and let Cp,...,(yn be the nodes of We, ordered
according to our convention. Then the restriction of the contraction
7T§ZV~V£ — Wg induces a surjective map

¢:{§07"'7§m}—>{<_.0"“75m/}‘
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We then define &, = [[{# | #(¢;) = Cx}. Tt is direct to check that
WIm'] X ¢ S is isomorphic to Ws. Finally, we have m’ < r by Lemma
1.2. Hence W[m] X ¢m) S can be realized as a product W(r] x ¢, S for
some S — C[r]. This verifies the valuation criterion for properness.

We next show that M, (20) is separated, using the valuation crite-
rion. Let £ € S be a closed point in a smooth curve over C, let Wgo be a
family associated to a C-morphism S° — C[r] and let E° be a family of
stable sheaves on Wgo, as before. To verify the separatedness, we need
to show that there is at most one extension of E° to families of stable
sheaves over S. Suppose there are two extensions W¢ and W¢§ of Wge
and two extensions E' on W§ and E” on W{ of E°. We need to show
that there is a based isomorphism o : W§ — W¢ and an isomorphism
E' = ¢*E". Clearly, if £ lies over a point in C°, this follows from the
fact that the moduli of stable sheaves on smooth curves are separated.
We now assume ¢ lies over 0 € C'. Again, because M, (20) is flat over
C, we only need to check those so that S° is flat over C. As before,
we let Wg = W x¢ S and let W be the canonical desingularization of
Ws. Because both Wg and Wg are fiber products Wn'] Xy, S and
W n"] x ¢y S for some C-morphisms S — C[n'] and S — C[n"], the
canonical desingularizations of both W¢ and W are isomorphic to Ws.
Let

7' Ws — W, and «":Ws — Wl

be the projections. Then by Lemma 1.2, both 7”*E’ and 7n"* E” are fam-
ilies of locally free stable vector bundles, extending E°. Hence they are
isomorphic. Further, we observe that a rational curve D is contracted
by «’ if and only if #”*FE’|p is trivial. Because n"*E’' = n"*E”  both 7/
and 7 contract the same set of rational curves in Wg. Hence W/, = W
and under this isomorphism

El = 7_‘_>/k7_‘_/>|<E1/ ) 7_‘_>/k/7_‘_//>I<E// = E,/.
This proves the separatedness. q.e.d.

We now complete the proof of the theorem.

Proof. It remains to show that the central fiber of M, (20)/C has
normal crossing singularities. We consider the following Cartesian

square
M, (Wr]) —— M, (W[r])/Glr]

| |

Cr] —— C=C[r]/G]r]
We know that the upper and left arrows are smooth morphisms while
fibers of C[r] — C are smooth except the central fiber, which has normal
crossing singularities. Thus the central fiber of the right arrow has nor-
mal crossing singularities. Finally, since M, (W{r])/G[r] — M, (20)
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is étale and the arrow commutes with the two projections to C, the
fibers of M, (20) over C are smooth except the central fiber which has
normal crossing singularities. q.e.d.

We conclude this subsection by remarking that the set of closed points
of M., (20) over 0 € C is exactly the set V;., (X) defined in the beginning
of this subsection. This set is exactly the set used by Gieseker and
Nagaraj - Seshadri in their construction degeneration of moduli spaces
[4, 11].

1.3. Normalization of the central fiber. We close this section by
constructing the normalization of the central fiber

M, ., (200) = M., (20) x¢ 0.

Let [E] € M, (Wo) be any closed point associated to a stable vector
bundle £ on X,,. We consider the coarse moduli space M, , (W [n])
of stable sheaves on W(n|/Cln]. As we argued before, the induced
morphism M, (W n])/G[n] — M, ,(20) is étale and its image contains
[E]. For the same reason,

M, (W[n]) X (Cln] x¢ 0)/Gn] — M., (o)

is étale. Now let H* ¢ A™*! be the coordinate hyperplane transversal
to the k-th coordinate axis (we agree that the coordinate axes of A"t!

are indexed from 0 to n) and let H* — C[n] be the induced immersion.
Then

n
H Hk — C [n] Xc 0
k=0
is the normalization morphism and the induced morphism

n

TT M (W) x o HY) /Gl — Moy (W) Xy (Cln] 5 0)

k=0
is the normalization morphism. It follows that the closed points of the
normalization of M,., (20¢) consist of the equivalence classes of triples
(E, X,,q") for some n where E are stable vector bundles over X,, and
¢" are nodes of X,,.

The normalization of M,., (20p) is indeed itself a moduli space. Let
X" be the Artin stack (groupoid) of pointed semistable models of Xj.
Namely, X7(S) consists of pairs (Ws,q") where Wg are members in
25(.S) with S understood as C-schemes via the trivial morphisms S — 0
with 0 € C, and ¢ are sections of nodes of the fibers of Wy /S. An
isomorphism between two families (W, ¢") and (W}, ¢'T) is an isomor-
phism o : Wg — W/ in 20(S) that preserves the sections ¢' and ¢'T.
We denote the pair (Ws,q') by Wg We define the moduli groupoid

ﬁx(f{T) to be the category of all pairs (E, Wg), where Wg € X7(S) and
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E is a family of a-stable sheaves on Wg whose members (namely the re-
striction to closed fibers of Wg/S) lie in the set V! (XT) of isomorphism

classes of a-stable rank 7 locally free sheaves E on X;Q for some n with
X(E) = x. Two families (E, Wg) and (E' ,Wg) are equivalent if there
is an isomorphism o : Wg — Wg in 20(S) and a line bundle L on S so
that f*E' = E ® prgL. Following the proof of Theorem 1.5, one easily
shows that the functor Sﬁx(f’) is represented by a smooth Artin stack.
Further, because of Corollary 2.7 its coarse moduli space M%X(%T) is
a smooth algebraic space. Again, similar to the proof of Lemma 1.9,
the coarse moduli space is proper and separated. Finally, the previous
argument shows that M%X(%T) is a normalization of M, , (2y). We
summarize this in the following proposition.

Proposition 1.10. The groupoid gff,x(%T) forms a smooth Artin
stack Sﬁq‘f"x(%T) and its coarse moduli space My (X1 is a proper smooth
and separated algebraic space. Further, the canonical morphism
MQ’X(%T) — M, (2Wo) induced by forgetting the marked section of nodes
s the normalization morphism.

In case r = 2, the moduli space My, (XT) is exactly the normalization
constructed in [4].

2. a-stable bundles and generalized parabolic bundles

In this section, we will first relate a-stable sheaves on X' to General-
ized-Parabolic-Bundle (in short GPB) on X = (X,p; + p2). We will
then show that the moduli of a-stable sheaves on XT is a blow-up of
the moduli of a-stable GPB on X*. This will be used to study how
M%X(%T) is related to M,{;(%T) in the next section. We will continue
to assume (r,x) =1, x > r and « € A, throughout this section.

2.1. GPB. We begin with the notion of GPB. Let Xt be the pair
(X,p1 + p2). A rank » GPB on X7 is a pair V¢ = (V,V?) of a rank
7 vector bundle V on X and an r-dimensional subspace VO C V|, 4p,-
In this paper, we will use the convention that for any sheaf F' and
closed p € X we denote by F|, the vector space F' ® k(p) and denote
by V|p,4p, the vector space V|, & V|p,. For any subsheaf F' C V we
denote by F|,,+p, N V? the subspace Im{F|,, 1p, — V]p,4p} N VY and
define r*(F) = dim F|p, 4, N VY.

We begin with the investigation of locally free sheaves on a chain of
rational curves. Let R be a chain of n P’s coupled with two end points
qo and ¢, in the first and the last components of R. We order the n-
rational curves into Ry, ..., R, sothat R;NR; 11 = {g;} for 1 <i <n-—1,
qo # q1 € Ry and ¢, # qn—1 € R,. In the following we will call such
R with gy and ¢, understood an end-pointed chain of rational curves.
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Now let F' be any admissible locally free sheaf on R. Inductively, we
define vector spaces W; C F|,, by Wy = {0} and

Wi ={s(q:)|s¢€ HO(RZ-,F),s(qZ-_l) e Wi} C Flg.
We call T, = W, the transfer of 0 € F|,, along R. Note that
(2.1) T = {s(qgn) | 5(q0) =0 and s € H'(R, F)}.

If we reverse the order of R by putting Ri = Ry —it1, we call the resulting
transfer . C F|y, the reverse transfer of 0 € F|,,. Notice that we
have a well-defined homomorphism Fy,, — F|,,/T'— by assigning to each
element ¢ € F|,, the class of [s(qo)] € F|4/T— for some s € H(R, F)
such that s(g,) = ¢. The kernel of this homomorphism is precisely the
transfer T_,. Hence we have a canonical isomorphism

(2:2) €1 Fly /T — Flgy /T,

There is another way to see this isomorphism. Let HY(R, F¥) ® Op —
FY and

¢:F— H'(R,FV)V @ Opg
be the canonical homomorphism. Then ker(p(qo)) = T, ker(¢(g,)) =
T, and the isomorphism (2.2) is induced by

F’qo - HO(RaFV)V — F|qn-

Definition 2.1. We say a locally free sheaf F' on R is regular if there
are integers a; so that to each i € [1,n],

F’Ri = OrRzai D ORi(Dai and dim W, = dim W;_1 + q;.

Note that F' is regular if and only if each restriction F'|g, has only
degree 0 and 1 factors and

(2.3) {s € H°(R, F) | 5(qo) = 5(aa) = 0} = 0.

Also, if F is regular then deg F' = dim7T_, = dim7T.—. We now prove a
lemma concerning regular bundles on rational chains that will be useful
later.

Lemma 2.2. Let the notation be as before and let oo : F|g —
Flg/T— and oy F|g, — F|g,/T- be the projections. Suppose Sy C F|q,
and Sy, C F|g, are two subspaces so that (o, (Sy)) C 00(So). Then
there is a subsheaf F C F so that Im{F|y, — Flq} = So, Im{F|,, —
Fl4.} = Sn and

X(F) > dim S,, + dim Sy — dim ¢ (Sp).

Proof. The proof is straightforward, is based on the following easy
observation. Suppose A C F|, and B C F|,, are one dimensional
subspaces so that o¢(A) = £(0,(B)) # {0}. Then there is a unique
subsheaf £ = Or C F so that Im{L|,, — Fl,} = A and Im{L|,, —
Fl,.} = B.
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We now construct the subsheaf F. First, we write S, = A1 & As
so that Ay = kero, NS,. Then by assumption, there is a subspace
A} C Sp so that A} is isomorphic to A; under o, ! 0 71 o gy We let
As =kerogN Sy and Ay C Sy be the compliment of A} ® As. Then by
the observation just stated, there is a subsheaf F; = O%al C F, where
a; = dim Ay, so that Filg, C Flg is A1 and Filg, C Flg, is A]. We
then pick Fy & O%™ C F, where a4 = dim Ay, so that Fale C Flg
is As. We then define o C F to be the subsheaf spanned by {s €
H°(F(—q,)) | s(qo) € A2}. Similarly, we defined F3 C F to be the
subsheaf spanned by sections in H°(F(—qg)) whose values at g, are in
Bs. Clearly, x(F;) = a;, where a; = dim A;. Finally, let 7 C F be the
image sheaf of

0:F1®Fo®F3® Fa(—qn) — F.

By our construction, we certainly have Im{F|, — F|4} = S; for i =0
and n. As x(F), it is equal to > x(Fi) — as — x(ker ¢). Because the
restriction of ¢ to ¢y and ¢, € R are injective, the structures of F;
guarantee that H°(R, ker ¢) = 0. Hence x(ker ) < 0. This proves the
inequality of x(F). q.e.d.

Now we pick a pair of non-negative integers (n,m), and form the two
end-pointed rational chains R and R’ of length n and m, respectively.
Let qo,¢n € R and ¢, q,,, € R’ be the respective end points with their
nodes ¢; and ¢}, respectively. We then form the 2-pointed curve X, ,,, by
gluing p; and p2 in X with the go € R and the ¢ € R', respectively, with
In, 4, its two marked points. Namely, X, ,, has two tails of rational
curves, the left tail R > ¢, and the right tail R’ > ¢},,. If we identify ¢,
and ¢,, we obtain a pointed curve Xl tm

Now let E be a rank r vector bundle over Xl +m SO that its restriction

to the chain of rational curves D C X, 1, is regular. Let

p:XWn—>XJr

nim and 7w Xy, — X

be the tautological projections. First, E £ p*E is a locally free sheaf
on X, ., and E can be reconstructed from p*FE and the isomorphism
¢: Elg, = Bl = Elg, via

0— E — p.E— (E|, @ E~’\q4n)/1"¢ —0

where Ty C B, ® E g, is the graph of ¢. Here we view the last non-
zero term in the sequence as a k(qT) vector space, which is naturally a
sheaf of Ox, ,,,-modules. In this way the vector bundle £ on X;fl tm 18
equivalent to the GPB (E,T'y) over X, 1.

We now show how the GPB (E,T'y) naturally associates to a GPB
over X*. First let V = (m.EY)Y. Since the restriction of E to D is
regular, p,EY and hence V are locally free sheaves on X. Clearly, we
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have x(V) = x(£) = x(£) + r. Next, by its construction we have
canonical 7*(mEV) — EV and its dual

(2.4) E — 'V = 1" (m.EY)V.
Restricting to g, and ¢/,,, we obtain
hy: Ely, — V], =V|p, and hy: E|q}n — TV =Vlp,.

We then define V0 C V|,, @ V|,, to be the image of 'y, C E|,, © E]q;n
under the homomorphism Ay @ ho. We claim that dim V° = r. Suppose
dim V? < r. Then there is v € I'y so that hy(v) = ha(v) = 0. Since
v € Ty, its image in E|,, and in E\% are identical, using E|,, =
E|y . By our previous discussion, hi(v) = 0 implies that v lies in
the kernel E|,, — F|, /T, which implies that there is a section s €
HO(FE|r(—qo)) so that s(g,) = v. Similarly, ho(v) = 0 implies that there
is a section ' € HO(E|r/(—q))) so that s'(¢,,) = v. The pair (s, s') then
glues together to form a section of E that vanishes along X°. Since E|p

is regular, such section must be trivial, and hence v = 0. This proves
that dim V° = 7 and hence the pair V& = (V,V?) is a GPB on X.

2.2. a-stable bundles and a-stable GPB. In this subsection we will
show that the correspondence constructed in the previous subsection
relates a-stable bundles on X to a-stable GPBs on X .

n+m

Definition 2.3. Let a € [0,1). A GPB V% = (V,V?) is a-stable if
for any proper subbundle F C V we have u®(F, o) < u®(V,a), where

pE(F ) = (x(F) + (1 = a)r (F)) /r(F).?

Let G\, (X™T) be the set of all isomorphism classes of a-stable rank

r GPBs on X of Euler characteristics X’ = x + r. In this subsection,
we will show that the previous correspondence defines a map

Ve (xh) — go(X).

This map will be useful in studying the moduli of a-stable sheaves on
xf.
We now prove the following equivalence of the stable GPB and stable

vector bundles on Xl tm

Proposition 2.4. Let E be a rank r vector bundle of Eular charac-
nim- Suppose E|p is reqular.*  Then E is a-stable if
and only if its associated GPB VY = (V,V?) is a-stable.

teristic x on X!

3The a-stability is the (1 — «)-stability of GBP introduced in [1].
‘By Lemma 1.2, E|p is regular whenever E is a-stable.
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Proof. We first prove that E being a-stable implies that V& is a-
stable. Let U C V be any proper subbundle. We need to show that
pC (U, o) < pu®(V,a). We will prove this inequality by constructing a
subsheaf F' C E so that ro(F) = r(U), x(F) > x(U) — 2r(U) + r*(U)
and rT(F) = r¥(U). Then we have the inequality because

x(U) + (1 —a)r*(U)

G o) —
(U, @) (0)
< &) +2r0) —r*(U) + (1 = a)r™(U)
- r(U)
_ X(F) —arf(F) X(E) —ar
N ro(F) T2 r 2
YL EYCET N

We now construct such F. First let U = E|x N U, which makes
sense since by construction V' is just the result of a elementary (Hecke)
modification of E|x at p; and py so that E|y C V is a subsheaf. Let
Ay = Im{U|,, — E|g} and Ay = Im{U|,, — E|‘16}‘ We then let
B C T be the preimage of U° = VO N (Ul,, ® Ul,,) under the iso-
morphism V® 2 'y, and let B; C E|,, and By C E|q;n be the image
of B under the obvious projections. Let oo : El, — Elg/T— and
on: E|,, — FEl|g,/T- be the projections and & : E|,, /T = El|g/T—
be the tautological isomorphisms, constructed in (2.2). We claim that
£(0n(B1)) C 0o(A1). Indeed, let (u1,us) € B be any element with
(v1,v9) € U its preimage. By definition, &(0,,(v1)) = oo(uy). Hence
&(on(B1)) C 00(A1). Similarly, if we let of, o}, and £ be similar homo-
morphisms associated to ¢, ¢}, and p2, we have £'(o7,,(B2)) C o((A2).

We now apply Lemma 2.2 to conclude that there is a subsheaf F} C
E|g so that

Im{Fi|g, — Elg} = A1, Im{F|y, — Elg,} = By, x(F1) > dim By +ey,

where e; = dimker{U|,, — Ul,, }. Similarly, we have a subsheaf Fy C
E|r having

Im{F2|q6 — E|q6}: Ao, Im{F2|q;ﬂ — E|‘14n}: Bs, X(Fg) > dim By +e3,

where ey = dimker{U|,, — Ul,,}. Note that B; = By under the
identification E|,, = E lg. . Therefore, the subsheaves UcE|x, F, C
E|g and Fy C E|p glue together to form a subsheaf F C F such that
ro(F) = r(U), r'(F) = dim B; = dim By = dim U° = 7+(U) and

Y(F) = x(U)+x(F1) + x(F2) —2r(U)—dim C > x(U) —2r(U)+dim U°.

Here we used the fact that x(U) = x(U) —e; —ea. This F is the desired
subsheaf. This prove the first part of the lemma.
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We postpone the other part of the proof until we give a more precise
description of the destabilizing subsheaf of F. q.e.d.

2.3. a-stable GPB and a-stable bundles. We will complete the
other half of Proposition 2.4 in this subsection.

We begin with a characterization of the destabilizing subsheaf of F
on Xler. Let E be a vector bundle on XILer as in Proposition 2.4. Let
F C E be an a-destabilizing subsheaf. Namely, pu(F,a) > u(F,«) and
is the largest possible among all subsheaves of E. Since E|p is regular,
as mentioned before ro(F) = rank F|xo > 0. In the following, we say
that a sheaf F’ with F' C F’ C E is a small extension of F C E if F'/F
is a sheaf of Op-modules. We say F|p = F ®ox, Op is non-negative
if the torsion free part of the restriction of F' to each rational curves
D; C D has no-negative factors.

Lemma 2.5. Let E be as in Proposition 2.4 and F' C E be an a-
destabilizing subsheaf. Then ro(F') > 0, F|p is non-negative and there
is no mon-negative small extension F C F' C E of F C E.

Proof. First, ro(F) = 0 is impossible because of our assumption x >
r. Suppose there is an irreducible component D; C D so that F|p,
is not non-negative. Namely, there is a ¢ > 0 so that Op,(—t) is a
quotient sheaf of F|p,. We let F’ be the kernel of the composite F' —
F|p, — Op,(—t). Clearly, x(F') > x(F) and r(F") < r7(F) while
rkgF’ < rkqF'. Hence uq(F’,a) > ua(F,«), violating that F is an
a-destabilizing subsheaf of E.

Now suppose ' C F' C E is a small extension of F' so that F’ is
also non-negative on D. We claim that uq(F’, ) > pq(F, ). We look
at the quotient sheaf F'/F. Since F’|p is non-negative, F'/F is also
non-negative. Further, since F’'/F is a sheaf of Op-modules, it is easy
to see that

\(F'[F) > (F) = 1 (F).
Hence because a < 1, the slope uq(F’, a) is

(X(F) = arl(F)) + (x(F'/F) = a(rI(F) = r1(F)))
rkqF + O(c)

~ ot
AP =orl) ),

Here we used the fact that 79(#) > 0 and that e is sufficiently small.

This violates the assumption that F' is an a-destabilizing subsheaf of
E. q.e.d.

We now give a more precise description of the destabilizing subsheaf
F C E. We begin with more notation. Let Di,..., Dy, be the or-
dered rational curves of D C X,

nim With nodes qo, ..., gu+m and the
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marked node ¢' = ¢,. We let Dy = Ufg:H_le be the subchain of
D. There are several (possible) subsheaves of E|p that are important
to our later study. The first is the subsheaf Of; ; C E|p, which as a
sheaf is isomorphic to O Dy and such that the induced homomorphisms
0(q:): Oy 5) @ k(qi) — Elg, and 0(q;): Oy 5 @k(gj) — E|,; are non-zero.
If we impose the condition o(¢;) # 0 instead of o(g;) = 0, we denote
the resulting subsheaf by O; ;). The sheaves Oj; ;) are defined similarly
in the obvious way. The other subsheaf is O{(l)i]n +m) C E|p, which as a
sheaf is an invertible sheaf of Op-modules. Its degree on Dy, is 1 and its
degrees on other components are all 0, and the induced homomorphisms
o(qo) and o(gn4+m) are both non-zero.

Lemma 2.6. Let E be as in Proposition 2.4 and FF C E be its a-
destabilizing subsheaf. Then the image subsheaf of F|p — E|p is a
direct sum of subsheaves from the list

[7]
O[O,i)7 O(i,n—i—m}) O[O,n—&—m}? O[O,n+m]'

Proof. Since E|p is regular, all restrictions F'|p, have only degree 0
and 1 factors. We first assume there is a component Dy, so that F|p,
has a factor Op, (1). Then there is a subchain Dj; ; containing Dy so
that this factor Op, (1) C F|p, extends to a subsheaf £ C F|p so that
L is an invertible sheaf of Op,, -modules and the degree of L along
each D; C Dy; ; is non-negative. However, if there is another [ # k so
that the degree of £ on Dj is 1, then we can find a section of £ that
vanishes at ¢; and ¢;. Using £ — E|p, this section induces a section of
E that vanishes on X°, violating the fact that E|p is regular. Hence
deg L|p, =0 for all k # [ € [i + 1, j]. For the same reason we conclude
that 0(¢;): L ® k(¢;) — E|q, cannot be zero since otherwise we can find
a section of E that vanishes on X". Since E|p is locally free, this is
possible only if ¢ = 0. For the same reason we have j = n + m and

0(Gn+m) # 0. Hence £ C E|p is a subsheaf of the type okl | C E|p

[0,n4+m
described before.
Since F'|p has only degree 0 and 1 factors, it is direct to see that

O[[g}n—&-m} C F|p must be a direct summand. Let F|p = (’){g}n+m] & F

be a decomposition. By repeating this procedure to the sheaf F/, we
[[g}n+m]
sheaf F whose restriction to each D; has only degree 0 factors. We now
show that F must be a direct sum of a torsion sheaf and sheaves of the
first three kinds in the list of the lemma: Ojg 1, O nim) and Oy yqm)-
Suppose F is not supported at points. Then there is a subchain Dy; ; C
D so that Op,, , C F is a subsheaf. Let 0(¢;) and o(g;) be the induced

homomorphisms Op,, , ® k(g;) — Elq, and Op,, ; @ k(g;) — Elg;. As

J
before, we can show that o(g;) and o(g;) can not be simultaneously

conclude that F|p is a direct sum of sheaves of type O with a
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zero. Further, o(q;) # 0 is possible only if ¢ = 0. Hence F has a factor
from the first three kinds in the above list. By repeating this argument,
we conclude that F|p is a direct sum of sheaves supported on ¢y and
Gn+m, and sheaves from the list. q.e.d.

We now complete the proof of Proposition 2.4

Proof. We need to show that if E is a-unstable then V¢ is a-unstable
as well. Let FF C F be the a-destabilizing subsheaf of E. We let R and
R’ be the left and the right rational tails of X, ,, let E = p*E be the
pull back vector bundle on X, ,, and let T C E|,, and T C E|q6 be
the reverse transfer of |z and E|p. We follow the notation introduced
before (2.4) with ¢; and ¢; the nodes of R and R’ so that go = p1 and

¢h = p2. Then E|x and V fits into the exact sequence
0—Elxy —V —T_ok(p) ®T_ @k(p2) — 0.

Let F C F|x be the image subsheaf of p*F|x — E|x, let 7 > F be the
largest subsheaf of E|x so that F'/F is torsion and let F/ C V be the
largest subsheaf so that F C F’ and F’/F is torsion. Here the inclusion
F C F' is understood in terms of the inclusion of sheaves E|x C V.
Since F' is the largest possible such subsheaf, it is a subbundle of E |x
and F'/F is contained in E|,, @ E|,,. We claim that F'/F|, NT_ =
F'JFl|p, N T = {0}, since otherwise we can find a small extension of
F C FE so that its u(-, ) degree is larger than u(F,«), violating the
maximality of the latter. Combined with the maximality of u(F, a), we
conclude that F'/F is a torsion sheaf supported at p; and ps and is
indeed a direct sum of a k(p;)-module and a k(pz)-module.

We now write the torsion free part of F'|p as a direct sum of sheaves
in the list of Lemma 2.6. Let a_ (resp. ay) be the number of summands
of type Ojp ;) with i < n (resp. 7 > n) in the decomposition; let b_ (resp.
by) be the number of O; 1 p,) in the summand with i < n (resp. i > n);
let ¢ be the number of summand Oy, 4y, and let d_ (resp. d) be the

number of summands O% ntm] with ¢ <n (resp. ¢ > n). A direct check

via the construction of V' shows that
dimF,/j:‘pl =ro(F) — (ay +c+dy) and
dim F'/Fl,, = ro(F) — (b— + c+d_).
Hence
X(F') = x(F) +2ro(F) — (ag + b_ +2c+d_ +dy).

Further, by a direct check we have x(F) = x(F) + ¢ and r/(F) =
ar +b_ +c+d_ +d;. Hence

X(F') = X(F) + 2ro(F) = r(F).
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A similar argument shows that r*(F’) = ay + b_ + ¢+ d_ + d4 and
hence rf(F) = r+(F’). This implies that

X(F) + (1= a)yrt (F) _ x(F) — arl(F) X —ar
(F) = (F) +2> +2
_ X+ (1—a)r

violating the a-stability of V. This completes the proof of Proposition
2.4. q.e.d.

Corollary 2.7. Each E € Vﬁfx(%T) has Auty(E) = C*.
nem and let (o, f) be an

automorphism of E. Namely, 0: X;,1p — X,1m i a based automor-
phism and f:0*E = E is an isomorphism. Let o': X, ,,, = X, , and

Proof. Let E € V,?fx(%f) be a sheaf over X

f':0”*E =~ E be the induced isomorphisms. Since o|x = id, f induces
an isomorphism f:E| x — E|x. Clearly, f’ preserves the subspaces
T_ C Elg and T C Ely. Hence if we denote by VG = (V,V9) the

associated GPB of E, f extends to an isomorphism f as shown:

0 — Elx 1% T_®k(p)eT_ ®k(p) —— 0
bl |
0 —— Flx |4 T k(p1)® T @k(ps) —— 0

We claim that the GPB structure V° C V|,, ® V|, is preserved under
f. Indeed, because T'y, C E|,, @ E~\% is the graph of the tautological
isomorphism E g = E ¢, and this isomorphism is preserved by f’, T'y
is preserved by f’. Next, we look at the homomorphism

E|qn - E~‘|Qn/T‘> i’ENV‘qo/T%-

Obviously, the first arrow is canonical. The second arrow is induced
by O%* C E|g, which is also preserved by f’. Hence the composite of
the above arrows is invariant under f’. Therefore, the image of I'y; in
Vip, @ V|p, will be preserved under f’. This shows that (f, o) induces
an isomorphism f of V& whose restriction to X C X is exactly f|xo.
Since E is a-stable, V& is a-stable by Proposition 2.4 and hence by
the usual argument, the automorphism group of V& is C*. Hence f
is a multiple of the identity map. In particular, after replacing f by a
multiple of itself, we can assume f|xo = id. We now show that o = id.
As before, let qo, ..., qntm be the nodes of X, ,,. Since ¢; are fixed
points of o, the isomorphism f induces automorphisms f|y, : E|,, — E|q,-
We first claim that all f|,, = id. Suppose not; say fl|, # id. Then
0 < k < n+msince flxo = id. Since E|p is non-negative, there
is a section s € HY(D,E) so that s(gx) is not fixed by f|, . Hence
s — f~¥0*s is a section of H(D, E) that vanishes on qo and g, ,, but



68 Y.-H. KIEM & J. LI

non-zero at qx. This violates the a-stability of E. Hence all f|,, are the
identities.

Next, we claim that o, = o|p, are identities for all Dj. Indeed, since
E|p, = O%Z‘“ @ Op, (1)® for some a > 0, there is no isomorphism of
E|p, with ¢} (E|p,) whose restrictions to gx—; and g are the identity
maps unless o = id. Finally, since ¢ = id and the restrictions of f to
XY and all nodes are the identity maps, f must be an identity map since
E|p, has only degree 0 and 1 factors. This proves that 2uty(E) = C*.

q.e.d.

The association from E € VTOjX(XT) to V¢ ¢ gry (X™T) constructed
above defines a map

(2.5) V(&) — ga(XT).

On the other hand, by [1] the moduli space of a-stable GPBs (V, V) on
X T of rank r and (V) = x' = x+r form a fine moduli space G (XT).
We now show that the above correspondence induces a morphism

(2.6) M2 (%1) — G2 (XT).

Later we will show that in case r = 3 this is the composition of two

blow-ups along smooth subvarieties.
Let 7 (XT) and 30/ (X ) be the moduli functors of the sets V,?fX(XT)

and G2 /(X T). To prove the statement, it suffices to show that the
map (2.5) defines a transformation of functors Sﬁx(ﬁﬁ) = Sy (XT).
Namely, to any scheme S and a family £ € &, (X7)(9) it associates a
unique family V& € S (X1)(S), compatible to (2.5), and satisfies the
base change property. Let £ € 7, (X7)(S) be any family over (W, ¢).
Let p: Wy — Wy be the normalization along q'(S) ¢ Ws and let
W:WS — X X S the contraction of all rational curves on the fibers. Let
q- and q4+ C Wg be the two sections of Wg/S that are the pre-images
of ¢'(S). We then denote p; = p; x S C X x S. As usual, we index q+
so that m(q—) = p1. We define V = (mp*é‘v)v. Because £ is a family
of a-stable sheaves, Rim,p*EY = 0 for i > 0. Hence m,p*EY and V are
locally free sheaves on X x S. Next, there are canonical homomorphisms

Tp €V |py — p*EY|q. and mp EV|p, — p EYq, -
Coupled with the identity p*€|q_ = p*E|q., we obtain homomorphisms
diag % \V o
Elgts) — P Elatar — (7P €Y) " Ipi4p2 = Vlpi+po-
Here p*&|q_+q, 18 p*Elq_ Dp*E|q. , considered as a sheaf of Og-modules.
We define V° to be the image sheaf of the composition of the above
arrows. It is direct to check that this construction & = (V, V) satisfies
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the base change property. Hence as we argued before (in constructing

V& = (V,V9)) for each closed ¢ € S the induced
(Elgt(s)) @K(E) — Vpi1p, @ Kk(E)

is injective. Hence V is a subvector bundle of V|p1+p.- Consequently,
by Lemma 2.4 and the base change property the pair V& = (V, V)
is a family of a-stable GPB in §7 (X *). This defines the desired
transformation of the functors.

2.4. M%X(%T) as a blow-up of G, (XT). In this subsection, we will
restrict ourselves to the case r = 3 and xy = 4. We will show that
M§74(%T) is a blow up of G§7(X¥). We will prove this by looking at
the inverse of (2.6):

(2.7) P G§77(X+) - Mg,z;(%T)a

and prove that after two blow-ups of the domain we can resolve the
indeterminacy and the resulting morphism is an isomorphism.

For simplicity, in the remainder of this paper we will denote G§‘77(X+)
by G* and denote M§74(%T) by M?. By [1, Theorem 2], we know that
there is a universal family of GPBs (V,V’) on G* x X, where V is
a rank 3 vector bundle over G* x X and VY is a rank 3 subbundle
of Vipi4ps = V|goxp ® V|goxp, over G*. On the open dense subset
U C G* where the induced V° — V|, and V° — V|, are isomorphisms,
we get a family of vector bundles over U x X by taking the kernel of

(Ixp)V — (1x P)*V’q/vo = (V‘pl-%pz)/vo?

where p: X — Xy is the normalization map and q¢ € Xj is its node. By
Lemma 2.4, the resulting family is a family of a-stable sheaves on Xj.

The resulting U-family of a-stable sheaves defines a morphism U —
M which defines a rational map G“— — M, inverse to the given
M® — G®. We now show how to eliminate indeterminacy by blowing
up the domain G¢ twice.

Let Y; (resp. Z;) be the subvariety of G consisting of GPB (V, V°)
such that VO — V|,, (resp. V® — V|,,) have ranks at most i. Clearly
Yo C Yy C Yy and Zyg C Z1 C Zs are chains of subvarieties with
Y, and Zy smooth. Further, because dimV°® = 3, we know that
ZoNYoy =YoNZy =Y NZ; = () and Y intersects Zo and Z; intersects
Y transversally. We now blow up G® along Yo U Zy. We denote the
blow-up of G* by G{ and denote the proper transforms of Y; and Z;
by Y;1 and Z;;. Because of the intersection property mentioned, the
proper transforms Y ; and Z;; are smooth, satisfying similar intersec-
tion properties. We next blow up G{ along Y11 UZ ;. We denote the
blow-up by G“ and denote the corresponding total transforms by Y,
and Z;. This time, all Y; and Z; are smooth normal crossing divisors.
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We now show that G*— — M lifts to a morphism G* — M. Such
a morphism will be induced by a family of a-stable sheaves parameter-
ized by G®. We now construct such a family. First, we blow up the
codimension 2 subvarieties Y x p1 and Zo X pa C G“ x X. We denote
the resulting family (the blown-up) by Wi. Let

o Wh — GO, P W) — G*x X and ¢:GY — G°

be the obvious projections. Note that the fibers of 71 are one of X, X ;
and X 0. Let g1 C Wy (resp. q) be the proper transform of G x py
(resp. G® x po) and let Dy (resp. D)) be the exceptional divisor over
Yo X p1 (vesp. Zg X p2).

Next let (V,VY) be the universal bundle of G* given by a vector
bundle V over G® x X and a subbundle V° of V|p,+p,, where p; =
G x p; C G* x X. We introduce a new locally free sheaf on Wi:

V1 2 ker{®]V — ®[V|p, © P}V|p }.

Because Yy is the locus where V0 — Vp, are zeros, and likewise for
Zo, the pull back ¢1V° — <I>"1‘V|ql+q/1 factors through

(2.8) VP £ 6"V — Vilgiq,-

The pair (V1,V?) is a family of GPBs on (W1, q1, q}), parameterized by
G®. As argued in [4], for each £ € G the homomorphisms

V?’WLg - V1|W1,§ﬂ(n and V?|W1,§ — Vl‘WLgﬂq’l
have ranks at least 1. .
~ We now modify this family along the rank 1 degeneracy loci Y and
Z1. The construction is similar. We first blow up W7 along the disjoint
union of 77 1(Y1) Nqp and 77 ' (Z1) N q}. Let Wa be the blow-up, let
q2 and q) be the proper transforms of q; and g} and let D2 and DY, be
the exceptional divisors of ®o: W5 — W7. As argued in [4], the cokernel

L= COker{Vﬂw;l(Yl) — Vil na )

is a rank two locally free sheaf on 7 (Y1) Nqi. Similarly, let L) be
defined with Y replaced by Z; and with q; replaced by q). It is also
a rank two locally free sheaf on 77 }(Z1) N qj. Similarly to the rank 0
case, we define Vs to be the kernel of ®3V; — ®5Ly @ PIL). Tt is a
locally free sheaf over W5. Further the homomorphism (2.8) induces a
homomorphism

(2.9) [N VA X

The pair (Va, V) is a family of GPBs on Wy over G°.

Lastly, we resolve the rank 2 degeneracy. Let mo : Wo — G be
the projection and let W3 be the blow up of W5 along the disjoint
union of 75,1 (Y2) Nqz and 75, '(Z2) N qb. Let q3, g} be the proper

|Q2+q/2 :
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transforms of g2 and g, and let D3 and D be the exceptional divisors of
®3:W3 — Wo. Again the cokernel Lo of VS|W;1(Y2) — Vol _ 1(Y2)ﬂq2 and

the similarly defined £} are rank one locally free sheaves on 75 ' (Y2)Nqs
and 75, ' (Z2)Nd). We define Vs to be the kernel of ®3Vy — &% L@ D5LY.
Then we have the canonical

(2.10) VY £ ¢V — Vialgoiqr-

Lemma 2.8. The family of GPBs (V3,V§) on W3 has the property
that the induced homomorphisms V° — Vs|q, and V§ — Vslq, are both
1somorphisms.

Proof. We omit the proof since it is similar to that in [4] and follows
directly from the construction. q.e.d.

For simplicity, we denote q3 and g4 C W3 by q and ' € W, and
denote (Vg,V3) by (V,V°), respectively. We then glue the two sections
q and ' of W to obtain a family W7 over G with the marked section
q', the gluing locus. Clearly, WT is a family of based semistable model
of Xy and the tautological projection p: W — W is the normalization
of Wt along qf. Over W1, we define £ via the exact sequence

0—&—pV— V]|q@V|g)/ V' — 0.

We now show that the family £ is a famlly of a-stable vector bundles
over WT/G“ We begin with a closed £ € G®, with E — X:L+m the
restriction of & — WT to the fiber over . We will follow the notation
introduced before. In particular, let D be the chain of rational curves in
X,TL +m With ¢ = g, its based node, let X,, ,, be its normalization along
¢" and let R and R’ be its two rational tails. By our construction, F is
the gluing of a GPB (V V) on Xnm- Let £ € G be the image of €
with (V,V?) the corresponding GPB.

Lemma 2.9. The vector bundle ‘7|R 1s a regular vector bundle, as
defined in Definition 2.1. Further, if we let A = ker{V°? — V|, }, then
Im{A — Vo2 VY~ V|, Vs exactly the transfer T_, C V|, defined in
(2.1).

Proof. We define the type of the left tail V| to be the triple (iq, 1, i2)
defined by i; = 1if € € Y; and i; = 0 otherwise. Clearly, n = ig+i; +i3.
We first study the case (ig,i1,72) = (0,1,1). Since we only want to
understand f/| R, we can assume without loss of generality that m = 0.
We begin with an explicit description of the construction of V- X20.
First, we let By = C? be the cokernel of V? — V|, and let V' =
ker{V — B;®k(p1)}. The definition of V' induces a canonical filtration
By C V'|,,. Next, let Uz be Op,(1)%? & Op,. Again the canonical
inclusion Op, (1)%2 C U, defines a filtration k(qo)®? C Us|,,. We fix
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an isomorphism Us|,, = V|, so that it preserves the two subspaces C?
just mentioned. We then define V5 by the induced exact sequence on
Xl’oi

0— Vo — 5V @ jUy — V’\pl ® k(qp) — 0.
By our construction of Vo, V5 is the restriction of Vs to WZE' The

restriction of V§ — Vj|q, induces a homomorphism V% — V5|,,. Since
io = 1, its cokernel Bs has dimension 1.

We define V3 similarly. Let V3 be the kernel of Vo — By. Note that
Vilq has a filtration C C C3. Let Us = Op,(1) @ O%S. Then Us|y,
also has a filtration C C C3. We fix an isomorphism Vj|,, = Usly,
preserving the two filtrations. We then define V3 on X3 by the exact
sequence

0— Vs — E*VQ @jiUi‘l - VZI‘th ® k(Q1) — 0.

Here j : X1,0 — Xa2,0 and 3" i Dy — Xo o are the obvious inclusions.
Again V3 is the restriction of V3 to the fiber of W3 = W over f . Also,
the restriction of V§ — Vs|q, gives us V® — Vjil,,, which must be an
isomorphism.

We now check that V3|g, is regular. First, V3|p, has one degree 1
factor and two trivial factors. We claim that V3|p, also has one degree
1 factor and two trivial factors. By our construction, this will be true
if Im{V® — Va|,} C Vs, is different from the C? C V3|, induced
by the canonical Op, (1)®? C Va|p,. Indeed, if they are identical, then
V% — V|, has rank 0, a contradiction to ig = 0. Hence V3|p, has only
one degree 1 factor.

It remains to show that dim7, C dim V3|, = 2. We claim that
T =Im{A - V% — V3|, }, where A = ker{V? — V|, } = C2 But
this can be checked directly based on our explicit construction, and will
be left to the readers. .

The other cases are trivial except when the type of Vg is of type
(1,1,1). The study of this case is parallel to the case studied, and will
be omitted. This proves the lemma. q.e.d.

Lemma 2.10. Let the notation be as before. Then E on X,];er 18
a-stable.

Proof. We first check that E|p is regular. By the previous lemma, the
restriction of F to each rational curve has only degree 1 and 0 factors.
Hence to show E|p is regular we only need to show that there is no

non-trivial section s € H°(E) that vanishes on X° C X:L—i—m' Let s be
any such section and let 3 be its lift in H°(X,, m, V). Then 3(¢,) € T,
and 3(q},,) € T',. On the other hand, if we let v € V? be the lift of s(q")
via the canonical V° = E|, 5(¢n) = 5(¢},) = v, under the canonical

Vi, = ‘7|% =~ V0, By the previous lemma, 3(g,) lies in the kernel of
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VO — V|, and 3(g},) lies in the kernel of V? — V|,,. This is impossible
unless v = 0 since VO — V|, 1, is injective. This shows that s(q") = 0.
Then s = 0 since f/| R, and f/| R are both regular. This proves that
E|R is regular.

Once we proved that E|p is regular, we can apply Lemma 2.4 to
conclude that F is a-stable. This completes the proof. q.e.d.

Corollary 2.11. The family of locally free sheaves & on W over G*
1 a family of a-stable vector bundles.

As a consequence, we get a morphism A : G® — M over G®. Now
let U C G be the largest open subset so that A|y is one-one. Since both
G and M® are smooth, A will be an isomorphism if Codim(G® —U) >
2. The complement of the 6 divisors Y;,Z; (i = 0,1,2) represents
GPBs (V,V?) such that V° — V|,, and V? — V|, are isomorphisms.
Obviously this is mapped isomorphically by A onto the open subset in
M® whose points represent a-stable bundles over Xy. By construction,
the complement of this open set in M% consists of 6 divisors whose
generic points are bundles E over XI (2 choices for ¢') such that the
restriction of E to the rational component is O?@ O(1)3~¢ (3 choices for
a). From our construction of the family of a-stable bundles over G, it
is easy to see that A maps the 6 divisors of G* to the 6 divisors of M®.
Hence the restriction of A to any of the 6 divisors Y;, Z; is generically
finite. Since A is injective on the complement of the 6 divisors, A is
a local homeomorphism at generic points of the divisors and hence A
is injective on an open set U whose complement has codimension > 2.
Therefore we have proved

Corollary 2.12. G® 2 M®.

3. Variations of M%,(XT) in o

The goal of this section is to investigate how M d(%T) varies when «
varies in [0,1). Following the work of [2, 15], it is expected that there
is a finite set A C (0,1) so that M%,(XT) is a constant family when «

varies in a connected component of (0,1) — A. Further, for o € A the
two moduli spaces

o a+
(3.1) 2 g () ———— M2 (xT)

are birational and differ by a series of flips. In this section we will give
detailed description of the flips of (3.1).

3.1. The jumping loci. We begin with determining the set A. We
continue to assume (r,x) = 1 and x > r throughout this section. Let
a € [0,1) — A, be any real number, let § > 0 be a sufficiently small
number and let o™ = a +§. We suppose Y (x1) is different from
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Mff; (XT). Then there is a locally free sheaf E on X)) that is in M7 (x")
but not in M?;(%T) Namely, there is a proper subsheaf F' C F so that
(3.2) pa(F,a™) < pa(E,a”) while puq(F,a™) > pa(E,a™).
Since E|p is regular, 7o(F') > 0. Then (3.2) implies that

() = ari(F)  x(E)—ar

ro(F) r
This means that o € A,. Hence the set A can be chosen to be A,.. We
summarize it as a lemma.

Lemma 3.1. For any two ay, s in a connected component of [0,1) —
A, the birational map (3.1) is an isomorphism.

It is direct to check that Ag = {1/3,2/3}.
In the remainder of this section, we will restrict ourselves to the case
where r = 3. Since for a ¢ A3 the moduli space M$  is a blow-up of

G3 " the previous lemma suggests the following lemma
Lemma 3.2. When « varies in a connected component of [0,1) — A3
the moduli spaces ng are all isomorphic.

Proof. The proof is straightforward and will be omitted. q.e.d.

As in [4], it is relatively easy to prove a vanishing result of the top
Chern classes of a certain vector bundle on M{X What we need is the

vanishing result on ngx. One strategy to achieve this is to give an
explicit description of the flips involved in the birational maps

Mg - —>M1/2

It turns out the two arrows are similar. So we only need to study the
first arrow in detail.

——— Mg;.

. Variation of Gax Since M, is a blow-up of GO‘X,, it is natural
to study the variation of G* in detall which we will do now.

As we will see, we need to study GPB (V, V") with dim V° # rank V.
Here is our convention. We denote by G7, , the moduli space of a-
stable GPBs (V,V?) of rank r vector bundles V with x(V) = x and
a-dimensional subspaces VO C V|, 1p,. We will still use G7, to denote
G, L.e., when dim V0 = rank V. Also, in the remainder of this paper
we will mostly be interested in the case r = 3 and x = 4; for convenience
we will abbreviate G§; to G* and abbreviate Mg, to M*.

We first investigate how G varies when « varies. Recall that a GPB
(V,V?% e G2 , on X is a-stable (a-semistable) if for any nontrivial
proper subsheaf F' C V', we have

X(F)+(1_a)dimVOﬂF|Pl+p2 < X(V)+(1_a)a (<)
r(F) r -
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Since both sides of the above inequality are linear, if a GPB (V,V°) on
X is ag-stable but as-unstable for some a3 < ag in the interval [0,1),
then we get the equality

X(F)+(1_a) dimvomF‘p1+p2 7+(1 —04)3

(3:3) rank(F) - 3

for some a between a1 and as. It is elementary to check that the
equality can hold only when o = 1/3 or 2/3. Hence G varies only at
a =1/3 and 2/3 and thus it suffices to consider only the moduli spaces
GO, GY/2 and G1.

The variation of G* near o = 1/3 can be described as follows: the
equation (3.3) holds at « = 1/3 only if we have a subbundle F' such
that

(3.4) rank(F) =2, x(F)=4, dimV°NF|py.p, =3
or a subbundle L such that
(3.5) rank(L) =1, x(L)=3, dimV'NL, 4, =0.

Suppose a GPB (V, V?) is 0*-stable but 1/2-unstable. Then V has a
subbundle L satisfying (3.5). The quotient bundle F' = V/L is equipped
with a 3-dimensional subspace F° of F|,, 4, that is the image of V0. Let
LY = 0. Then both GPBs (L, L°) and (F, F") are 1/3-stable with the
same parabolic slopes. Notice that the 1/3-semistability is equivalent
to the 1/3-stability for Géy/f’?) and G},/?io.

We now let A = Gé/ 43 3 X G%g’ o- The previous argument shows that

there are maps

GO_Ggl/2 T, AT g2 o

that send (V,V?) to pairs ((F, F°),(L,L")). We now show that there
are two vector bundles W~ and W7 over A so that

(3.6) G'—G'2=PW~ and GY?-G’=PWT.

Let (F&,LY) = ((F, FY), (L, L°)) € A be any pair. Let Ext'(F%, L%)
be the space of all extensions of GPBs

0—LY —VY S F¢ 0.
It is a C-vector space which fits into the long exact sequence
0 — Hom(F%, LY) — Hom(F, L) — Hom(F°, L|,, 4,/L°)
— Ext!(F% L% — Ext!(F,L) — 0.
Thus we have

() H(FY, LY)) = PExt!(FY, LY).
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Since L and F¢ are both 1/3-stable with the same slope,
Hom(F% L%) = 0 by a standard argument. Hence by the Riemann-
Roch theorem, we have

dim Ext!(F¢, LY) = —x(Ext (F,L)) + 6 = 2g.
(Recall g(X) =g —1.) As to the base A, we have
dim Gy/y, = dim Ext'(F¢, FG) = —x(Ext (F,F)) + 1+3 =49 — 4
and
dim G5y = dim Ext! (L%, L%) = —x(Ext (L, L)) +1=g — L.
Thus dim A = 59 — 5 and
dim(G°® — G'/?) = (29 — 1) + (59 — 5) = Tg — 6.

Following the standard procedure, we pick a universal family F& =
(F,FY) over Gé{£3 x Xt and a universal family £ = (£, L£%) over

G},/:?,o x XT. We let m;; be the projection from A x X = G§7/43’3 X

Gi/z‘io x X to the product of the i-th and the j-th factor. We then form
the locally free sheaves

W™ = BExtl (75, FC, m5,LC) and W+ = Extl (ni, L8, ni, FC).

mT12 ™12

Note that fibers of W~ and W over (F¢, L) are exactly Ext!(F¢, L%)
and Ext}(LE, F), respectively. Again, as in [14] one shows that

G- G2 =PW~ and Npy- g0 =7 W ® Oppy-(—1).

Here we use Ny p to denote the normal bundle of A C B and 7_ :
PW~ — A is the projection. Notice that

dim M° = dim G° = (7g — 6) + dim Ext! (LY, F¥) = 99 — 8

(the dimension of Ext! is calculated below), which is exactly the dimen-
sion of the moduli of rank three vector bundles over a genus g curve.

Similarly, the vector space Ext! (LG, F G) that parameterize all exten-
sions

0—F¢ Ve 1 0
satisfies a similar long exact sequence and by the stability of F¢ we
have
dim Ext! (LY, F¢) = —x(Ext (L, F)) = 2¢g — 2.
Hence for the same reason,
G2 - GO=PW" and Ny gz E W @ Oppyr (1),

Again, following the work of Thaddeus [14], one checks that the blow-
up of G? along PW~ is isomorphic to the blow-up of G/2 along PW T,
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extending the birational map G°— — G1/2. Since the details are rou-
tine, we omit them here. This is the explicit description of the flip
between G° and G1/2.

3.3. Flip loci in M®—First approach. In this subsection, we will
study the flip loci of M? ~yy, M1/2 utilizing the fact that both are
moduli of stable vector bundles over XT.

Let ¥~ c MY and £t ¢ M'/2 be the indeterminacy loci of the above
birational map, namely the smallest closed subsets so that

(3.7) M’ -2~ =S MY2_xt

is an isomorphism. Our first approach to determine the set ¥F is to
characterize all members in 7.

Lemma 3.3. Let E € Y% be any member and F C E its 1/3F-
destabilizing subsheaf. Then

(ro(F), r!(F), x(F)) = { 83333 ;g Syt

Proof. By Lemma 2.5, we must have ro(F) = 1 or 2. In the case
ro(F) =1, rT(F) and x(F) must satisfy the equation x(F) —r(F)/3 =
(4—1)/3, which is possible only if rT(F) = 0 and x(F) = 1. To determine
if £isin ¥~ or X%, we only need to compute

W(F,0)~1<4/3 and p(F,1/2)~1>4/3—1/2,
which implies that £ ¢ M2, Thus E € ¥.
Similarly, when rq(F) = 2, the restraint is x(F)/2 — r1(F)/6 = (4 —

1)/3, which has solution rf(F) = 3 and y(F) = 3. A simple computation
shows that £ € ¥ T. q.e.d.

We now give a more detailed description of pairs F' C E € ¥ which
must have (ro(F), T (F), x(F)) = (2,3,3). We assume E is over Xler.
As before, let qg, q1, ... be the nodes of X;[Ler with ¢g = p_ in X. We
define r(F,q;) = dim{F|;, — El4}. Then since ro(F) = 2, we must
have r(F,qo), (F,q,) < 2. On the other hand, let F|% = &kz; 5
be the decomposition given by Lemma 2.6. Then because r'(F) = 3,
k > 3. We claim that k = 3. First, because

4 > T(F, q0) + T(Fa qn) = Zr(cia qO) + T('cia qn)a

and (L, q0) + 7(Liyqn) > 1, k > 4 is impossible. When k£ = 4, by
Lemma 3.3

(Fp)"" = Opi) @ Op,i5) @ Ojy n) S Oy -

°F|% is the torsion free part of F|p.
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Clearly, this is possible only if x(E|p) > 4+4x(Op), which contradicts
the regularity of F|p. Hence k = 3. In this case we must have

(Flp)™" 2 O,y ® Oy ® O ) 08 Ofo ) ® O & O[Vé?n]-

Now let the marked node of XZ be ¢;. Since r(F,q) > r(F,q) and
r(F,qy), we must have 0 < [ < n; thus n = 2 or 3. When n = 2, F|%,
must be one of the list

(3.8) 0[072)@0(072]@0[072}, 0[072)@0(0,21@0%?2}, 0[072)@0(0,2]®O{(2£2}.

When n = 3, the a*-stable condition on E forces E|p, to have at
least one degree 1 factor and combined there are at most three degree
1 factors. Hence each E|p, has exactly one degree 1 factor. Following
this, it is easy to see that when ¢ = ¢, F]% must be one of

(39) 0[072) ¥ 0(073] 57 0{313], 0[073) ¥ 0(073] ¥ 0%3}

and when ¢' = ¢o, F|p must be one of
Olo,3) © O3 @ 0[%13]’ Olo,3) @ Oo,3 @ (9[%13]-

To make our presentation easier to follow, we represent such sub-
sheaves by graphs. Here is the rule we will follow: for each Dy C D,
we will encounter invertible subsheaves o : L — E|p,, where L is ei-
ther Op, or Op,(1). There are two cases, depending on whether the
image sheaf (L) lies in a factor Op, or a factor Op, (1) of E|p,. In
case o(qx—1) = 0 (resp. # 0) we will attach a circle (resp. dot) to the
left end point of this line segment. We attach a circle or a dot to the
right end point of the line segment according to whether o(gx) = 0 or
# 0. Following this rule, we will represent a sheaf of Op-modules whose
restriction to each Dy, is as mentioned by a chain of line segments, with
dots or circles attached. The following is the list of such subsheaves on
D = D[072]Z

o1l e—o o1l o0 oo ol o o S Y
Figure 1. These represent subsheaves O}, O2), Ojo,2) 0{3}2} and
0[2]

[0,2]

We next indicate how to represent a pair of sheaves F' C E near
D C Xg. Let Uy and Uy be small (analytic) disks containing p; and
po € X and let D= U1 UDUU; C X9 be an analytic neighborhood of
D C Xs. The following are three examples of pairs F' C E of subsheaves
in invertible sheaves E:
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Figure 2. The sheaves £ in all three cases are invertible sheaves of O -

modules. Their degrees along D; and Dj are 1 and 0 (abbreviated (’)%])

in the first two cases and 0 and 1 (abbreviated (’)?)]) in the last case.
In the first case, F = F and E/F = 0; in the second case, F' = Opyy,
and E/F = Op,; in the last case, F = Op,up and E/F = Op,. The
three arrows indicate that the marked node of the first two examples is
qo and of the last example is ¢;.

Accordingly, a pair F' C F with rank £ = 3 along D will be repre-
sented by three horizontal lines, each representing a direct summand of
Elj. The following is such an example:

Figure 3. In this example, E|p is a direct sum of (from top to bottom)

2] (1] (1], T
O/j @ (’)D ® OD’ the solid lines represent the subsheaf F|5 C Elp,
which is a direct sum of Op,up € O, Opuy, € O and O c O,

By analyzing the possible structures of {F C E} € T over X +m
we arrive at the following complete lists of such sheaves:

+0. +1. +2.
I 01 oo I7 70l o oo I7% 0ol oo
- o o e o ol el e o o
o, 1o | —e—e—$41o- , —e—e—41o
+0. +1. +2.
I 01 o o I) 701l o o o I 0ol oo
—eo—41o —o—¢ eo1lo —eo——& 1 o0
+0. +1. +2.
I7%: 01l o o 17 0l o o o I 0l o o o
o ol o e ol o o o o ol oo

Figure 4. This is the complete list of sheaves in ¥ +. Note that I} are
the reflections of I ;‘ L

Lemma 3.4. The above is a complete list of sheaves in XT. The
sheaves of types I;rj can be (small) deformed to sheaves of type I,fo.
Let T, ]II;Ir and TT be the set of sheaves in X7 of types I}, I;" and
I, respectively. Then I, ]Il;Ir and I are three irreducible components
of . Finally, 7 NI = 0 while I} NI} (resp. I} NIT) is the set

consisting of sheaves of type I} = I}? (resp. I}? = I,?).
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Proof. We have already shown that sheaves of types in the above list
can not be O-stable. On the other hand, it is easy to construct examples
of sheaves of each of the type in the list that are 1/2-stable. Hence,
all types in the list classifies some sheaves in ¥ 7. It remains to show
that this is a complete list. If {F C E} € ©* is over XJ, then we have
already shown that it must be from the list {17, I,'°, I7°}. The case
where F is over Xg is similar, and will be omitted.

The statement that sheaves in I can be deformed to sheaves in IF°
is straightforward. Let E be such a sheaf, over X; with ¢ = ¢;. Clearly,
by smoothing the node g3 € X; we can deform X:;r to X;r. Then it is
direct to see that we can deform F to E’ on Xg so that E’ has type I.°.
The proof of the remaining statements are similar. We omit the details

here since a direct construction will be given when we study the flips of
M* later. q.e.d.

We next give the graphs of all types of sheaves in X7. Since the proof
is parallel, we will omit it here.

70 _6 71 _5 .......... O 73 ..... O ........ 6 ......... O_ 74 _.% .......... O
1 o I, ol o I17° o 1lg.. o 0@ ool e
o OO OO b0 O QO
_, —O0 o —Ow0 |~ Ly OO
I % 0o— Iy ol o Iy ol e o Iy %ol o
Ok 00 O Qe TO N IS
5 —e1d o ) o1 5 oo s o150
I, 0oL o I ool o I, 0oLl o o
0t oSN Q S M¥C BG To NN BN Yt e

Figure 5. These are graphs of some of the sheaves in X~

Proposition 3.5. The sheaves in X~ can be divided into subsets:

1. I;% and Ia_i/ where i = 0,...,4. The graph Ia_i/ is the reflection
of I;* along the vertical azis passing through the arrow;

Igi where 1t =0,...,5;

I7%, where i =0,...,5. Here the graph of I is the reflection of
Ib_i along the axis passing the arrow.

wN

The set ¥~ is an irreducible subvariety of MO.

3.4. Flip loci in M*-Second approach. In this subsection we will
give an alternative description of the flip loci F of M? ~yp;, M2,
based on the flip loci of the moduli of GPBs described before.

First let us describe . We know that M'/2 is the result of blowing-
up G2 along Yo U Zo and then blowing-up the proper transform of
Y, UZ,. It is obvious that ©7 lies in the inverse image of G/2 — G0 =
PWT. It is easy to see that the varieties Y and Zg are disjoint from
PW*. Thus they do not contribute to the flip loci ¥F. Let (V, V") be
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a non-split extension of (L,0) € G}{;O = My 3(X) by (F,F°) € G;{i&
Then (V,V?) lies in Y3 (resp. Zi) if and only if F|, C FY (resp.
Flp, C F). Let

=1 = {((F, F°),(L,0)) | F|p, C F°} and
Eg = {((F,FO),(L,O)) | F’pl - Fo}v

both subsets of A. Since Y is defined to be the loci where V0 — V|,
have dimensions at most one, Y; N PW™ is the preimage of Z; C A,
which has codimension 2 in PW ™ and the normal bundle Ny, qpyy+ JPW+
is the pull-back of the normal bundle Nz, /o. A similar statement holds
for Z; NPW as well. To determine the preimage of PW™ in M2, we
need to know the normal bundle Ny /G2 especially its restriction to
Y NPW*. Now let ¢ € Y{NPW ™ be any point lying over (F¢, L%) € A.
It is direct to see that
(3.10) TeGY2 /(T Y1 + TePW ) = Hom(F|p, , Ly,
canonically. Since Y1 NPW ™ has codimension two in PW T,

dim T:GY?/T: Y, = 4.
A similar picture holds for the intersection Z; N PW .

Now let B be the blow-up of A along =; U Zy with Y1 and YTy the
two exceptional divisors in A over Z; and Zy respectively. Then the
preimage of PW* in M2 is the union of three smooth irreducible
varieties: the first is the blow-up of PW™* along PW* N (Y1 U Zy),
which is PW* xa B, a projective bundle over B; the second is P3-
bundles over PW T x o Z; and the third is P3-bundles over PW T x o =,.
We denote these three components by I}, H;r and I, respectively. Note
that
(3.11)
dimB =5g—5, dimlf =7¢g—8 and dimlL =dimI} =7¢-7.

The intersections are
]I:{ ﬁ]Il'f :]I;r xg T1 and ]I;r ﬂﬂj :]Ij xB 1.

We close this subsection by showing that the subsets IT just defined
are exactly the corresponding subsets described in the previous sub-
section. Indeed, a general sheaf [£] € I, defined in this section has
associated GPB EC fitting into the exact sequence

0— (F,F" — (E,E") — (L,0) — 0

so that FON F|,, and F°N F|,, are 1-dimensional. Hence the associated
subsheaf F C & has no Op1(1) when restricted to any rational compo-
nent in the base curve of £. This shows that the two I, defined in the
above two subsections are identical. Now consider a general sheaf [£] in
the component I defined in this section. Since its associated GPB E¢
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is in Y7, it still fits into the above exact sequence with F|,, C F°. In
particular, there is a rational P! in the base of £ which is to the left
of the marked node so that F|p: has a factor Opi(1). This shows that
the two definitions of I, are identical.

3.5. Flipping M'/2. The goal of this subsection is to show that we can
flip M'/2 along I7 and then flip the resulting variety along the proper
transform of I} ULT. We will show in the next section that the resulting
variety is isomorphic to MP.

We begin with determining the normal bundles of IF. In the follow-
ing we adopt the convention that for S C P we denote by TsP the
restriction of the tangent bundle TP to S.

Lemma 3.6. Let P, Q) be smooth subvarieties of a nonsingular variety
R such that S 2 PN Q is smooth. Let m: R — R be the blowing-up
along Q and P be the proper transform of P. Then we have an ezact
sequence of vector bundles

0— NI-:’/R — W*NP/R — W*[TsR/(TSP—I-TSQ)] — 0.
Proof. 1t follows from Lemma 15.4 (i), (iv) in [3]. q.e.d.

Our first application of the lemma is a description of the normal
bundle to I}. We put R = M2, P = PW+ and Q = Y, UZ;. Since
S22 PNQis PWH xa (21 USy), we have P = PWT, where W is
the pull back of W7 to B, and where the latter is the blow-up of A
along =1 U 2. To determine the normal bundle Nz i We need to find
the other two terms in the above exact sequence. The normal bundle
Np/g = p*W=(—1). Also a globalized version of the isomorphism (3.10)
shows that the quotient bundle TsR/(TsP + TsQ) is the pull-back of a
vector bundle on =1 U Zy, tensored with Opy+(—1). Thus by Lemma
3.6, the normal bundle NH;*/Ml/?? which is NP/R in the statement of
lemma, becomes the pull-back of a vector bundle over B tensored with
Opyi/+(—1). Hence by the standard theory in birational geometry we
can flip M/2 along IT. Let M; be the result of this flip, let I, be the
flipped loci and let I, and I. be the proper transforms of I, and L.

Our next step is to show that we can flip M; along I, Ul. We
begin with a detailed description of I. As mentioned before, Irn ]Il‘)F
is the projective bundle Py, W while I" is a P3-bundle over Pz, WT.
To proceed, we need a more detailed description of ]I;f. Let FC¢ =
(F,F% and £ = (£,0) be the restrictions to Z; of the pull-backs of
the universal families of G;/ i 3 and Gi/ 3370, respectively. Since F¢/p, C Fg
for each £ € =, there is a tautological line subbundle ¢ C F|,, so that
for each &

Fo = Felp, ® Le.



VANISHING OF THE TOP CHERN CLASSES ... 83

Then the normal bundle Ny, g to Y1 in G £ G'/2, restricting to
PEl W+ c G, is

Ny, glez, w+ = Hom (V] Flpy, 01 Flp, /€ & 7 Llp, (—1))
where 11 : Pz, W — E is the projection and the sheaf ¢} L], is twisted
by Opy+(—1) because the universal GPB over Pz, W™ is given by
0— P FY — E9 — 1LY @ Opyyrv (—1) — 0.
Therefore,
(3.12) Iy =PI Fp, ® (V1F]p /L& ¥1Llp, (—1))),

as a P3-bundle over P=, W+, which itself is a smooth subvariety of M!/2,
Based on this description, it is easy to see that I} N ]Il'f is the sub-
bundle
Io NIy =PW1(Flp, ® (Flp,/0) = P(Fly, @ Flp /) xz, P2, W

Let
IP’51W+ X= ]P)(]:‘;)/z) — IP)}—D?/z

lm Jl/fz
PEl W+ —>¢1 El
be the projections and let K be the tautological line subbundle of F \XZ
on PF|y,. Then after we blow up M!/2 along I}, the proper transform
E, is the blowing up of I, along I NI,
(3.13) By =P(mviFly, ® (Flp, /0) © m3K @ m3¢p5 LI, @ 71 O(-1)),
as a P2-bundle over Pz, W™ xz, PF|),. Inside this P?-bundle there is
a subbundle
P(Wf@bf}-% ® (7:|p1/€)) over PWT xz, Pf|z2,

which is the intersection E, N E;. Viewed as a bundle over PF %, we
have
E,NE, = (PWT xz, IP’]—"\XQ) Xz, IP’]—"\XQ.

The proper transform I, C M is then the contraction of E, N E along
all PW™ factors, which is a bundle over PF \XQ. We claim that I is a
projective bundle over PF |;3/2. Indeed, Ep, considered as a bundle over
PFly,, has a subbundle Pz, W+ xz, PF|y,. Further, using the explicit
expression (3.13) its normal bundle in E; along each slice

PW" x n C P, W xg, PF|,,

where n € PF|Y, is over £ € By, is isomorphic to Opyy+(1)®2. Hence if
¢

is a projective bundle over PF |;)/2. By a moment of thought, one sees



84 Y.-H. KIEM & J. LI

that
I, =PW,; where W, =K"@ V5Ll ®F, @ Flp,/0) & PsWT.

Let 7:I, = PW, — PF|y, be the projection.

Lemma 3.7. There is a vector bundle W_ over IP).7:|;7/2 so that the
normal bundle Ny, ny is isomorphic to m™W_ © Opw, (—1). The same
conclusion holds for L. as well.

As a corollary, we can flip M; along I, U I, to obtain a new smooth
variety Mo.

Proof. We continue to use the notation developed earlier. First, the
exceptional divisor PNy, /g of the blowing up of G = G'/2 is a fiber

bundle over Y;. Because ]I;f = PNy, /g Xv, (Y1 NPW™), we have the
exact sequence of vector bundles

0— NI[;’/IP’NYUG - NH;’/Ml/Q - N]P’NYI/G/MU? —0
and the identity
Nyt pny o = ™ Nynpw+ /v, »

where

VI ]P)NYl/G XY, (Yl N IP)WJr) — Y1 N PWJr
is the projection. Let n € ]P’}“\ZQ be any point over £ € Z1. Then based
on the description (3.12) n defines naturally a subvariety

Py £P(0® 0@ Lelp, (—1)) C I
which is a section of
]IZ_ Xz € - P51W+ X= § éPWg_

Hence P, is isomorphic to ]P’I/Vgr .

We claim that the normal bundle NHZF /M2 restricting to P, is isomor-
phic to a vector space V tensored by Op, (—1). Indeed, since the normal
bundle Np Ny, jc/M!/2 is the tautological sub-line bundle of the pull back
of Ny, ;g over PNy, /g, its restriction to P, = P(0 & 1 ® Le|p, (—1)) is
isomorphic to Op, (—1). As to the term Ny qpw+ /vy, it is clear that
its restriction to IP’VV£Jr is isomorphic to V@ O(—1) for a linear subspace
VC Extl(fg,ﬁg). Hence NH:/PNYl/G|P"7’ and therefore NH?/M1/2|PW’

are of the forms V' ® Op, (—1) for some vector spaces V.

Finally, since the flip loci of M'/2 ~ M; are away from L(IP’WgL ),
Nﬁb/MJPn = NHj/M1/2‘Pn'

By a theorem in [9], the restriction of Nj, /M, to the fiber of PW,
over ) € PF|y, is of the form W' ® O(—1). Because this is true for all
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nebPF |;3/2, there must be a vector bundle W_ satisfying the requirement
of the lemma. The case for L, is exactly the same and will be omitted.

q.e.d.

4. The isomorphism of the two flips

The goal of this section is to prove the following.

Proposition 4.1. The birational M® ~ M2 induces an isomor-
phism MY = M.

We first briefly outline the strategy. As argued in Section 3, we can
flip M'/2 along I to obtain a new variety Mj. Let I,, etc., be the
flipped loci of I, etc. Then Lemma 3.7 tells us that we can flip M;
again along I, and I, to obtain a new variety M. The key is to show
that the birational map My ~ MY extends to a morphism My — M?,
because it is an isomorphism away from a subset of codimension at least
two, it is an isomorphism.

We now list the main steps in constructing the morphism My — MO,
We first blow up M'/2 along I to obtain the variety M, and then
contract its exceptional divisor to get the flip My. Let I, and I. be the
flipped loci of H;r and IT. We then blow up M; along I, UL, and contract
the exceptional divisor to get the second flip My, as shown below. It
is easy to see that if we blow up M, along Wz_l(ﬁb U L), the resulting
variety M fits into the diagram below. The first main technical part
of the proof is to show that the birational maps extend to a morphism
¢:M — MP. This is achieved by first picking a (local) universal family
of M'/2 and performing an elementary modification to it to obtain a
family on My, and then performing another elementary modification to
the new family to get a family over M. We will show that the latter is
a family of 0T-stable vector bundles, and thus induces a morphism ¥,
extending the birational map.

v v

~ M ~ MO
v Wy
M1 M2
W \IJQ v \IJ4
/ ~2 A/& 2
M1/2 M, M,

In the end, we will show that ¥ descends to a morphism My — MO, as
desired.

4.1. The family over M;. Our first step is to construct the (local)
tautological family over Mj. Let £ € IT N ]IZ;F be any point and let U C

M2 — 1. be an open subset containing £. Without loss of generality,
we can assume that the moduli space M'/2 admits a universal family



86 Y.-H. KIEM & J. LI

¢ over U that is a sheaf over a family of nodal curves W over U. The
desired family over M will be the result of an elementary modification
to the pull back of & to M.

To this end, we first need to construct the associated family W and
Wt over M. Let M, be the blow up of M'/2 along I, let UcM,
be the pre-image of U € M2, and let W = W xy U be the pull back
family. The family W is singular, and hence needs to be smoothed first.
We now set up the notation for the singular loci of the fibers of W/U.
Let £ € U and W/U be as before, and let N' C W be the singular
loci of the fibers of W/U. Then N N W consists of four nodes: g,
q1, ¢¢ = g2 and ¢3 of We. By shrinking U if necessary, we can assume
that N is a disjoint union of four varieties N, ..., N3 indexed so that
Ni N We = g;. Clearly, N3 is a section over U while all others are
codimension two smooth subvarieties of WW. Let D; C U be the image
of N; under the projection W — U. Then I N U C D; N D3 while
(I NI )NU =IF NDy.

Next, let E, C Ml be the exceptional divisor of Wy, let f)z- c U be
the proper transform of D; and let N; = N XUI~J C W be the associated
subscheme. Since Dy intersects transversally with IT, the total family
W is smooth along Ny. Obviously, N5 remains a section over U. As to
N and /\73, first of all, W remains smooth along A7 (resp. N3) away
from P; £ Mg, np, (resp. P & Nslg, p,)- Secondly, the normal
slice to P; and P3 in W is isomorphic to the singularity of z12z0 = 2324.
Hence we can find a small resolution of the singularities of VW to obtain
a new family W. It is known that the small resolution is obtained by
first blowing up the singular loci of W and then contracting one P!
factor of the exceptional divisors® . Since there are two P! factors, to
proceed we need to specify our choice of contraction. Let P; and Ps be
the exceptional loci of W — W, which are P!-bundles over P; and P
respectively. We next pick a lift n € E, N D1 N D3 of € € I NI and
consider the fiber Wn of W over 1. As it stands, it contains five rational
curves, indexed by R, Ri1, Ro, R3 and Rsy so that the first intersects
with X at p; while any two consecutive Re’s insect at one point. The
small resolution is the one so that RH = W N 731 and R34 = W N 733,
and that if we let S € Do N Dy N D3 be a smooth curve which contains
n and is transversal to E,, then the family Wg = W X S smooth the
nodes g1+ = R1+ N Ry and g3 = R3N R34 of the central fiber Wn. (See
the figure below.)

5See [8, §1] for details.
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(Io)
q1 !
Q1+:
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g3+

q
q1
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q1+

q2
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q3—

q3 q3
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Figure 6. The left one represents the total family over S: the vertical
chain of lines is the central fiber Wn with each corner representing a
node, as labelled, the top and the bottom lines representing the main
component X while others are rational curves. The two dotted lines
represent the two P! that are contracted under Wn — W, and the
horizontal lines show that the associated nodes are not smoothed in
the family S. The right figure represents the total space over a curve
nes c DN ]337 S' c E, and is transversal to Dy.

The family W* is a contraction of W. Let Ry and Rs be the two
irreducible components of W X7 Eq that contain Ry and R3 C W
respectively. It is easy to see that each is isomorphic to (E, N U) X P1
and its normal bundle in W has degree —1 along its fibers. Therefore,
we can contract W along Ry and R3 to obtain a new family of nodal
curves. We denote this new family by W' with projection

pr: W — W.

Next we investigate the associated families of sheaves over W and
W5t Let € be the universal sheaf over WW. By our description of the
sheaves in I, for each ¢ € I NU the sheaf & = € ®p,, Ow, has
a canonical subsheaf §: C & and the associated quotient sheaf £, =
€/Fc. Let Z: C W be the support of £-. Then £ is a rank one
locally free sheaf of Oz .-modules. Further, it is direct to check that the
union Uqcyp+ Z¢ forms a smooth subvariety of JV and is the irreducible

component of W xy (I} NU) that contains X x (I7 N'U). We denote
this by Z with inclusion ¢: Z C W. Further, there is a locally free sheaf
£ of Oz-modules and a quotient sheaf homomorphism & — ¢, £ so that
its restriction to each fiber W, is exactly the pair & — £ mentioned
before.

Now we are ready to perform an elementary modification on the pull
back sheaf over W. Let Z C W be the pre-image of Z C W under
the projection W — W. By our choice of the small resolution, Z is
a smooth divisor of W and the total space W Xg (Eq N U) is a union
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of three irreducible components: 7@2, Rs and Z. We consider the pull-
back famlly ¢ £ pr*¢ and the associated surjective homomorphism
¢ gL prre L. Let ¢ be the kernel of this homomorphism.

Lemma 4.2. The sheaf ¢ is a locally free sheaf of 0,5, -modules.
Further, for any n € E, N U, the restriction of ¢ to Rz Xgn and
R Xgn = P! is isomorphic to 0

Proof. Since Z C W is a smooth divisor and £ is an invertible sheaf
of O z-modules, the kernel of pr*¢& — £ is locally free.

We now prove the second part. We first consider the case n € E, N
D1 N Dg in detail. Let S C D1 N D3 be a smooth curve that contains 7
and is transversal to E,. Since DO is transversal to E,, we can assume
S c Dy (see Figure 6). Then the irreducible component V; of Wy
contains R4+ and Ry as (—1)-curves. Similarly, R3 and Rz are (—1)-
curves in the irreducible component V5 as shown in Figure 6. Now let
Eg 2 ¢ oy, OVVS be the pull-back family. As before, we denote by
én — En the restriction of € — £ to V~Vn. Since E, is a smooth divisor,
the sheaf (;3;7 L@ ‘an is canonically isomorphic to ker{&g — EHHVVU'

Following our convention, the pair én — fln can be represented by the
left graph in Figure 7 below.

— ol o o o o o TOTE SN G SRNING PN o SN G S o) T SO VG B

Figure 7. The last graph represents the type I, ® in Figure 5. The
quotient sheaf £, is represented by the dotted lines.

We now show that the middle one represents the sheaf 53;7 First,
since és fits into the exact sequence

O—>éfg—>é5—>£‘,7—>0,
after tensoring with O v, We obtain
0—>En—>ég—>én—>f}n—>0.

Because EE% is locally free, @7 must be of the type shown in the middle
figure above. Here we used the fact that the total space Wy is smooth
at the non-locally free loci of £, (as sheaves of (’)Wn—modules) and the
curves Roy and Rzq are (—1)-curves. Consequently, the restriction of
(;3;7 to the two rational curves Ro and R3 are of the firm ng’
The study of the sheaves 03;7 for n € E, belonging to D1 —Dj3, D3—D;
and in the complement of Dy U D3 are similar and will be omitted.
q.e.d.
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For completeness, we list their stable modifications as follows.

—o—o—51o0 To TS SR S Lo Omeb—

0ol o o el GO I)7: e 1 o

—ol o o o O QOO Ok

O OOl g g e ol 6o I/ e o1,

—.—.—‘;O e e I g TR 6 ......... M _3 O 5;._
OO O——@— —oL 0O QO I a1 6.0

Figure 8. The top, middle and the bottom figures represent the process
of stable modifications of &, for 1 in the complement of D; U D3, in
D3 — D; and in D; — D3 respectively.

We now construct the stable modification of ¢ We first contract W
along Ry and Rs3. Since the restriction of & to fibers of Ry and R3 are
isomorphic to (’)i‘fi’, there is a unique sheaf ' on W*' whose pull back
to W is @. The sheaf @ is called the stable modification of €. The
restriction of €t to fibers over E, are represented by the right figures
in Figure 7.

In the following, for any n € E, we denote by 03%'3 the restriction of
et to Wf?t. Note that by applying the same construction to different
open subsets U, we can construct sheaves (’Ef?t for all n € E,, and it is
independent of the choices of U.

Let Ey, E. C M; be the proper transforms of I, and L.

Lemma 4.3. The sheaves fo]t are 0T -stable for alln € E, — E, UE,.

Proof. Let n € E, be any closed point with Qiff the associated sheaf
on X;rl,m for some appropriate integers n and m. Let 7t Xnm — X,Lm
be the desingularization of the marked node and let 7: X,, ,, — X be the
contraction of all rational curves. Then E, = e Qifvt is a rank three
locally free sheaf of Ox-modules with a GPB structure Eg C Eplpi+ps
as described in Section 2. Furthermore, the subsheaf £, C (’Eff and
the quotient sheaf fof — §y defines a sub and a quotient GPB bundle,
Lg C Ef and EUG — FnG . According to Proposition 2.4, fof is O-stable
if and only if EnG is O-stable, which is the case when the extension

(4.1) 0— LY —Ef —F°—0
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is non-trivial. Since E,(]; is never Ff &) Lg when Qif]t is of types I~ O and
Lt &' could be 0*-unstable only when it was of type 1,73 or of I °.
(Here recall that there are no strictly 0-semistable vector bundles.)

We now demonstrate that n must belong to E,NE; when QE,Sf is of type
Ig3 and its associated EnG is a split extension. Let S C DoND;3; — Dy
be a smooth curve containing n and transversal to E,, with Wg the
restriction of W over S. Let X x S C Ws be the main irreducible
component with ¢: X x 7 C X x S the central fiber. Let &g and (;E/S be
the associated sheaf on Wy constructed before (Figure 7). Then the fact
that Qif]t is O-unstable, which is the case when (4.1) splits, implies that
there must be a surjective sheaf homomorphism C:Z’S — 1« L(—p1 — p2) so
that the composite

(4.2) £, — €lyy, — tL(=p1 — p2)

is surjective. Let Ly be the sheaf of Ows—modules that fits into the
commutative diagram with the lower sequence exact:

0 —— éfg ¢s Ly 0
(43) | L
0 —— wL(—p1—p2) L L, 0

Now let X = X x Speck[t]/(t?) and let 15: X5 — Wg be the immersion
extending ¢ : X — Wyg. Since (4.3) is exact while the composition of
(4.2) is surjective, the pull-back sheaf 15Ls is an invertible sheaf of Ox,-
modules and is an extension of ¢, L(—p1 —p2) by . L(—p1 —p2). Now let
S' © M'/2 be the image of S € M; under the projection M; — M?/2
with i/ € S’ the image of € S. Since n € E,NEy, i’ belongs to I NI
A direct check shows that the existence of &g — Lo implies that the
tangent 7,/S’ must be contained in the span of the tangent spaces

(4.4) T, If + T, L5 C T, M2,
Since E, is the blown-up locus of I while E; is the proper transform
of ]I;r, the curve S must specialize to a point in the intersection E, NEy,
and hence n € E, N E,. This proves the claim.

In case (’Eff is of type I, 5 a similar argument shows that (4.4) also
holds. But then since those Q‘Eff of type I~ > are elementary modification
along direction inside Dy N D3, it must be inside T;/I7. But this is

impossible, which proves that if (’Eff is of type I ® then it must be 0-
stable. q.e.d.

4.2. The family over M. In this subsection, we will construct a family
of sheaves over M after performing an elementary modification to the
family constructed in the previous subsection, and we will then show
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that all members of this family are 0-stable. This way we can prove the
proposition by applying the universal property of the moduli space M?:

Proposition 4.4. The birational map M — — MO eztends to a mor-
phism M — MV.

We now prove this proposition. We will sketch the steps that are par-
allel to the proof in the previous subsection and provide details when
called for. As mentioned before, the main strategy is to pull back the
(local) tautological families over M; to M, find a small resolution of
the base variety of these families over M, and then perform an elemen-
tary modification to these new families. The members of the resulting
families are 0*-stable, and hence induce a morphism M — M?.

We begin with any analytic neighborhood U ¢ M; — E, and the
tautological family @ on W over U that was constructed in the previous
subsection. When ¢ € E is away from E,, szt must be of the type [, ; O or

1 lj ! as shown in Figure 4, and accordingly it has an associated quotient
sheaf £¢ and subsheaf §¢ that fits into the exact sequence

(4.5) 0— Fe — (’E? — L¢ — 0.

Note that sheaves of types Ilj 2 are in I, N Ty, and thus won't appear
in Ey — E. If £ € Ey N E,, then it is of type Hg?’ with the additional
property that the associated GPB short exact sequence of @Zt splits, as
proved in Lemma 4.3. We now show that we can pick a new associated
quotient sheaf of €' so as to make it of type 1,70 as well: since ¢ is of

type I3, it is a sheaf on X L and fits into the exact sequence
0—>£§—>€2t—>.7:§—>0,

according to the proof of Lemma 4.2. Because the associated GPB
splits, if we let £¢ be the cokernel of Op,(—1) ® Op,(—=1) — L¢ we
obtain a unique surjective

(4.6) ¢ — &

so that the composite L¢ — Q‘E? — L¢ is exactly the defining quotient
homomorphism L¢ — £¢. Let ¢ be the kernel of €' — £¢. Then &

fits into the exact sequence (4.5) as well, and the latter will be called
the associated exact sequence of (’E? while the sheaves §¢ and £¢ will

be called the associated sub and quotient sheaves of (’E?. Clearly, (4.5)
makes such €' a sheaf of type I, AR

As before, we can make the quotients Qizt — L¢ into a family of
quotients. Let Z¢ C W, be the support of £¢; Z¢ is X C Xil when &'
is of type 1—;0’ and is X109 C X;l when (’E? is of type Ib+1. The union
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Z = Suppecg, ?:’5 is an irreducible variety and there is an invertible
sheaf £ of O z-modules and a surjective homomorphism

(4.7) et L,

where ¢ : Z < W is the inclusion, so that its restriction to each V~V§ is
exactly the associated homomorphism in (4.5).

Our next step is to pull back the family ¢ to a family over M
and perform elementary modification to it. Let V be \ill_l(ﬁ), which
is the blowing up of U along Ep; let 7 : V — U be the projection;
let E, be the exceptional divisor and let E, be the proper transform
of E,. Let X = W Xg V be the pull-back family over V and let
y=2z X V be the associated subvariety of X. As before, the total
space of X is not smooth, and we need to small resolve its singularity.
For the moment, we consider the case where all sheaves over U are of
types I lf O Hence, by shrinking W if necessary we can assume that the
singular locus of the fibers of W/U consists of three smooth connected
codimension two subvarieties: Ny, N7 and N> that are ordered so that
for £ € Ey the intersection Wg NN is the i-th nodal point of Wg Now let
N; = N; x¢ V let D; C U be the image divisor of N; under X — U and
let D; C V be the proper transform of D;. Then A; are the marked
nodes of the whole family X, that X smooth along No except over
those & € Do NE, and smooth along N2 except over those § € Dg NE.
Again, we blow up X along N X7 (D; NE) and Ny X7 (D3 NEy); we
then contract one P!-factor from each of the two exceptional divisors to
obtain a family of nodal curves X. As before, we choose the contraction
so that if we let Y C X be the proper transform of Y C X, and let Dy
and Dg be the two exceptional loci of X — X, then the intersections
Y N Dy and Y N Dy are finite over V; namely they contain no curves
that lie inside a single fiber Xg over some & € V.

We now pull back the family @t to X and perform an elementary
modification. Let p: X — W be the projection, and let

(4.8) preEt — p* L

be the pull-back of the pair (4.7). Then the kernel & of the homomor-
phism (4.8) is the modification we seek for.

It remains to prove that all members in ¢ are 0"-stable. Let & e Ey
be any point and let n € Eb be any of its lifts. Since { € Do N Dy, n
can possibly be in Dy N Dy, in Dy — Dy, in Dy — Dy or is away from
Do U D2 Now we 1nvest1gate in detail the sheaf 6 when 7 € Do N DQ
First, the curve Xn is X272 with Xn — A, the contraction of the first

and the last rational curves; when 7, is curve in V with 7y = n and is
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normal to Ej, the family X, smooths the first” and the third node of
A&y. The pull back

(p*€>77 - (p*L*S)n
is represented by the left graph below with (p*t.£), represented by the
dotted lines. The modified sheaf én is represented by the middle graph.
After contracting the third rational curve in 2\?,] we obtain a sheaf shown
in the right graph that is of type IZ;4:
—o—e—& 100 O Qi Ol @ O Qv L@

ROe R O;.—.—.— H RRe RInTtve RemG s H Rie Iime v

Figure 9. The graphs represent the sheaf over n € Dy N Dy before
the modification, after the modification and after the stabilization. The
resulting sheaf is of type I~ 4,

We will call the sheaf obtained after contracting the third rational
curve the stable modification of (p*@),, and will denote it by éff

We can derive the other stable modifications éf,t similarly and will
give the graphs sketching their respective process as follows:

_.—.—‘;o ..... O O 6 O_ OO 6_
_._‘;O.. vvvvvv O ......... O ........ 5 ........ O;._ O 6;._
oLl oo o — OO QO — O OO
o1 eo—eo— — O QO —OenO
_.;._._ o) .1..0......0... olo

Figure 10. From top to bottom, they represent the derivation of (}Ef]t
in case nisinn € D, — f)o, in Dy — Dy and is away from Dy U Ds.

Exactly as in the case before, we can contract all those rational curves
that are immediately to the right of the marked nodes in /'\?n for all
n € E, simultaneously and obtain a new family X5 that has smooth
total space. Let p: X — X5t be the stabilization; then €% = o, € is
locally free and the sheaves (;Eff for n € Ey are exactly the sheaves shown

in the right column in Figures 9 and 10.

Lemma 4.5. All stable modifications éf,t derived so far are 0-stable.

"Recall that our convention is to label the nodes from the 0-th to the 3-rd if there
are four nodes.
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Proof. We will only sketch the proof here, since the details are exactly
the same as in the proof of Lemma 4.3. First, 63 could be 0-unstable
only if its associated GPB were split. This is p0551b1e only when it is
of type I, 4. Because n € Dy N Do, the split of its associated GPB
implies that the tangent in T51\~/Il associated to n lies in T¢Ey, which is
impossible. Thus the associated GPB is irreducible and hence all stable
modification derived are 0-stable. q.e.d.

We now consider the case where (’E? is of type Ilf 1 Let n € Ey be

a lift of &, let X/ V be an analytic neighborhood of 1 as before and let
X — X be the small resolution constructed according to a similar rule.
We will have similar quotient family p*&* — p*1,£, and we will take
the € be the kernel of this homomorphism. We still need to determine
the types of members in €. As before, we let N, ..., N3 be the loci of
singular points of the fibers of w/ U, let Dy, ..., D3 be their respective
images in U and let Dy, ..., D3 be their proper transforms in V. The
resulting type of the stable modlﬁcatlon will depend on whether 7 is in
f)o N f)g, in f)g — f)o, in f)o — f)g or is away from f)() U f)g. We will
show their respective stable modification by providing their associated
graphes as before:

e o o &1 OO Qe O OO e
oo &1 0.0 S TING R, Sro Sl - 0oL g
_.—.—‘;O O . O 5 O_ O ........ 6_

Figure 11. The graphs represent the stable modifications of type I +1
sheaves over DoﬂDQ, over Dy —Do, over Dg— D> or away from DoUD,.

Lemma 4.6. Let ¢ over X be the result of the stable elementary
modification of p*Et; then all its members are weakly 0-stable and hence
their stabilization are 0-stable.

Proof. The proof is similar to the argument before and will be omit-
ted. q.e.d.

The family € over each V induces a morphism V — M that is
the local extension of the birational M — — MY, Since both M and
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MO are smooth, the local extension patch together to form a morphism
M — MY, as desired.

4.3. The existence of the descent M — MC. In this subsection,
we will show that the morphism ¥:M — MP° descends to a morphism
M, — MY,

We begin with a brief outline of our strategy. First, we know that the
flipped loci I, is PW, and is the result of E; after contracting E, N Ey,
and that the exceptional divisor of My — M, over I, is PW. XpFY,
PW_. Since My is a flip of My, the projection ¥, is the result of
contracting all fibers of PW,. On the other hand, by our description
of the contraction 1\7[1 — M, the exceptional divisor of M — 1\711
over \113_1(]11)) is By xn, PW_. Since both My and M? are smooth and
since Ey is proper, to show that ¥ descends to a morphism My — MO
it suffices to show that there is an open subset U C E; and an open
V C PW™ so that the restriction of ¥ to U Xy, V is a composition of
the second projection U xpg, V — V with a morphism V — M0,

To prove the last statement, we need a description of the normal
bundle Npyy, /n, that relates directly to the elementary modification
we shall perform. It is expressed in terms of relative extension sheaves;
hence a tautological family on M;j is required. There is one more tech-
nical difficulty: the space M is not a moduli space per se, thus we can
not use deformation theory to derive its tangent bundle. Nevertheless,
M, is birational to MY/2, and thus over a dense open subset its tangent
bundle is given by the deformation theory of sheaves.

Our first step is to construct a tautological family over an open subset
of PW, C M;j. Since PW, is a projective bundle over PF |1\9/2, we shall
content ourselves with constructing such a family over an open subset
of the fiber PW_,, of PW, over a general n € PF |1\3/2. Such a family will

be the universal extension of a sheaf ¥, by another sheaf £, over XITJ.

We begin with constructing ¥, and £,. Let 19 € Z; be any point
associated to a pair of GPBs (F¢, LY) with F* = @ F|,, for aline £ C
Flp,, and let 1 : F — F|, /¢ = k(p1) be the induced homomorphism.
Let X o1 be the blowing up of (p1,0) € X x Al, let p: X a1 — X be the
projection, and define

F=ker{g"F 2% o"k(p1)}|g,, where Xo = X1 % a1 0.

The sheaf F is a locally free sheaf on X ¢ = X, whose restriction to the
unique rational curve D; C X is isomorphic to O & O(1). To obtain
a sheaf on X;; we consider the map ¢2: X1 1 — X1 contracting the
rational curve Do C X 1 attached to p2. By abuse of notation, we still
denote by Dy the other rational curve in X ;. The sheaf we intend to
construct is the direct sum

(4-9) F' = ‘:DEF’ D ODI D OD2(1)a
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where Op, = 1;+Op, with ¢;: D; — X 1 the inclusion.

Our next step is to glue F’ along the two marked points of X ;
using a lift n € PF \;2 of ng € 21 that is defined by a homomorphism
B2 : F — k(pz2). Let ¢: X1 — X1T71 be the obvious morphism, let
q- = Dy Ny~ (q¢") and ¢y = Dy N~ (¢") be the two marked points
of X1,1, and let go = D1 N X and g2 = Dy N X. We consider the space
K_ =Homy, ,(Op,, F’) and the subspaces of F'|,_:

Voi=A{f(g-) | fe K_,f(q)=0} and V_o,={f(¢-)[feK }
Obviously,
0AV_1GV_2CFl,
form a filtration that depends only on F&. Similarly, we define a filtra-
tion
0#Vin & Vi G Fllgy
via
Via = ker{3Flg, 5 ok(pa)lg,} and Vi = Vi@ Op,(1),,.

This filtration depends on 7. After that, we pick an isomorphism h :
F'l,_ — F'|4, that preserves these two filtrations, and identify F" along
the two marked points g_ and g via this isomorphism to form a vector
bundle on X I 1- We denote the resulting vector bundle by Fj,.

Given two such homomorphisms hy and hg, we say Fp, ~ Fp, if there
is an automorphism o of X{r,l and an isomorphism o*F},, = Fp, .

Lemma 4.7. Let n € IP’}"\;)/Q be any element and let F, be the sheaf

on Xll so constructed. Then Fp, modulo the equivalence relation so
defined, is independent of the choice of h. Let F;, be a representative of
this equivalence class. Then for any n' € IP’]-"];,/Q, Fy ~ Fy if and only if
n=n
Proof. Let G be the group of pairs (v, o) where o is an automorphism
of the pointed curve (X11,¢+) and v is an isomorphism o*F' — F'. Tt
is direct to check that the tautological homomorphism G — Aut(F’|,,)
preserves the filtration Vy o while the image of G — Aut(F’|,,) is exactly
the subgroup of automorphisms that preserve the filtration V_,. It
follows that the equivalence class of the sheaf F}, is independent of the
choice of h.
The proof of the second part is straightforward and will be omitted.
q.e.d.

Finally, let ¢g: X — XL be the tautological inclusion and let £, =
Lo+ L(—p1 — p2)-

Next, we will construct a vector space W, and a family of sheaves
over PW,. Later we will show that W, is canonically isomorphic to



VANISHING OF THE TOP CHERN CLASSES ... 97

W4, and the family over PV, and the tautological family over PW,,
coincide over a dense open subset of PW, = PW_,,.
The vector space W, is the kernel of the canonical homomorphism

Bxtyy (Fy, Lg) — HO(Eat'(Fy, L)) = HO(K(a0) & k(g2)) = K(g2).

Next we construct a family of curves over PW,. Let D; = P! x PW,,
let O(1) be the degree one line bundle over PW, and let Dy = P(O &
O(1)) be the associated projective bundle over PW,. We fix two sections

Q_=0xPW, and Qy= o0 xPW,
of D7 and pick two sections
Q=PO0®O(1)) and Qi =P(O®0)

of Dy. We then glue D; to X x PW, by identifying Q¢ with p; x PW,,
and glue Do to &7 g by identifying Qy with py x PW,,. We denote the
family from the first gluing by & and denote the family resulting
from both gluings by &} 1. The first is a constant family of X; ¢ and
the second is a non-constant family of X ; over PW,. Let Xil be the
result of gluing the two sections Q_ and Q1 of &7 ;. It is a family of
X}L’l over PW,,.

We now construct a sheaf § over XL. Let X711 — &} be the contrac-
tion of the component Dy, and let ® : X; ; — X; 1 be the composition
of the contraction &7 1 — A& o with the projection X719 — X109 C Xy 1.
We consider the sheaf of Oy, ;-modules

(4.10) § = *psF @ Op, ® Op,(Q2),

according to the convention of (4.9). Clearly, there are canonical iso-
morphisms
Flos = Fllgs ®x Og, -

Hence any isomorphism h: F’|,_ = F’|,, induces a canonical isomor-
phism h: §lo. = Flo .- Using an isomorphism h that preserves the
two filtrations as defined in Lemma 4.7, we can glue § along the two
marked sections @_ and Q. to obtain a new sheaf § over XIT’I. Clearly,
restricting to each fiber of X;; over PW,, the sheaf § is merely the
sheaf F’ constructed before, and the sheaf § is isomorphic to the F
constructed in Lemma 4.7.

We are ready to construct the desired tautological family & over
XlT,r First, recall that § has a direct summand Op,(Qz2). Since
Op,(Q2)|g, = 0g,(—1)% | the inclusion Op,(Q2) C ' defines a sub-
sheaf

9 :OQQ(_]‘) - 3/|Q2 = 3|Qz'

8In case 7: Z — PW, is a family and £ is a sheaf of Oz-modules, we will use £(1)
to denote the sheaf £ @ 7 Opw, (1).
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Let £ be the sheaf of O+ -modules £ = . L(—p1 — p2), where 7: X X
1,1

PW, — &1, is the tautological inclusion. Next let = : Xf 1 — PW, be
the projection and consider the following two relative extension sheaves
and the natural homomorphism between them:

(4.11) Etr o, (B(-1),8) — ot (B(=1), ),
where the latter is canonically isomorphic to
(4.12) Extévmg(ﬁn, F) ® Opwy, (—1).

Here Q, is the formal completion of Xltl along Qs while g=g ®OXT
1,1

OQQ’ etc. Because the support of £ only intersects Ds along Qs and

the restriction of § to X190 x PW, C X1T,1 is the pull-back of F'|x, ,
the kernel of the above homomorphism is canonically isomorphic to
Wy, @ Opywy, (1). Let € be a tautological section of W, ® Opyy, (1). It can
be viewed as a section of the relative extension sheaf, and thus defines
an extension sheaf @ fitting into the exact sequence

0—F— ¢ — £(-1) — 0.

Because € is in the kernel of (4.11), &' is not locally free along D,.
Not only that, but there is a homomorphism pg : € — Og,(—1) so
that the composite § — ¢ — Og,(—1) is identical to the composite
§ — Op,(Ds2)|g, = Og,(—1) induced by (4.10). Let p2: ¢ — Og,(—1)
be induced by ¢ — £(—1)|g, and define €” by the exact sequence

0—¢" — "0y (~1) — 0.

The resulting sheaf €” is locally free along Q.
The sheaf €' is still non-locally free along some points of Q. Indeed,
the section ¢ composed with the homomorphism

Eutly oy, ((-1),8) — &ty (2(=1).) = Og,(1)

defines a section of Og,(1) whose vanishing locus is exactly where &”
is not locally free. Let s € H°(Og,(1)) be this section. Before we
proceed, we need to resolve the non-local freeness of &”. We first glue
Dy to X x PW, by identifying Qo with ps x PW,,, and then glue D,
to the resulting family by identifying Q_ with Q4 in the obvious way.
Let @1 : X/ — Xf’l be the projection, which is the smoothing of Xf’l
along Qg C Xil. Clearly, X' is a locally constant family of X o’s. We
next blow up &’ along p; x s~%(0), where s is the section of Opwy, (1)
mentioned before. We denote the blowing up by X, and let Q) C X
be the proper transform of p; x PW, C X’. Lastly, we construct a new
family X1T,1 by identifying (gluing) the two sections Qf and Qy of X’ in
the obvious way, and we keep the section Q_ = Q. C X' as its marked
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section. This way X' is a family whose members are either X 1T,1 or ngl.

Let p: XT — XL be the tautological projection.

Lemma 4.8. There is a unique family of locally free sheaves ¢ over
Xt so that p,€ = ¢ and R'¢,& = 0.

Proof. The proof is straightforward and will be omitted. q.e.d.

For £ € PW,, we denote by ég the restriction of € to the fiber Xg of
Xt over €.

Lemma 4.9. There is a line 3, C PW,, so that for each § € PW,—%,
the sheaf &, is %—stable.

Proof. We will postpone the proof until the next subsection. q.e.d.

Since for { € PW, — X, the sheaf ég is %—stable, by the universal
property of M/2 the family ¢ induces a canonical morphism u:PW, —
X, — M?/2. Further, by the construction of the family, it is clear that
u factor through I, — I,, and hence to I, — I, € M. Since I, = PW,,
the morphism u induces a morphism

i:PW, — %, — PW,.

On the other hand, the construction of the family & ensures that the
composition of @ with the projection PW, — PF |;)/2 maps PW,, — %, to
the point 7 € PF|;,. Thus @ factor through

uy : PWy, — Xy — PW,.

Lemma 4.10. The morphism u,, extends to an isomorphism PW, —
PW_,.

Proof. By construction u, is one-one. Since dimPW, = dimPW,, >
3, uy is an isomorphism away from a line. It is direct to check that
u, maps lines in PW, — X, to lines in PW,,,. Hence u, automatically
extends to an isomorphism. q.e.d.

By the argument in Section 3, there is a vector bundle W_ over PF ];2
so that the normal bundle

Ni, i, = W= ® Opw, (—1),
where ¢ :PW, — PF |ZQ is the projection.

Lemma 4.11. The normal bundle Nﬁb/M1 |1P’Wn 18 canonically isomor-
phic to
EXt%/V[Q]T(ﬁm-Fn) ® Opw, (—1).
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Lemma 4.12. The restriction of the morphism W to the preimage of

PW.,, say ¢, :PW, x IP’ExtIl/V[Q]T(En,]:n) — M° is the composite of the

second projection with a morphism h:IP’ExtIl/V[W(Ln, Fp) — M.

Proof. We will postpone the proofs of these two lemmas until the
next subsection. q.e.d.

Since My, is a flip of M, along ﬁb U ﬁc, the restriction of W3 to the
exceptional divisor over I, which is PW, x PW_, is the composite of
the second projection with the morphism PW_ — M,. In particular,
this proves that

Lemma 4.13. For any z € Im ¢,, the image set (¥4 o ﬁ/g)((ﬁ;l(z))
s a single point set in Mas.

Since n € IP’.’F,]D)/Q is an arbitrary point, this proves

Lemma 4.14. For any closed z € My there is a unique point 2 e MY
50 that (W40 Uy)~1(2) = U—1(2)).

As a corollary, this proves the equivalence result we set out to prove:

Proposition 4.15. The induced birational map M° ~ My is an
isomorphism of varieties.

In this subsection, we will give the proof of Lemmas 4.9, 4.11 and
4.12.

Proof of Lemma 4.9. We need to investigate when the sheaf ég is %—
stable. For the moment, we assume ¢ is away from the vanishing locus
s71(0). Then & is of type ]I;O that fits into the exact sequence

(4.13) 0— Fp) — € — L, — 0.
Following the discussion in Section 3, (;35 is not %—stable if and only

if there is a sheaf [,_n that is locally free away from the marked node
q1 = ¢ so that it fits into the diagram with exact rows:

0 — Fy — & L, 0
Je [
0 —— Op,(—1)®Op,(—-1) —— [',77 L 0.

Because E_n is unique and the left square is a push-out, (;55 is uniquely
determined by the left vertical inclusion. On the other hand, the sub-
sheaf Op,(—1) < F, is unique and there is a P! family of subsheaves
Op,(—1) — F,. Hence there is a P! family of extensions (4.13) that
are derived from the diagram above. Further, it is easy to see that there
is one choice of Op,(—1) — F, so that the associated sheaf ég is not
locally free at ¢p. A quick reasoning shows that this corresponds exactly
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to the case where ¢ € s71(0). Combined, this shows that there is a line
¥, C PW, so that for all £ € PW, — %, Us1(0) the associated sheaves

ég are %—stable.
In case ¢ € s71(0), a similar argument shows that (}35 is %—stable
unless £ € s71(0) N Y,. This proves the lemma. q.e.d.

Proof of Lemma 4.11. We now prove that
(4.14) N, v, oW, 22 Extiyy 001 (L9, Fy) @ Opy, (—1).

Let W2]T/A2 be the family of marked curves containing W[Z](T) =X I’l
as its central fiber. Then &, where £ € PW,—s~(0)UY,, is a sheaf over
W[Q]EL). It is known that the first order deformations of € as sheaves of
Oy[gyt-modules are Extll/v[w(ég, (;35), which fits into the diagram

EXt%/V[g]‘r(ﬁm}—n) EXtIl/V[Q}W‘([’m En)

l l

~ ~ ~ (b ~
ExtIl/V[Q]T(GE,]:n) — EXtIl/VP]T(QfE,@g) L LT Ext‘l,V[Z]T(Q':g,Cn)

| [

EXtIl/V[Z}T (Fnps Fy) Extll/v[z]f (Fps Ly)

Because the standard (C*)*2 action on A2 lifts to an action on W[2]T —
A2 it induces a homomorphism C%2 = TyA? — Ext%,V[Q]T((}Eg, ;). Since
¢ is L-stable, [€¢] € M'/2, and hence lies in I,. Then the tangent space
T[@'E]Ml/2 at [€¢] is canonically isomorphic to Ext%/v[w(ég, ¢e)/ToA%.

We now claim that the kernel of ¢ = ¢ o ¢1 contains the image of
ToA? — Ext%/vmf (€, &) and the tangent space of I at (€] is the quo-
tient ker(¢)/TpA% Indeed, the groups Extll/vp]f (L, Ly), Ext%,V[Q]T (F Fr)
and Ext‘l,v[g]f(ﬁn,fn) parameterize the first order deformations of L,),
of F, and the space of extensions of £, by F,. It is direct to check that
the kernel of ¢ is the tangent space at [éf] of the space of all sheaves
of type JI;F. Because the (C*)*? action preserves this space, we have
Im(TpA?) C ker(¢) and hence ker(¢)/TpA? = T[édﬂ;f.

We now show that ¢ is surjective. Once this is established, then the
normal vector space to H,‘f at 537, is canonically isomorphic to

(4.15) Nyt jnselg, = Exctyy 11 (Fys Ly)-
First, since T[@]]Ij{ = ker(¢)/TpA?, the image of ¢ is the normal vector
space to I} in M2 at [&]. By (3.11), we know that the normal vector
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space has dimension 2g — 1. Thus to prove the lemma it suffices to show
that

dim EXt‘l/V[Q]T(Ffr],ﬁn) =2g—1.
Recall that ¢' = ¢;. By a direct computation we have the exact sequence
0 — k(qo) ® k(g2) — gxttl/V[z]T(]:nv Ly)
— Hom (Fy, L) @k THA> — 0.
We claim that HO(Hom (F,, £,)) = 0. First, let F¢ = (F, F°) and L¢ =
(L,0) be the associated GPB vector bundles of [C:Zg] in G;’/i3 and Gi/?io,
respectively; that is the image of the morphism I} — G;/ j 3 X Gi/33 0

introduced in Section 3.2. By abuse of notation, we let j: X — W[Q]g
be the main irreducible component. Then we have exact sequences of
sheaves of O x-modules

0— Fy®0,, 1 Ox — F —k(p1) —0
and
0— Ly ©@0,,,; Ox — L — k(p1) @ k(pz) — 0.
Further, a direct check shows that
Hom (Fy, Ly) = juker{F¥ @ L — k(p1) ® Llp, ® FY @ L, }.
Hence any nontrivial homomorphism F — L in HY(Hom (F,, £,)) is

a homomorphism F¢ — L¢ of GPBs. But both F& and LE are %—

stable GPBs and thus there are no nontrivial homomorphisms between
them. This proves that H°(Hom (F,,L,)) = 0. Combined with the
exact sequence

0— Hl(Hom(JTm Ly)) — Ethl/V[z]T(]:na Ly)
- HO(€xt%,V[2]T(.7-"n,£n)) — 0,
we obtain
dim Extyy i (Fy, L) = 2+ h' (Hom (Fy, L) = 29 — 1.

This proves that the arrow ¢ is surjective.
Because the isomorphism (4.15) is canonical, restricting to PW, —
s71(0) UX, we have canonical isomorphism

Nt npzlew,—s—1)us, = &t;ilmwn(2(—1),5)’PW7,75*1(0)U2”-

Because Codim ¥,, > 2, s71(0) is a hypersurface and both NHJ/MUQ and

&Cti(fl/ﬁbw,, (£(—1),3) are of the forms C*~! ® Opyy, (—1), the above

isomorphism must extend to an isomorphism (4.14), as desired. This
proves the lemma. q.e.d.
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Proof of Lemma 4.12. We pick an element
(€,v) € PWy X PExtyy 1 (Ly, Fp)-

We assume that the sheaf € is a sheaf over W[2]$, which is 1-stable,
and the image of v in

HO (Extjy ot (Fs L£4)) = k(q0) & k(g2)

is not contained in either k(go) or in k(g2). Now let B = Spec k[uj/(zﬁ)
and let By C B be the closed point. Then a lift v € IP’Ext%,V[Q]T((’E,S, &)
of v, namely ¢(9) = v, defines a sheaf of Oy )t g-modules ¢¢(7) that

is the extension of ég by ég ® Z defined by the class ©. Here 7 is the
ideal sheaf of W[2]T x By € W[2]T x B. Then a direct local calculation
of extension sheaves shows that there is an embedding w:B — A? that
does not lie in the two coordinate lines of A%, and so €(?) is a rank
three locally free sheaf of OW[Z]TXAQ g-modules.

We now suppose ¥, ! (£) is a single point. Then (¢,v) € M lifts to a
unique element in M, which we denote by (&,v) as well. Then following
the discussion in subsection 4.1, the image W((£,v)) € MY is the point
associated to the sheaf @g(f}) that was constructed by first taking the
kernel of the composite

Se(0) = ker{€¢(9) — €¢(7) ®o Oy = ¢ — Ly}

wi2]t X a2 B
and then restricting to the closed fiber W[2](T)
5(0) = §e(v) @0

W2t x 40 B OW[2}$‘

First of all, since B — A? does not lie in any of the two coordinate lines,
to perform the elementary modification we do not need to modify any
of the nodes in W[Q]g and the sheaf F¢(®) is locally free. On the other
hand, %’5(6) is the cokernel of the composite F,, = F,, ® T — F¢(0)
that is the unique lifting of

Fn ®OW[2]$ T — € ®OW[2]$ T — Fe(0).

Hence F¢(?) fits into the exact sequence
0— L, — Fe(d) — Fy — 0
and the extension class of this exact sequence is a multiple of
vE ]P)Extll/v[zﬁ(ﬁn, Fn)

we started with. In particular the image ¥((£,v)) depends only on
v. Now we pick an (analytic) open subset U, of £ € PW, and V;, C

PExtIl/V[Qﬁ(En, Fy) so that

\1]2|\il2_1(Un><Vn):‘il2_1(U77 X ‘/;7) — U77 X V77
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is an isomorphism. Then the fact that U((£,v)) depends only on v
implies that the restriction of ¥ to ¥, (U, x V;) is the composite of
the second projection U, x V;; — V,, with a morphism V;, — MPO. Since
¥ is a morphism and

by (PWy xprly PW_) = Ey xpry PW_,

its restriction to Wy ' (PW, Xprly, PW_) must be the composite of the

second projection with a morphism PW_ — MY This proves the
lemma. q.e.d.

5. The vanishing results

The purpose of this section is to prove the main theorem of this paper.

Theorem 5.1. Let M3, (Y') be the moduli space of stable vector bun-
dles over a smooth irreducible curve Y of genus g for x = 1,2 mod 3.
Then we have

ci(M3,(Y)) =0 fori>6g—b5.

Since M31(Y) =2 M52(Y) by E — EV ® L for a fixed line bundle L
of degree 1, we may assume x = 1 mod 3, say x = 4.

Our proof is induction on the genus g. When g =1, M34(Y) 2 Y by
Atiyah’s theorem and hence we have the vanishing result. We assume
from now on that g > 2.

In the previous sections, we established the following diagram:

MO ¢ M2 ¢ o M
flips
normaliy/

flips
M3,4(Yd) Ms 4(Xo) GL(3)

~~~> s
egeneration

M;7(X)

Suppose ¢;(M34(X)) = 0 for i > 6g — 11. We want to show that
Ci(M374(Y)) =0 for i > 6g — 5.

5.1. Chern classes of MC. Let Sy = Ms7(X) and E — Sy x X be a
universal bundle. Recall that a vector bundle on X, is a-stable if and
only if its associated GPB (V,V?) is a-stable. When « = 17, this is
equivalent to V being stable. Hence M' is a fiber bundle over Sy ob-
tained by blowing up G!" = Gr(3, E|p, +p,), the Grassmannian bundle
over Sp. Let m1 : S1 = PHom(E|,,, E|,,) — So be the projectivization
of the bundle Hom(E|,,, E|,,).
We blow up S; along the locus of rank 1 homomorphisms

B :=PE|), x5, PE|p,
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and let mo : So — 57 be the blow-up map.

The exceptional divisor A := B of mo @ So — 51 and the proper
transform As of the locus of rank 2 homomorphisms in S; are normal
crossing divisors. Let A = Ay + As.

Lemma 5.2. ¢;(Qg,/5,(logA)) = 0 for i > 6. Consequently, if
¢i(Qs,) =0 fori > 6g — 11, then ¢;(Qs,(log A)) =0 for i > 6g — 5.

Since Qg, /5, (log A) is locally free of rank 8, it suffices to check that
the 7th and 8th Chern classes vanish. The proof is a lengthy computa-
tion. See the Appendix.

Let S3 be the result of two blow-ups of P(Hom(E|, , Elp,)®Os, ) first
along the section POg, and then along the closure of the locus of rank 1
homomorphisms in Hom(E|,,, E|p,) C P(Hom(E|,,, E|p,) ® Os,). The
obvious rational map

]P’(Hom(E|pl,E|p2) @ (950) --» PHom(E|,,, Elp,) = S1

becomes a P!'-bundle after the above first blow-up and the preimage
of B is the center of the second blow-up. Hence we get a P'-bundle
projection

w3 1S3 — So
and So naturally embeds into S3. .

Next, we blow up S3 along Ay = B C S5, which lies in S5 as a
codimension 2 subvariety. Let my : Sy — S3 be the blow-up. Then
by local computation, Sy is the same as the result of the blow-ups of
P(Hom(E|p,, Elp,) @ Os,), first along POg,, second along B, which
lies in PHom(E|,,, E|p,), and finally along the proper transform of the
closure of the locus rank 1 homomorphisms in

Hom(Ely,. Ely,) € B(Hom(Ely,, El,,) @ Os,)-

So if we finally blow up Sy along the proper transform of Ay C Sy which
lies in Sy as a codimension 2 subvariety, then we obtain the moduli
space M!" of 17 -stable bundles which we also denote by S5 and the
last blow-up is denoted by 75 : S5 — S4. Recall that M!'  has six
divisors Yo, Y1,Y2, Zo, Z1,Zs. Let D be the sum of these.

Lemma 5.3. ¢;(Q\i(logD)) = 0 for i > 6(9 — 1) if and only if
¢i(Qs,(log A)) =0 fori>6(g—1).

Proof. The proof is due to Gieseker [4]. Notice that we have four
divisors 50,51,&,83 in S5 which are the images of Zo, Y1, Y2, Yy
respectively. Let A be the sum of A;’s. Notice that A; = ng(Al) and
Ay = 75 (Az). Hence we have an exact sequence

0 — 50, (log A) — Qg, (log A) — Qs, /5, (log(Ag + Ag)) — 0.
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But the line bundle Qg, /g, (log(Ag 4 As)) is trivial since we can find
a nowhere vanishing section as follows: as 73 is a P!-bundle there is an
open covering {U;} of S and rational functions z; on 73 (U;) with a
simple pole at ﬁo and a simple zero at &5 Because z; = z;f;; for a
nowhere vanishing function f;; on U; N Uj, dz;/z; gives a well-defined
section of Qg, /g, (log(Ao + A3z)).

Next, Sy was obtained by blowing up along the intersection of two
divisors ﬁo and 51 in S3. Let Z] be the exceptional divisor of m4. By
a local computation, we get

7} Qs (log A) = Qg (log(A + Z1)).
By the same argument, we see that
3, (log(A + 21)) = Qpp (log D).

The lemma now follows immediately. q.e.d.

By Lemmas 5.2 and 5.3, we deduce the vanishing of Chern classes for
Y/

Corollary 5.4. ¢;(Qy - (log D)) =0 fori > 6g —5

5.2. From M' to MDP. The goal of this subsection is to show the
following.

Proposition 5.5.
ci(Qyp-(log D)) = 0 for i > 6g — 5 iff ci(ppo(log D)) = 0 for i >
6g — 5.

Recall that M is obtained from M! by a sequence of flips along
subvarieties, each of which lies in the intersection of two of the six
divisors, and the blow-up center is not contained in any other divisor.

We use a lemma from [4]. Let J be the base of a flip. In other
words, there are two vector bundles £ and F over J and a variety S
into which PE is embedded. And the normal bundle to Z = PE is the
pull-back of F tensored with Opg(—1). Let S be the blow-up of S along
Z and S’ be the blow-down of S along the PE-direction. Then S is the
blow-up of S” along Z' = PF. Suppose that there are normally crossing
smooth divisors D; in S such that Z is contained in D1 N Dy as a smooth
subvariety but no other divisor contains Z. Let D = )" D; and D’ be
its proper transform in S’. The following lemma is from [4, §12].°

Lemma 5.6. Suppose the top k Chern classes of J wvanish. Then
¢i(Qs(log D)) = 0 for i > dimS — k — 1 iff ¢;(Qg/(log D)) = 0 for
i>dimS —k—1.

9Gieseker assumed that Z € D1 N Dy and ZN Dy, = 0 for k # 1,2. But the same
proof works as long as Z N D is a smooth divisor in Z.
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The flip bases for v = 2/3 are as follows: The moduli spaces Pg/ 537]71_ of
stable parabolic bundles with parabolic weight 1/3 and quasi-parabolic
structure at p; for ¢ = 1,2 lie in the moduli of GPBs Gg,/5371- Let Gggl

2/3 2/3

be the blow-up of Gg,/fil along P55, UPY5 . Then the flip bases are

. 62/531 x Jac(X)

e a Jacobian of X times a P! bundle over Pg/ 537},1
3{53@2'

Because the underlying vector bundle of a parabolic bundle or a GPB
above is stable, all these three moduli spaces are fiber bundles over
Ms5(X). By Gieseker’s theorem [4], we know that the top 29 —3 Chern
classes of My 5(X) vanish. Hence the top 3g — 4 Chern classes of the
flip bases for o = 2/3 vanish. From the above lemma, we have

Ci(QMl/z (10g D)) =0 fori>6g—>5.

e a Jacobian of X times a P! bundle over P

We can similarly deal with the flip bases for = 1/3: the moduli

spaces P;/ 43: p; of stable parabolic bundles with parabolic weight 2 /3 and

quasi-parabolic structure at p; for i = 1,2 lie in the moduli of GPBs!?

G;{jg. Let 6}5/433 be the blow-up of G;/f,?) along Pé,/f,m U Pé{jm. Then
the flip bases are
. 65/433 x Jac(X)
e a Jacobian of X times a P! bundle over Pé’/ipl
e a Jacobian of X times a P! bundle over Pé/ j b2
Because the underlying vector bundle of a parabolic bundle above

is stable, the moduli spaces Pé/ j p, and Pé/ i », are fiber bundles over

M; 5(X). By Gieseker’s theorem [4], we know that the top 29 —3 Chern
classes of My 3(X) vanish.

The moduli space é;/ j 3 is not a fiber bundle over Ms 3(X) but this
is isomorphic to a divisor in Gieseker’s moduli space: consider the uni-
versal family F over é;fg x X. Blow up this space along Pé{im X P

and P;/ f p, X P2. Perform elementary modifications as in §2.4 so that we

get a family of curves over é;/ j 3 and a vector bundle on the family of
curves. The restriction of this vector bundle to the proper transforms
of (N}é/fig x p1 and 65/433 X po is equipped with a choice of basis and we
can glue the rank 2 bundle O @ O(1) over a rational curve P! to get a

vector bundle over the family of nodal genus g curves. It is elementary
to check that this is a family of bundles in the Gieseker’s moduli space

9The choice of 1 dimensional subspace Vi of E|p, gives rise to the 3 dimensional
subspace V = V; + E|;,. This is a GPB in Gé’/i:,,.
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Mé/g?’ for the rank 2 case and so we get a morphism

~1/3 1/3

G2,4,3 - M2,3 .
It is now an easy matter to check that this morphism is bijective onto
a divisor of rank 1 locus in the Gieseker’s moduli space. Hence, G;/ 43, 3
becomes a fiber bundle over M ;(X) after a flip whose base is the
product of two Jacobians over X. By Gieseker’s lemma again, we deduce
that the top 2g — 3 Chern classes of Gé/ i 5 vanish and hence the top

3g — 4 Chern classes of all the flip bases for « = 1/3 vanish. From
Gieseker’s lemma, we have

ci(Qnvpo(log D)) =0  for i > 69 — 5.

The argument at the end of §13 in [4] enables us to deduce the van-
ishing Chern classes of the general member of the family M3 4(20) from
the vanishing of the Chern classes of Qo (log D). So we conclude that

¢i(Ms4(Y)) =0 fori>6g—5.

6. Appendix

The purpose of this appendix is to prove Lemma 5.2.

Notice that E|,, is isomorphic to E|p,. Let ai,as, a3 be the Chern
roots of E|,, = E|p, and let £ = ¢1(Og,(—1)). Then the Chern roots of
Hom(E)|y,, E|p,) are 0,0,0,£(a1 — a2), £(az2 — a3), £(az — a1) and thus
the cohomology ring H*(S7) is the polynomial algebra H*(Sp)[{] over
H*(Sp) modulo the relation

(6.1) (€% = (a1 — a2)*)(€ — (a2 — a3)*) (€ — (a3 — a1)?).
From the exact sequence
0— Qsl/so - WTHom(E|P1’E|P2) ® 051(_1) —-0—-0

we deduce that the total Chern class of the relative cotangent bundle
of S7 over S is

C<QS1/SO) =
(146 ((14€)* = (a1 —a2)*)(1+8)* — (ag—a3)*) (14£)* — (a3—a1)?)).

Similarly, we can describe the cohomology rings and the total Chern
classes of the relative tangent bundles of PE|; and PE[,, over So. Let

1
u=c1(Opgpy (=1)) + gcl(E\pl)

1

v = c1(Opgy,, (1)) — gcl(E|p1)~
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We intentionally shifted the generators to make our computation sim-
pler. Then, we have

H*(PE|y,) = H*(So)[u]/(u® + au + B)
H*(PE|p,) = H*(So)[v]/(v* + av — B)

where )
o = CQ(E’ZH) - 56%(E’P1)

1 2
p= 03(E’p1) - gcl(E’pl)CQ(EbUl) + 2_76?(E|P1)'

Also we have
c(Tepyy, /sp) = (L =)’ +a(l —u) = f=1-3u+3u" +a
c(Tep),, /s0) = (L =0)* +a(l —v) + =130 +30" +a.
Using « and 3, we can rewrite
(s, 750) = (1 +EP((L+ )5+ 6a(1 +€)* + 9a%(1 +£)? + 4a° + 2757)

as one can check by direct computation.
From [3], we get the exact sequences

0— Op(=1) = g"Np/s, = F —0
0—Ts, = m5Ts, — 3 F —0

where g : B — B is the restriction of 72 to the exceptional divisor B
and j is the inclusion of B. Therefore, we have

(6.2) (Ts,) = mpc(Ts,) /(9 F)

(6.3) c(F) = g*c(Npss,)/c(Oz(=1)).
Since Og, (—1) restricts to OPE|;1 (=1) ¥ Oppy,, (—1), € restricts to
Cl(OPE\;‘,l (=1)) + c1(Opgy,, (1)) =u+v.

The restriction of the relative tangent bundle Tg, 5, to B has total
Chern class

(1-—u—v)3((1—u—0)46a(l —u—2v)*+9a*(1 —u—v)*+4a>+275%)
while the total Chern class of the relative tangent bundle Tz /g, is
(1 —3u+3u? +a)(1 - 3v+ 30 + a).

Hence the total Chern class of the normal bundle Np/g, is
1—u—v?((1—u—0)°+6a(l—u—v)*+9a2(1 —u—v)?+4a®+273%)
(1—-3u+3u?+a)(1—3v+3v2+a)

which is by direct computation equal to
1 — 66 + (1562 + 4a — 3uw) — (1563 + 9af) + (66* + 60£?)

with &|p = u + v understood by abuse of notations.
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Let n = ¢1(0s,(B)) € H?(S3). Then nlz = c1(Oz(—1)) since
Os,(B)|z = O5(—1). So we have

H*(B) = H*(B)[n)/ (" + 661" + (1562 + 4a - 3uv)n?
+ (15¢% + 9ag)y + (66" + 6ag?)).
In fact, it is easy to see that the above relation lifts to a relation

(6.4) 7' +66n° + (156 +da)n? — 3y.(uv)n
+ (158 + 9a&)n + (66" + 60£%) = 0
in H*(S2).
From (6.3), we have
c(F) = c(Npys,)/ (1 +mn)
=1—(6£+n) + (1562 + 4a — 3uv + 6¢n + 1°)
— (1563 + 9aé + 15E%n + 4an + 6£n* + 1° — 3uwn).
By local computation we have
c(Os,(A1)) =1+4n, c(Os,(A2)) =1-3§—2n.
Hence we have

(6.5)

C(QSQ/SO (log A))
(A +3((1+6)° 4 6a(l +6)* +9a2(1 4 €)% + 40> + 275?)

B (1 —n)(1+3¢+2n) (2s,/5,)-

For ¢(Qg,/s,), we compute

1
c(9+F)

and change the signs of the terms of degree = 2 (mod 4).
It is a consequence of the Grothendieck-Riemann-Roch theorem that

o0 =1 (L T)

where b; are the Chern roots of F, i.e.,

[T(1+b;) =1— (66 +n)+ (1562 + 4a — 3uv + 660 + n?)
—(15€3 4 9a€ + 15620 + 4an + 6En? + n® — 3uwvn).

(66) C(TSQ/S].) = C(TSQ)/W;C(TSH) =

By expanding, we see that

[T(1 +b; —n) =1 — (6€ + 4n) + (15&2 + 4o — 3uv + 18£n + 612)
—(15€3 + 9ag + 30620 + 8an + 18£n? + 4n® — 6uwvn).
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Hence, we have

1 1+b F
. “(1- = .
(6:8) n( H1+bi—n> 1-D

Here

A = (6¢ +4n) — (15€% + 4o + 18¢n + 61°)
+ (1563 4 9a€ 4 30&2n + 8am + 18£n? + 4> — 6uvn),
B = —3+ (126 +51) — (1562 + 1260 + 312 + 4a),

D = A+ 3uv and F = B + 3uv. Then by expanding!! (6.8) and
collecting all terms of degrees up to 14, we obtain

27ulv3 + 9u2v? + 3uv + 18 BA uw + 12BA3uv + 3Auv

+3A%uv + 18Au?v? + 3A3uv + 27 A%u?v?

+81Audv? 4+ 34%uw + 36A3u%0v?

+162A42u303 + BA? + BA* + B + 3A%uv + 45A%20?

4270435303 + 54 A%u%02 + 40544303 4 3uv A7 + 56Tudv3 A°
+63u20v2 A8 + 27Budv?® + 9Bu2v? + 3Buv + 3A%uv + BA?

+BA + BA® + BAS + BA" 4+ 6 BAuv + 9BA%uv

+27BAu?v? 4 54BA%u?v? 4+ 108 BAu?v? + 15B A*uv + 90B A3uv?
+270BA?u3v3 4 135 BA*u?v? 4 540 B A3uv3 + 189 B Adu?v?
+945BA* 303 + 21 BASuw.

By the projection formula and 3,1 = 7,

(5 (1Tl )) = (/- )

is, up to degree 16, equal to

277, (u30?) + 92, (u?v?) + 394 (uv) + 18 BAS g, (uv)

+12B A3, (uv) + 3A7,(uv)

+3A42%9, (uv) + 18 A7, (u?v?) + 3439, (uv) + 27A?), (u?v?)

+81 A7, (u3v3) + 3A%y, (uv) + 36 A3, (u?v?)

+162A42), (uv?) + BA3n + BA* + Bn + 3A% ), (uv) 4 45A% 9. (uv?)
+270A43 7, (uv3) + 54A57, (u?0?) + 405419, (uPv?)

+374 (uv) AT 4 5677, (u3v3) A5

+6374 (u?v?) A® + 27B7. (u3v3) + 9B, (u?v?)

+3B7.(uv) + 3A%), (uv) + BA?p

+BAn + BA®n + BASn + BA™n + 6 BAy.(uv) + 9BA?), (uv)
+27B A, (u?v?) 4+ 54BA?), (u?v?) + 108 BAg. (uv3)

+15B A%y, (uv) + 90B A3, (u?v?)

+270B A%, (u?v?) 4+ 135BA%), (uv?)

+540B A3, (u?v?) + 189 B A® 5, (u?v?)

+945B A%y, (uPv3) + 21BAS, (uv).

1YWe used Maple 7 for the computations in this section.
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Substitute the above expression into (6.7) and expand (6.6) up to
degree 16. Change the signs of the terms of degree = 2 mod 4 and plug
it into (6.5).

Now we can compute the Chern classes by direct computation from
(6.5). The 7th Chern class is, up to sign, equal to

—37865n? + 36074 (uv)n — 7206203 — 138a%¢n?

—4920%€2n — 516a3n?

—10560&*n — 540627, (uv)n? + 55802y, (uv)

+108a7 (u?v?) — 810£2 7, (u?v?)

—630€39(uv)n — 564&5n — 25267 — 504a€d — 2520263 — 72643

—5402 7, (uv) + 72649, (uv) — 1266037, (wv) — 54132 — 549, (udv?)
and the 8th Chern class is

13327, (uv)n?ag + 21787, (uv)&2an — 28357, (u?v?)€3

—11437, (uv?)n? + 221479, (uv)€°

—69397, (u?v?)E2n — 4968 * 7. (u?v?)En?

+14857. (u?v?) € + 747, (u?v?)an

—726%n3 4 132¢50% — 3360%6n3 — 588a2¢%n? — 408a3n?

—4560&4n? + 1152, (u?v?)n?

+637262 7, (u?v?)n — 8287, (u?v?)n + 3942027, (u?v?)€

+8467, (uv) &4 + 307, (uv)a’n

+10087. (uv)n2€3 + 722. (uv) €20 — 67. (uv)am® 4 31507, (uv)at?

—8287. (uv)a?é — 567N, (uv3) — 6485y — 498a%¢3n

+132a3¢6n — 1867y 4 153¢8

—8106 7, (uPv3) 4+ 543202 + 165a2E* + 662a° + 81£232

+312a0 + 5947, (uv?) 7. (uw).

Notice that the 7th Chern class is the image by 7. of

—378&%n + 36cuvén — T2a%n? — 138a2&n — 492022

—516a&3n — 1056a.*

—540&2n2uv + 558uve? + 108au?v? — 810£%u2v?
(6.9) —630&3uvn — 5640

—72¢4? — 540%uv + 7264w — 126€n3uv — 543% — 54uv?

+42a€ (0> + 6602 + (15€% + 4a)n — 3uvn + 1563 + 9af)

+4263 (03 + 6602 + (1562 + 4a)n — 3uvn + 1563 4 9af)
with ¢* 4+ a&? replaced by

7[= (* + 667% + (157 + 4a)n — Buwn + 156% + 9a£) /6]

from the relation (6.4).

This is a class in H*(B) which is a polynomial algebra over H*(Sp)
generated by u, v, and 1 with the relations £ = u + v,

W+ au+B=0
vP+av—F=0
nt 4+ 660 + (1562 + da — 3uv)n? + (1563 + 9a&)n + (6" 4 6a£?) = 0.
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Using Grobner package, one can check that the class (6.9) is zero. There-
fore we have proved that the 7th Chern class vanishes.

We apply the same strategy for the 8th Chern class. The only term
we cannot express as the image of 7, in the above fashion using (6.4) is
the term 81£232. Let

p=(€"+ag?) (€ + a) (€ + da) + 276757,
This is exactly the relation (6.1) divided by ¢ and thus we have

§p=0.

Then by the relation (6.4) as above cg(£2g, /5, (log A)) — 3u is the image
by g« of

—726%n% — 3360%6n? — 588a2E%n — 408a3n?

—45604 4 132€57 — 18¢7

—6480:£® 4 1008&3uvn? — 49802€3 + 54np? + 132603

— et (y3 4+ 66n% + (1562 + da — 3uv)n + 15€% + 9a)

—a? (12 + 6£n? + (1562 + 4o — 3uw)n + 1563 + 9al)
+22148%uv — 2835&3u20?

—%aEQ(yi” + 6&n? 4 (1562 + 4o — 3uw)n + 1563 + 9af)
—810uv3¢ + 27uv3n

+31500uvé3 + 13320uvén? + 2178cuvé?n — Sdauv?n
+9n3u20v? + 3002uvn + 1485auv%€ — 828 uvé + 846&4uvn
—1026nu?v?¢ — 56762u?v?n 4 7262n3uv — 6P auv

+3(E% + @)(€% + 4a) (1P + 667> + (1562 + 4o — 3uw)n + 156° + 9a€).

If we simplify this expression using the Grébner package for the ring

H*(B), we get

(6.10)
3ntuv? + au’nd + 2n3auv — 3n3uB + av’n® + 3n3uB + atn?
+60uv?n + Inuvs + 4a’nu? — Inuv? B + 2a%uvn — 6nauf
+4a’nu? + 6navB + 4oy + 93%n.

If we multiply 1 to this expression (6.10), we get zero! Hence
cs(Qg,/5,(log A)) — 3u lies in H*(S1) because its restriction to B is
exactly the above expression multiplied by 7 and is equal to zero.

If we multiply & = u + v to (6.10) and simplify using the Grébner
package, we get zero! By the projection formula, this implies that
cs(Q2s,/5,(log A)) — 3p lies in the kernel of multiplication by §

£ H*(S1) — H*2(Sy)
which is exactly H*(So)u. Therefore, we deduce that
cs(Qls, /5, (log A)) — 3 = cp

for some rational number c¢. To compute ¢, we restrict the image by
J« of (6.10) to a fiber of w1 oy : Sy — Sp so that « = 0 and 5 = 0.
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Using the explicit relations it is now an elementary exercise to check
that ¢ = —3. Hence, we conclude that cg({2g, /g, (log A)) = 0.
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