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CONVERGENCE OF THE YAMABE FLOW FOR
ARBITRARY INITIAL ENERGY

SIMON BRENDLE

Abstract

We consider the Yamabe flow % = —(Ry —14) g, where g is
a Riemannian metric on a compact manifold M, R, denotes its
scalar curvature, and r, denotes the mean value of the scalar cur-
vature. We prove convergence of the Yamabe flow if the dimension

n satisfies 3 < n < 5 or the initial metric is locally conformally flat.

1. Introduction

In this paper, we present a general convergence result for the Yamabe
flow in conformal geometry. Let M be a compact manifold of dimension
n > 3 without boundary and let g be a Riemannian metric on M. Along
the Yamabe flow, the Riemannian metric is deformed according to

1) 0=y~ 1),
where R, is the scalar curvature of g and 7, is the mean value of R, i.e.,
(2) Tg = %'
The Yamabe energy of a Riemannian metric g on M is defined as
f v Bg dvoly

3 P E——
) (Jar dvoly) S

Moreover, the Yamabe constant of a Riemannian metric gg is defined as
the infimum of the Yamabe energy among metrics conformally equiva-
lent to go, i.e.,

R, dvol
(4) Y (M, go) = in Jar By voly
g=u2 g ([Jyydvolg) =
ueC>®(M),u>0

By definition, Y (M, go) depends only on the conformal class of g.
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218 S. BRENDLE

Since the Yamabe flow preserves the conformal structure, we may
write g = u% go, where g¢q is a fixed background metric on M and u
is a positive function. The scalar curvature of g is related to the scalar
curvature of gy by

_nt2 (4(n—1
(5) Rg = —u n-2 (% Agou — RQO ’LL) .

Hence, the Yamabe flow reduces to the following evolution equation for
the conformal factor:

n 2 (4(n—1 n
(6) 2u"_i_g:n—'— < (n )AgoU—Rgou-f—Tgu”_tg).

ot 4 n—2

Moreover, the Yamabe constant of gy can be written as
4(n—1) 2 2
@ vorg= e G Ut e D deoly,
ueC>® (M), u>0 (fM un—2 dUOlgO)T
In case Y (M, go) < 0, it is not difficult to show that the conformal factor
is uniformly bounded above and below. Moreover, the flow converges
to a metric of constant scalar curvature as t — oo.

The case Y (M, go) > 0 is more interesting. Chow [6] proved the
convergence of the flow for locally conformally flat metrics with pos-
itive Ricci curvature. Ye [20] later extended the result to all locally
conformally flat metrics.

Recently, Struwe and Schwetlick [17] proved convergence of the Yam-
abe flow in lower dimensions (3 < n < 5) under the assumption that the
Yamabe energy of the initial metric is less than (Y (M, go) 2 —|—Y(S”)%)%,
where Y (S™) denotes the Yamabe energy of the standard sphere S™. Un-
der this assumption, it is shown that any singularity consists of at most
one bubble, and the positive mass theorem precludes the formation of
a singularity of this type.

In the present paper, we prove convergence of the flow for arbitrary
initial energy.

Theorem 1.1. Suppose that either 3 < n <5 or M is locally confor-
mally flat. Moreover, assume that M is not conformally equivalent to
the standard sphere S™. Then, for every choice of the initial metric, the
Yamabe flow exists for all time and converges to a metric with constant
scalar curvature.

We expect that the methods of this paper can be used to prove con-
vergence of the Yamabe flow in dimension n > 6 under a technical
condition on the Weyl tensor (compare [1], [L1], Theorem B, and [16],
Theorem 4.1 on p. 219).
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2. Longtime existence

In light of the foregoing discussion, it suffices to consider the case
Y (M, gog) > 0. In this case, we can find a background metric gg, which
is conformally equivalent to the initial metric and has positive scalar

curvature Ry, (see [15], Lemma 1.1). Let g(t) = u(t)% go be a solution
of the Yamabe flow

2 901) = ~(Ryy — o) 9(0).

Since the volume of M does not change under the evolution, we may

assume that
/ dvolyy =1
M

for all ¢+ > 0. With this normalization, the mean value of the scalar
curvature can be written as

Tg(t) = / Ry (1) dvoly ).
M

Using the identity
0

(8) 5 = (0= 1) By Ry + Ry (Ry(r) = Tg(1))»
we obtain
d n—2
(9) 2170 = T3 / (Ry(e) = g())” dvoly(y)-
M

In particular, the function ¢ — ry;) is decreasing.

Proposition 2.1. The scalar curvature of the metric g(t) satisfies

(10) ijr\l/[f Rgy() > min {i&f Rg(o),O}
for allt > 0.

Proof. The scalar curvature satisfies the evolution equation

0
oot = (= 1) By Ry(ey + Ry(ry (Rg() = 7g(0)):

Observe that 7y > 0 since Y (M, go) > 0. Hence, the assertion follows
from the maximum principle.
For abbreviation, let

0 = max { S}\l/[p(l = Ry(0)); 1},

so that Rg(t) + o0 > 1 for all t > 0.
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The following two results are similar to Lemma 3.3 in [17]. Our
arguments mostly follow those of Struwe and Schwetlick, but we do not
require that the scalar curvature is positive everywhere.

Lemma 2.2. For every p > 2, we have

(11)
d

pr (R o) T )P ! dvol

4n—1 —2 p—1|2
= /‘d t)—l-J 2
9(t)

n -+ 2 _ _
_( g P >/M ((Rygty+0)P ™ = (rg(y +0)P ™) (Ry(a) =7 g() ) dvoly(ry

—(p—1) /M 7 ((Rgqey + )P 2 = (rg + 0)P7%) (Rgry — o)) dvoly.

dvol gy

Proof. This follows immediately from the evolution equation for the
scalar curvature.

Lemma 2.3. For every p > max{g,2}, we have

2p—n+2

(12)
d p P e
dat [Rg(t)y — roe)|” dvolypy < C [Rg(ty = 7g(|” dvoly
M M

+C /M [Rg(t) = rg(r) |7 dvol g

for some uniform constant C' independent of t.

Proof. Using the evolution equation for the scalar curvature, we ob-
tain

d
pr /M [ By(e) = rg(0)|” dvolyq

__(=2@-1
p
4(n — - )
. f \d Rty = | 2 ) + Rty [Roey — Tl ) dvolyy
M n
n— 2
" <( );p ) / ’R - Tg(t (Rg(t) - Tg(t)) dvolg(t)

n—2)(p-—1
+ <( ;( ) —|—p> /M T(t) [ Rty — To()|” dvoly(
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n—2)p
+ !/ (Ry() — Tg(t))2d1’0l9(t)

2 M
2
‘ /M Ryt — o) """ (Ry() — rg(r) )dvoly),

hence
d
dt [Rg(ty = 7g()|” dvoly(
n—2)(p—1 o o
< _( )(p ) Y(M, go) (/ ’Rg(t) — ’I”g(t)‘np_Q d’l)olg(t)>
p M
n—2)(p—1 n
+ (( X ) +p— 5) / Rty = Tg(t) [P+ dvol gy
p M
)

n—2)(p—-1
+ <( ( ) +p> /M 79(0) [Bg(t) — To(a)|” dvol g

p+1
(n—2)p v
+ B /M [Ry(t) — 7g(0)|" dvoly)

Since p > %, this implies

2p—n+2
2p—n

d
a/ [Rg(t)y — roe)|” dvolgry < C (/ Rty — To()|” dwlg(ﬂ)
M M

+C /M Rty = Tg()|” dvoly

by Holder’s inequality. From this, the assertion follows.

Proposition 2.4. Given any T > 0, we can find positive constants
C(T) and ¢(T') such that

supu(t) < C(T)
M

and

forall0 <t <T.

Proof. The function u(t) satisfies

n—2 n—2
4 (Rg(t) B Tg(t)) < 4

0
Eu(t) = - (Tg(0) +0)-

Thus, we conclude that

supu(t) < C(T)
M
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for all 0 <t < T. Hence, if we define

P=Ry, +o ( sup supu(t))m,
0<t<T M

then we obtain

(13) —4(:%1& Ju(t) + Put)
—% Agou(t) + Ryy u(t) + o u(t)n

= (Ry) + o) u(t)n2 >0

for all 0 <t < T. By Corollary A.3, we can find a positive constant
¢(T') such that

n+2

. n—2 >
1]r\14fu(t) (Sjl\l/[p u(t)) >(T)
for all 0 < ¢ < T'. Since sup,; u(t) < C(T'), the assertion follows.

Lemma 2.5. For every T > 0, there exists a constant C(T) such
that

(14) / Ryey — 74007 dvolyqy < C(T)

forallO <t <T.

n+2

Proof. Using Lemma 2.2 with p = > 2, we obtain

sup / (Rgt) + )% dvoly, < C
0<t<T J M

and

T
n,2
/0 /M ‘d(Rg(t) + U) 4 |g(t) dUOlg(t) dt S C

Using Proposition 2.4 and Sobolev’s inequality, we conclude that

T n2 ”T_Q
/ (/ (Rg(ty +0)2=2 dvol ()> dt < C(T).
0 M

From this, it follows that

n—2
/ (/ Ryt — (0|5 duol (t)> Coar< o).
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We now apply Lemma 2.3 with p = ( ) > max{3,2}. This implies

n2
% log < FLCOR O dwlg(t))
5 n—2
<C ( y |Rg(t) — Tg(t)|2("72) dvolg(t)) +C.
From this, the assertion follows.

Proposition 2.6. Let 0 < a < min{%, 1}. Given any T > 0, there
exists a constant C(T) such that

(15)  Ju(z1,t1) — u(az, t2)| < C(T) ((t1 — t2)® + d(w1,22)*)
for all x1,x9 € M and all t1,ts € [0,T] satisfying 0 < t; —ty < 1.

Proof. Let @ = 2 — %, where § < p < min{%g—;),n}. Using
Lemma 2.5 and Proposition 2.4, we obtain
-1)
(16) / ‘ (n Agou(t)—RgOu(t)‘pdvolgO < (1)
and
0 P
(17) /M ‘au(t)‘ dvolyy < C(T)

for all t € [0,T]. The first inequality implies that

lu(z1,t) — u(xe, t)| < C(T) d(x1, x2)*
for all 1,29 € M and t € [0,T]. Using the second inequality, we obtain
fula, 1) — (e, t)

<Ot — 1) 8 / (s 1) — s t2)] dvoly,

B i@
<Oty —ty) 3 / u(t1) — ulta)| dvolyy + C(T) (b1 — t2)3

B i@
<Ot —t) "2 sup / %u(t) dvolg, + C(T) (ty — 12)?

t1>t>to Bm(x)
1
< C(t; —t9) % sup (/ ‘ t dvolgo)p +C(T) (tl—tg)%
t1>t>1o

<CO(T) (tr —12)®

for all x € M and all t1,ty € [0,7] satisfying 0 < ¢; —t3 < 1. This
proves the assertion.



224 S. BRENDLE

We can now use the standard regularity theory for parabolic equations
(see [], Theorem 5 on p. 64) to show that all higher order derivatives of
u are uniformly bounded on every fixed time interval [0,7]. Therefore,
the flow exists for all time.

3. Proof of the main result assuming Proposition 3.3

Proposition 3.1. Fiz max{§,2} <p < ”TH Then, we have

(18) lim /M ‘Rg(t) - Tg(t) ’p d’UOlg(t) =0.

t—o00

Proof. 1t follows from Lemma 2.2 that
d
dt /s

<-("5-0) /M (By + )" = (ryy + o))

- (Ry() = g(1)) dvolyy-
Since p > 2, we have
(Rgy + )"~ = (rg@ry + 0)" ") (Rg(y = () = ¢ Ryg(ey = o)
for a suitable constant ¢ > 0. Since p < "T”, it follows that

d _
%/ (Rg(t) +o)P 1 dvolgy < —c/ ]Rg(t) — Tg(t) |P dvol gy -
M M

Thus, we conclude that

[Ry(ty = 790" dvolgy dt < C,
0o Jm

(Rgt) + o)t dvol gy

hence
lim inf/ ’Rg(t) — Tg(t) ’p d’UOlg(t) dt = 0.
M

t—o00

On the other hand, since p > max {%, 2}, we have

2p—n+2
2p—n

d
p / [ By(s) = (| dvolyy = € ( / [By(e) = o l? dvolg(t))
M M

+C /M Ry — Tg()|” dvoly

by Lemma 2.3. From this, the assertion follows.
Hence, if we define

(19) roo = Hm 7y,

then we obtain the following result:
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Corollary 3.2. For every 1 <p < "TH, we have
(20) tlim / ’Rg(t) - Too‘p d’UOlg(t) =0.
— 00 M

The proof of Theorem il I will be based on the following proposition.
The proof of Proposition 8.3 will occupy Sections 4-7.

Proposition 3.3. Let {t, : v € N} be a sequence of times such that
t, — o0 as v — o0o. Then, we can find a real number 0 < v < 1 and a
constant C such that, after passing to a subsequence, we have

22 (14)

2n

(21) 74,y =T < C </ ulty) 2 |Ry(t,) — Foo| 72 dvolg0>
M

for all integers v in that subsequence. Note that v and C may depend
on the sequence {t, : v € N}.

The following result is an immediate consequence of Proposition i3.3.

Proposition 3.4. There exist real numbers 0 < v < 1 and tg > 0
such that

(22) Tgt) — Too < /M U(t) n=2 |Rg(t) — Too|"+2 dUOlgO
for all t > tg.

Proof. Suppose this is not true. Then, there exists a sequence of
times {t¢, : v € N} such that ¢, > v and

2n 2n QLnQ (1+%)
Tg(t,) — Too > (/M u(ty)m ’Rg(tu) — Too’m d’UOlgO)

for all v € N. We now apply Proposition 8.3 to this sequence {t, :
v € N}. Hence, there exists an infinite subset I C N, a real number
0 <~ < 1 and a real number C' such that

2n 2n nz_tf (1+7)
Tg(t,) — Too <C (/M U(ty)m ’Rg(tu) — roo’m d’UOlgO)

for all v € I. Thus, we conclude that

1<C (/ u(ty)% |Ry(t,) — roo]ng_& dvolgo>
M

for all v € I. On the other hand, we have

lim </ u(t,,)% |Rg(tu) - roo|n%2 dvolgo) - 0
M

V—00

by Corollary 3.2. This is a contradiction.
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Proposition 3.5. We have

1
0o on 5
(23) /0 (/M U(t) n-2 (Rg(t) — Tg(t))Q dvolg0> dt < C.
Proof. Tt follows from Proposition 5.4 that
2n 2n n2_-ey—12 (1+7)
’I”g(t) —Too < C </M u(t)ﬁ |Rg(t) — Tg(t)|m dfuolgo>
+C (Tg(t) - Too)l-iﬁa
hence,
oE2 (1)
2n_ 2n 2n
(24) 1) — T =C </M w(t)" =2 |Ryiry — Tg(n)| 772 dvolgo)
if ¢ is sufficiently large. Therefore, we obtain
(25)

2n

d n—2 2n_
7 (Ta) = To0) = = /M u(t)™=2 (Ry(y — ro(1))” dvoly,

n+2
n—2

2n 2n n
<-— (/ u(t)n=2 | Ry — rg() |2 delgo>
M

2
< —c(rge) — roo) 47,

where ¢ is a positive constant independent of ¢. This implies

d _l—y
(26) 7 (rg(t) —Too) 7 >c.

From this, it follows that
(rg(t) —Too) 7 >ct,
hence
_ 14y
(27) Tot) = Too < Ct 177
if ¢ is sufficiently large. Using Holder’s inequality, we obtain

2T on 9 %
(28) / ( /Mu(t)n2 Ry — rote) dvolgo> dt

T

2T . ) !
< <T/ / u(t) n—2 (Rg(t) — Tg(t)) dUOlgo dt)
T M
2

< (=5 7 (g ~ ryem)

<CT 15

S
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if T' is sufficiently large. Since 0 < v < 1, we conclude that

1
0 2n 2
(29) /0 </]\4u(t) n—2 (Rg(t) — Tg(t))2 dvolgo) dt

1 2n %
= / </ u(t)n=2 (Ry) — rg(t))2 dvolgo) dt
0 M

k41 1
2k+ )

> 2n_
+ Z/ (/ u(t)"=2 (Ry) — ry(n)) dvolgo) dt
o2k M

o0
<cY 2rtco
k=0

This proves the assertion.

Proposition 3.6. Given any ny > 0, we can find a real number r > 0
such that

/ u(t)% dvolg, < 1
By ()
forallx € M and t > 0.
Proof. We can find a real number 7" > 0 such that

1
00 o .
o / (/M u(t)"= (Rg() — 7ng(t))Q dU0l90> dt < .

T n

We now choose a real number r > 0 such that
(31) / u(t)% dvolg, < iy

By (z) 2
for all z € M and 0 <t <T'. Then, we have

(32) /B )u(t)f”z dvol,,

v (
< / u(T)% dvoly,
Br(x)

n > 2n_ 2 %
+ 5 ; u(t)n=2 (Ry) — Tg())~ dvoly, | dt <no

T
for all x € M and t > T. This proves the assertion.
Proposition 3.7. The function u(t) satisfies

(33) supu(t) < C
M
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and

(34) i]r\14fu(t) >c

for allt > 0. Here, C' and c are positive constants independent of t.

Proof. Fix 2 < ¢ <p < 2. By Corollary 3.2, we have

(35) /M [ Rg(t)|” dvolyy < C

for some constant C' independent of t. By Proposition 8.6, we can find
a constant r > 0 independent of ¢ such that

(36) /B . dvolg) < 1o

for all x € M and t > 0. Using Holder’s inequality, we obtain

p—aq q

B P
/ | By *dvoly(y < ( / dvolg(t)) ( / !Rga)\pdwlg(t)) :
By (@) Br(@) Br(@)

Hence, if we choose 1y sufficiently small, then we have

(37) /B (@) [Rg(t)|? dvolywy < m

for all x € M and t > 0. Here, n; is the constant appearing in Propo-
sition 4.1, Using Proposition .1, we conclude that u(t) is uniformly
bounded from above. Hence, if we define

P=Ry +o (supsupu(t)) m’
>0 M

then we obtain

(38) —% Agou(t) + Pu(t)

4(n—1) nt2
-2

2 = Agou(t) + Rgy u(t) + o u(t) 2

n+2
= (Ry) + o) u(t)»=2 > 0.

According to Corollary A.3, we can find a positive constant ¢ such that

n+2

iJr‘l/Ifu(t) (Sjl\l/[p u(t)) ">

for all £ > 0. Since u(t) is uniformly bounded from above, we conclude
that u(t) is uniformly bounded from below.
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Proposition 3.8. Let 0 < a < +2 Then, the function u satisfies

(39) (a1, t1) — u(wa, t2)] < C ((t1 —t2)? + d(w1,22)")

for all x1,2x0 € M and 0 < t1 —ty < 1. Here, C is a positive constant
independent of t1 and ts.

Proof. Let oo = 2 — 2, where § <p < 142 - Using Corollary 8.2 and
Proposition 3.7, we obtam
- 1
(40) / ( (n Ju(t) — Rgou(t)(p dvolg, < C
and
0 P

(41) / ‘au(t)‘ dvol gy < C,

M

where C' is a positive constant independent of ¢t. The first inequality
implies that

|u(z1,t) —u(ze, t)| < Cd(xy,z2)”

for all 21,29 € M and t > 0. Using the second inequality, we obtain

lu(z,t1) — u(x, ta)]

< C(ty—ty) 2 / lu(z, t1) — u(x, ta)| dvoly,

B (@)
<C(t —ty) 2 / lu(ty) — u(te)| dvoly, + C (t1 — t2)>

B (@)
<C(t—t) T sup / %u(t)‘ dvolg, + C (t1 — t2)2

t1>t>1o B\/ﬁ(a})
1
SC(tl—tg% sup (/ ‘ t dvolgo>p—|—0(t1—t2)g
t1>t>to

<C(th—t)?

for all x € M and 0 < t; — to < 1. This proves the assertion.

In view of Proposition 8.8, we may apply the standard regularity
theory for parabolic equations (see [7], Theorem 5 on p. 64) to derive
uniform estimates for all higher order derivatives of u. The uniqueness
of the asymptotic limit follows from Proposition 3.§. This completes
the proof of Theorem }.1.
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4. Blow-up analysis

The remaining part of this paper will be concerned with the proof
of Proposition 8.3. Let {t, : v € N} be a sequence of times such that

t, — o0 as v — oo. For abbreviation, let u, = u(t,) and g, = g(t,) =
4

4
u(ty) "2 go = uy, "> go. The normalization condition implies that

/ dvolg, =
M
hence

2n
(42) / w2 dvolg, =1
M
for all v € N. Moreover, it follows from Corollary 3.2 that

2n
/ |Rg, — Too| 72 dvolg, — 0,
M

hence

o 1 n+2 n?_n
(43) / ‘ :_ 5 Aggtty — Rgo w4+ rocup 2| dvolyy — 0
as v — o0.

At this point, we may apply the following compactness result due to
Struwe [19]. A similar result for the harmonic map heat flow can be
found in [12].

Proposition 4.1. Let {u, : v € N} be a sequence of positive functions
satisfying (42) and (U3). After passing to a subsequence if necessary, we
can find a non-negative integer m, a non-negative smooth function s
and a sequence of m-tuplets (xz,wfz,y)lgkgm with the following proper-
ties:

(i) The function us satisfies the equation

4(n—1 nt2
7(71_2)Agouoo Rgo Uoo + oo uds ? = 0.

(ii) For alli # j, we have

(44)

4 EZV §7V ( ZV’ ;,V)2
(45) >ttt o ™
I,V i,V N7 N7
as v — o0.
(iii) We have
m

(46) — 0

UV - uOO - ZH(J’,Z u’EZ u)

k=1

HY(M)
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as v — oo. Here, the functions Uy er ) are the standard test
functions constructed in Appendiz B.

Proof. The first and the third statement follow from results of Struwe
[19]. The second statement is due to Bahri and Coron [8].

Proposition 4.2. If uy, vanishes at one point in M, then us, van-
1shes everywhere.

Proof. By Proposition 4.1, the function u., satisfies

— n+2
—% Agotos + Ry Uoo = Too uds > > 0.
By assumption, the background metric gy has positive scalar curvature.
Hence, if uy, attains a non-positive minimum, then u, is constant by
the strong maximum principle (see [§], Theorem 8.19 on p. 198).

The cases us = 0 and us > 0 need to be discussed separately. The
case Uy = 0 will be studied in Section 5. In Section 6, we deal with
the case uoo > 0. The proof of Proposition 3.3 will be completed in
Section 7.

For convenience, we define two functionals F(u) and F'(u) by

o (S dul?, + Ry, ) dvol,,

() B(w) T
(fM un—2 dvolgo) "
and
f (—4(n_1) |du|2 + R u2> dvol
(48) Flu) = M\ "n2 90 90 90

2n_
Joy w2 dvolg,

Then, we have

2n

_ : n—2
1= lim uy " dvoly,
v M

2n_ m 2n
= lim uls? dvol,, + E w2 .\ dvol
00 Y 0 go it " (xk!y,sk!y) go

_ (E(uoo))% m (Y(S"))%’

T'so

T'so

hence,
(49) roo = (Eluoo) 2 +mY/(S")%)
(compare [17], Lemma 3.4).
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5. The case uy, =0

Throughout this section, we will assume that u,, = 0. For every
v € N, we denote by A, the set of all m-tuplets (zy, ek, )1<k<m €
(M x Ry x R4)™ such that

(50) d(Tg, 2}, ) < €0 <ap <2

for all 1 < k < m. Moreover, we can find an m-tuplet
($k,m€k,mak,y)1gk§m € A, such that

4(n—1) “ 2
(51) / (7 ‘d<u,, - Z (0797 ﬂ(x V€ l,)>
M n—2 el k, k, 90
m 2
+ Ry, <uy — ZO"W U(wk,mgk,u)) > dvoly,

k=1

< / 4(n _ 1 U Za u i

= Ju n— v k Y(xg,er) o

2
+ Ry, <u,, - Zak E(mm)) > dvoly,

k=1
for all (xk75k7ak)1§k§m cA,.

Proposition 5.1.
(i) For alli # j, we have

(52) giw | Siw | @i 2i0)”
€jv iy Eiv Eju
as v — Q0.
(ii) We have
m
(53) ‘ Uy = D 0k Uy e —0
k=1 H (M)

as v — Q.

Proof. (i) Since (zk, €kvs Ok v )1<k<m € Ay, we have

v d NERE N 2
PR L M
5],V Eiv Eiv&jv

*
d(Ti,15,)?
]I/ i,y Lju
>8m 82—

],1/ z v N2 B2
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e, (d(zip,xjp) + e, +e5,)>
v LV Vv 1,V N
R g + —— .
] v 61 v Ei,u €j,u
2
er d(:c’~k xt )
i,V v 9,V v
>4 4 ] + =,
j,u i,V €i,y 7V

and the expression on the right-hand side tends to co as v — o0.

(ii) By definition of (x4, €k, kv )1<k<m, We have

4(n —1)
/M( n—2 ‘ (UV Zaky xkuv£ku)>

2
+ Rgo (uy — Z Ak y E(xk,uvsk,u)> ) dUOlgo

k=1

<[, (Sl B

2
+ Ry, <UV — Zﬂ(xz,ﬁz,y)) > dvol gy, .

k=1

2

By Proposition {1, the expression on the right-hand side tends to 0 as
v — oo. This proves the assertion.

Proposition 5.2. We have

* * €k
(54) d(xk7y’ xk,u) < 0(1) 8]9,1/’

—L =140(1), ag,=1+0(1)

kv
for all 1 < k < m. In particular, (Tky, €k, Ckp)i<k<m 1S an interior
point of A, if v is sufficiently large.

Proof. Observe that

m m
Z Oélg,y u(xk,uvgk,u) - Zu(x;;,yvs;g’y)
k=1

k=1

H(M)

m
- z :akvyﬂ(xk,uyek,u)
k=1

m

Z a’,k V’Ek 1/

k=

<

H(M) H(M)
=o(1)
by Propositions 4.1 and 5.1 From this, the assertion follows.
In the sequel, we assume that

(55) giv < €5, for i<y
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We now decompose the function u, as

(56) Uy = v, +w,,
where
m
(57) Vo= Y W Ty )
k=1
and
m
(58) Wy = Uy — Z Oé]g,y E(Ik,uvsk,l/).
k=1
Note that the function w, satisfies
4(n
(59) / (g |dw ,j|gO + Rgy w ) dvolg, = o(1)
M N U

by Proposition 5.1
Proposition 5.3.
(i) For every 1 < k < m, we have
n—2
nt2

n I
/ H&;Q,,,sk V)w,,dvolgO <o(1) (/ ]wy\% dvolgo) )
Mo M

(ii) For every 1 < k < m, we have

(60)

- d(CCk vy L )2
(61) ‘ / (:vk k) + A(ir7)? w,, dvoly,
n—2

on o
1) (/ |w, | n—2 dvolgo>
M

(iii) For all 1 < k < m, we have

1
_nt2 Ek v expy,  (2)
(62) '/ u( R +d(ka )2 wy, dvoly,

n—2

(/ |w,,|n = dvolgo) ’

Proof. By definition of (2 1, €k, Ok v )1<k<m, We have

4n—-1) , _ _
/M ( n—2 <du(xk,w€k,u)’ d’ll)l,>g0 + Rgo u(xk,uyek,u) wV) dlUOlgO = 0’

hence,

4(n—1) _ B
/ ( — 2 Agou(xk,ﬂvek,u) - Rgo u(xk,uvgk,u)) wy delgo = 0
M n
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for all 1 < k < m. Using the estimate

i

n—2
Agou(xk vk u) Rgo u(xk vk, u)+7aoo ( Tk €k, 1/)

n—2
we conclude that

‘/ Ik vEk,v) ) Wy dvolg, | < o(1) Hw”HLnQ—fz

for all 1 <k < m. This proves (i).
The remaining statements follow similarly.

In the next step, we prove uniform estimates for the second variation
operator of the Yamabe functional at v,. A similar estimate was derived
by Bahri (see [4], Proposition 3.1 on p. 64).

Proposition 5.4. IfV 18 sufficiently large, then we have

2
(63) & + / ar, na w2 dvoly,

acjye

4(n—1)
<(1- — |dw, dvoly,
<( c)/ ( — | | —|—Rg0w> vo

for some positive constant ¢ independent of v.

Proof. Suppose this is not true. Upon rescaling, we obtain a sequence
of functions {w, : v € N} such that

4(n—1)
(64) /M (? ‘d V’go + Rgo w ) dUOlgo =1
and
. n+2 =4 ~
(65) th}(r)lo I Too / Z u(xji’sj!y) w?, dvolg, > 1.
M
Note that
(66) /M @, |72 dvoly, <Y (M, go) 72

by (64). In view of Proposition 5.1, we can find a sequence {N,, : v € N}
such that N, — oo, N,e;, — 0 for all 1 < j <m, and

1 €jv+ d(.ﬁlfz vy Lj V)

(67) N, : 5@‘,1/7 —~ — 00
for all < j. Let
j—1
(68) Q= Brye,, (250)\ | Bivoe,, (i)

=1
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for every 1 < j < m. In view of (b4) and (b5), we can find an integer
1 < j < m such that

4

: ) ~2
(69) ulggo . u(:vji,sj,u) w;, dvolg, >0
and
. 4n—-1) ~
(70) Jim i <% |duw, |2, + Rg, wz) dvoly,
JsV
. on+2 s _
S R / Wiy o 00l
We now define a sequence of functions w, : TM,, , — R by

n—2

wy(§) = €55 Wylexp,,, (v €))

for § € TM,, . The sequence {w, : v € N} satisfies

4(n —1
lim A0 =), )P de < 1
v=o0 JleeTM,, lel<N) T 2

and

2n_ __n_
lim Wy (§)|"2d§ <Y (M, go) "2,
v—=o0 {fETij,UZ‘E‘SNV}

Hence, if we take the weak limit as ¥ — oo, then we obtain a function
w : R™ — R such that

1 2
[ () oo

i) ds <nin+2) [ (—) wera
. | ()

Moreover, it follows from Proposition 5.3 that

and

n+2
2

/Rn (legp) w(E)dE =0

LN e
/Rn(1+|5|2) T e Ve =0

n+2

1 2 5 A B
/Rn <1+|§|2> 1+ €2 w () d§ = 0.

Using a result of Rey, we conclude that w(§) = 0 for all £ € R™ (see
[13], Appendix D, pp. 49-51). This is a contradiction.
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Corollary 5.5. If v is sufficiently large, then we have

n + 2 4
n_2"”oo ny 2w dvolgO

4(n—1
<(1- c)/ ((nf; \dwylgo + Rg,w ) dvolg,
M n

for some positive constant c¢ independent of v.

(71)

Proof. By definition of v,, we have

J,

Therefore, the assertion follows from Proposition 5.4.

4 m 4
—2 —n—2
v, —
v (Tj,0+85,0)

j=1

2
dvolg, = o(1).

Proposition 5.6. The Yamabe energy of v, satisfies the estimate

(72 B(,) < (kim()))

if v is sufficiently large.

n

Proof. Using the identity
(73)

4
[ ()

(n—1),
/M Py ( D) ‘du(l‘k,mgk,u)‘go + Ry, u u(xky ex. )> dvolgy,

(n—1)
+2/ Zazya]y <7_2 <du(:vw,€w)vd_(:vjyejy)>

1<J
+R90 u(ﬂci,wsi,u) u(ivj,U75j,u) ) dv0l907

we obtain

(74)  E(w) < / %dvoz%)"

—n n—2
/M Z U I viek ”)) Tk Ek,0) dvolg,

k=1

_2/ Zallja]”u(xzuyazu)

1<j
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238
4(n —1) _ B
. (ﬁ gou(ﬂfj,u7€j,u) - Rgo u(xj,u75j,u)> delgo.
Moreover, we have
. " 2n_ e
(75) (Z E(E(xk,uysk,u))2> </ ’U]:l_g delgo)
k=1 M
“ 2n_ %
- < /M ( Z F@@e0)? ﬂ(&im,»)) dUOZQO)
k=1
2n_ o
: </ v 2 dvolgo)
M
m 2n n
_ n _—5 9
- /M <;; Fene0)? u(:v:u,sk,u)) vy, dvolg
“ 2n_
Z / Z Oé%y’/ F(H(ivk,y,z’:‘k,,,)) E&;2u75k 1/) dv0l90
M p— Wk,
2n_
+ 2 /M Z aiﬂj aj,l/ (F(ﬂ(xi7”75iaV))§ ﬂ&:’iﬁi,u)
1<)
n  2n 2
+ F(ﬂ(xj,u,sj,y))f ﬂ(m;'ifj,u)) E(Ii,uﬁi,u) ﬂ(xj,y,sj,y) dvolgo

by Holder’s inequality. Consider a pair ¢ < j. We can find positive
constants ¢ and C' independent of v such that

2 2 _
€5, +d(wiy, 7j,)%\ -"52
Ei,u

_ nt2
U, ei,)(T) "2 u(wj,wﬁj,v)(x) =€ ( i vEjv

and
Lt d(xi,m xj,y)Q ) - 5 —

_ _ n+2 83
(4,064 »)(x) Uzj e »)(x) "0 ( oo (R
’ ' ’ ’ €Z7V€]7V

if d(z;,,x) < €;, and v is sufficiently large. From this, it follows that

n 2n n 2n 2
— b —n—2 — ) —n—2 n
(F(u(xi’y’si"')) u(xi,w&',U) + F(u(xj””sj”’)) u(x]',me]',ﬂ)>

’ u(xi,lugi,u) u(xj,lugj,u)

> F(ﬂ(xj,y,sj,y)) ﬂ(éti,uﬁi,u)
2 n—2

2 n==
€5, +d(wip, )"\ - —
T ( ) ° S 1{d(x¢,w$)§5i,v}

Vi
i,V

Ei,wEjv
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for v sufficiently large. Integration over M yields

- . N3
(76) /M (1-7(ﬂ(x1',1/751',1/))E ﬂ(x_lgl,,sz 1,) + F(u(xi,uﬁi,u)) 2 u(:tii,,si,,,))

@i i) W) WWOlgo

n+2
— — —n—2
= /M F(@aj0050)) Caicin) Uay, e;.,) W00
2 2\ —n=2
&5, Td@iv, zj) 2
+c
Eiwv€jv

if v is sufficiently large. From this, it follows that

- 2\ 7 20 n=2
<ZE(ﬂ(xk,V7€k,u))§) </M /UVn_Q d/UOlgO>
2n_
—n—2
/M Z ak V xk,y,ik’y)) u(xk,uvak,u) dUOZ‘gO

k=1
n+2

239

—_ —n—2
/ E :O‘Z v O F (W 050)) Uaincin) Ua, e;,) W00

1<J
2

2. _n=2
poy (Bt end )

. Eiv€
i<j NN N7

Putting these facts together, we obtain

n—2

2n 5
(78) E(v,) </M vy 2 dvolg0>
n—2

- 2n_ .
= (ZE(H(% viEk u))%> (/ vy ~? dvolgo)
o M
4(n — 1) _
—2 / Z Qv Oj U(;vZ Vi) ( Agou(m]’,y,ej’u)

1<j

S

n+2
- RQO E(QC] vyEj, y) + F(E(QC] mé]',u)) Eglx;?y,gj,y)) d’UOlgO

n—

L+ d(zi, m,)2\ T
_cz( ﬂ)) |

EivE&j
i<j RN B2
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Since F (U, ,,)) = Too + 0(1), it follows from Lemmas B.4 and B.5
that

(79)

_ 4(n—1) _
Mu(xi,U75i,U) n—2 gou(x]',we]',”)
n+2
— — —n—2
= Ry U(aje5) T F Uy e;) Uiz nejn) dvolg,

4(n —1)

< _ _
=y Waivein) | " — 9 BgoU(w;e5.)
n+2
m —n—2
Rgo u(xj’”’sj’”) + T'oo u(xjmvsj,u) del‘gO

n+2
— — —n—2
+ 1 F(Wae5,)) — Tocl /M Uwisiar) Ungyes) WOl0

n—2

2 2 A S V2 -2
<C (54 + 0" gﬂ_V) e+ d@iw, Tjv) 2
62 Ei,wEjv
z-:?w +d(z;, xjvy)2>_nT_2

Ei,wEjv

+o(1) (
for i < j. Hence, if we choose ¢ sufficiently small, the assertion follows.

Corollary 5.7. If v is sufficiently large, then the Yamabe energy of
vy satisfies the estimate

(80) E(v,) < (mY(S")%)n.

Proof. Using Proposition B.3, we obtain

E(u ) <Y(S™)

mk,uvak,u)

for all 1 <k < m. Hence, the assertion follows from Proposition 5.6.

6. The case uy > 0
We next discuss the case us, > 0.

Proposition 6.1. There ezists a sequence of smooth functions {1, :
a € N} and a sequence of positive real numbers {\, : a € N} with the
following properties:

(i) For every a € N, the function 1), satisfies the equation
4(n —1)

4
o Dgotha — Ry + Aaude” tha = 0.

(81)
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11 or all a,b € we have
(ii) For all a,b € N, we h

4 1 fora=5b
82 22 b, Y dvol,, = .
(82) /MU Y ¥y duolg, {O fora#b

(iii) The span of {1, : a € N} is dense in L*(M).
(iv) Ay — 00 as a — oo.

Proof. Consider the linear operator
4

—it (4n—1)
Y= U ( n—9 Agow_Rgow>.
This operator is symmetric with respect to the inner product

(¥1,92) — /M ué‘? )1 1o dvolg,

on L?(M). Hence, the assertion follows from the spectral theorem.
Let A be a finite subset of N such that A, > Z—i‘g Teo for all a ¢ A.
We denote by II the projection operator

(83) Inf = %ZZA </M Ya deOZQO) Uso ~ Yq
=f- Z (/M ¢afdvolgo> ug? g

acA

Lemma 6.2. For every 1 < p < oo, we can find a constant C such
that

4(n —1) n+ 2 4
<c|22=2 _ T ‘
(89) [flloan < €| =757 douf = B f 4 g o™ 1|,
_4
+ C sup / uls? g f dvoly,|.
acA | JM

Proof. Assume that this is not true. By compactness, we can find a
function f € LP(M) satisfying || f|[z»(ar) = 1,

4
(85) / uds? g f dvoly, =0
M
for all a € A and
4(n -1 2 4
(86) L2) Agof - Rgo f + n—+2 oo Ugo_Q =0
_ n—

in the sense of distributions. Hence, if we use the function v, as a test
function, then we obtain

n+2 T
()\a— - 27“00) /Muoo21bafdvolgo =0
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for all @ € N. In particular, we have

a4
(87) / uls? g f dvolg, =0
M

for all a ¢ A. Thus, we conclude that f = 0. This is a contradiction.

Lemma 6.3.

(i) There exists a constant C' such that

I L e Y
" ZJ—F ; Too = f> Lnngﬁ) (M)
+ C sup / ugé Y fdvoly,|.
acA|Jm

(ii) There exists a constant C' such that
(89)

£z an <CHH<f21)A90f_RQOf+ZJ—F§r°°u£2 )‘Ll(M)

+C 216111;) / uo: a fdvoly|.

Proof. (i) It follows from standard elliptic regularity theory that

(90)
) n+2
1525y < Saf oS4 1 i
+C\|f\| nnt2)
L nZ+a (M)
Using Lemma 6.2, we obtain
(91)
) n—|—2 %2
_4
+ C sup / uls ? g f dvoly,|.
acA | JM
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By definition of II, we have

4(n —1 + 2 A
yAgof_Rgof"i’hroougo_g

(92)

_ Z( n+2 OO) (/Mug? wafdvolgo) ué‘? Vg

This implies

4(n — n+2

(93) H — Agof = Ry f + D) T'oo uoo f‘ La(ar)

~1)

g AL TARt)|
4
+ C sup / uls? g f dvolg,|.
acA|JM
Putting these facts together, the assertion follows.
(ii) Tt follows from Lemma 6.2 that
n 4+ 2
08) Fln <O [ ay - Ry 4+ P2 00z
4
+ C sup / uls? g f dvolg,|.
acA|JM

By definition of II, we have

4(n —1 +2 4
( 2) gof R90f+ 2 oo UG

= (g Bf — R S i )

(95)

acA
This implies

4(n—1) n+2
06) [P A Ry £+ 2 4/~
4(n —1)
< [0t dws - R s i),
4
+ C sup / uls? g f dvolg,|.
acA | JM

From this, the assertion follows.

_Z(AQ_ZJr;rOO) (/ o afdvolgo) ug‘?wa.
- M

243



244 S. BRENDLE

Lemma 6.4. There exists a positive real number ¢ with the following
significance: for every vector z € R with |z| < ¢, there exists a smooth
function w, such that

_4
(97) / uds? (s — Uoo) Vg dvolgy = zg
M
for alla € A and
4(n—1 n42
(98) H(% AgTy — Ry Uy + T'oo ﬂz"_2> =0.

Furthermore, the map z — wu, is real analytic.
Proof. This is a consequence of the implicite function theorem.

Lemma 6.5. There exists a real number 0 < v < 1 such that

(99)
E(u,) — E(us)
A(n — 1 n+2 1+~
< C sup / Va (% Ay, — Ry Uy + roo Wz~ ) dvoly,
a€A M n

if z is sufficiently small.

Proof. Note that the function z — E(u,) is real analytic. According
to results of Lojasiewicz (see [18], equation (2.4) on p. 538), there exists
a real number 0 < v < 1 such that
1+v

(100) |B(T.) ~ Blue) < sup| - B(@.)
acA Zaq

if z is sufficiently small. The partial derivatives of the function z —
E(u,) are given by

(101)
~ 4(7171) n+2
6 fM ¢a,z n—2 Ago Rgo uz + TOO u;/; d'UOlgO
8—%E(Uz) =-2 =
<fM -2 dvolgo>
iyt
_ ur? ¢a - dvol
—2(F(u,) — reo) m Y 502,

(fM 22 dyol, ) '



CONVERGENCE OF THE YAMABE FLOW

where Ja,z = %ﬂz for a € A. The function Ja,z satisfies

4 1 f =b
(102) / U2 Doz by dvoly, = ora
M ’ 0 fora#hb
for all b € A and
n+ 2

4(n —1 -
(103) 1 (% go¢a z Rgo ¢a,z ™ f2

Using the identity

rooﬂ; 2 ¢az> =

4(n—1 nt2
I (LL 5 ) Ay, = Ry s + 7 a;2> ~0,

245

/,’L p—
we obtain
(104)
n+2
9 Jar Ya (% Agoliy — Ryy Uy + 7o Wh ™ ) dvol g,
E(u,) = -2 —

0zq o
<fM n-z dvol,, )

4
¢a - dvolg0 fM uls? W, Py dvolg,

beA IS r2 dvoly,

4(n—1) nt2
fM Vb < n—2 Agouz Ry, + roouz ™ > dvol

n—2
2n_ n
<fM ul? dvolg0>
for all @ € A. Thus, we conclude that
(105)

0
Sup | 53— E(ﬂz)
acA a

< C sup
acA

4(n—1) nt2
/M Ya (ﬁ Agolty, — Rgy Uy + 700 Uz~ ) dvoly,

From this, the assertion follows.

For every v € N, we denote by A, the set of all pairs

(z, (xk,ek,ak)lgkgm) € R4 x (M x Ry x R,)™ such that

(106) 12| < ¢
and

1 1
(107) der, ) S ety 5 < k<9 5 <ar<?

k,u
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for all 1 < k < m. Moreover, we can find a pair

(leu (xk,V7 €k ak,u)lgkgm) S AI/
such that

108 / —=d|{u, —u,, — .y Uy
( ) M ( n — 2 ; ) ( k,uyak,u) %
m 2
+ Ry, (uy — Uy, — Z gy ﬂ(wk,m%u)) ) dvoly,
k=1

g o Rt
< —|d| uy, — U, — A Uy e
m 2
+ Ry, <u,, — U, — Z ay, ﬂ(;%ak)) > dvoly,
k=1

for all (Z, (:Ck,ék,ak)lgkgm) cA,.

Proposition 6.6.

(i) For alli # j, we have
2
(109) Eiw | Gw | UTins )"
Ej’y €Z'7V 61’7” 6]’71/
as v — oo.

(ii) We have

— 0

(110) ( o

m

Uy — uZV - : :akvy u(xk,uv<’5k,u)
k=1

as v — Q.

Proof. (i) Since (2, €k, W v)1<k<m € Au, we have

2
30 Sy g9 Siw g Ui Tju)”
Ej7y 61’7” 61’7” 6]’71/
d(xi,ua xj,zl)2
E;k,y E;,V
(d(xiﬂh xjv’/) + E;V + 8;,V)2
3

e¥ ex
> 8~ 4+8-2% 42
€ i,V

j?V
*
i,V

e*
+4§+

(3
>4

5*

j?V
* *
e £
P L
* 8*

*
i,V

d(z,,2;,)*

* * )
Ei,u €j,u

*

jw

i,V

v i

and the expression on the right-hand side tends to co as v — oo.
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(ii) By definition of (x4, €k, k1) 1<k<m, We have

4(’)?, — 1) ' < N m _ > 2
—— |d| w—T v Ay U
/M < n — 2 v z ]; ’ (xk,uvak,u) "
m 2
+ Ry, (uy = Uz, — Zak,y U(mk’u,gkw)) ) dvol g,
k=1

4(n —1 o 2
< / <M ‘d(“v — oo = D T(uy i )>
v\ n—2 £ i) )|
m 2
+ Ry, (u,, — Uoo — Za(%wgz,y)) > dvolg,.
k=1

By Proposition {I.1, the expression on the right-hand side tends to 0 as
v — oo. This proves the assertion.

Proposition 6.7. We have

(111) |z,| = o(1)

and

(112)  d(zpp,zy,) < o(1)ef,, Z’:V =1+o0(1), o, =1+0(1)
k,v

for all 1 < k < m. In particular, (z,,,(xk7,,,€k7,,,ozk7,,)1§k§m) s an
interior point of A, if v is sufficiently large.

Proof. Observe that

m m
uzl/ + Z akvy u(xk,uvgk,u) - uoo - Z u(x;:;,l,vs;;,y)
k=1

k=1 H(M)
m
S UV o uOO o Z u(xz,quZ,u) 1
k=1 H(M)
m
+||Uy — Uz, — E :O‘kvV Uz, rer)
k=1 H(M)

= o(1)
by Propositions 4.1 and §.6. From this, the assertion follows.
As above, we assume that

(113) gip < g5, for i<y
We now decompose the function u, as

(114) Uy = Uy + Wy,
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where
m
(115) Uy = ﬂZV + Z akv” ﬂ(xk,uvak,u)’
k=1
and
m
(116) Wy = Uy — Uz, — Z Uo,w Uy, ep,0)-

Note that the function w, satisfies

4(n
(117) /M (% |dw V’go + Ry, w ) dvolg, = o(1)
by Proposition B.6.

Proposition 6.8.
(i) For every a € A, we have

4
/ uds ? g wy dvoly,
M

(ii) For every 1 < k < m, we have
n—2

n D
(119) ‘/ (xk ) Wy dvolgy| < o(1) </M‘wV’% dvolgo> '

(iii) For every 1 < k < m, we have

- d(xk vy T )2
(120) / (xk k) i )2 w,, dvolgy,

(118)

< 0(1)/ |wy, | dvoly, .
M

+ d(xk vy L

2

2n 271
1) (/ |w, |72 dvolgo)
M

(iv) For all 1 < k < m, we have

—1
it kv O ()
(121) '/ U, P T (a0 w,, dvolgy,

n—2
2
(/ \wyln = dvolgo)

Proof. (1) As above, let wa _— aza u,. By definition of

(Zua (xk,m kv ak,u)lgkgm)a

we have

4(n —1 ~ _
/M (% (dipg 2, , dwy) gy + Ry Va2, wy) dvoly, = 0.
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This implies
4
)\a/ uls? g wy, dvoly,
M

= — /M (M Agotha — Ry, wa) w,, dvol g,

n—2

- /M (M Ago(ia@ —1a) — Ry, (@Z(MV - l%)) wy, dvoly, .

n—2

Since A\, > 0, we conclude that

‘ / 52 g w, dvol g,

< o(1) lwy |1 (ar)

for all a € A.

(ii) By definition of (xy ., €k, kv )1<k<m, We have

4(n —1) _
/M ( n—9 <dﬂ($k,w€k,u)’ dwy) + Ry, Uy, er,0) wV) dvolg, =0,

hence
4(n—1 _ _
/ ( ) Agou(xk vs€k u) - Rgo u(xk vs€k u)) Wy dUOZQO = 0
M\ n—2 ks vtk
for all 1 < k < m. Using the estimate

o =

n—

Ag, Uy, en,) Ry, Uz ep,) TTo0 U (Th,urEh,0)

n—2

we conclude that

‘/ wk ) Wy dvol g,

forall 1 <k <m.
The remaining statements follow similarly.

<o)l 2, ,,

As above, we need an estimate for the second variation operator of
the Yamabe functional at v,,.

Proposition 6.9. If v is suﬁciently large, then we have

n+2 o 2
(122) m oo / ( _|_ x]i in) ) w,, d’UOlgO
An )
<(1- —— |dw, dvol
< @[@(n_2| 2, + Ry ) duoly,

for some positive constant c¢ independent of v.
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Proof. Suppose this is not true. Upon rescaling, we obtain a sequence
of functions {w, : v € N} such that

An—1) ~2
(123) /M (72 |d’w1,|g0 + Rgo w,,) d’UOlgO =1

n —

and

2 S . _
(124) lim i 5 roo/ <u§02 + ﬂ("fQ _ ) W2 dvoly, > 1.
M :
Observe that
(125) /M @, |72 dvoly, <Y (M, go) 72

by (123). In view of Proposition 6.6, we can find a sequence {N,, : v € N}
such that N, — oo, N,e;, — 0 for all 1 < j <m, and

i €jv+ d(.ﬁlf@m acjw)

126
( ) Nl/ Eiv o
for all i < j. Let
j—1
(127) Qj,V = BNUEj,u (xij) \ U BNVEi,V (xiyV)
i=1

for every 1 < j < m. In view of (I123) and (J24), there are only two
possibilities:

Case 1. Suppose that

4

(128) Jim y uls? w2 dvoly, > 0
and
4(n—1
(129) lim dn—1) |diwy, |2, + Ry, @3) dvol g,

v=o0 U, @, N 12

v—00 1, —

n 2 _4 .
< lim + Too / uls? Wl dvoly, .
2 M

Let w be the weak limit of the sequence {w, : v € N}. Then, the
function w satisfies

4
/ uls? W* dvolg, > 0
M
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and
4n—1), - ~

/M (% \dw\go + Ry, w2)dv0lgo

- n-+2

“n—2

_4
roo/ uls? w* dvoly,.
M

This implies

i 2
> ( / uds? wa@dvolgo)
aeN M
n-4 2 4 - 2
T (/Muoo 2 wawdvolgo) .

<>
Using Proposition 6.8, we obtain

aeN

a4
/ uls? g W dvolg, =0
M
for all a € A. Thus, we conclude that w(x) = 0 for all z € M. This is

a contradiction.

Case 2. Suppose that there exists an integer 1 < j < m such that

4

(130) Jim Mﬂﬁwm) w2 dvoly, >0
and
An—1) _
(131) lim (% AT, |2, + Ry wz) dvoly,

—
V—00 Qj,u

. on+2 _5 _
< lim Feo | T2 w2 dvoly,.
v—oo n — 2 M (zj,v:85,0)

We now define a sequence of functions w, : TM,,, — R by

B,(€) = 2,2 @olexpy,  (25,6))

for § € TM,, . The sequence {w, : v € N} satisfies

4(n —1
lim 7(71 )

|dib, (€)% d¢ < 1
v=00 JigeT M, fEl<N, ) T 2
and

lim i, (€)|%72de < Y (M, go) 2.
Vo0 J{E€T My, 1|E|<NL}
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Hence, if we take the weak limit as v — oo, then we obtain a function
w : R™ — R such that

/Rn (T%P)Qw(@moo

[ it as <nne2) [ () e

Moreover, it follows from Proposition 5.3 that

| () o@de=o

nt2 4 _ g2
[ ) oo

/R" (1 +1\§!2) - 1 fygp w(§)d§ = 0.

Using a result of Rey, we conclude that w(§) = 0 for all £ € R™ (see
[13], Appendix D, pp. 49-51). This is a contradiction.

and

Corollary 6.10. If v is sufficiently large, then we have

) 4
(132) Z —_F 5 oo /M vy 2w dvoly,

4(n—1) 2 2
<=0 /M (ﬁ |dwy[g, + Ry, wy) dvolg,

for some positive constant ¢ independent of v.

Proof. By definition of v,,, we have

J,

Hence, the assertion follows from Proposition 6.9.

2
dvolg, = o(1).

4 4 moo a4
n—2 n—2 —n—2
) —u —
v & (zj,0585,0)

J=1

Lemma 6.11. The difference u, — u,, satisfies the estimate

v

n+2 n+2 nt2 M on—2
(133) flu, = |70 < Clws ™ (Ry, —re)| "2, +CY &2
L7=2 (M) Ln+2 (M) el ’

if v is sufficiently large.
Proof. Using the identities

4(n — 1 nt2 nt2
7(71 — ) Agoty — Rgyuy +rocu) ™ = —uy 2 (Ry, — roo)
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and " D »
n — _ _ s
H(ﬁ Agouzy — Rgo Uz, + Too Uz, 2) = 0,
we obtain
(134)
4(n —1 _ _
H<u Ago (uy —z,) — Ry, (u, — 1z, )
n—2
n+ 2 o~ _
n—29 T'oo Uoco ’ (uu um,))
nt2 n—+2 s =3 _
=1 (R ) = P @ 0B (- )
n+2 2 4 n+2
+ oo (Hé’f 4o ul? (uy — s, US2)>.
n—2
Using the inequality
135 L, — U n
(135)  u ~ Tl g,
4(n —1) _ _
S C HH(ﬁ Ago(u,, — uzy) — RQO (’LLV — uzy)
n+2 4 _
Too Ube - (Uy — uzu)) ‘ n(nt2)
n — 2 L n2+4 (M)
4
+ C sup / uds? g (wy — Uz, ) dvoly, |,
acA M
we conclude that
136 L, — U n
(136) o~ e 3,
n+2
< Cllup™ (Rg, = 7o0)ll nint2)
L n2+4 (M)
_4 _4
+C H (s, ? —uss?) (uy, —z,) { n(n+2)
L n%+4 (M)
n+2 n+2 -4 n+2
+C ‘ ul 4+ us? (uy — Uy, — u,’}’Q‘ n(n+2)
n — 2 L n2+4 (M)
4
+ C sup / ulds? Y (uy — Uz, ) dvoly,|.
acA M

Using the pointwise estimate

n+2 4 n+2
—n—2 —n—2 — —2
(37) [o 7+ R )
_max{0, ;25 -1} —  min{2£2 2 — ol
<CW T fuy = [P 4 Ol -, [,
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we obtain
n+2 n+2 4 n+2
(138)  f[m + S - — | agen
n-2 L nEe ()
n+2
=C H’ul’ - Ezu’mm{" 22 + Uy — Uz |72 || nnr2)
L n?+4 (M)
Note that
(139)
n+2
H|U1/ - ﬂzu|mln{" 272} + |u - UZ | n(n+2)
L n%+4 (M)
n+2
< H‘ul/_ﬂ ’mln{n 272}+’uy_uz ’n 5 n(nt2)
L n?+4 (U}’(;nzl BNsk,l,(xk,u))
+2
+ H’ul/ o ﬂz ‘mln{n 272} + ‘UV _ uz ’Z n(nt2)

L34 (M\URL, By, (21.))

n2)

< Cz Ngk 2(n+2

2
‘|u — ﬂ |m1n{n 2’2} + |ulj - uZV|Z+2

2n_
Ln+2 (M)

+ C H‘UV _HZu’mln{n 2’1} + ’ul/ - uzy‘n 2

LE (M\URL, Brey,,, (@5,0))
Al — UZVHLZ—J_@(M)
by Holder’s inequality. Since

(140)  lww =8z, ||| 20y
(M\Uk 1BNakl,(xk u))

E :ak,l/ E(ﬂ%,wek,») +wy
k=1

2n
Ln=2 (M\Uzlzl BNak’U (Tk,0))

<Zaku”uxky,skl,)HLn 2(M\B - (:Eky))—i_HwVH _Q(M)
k=1 v ’

<CN~ —1-0(1)

it follows that

n+2 n+2 -4 n+2
(141) ( T T2 (uy — ) — 122 || sy
n—2 L n%+4 (M)

m
N 1/ 2(n+2) N "
< ) Wer) 50 £ (ON 7+ o) s = el g
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Moreover, we have

4
(142)  sup / uls? g (uy — Uy, ) dvolgy,
acA | JM
4 m
— 21612 /M ugo*Q % (zzjl Qg E(ﬂfk,uﬁk,u) + ’U),/> d’UOlgO
< OZ% D w1z
n-2 s
S C Z 8]{5/ + 0(1) - Z akvl’ H(l’k,uvak,u)
k=1 k=1 L1(M)
= CZ% D) Juy — @z, |1 (ar)-
Putting these facts together, we conclude that
n+2
— n—2
(143) =T, || maz ) < Cllwd™ (Bo, = roo)ll 2
m (n—2)2 m
£ O3 (Nep,)Sith z
k=1 k=
)
F(ON 4 o(1)) uy - uz,,u 252
Hence, if we choose N sufficiently large, then we obtain
(144)
12 mo (n-2)?

255

e =l g < Cllus™ (Ry, =m0l 2, +CZ TR

2 () L

From this, the assertion follows.

Lemma 6.12. The difference u, — u,, satisfies the estimate

v

n+2

nt2 M. n-2
(145) lwy =T [l ary < C b= (Ry, — 7o)l 20 +C> g2

L7+2 (M

if v is sufficiently large.
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Proof. Using the inequality

(146) o _ﬂzuHLl(M)
4(n—1
S T

4

)|

T LY(M)
4
+ C sup / ulss? g (uy — Ty, ) dvolg,
a€A M

and (I34) we conclude that

(147) o _HZVHLl(M)
n+2
< Cus™? (Rgu = Too)ll L1 (an)

4
o — ) ‘Ll(M)

—I—CH Um—uoo ) (uy

4

H
N

n

—2

ni2 L +2
=n—2 Fn—2 _ a7 g
+CH T2 (wy =z, ) = uy LY(M)
_4
+ C sup / ulss? g (uy — Uz, ) dvolg,
acA|JM
Using the pointwise estimate
2 n42_ A _ ni2
(148)  |ul” + _2uzy2(u,,—uzy)—u,, 2‘
0,——1 _ n+2
<C max{ n— 2 }‘ V_uz,,’mm{" 2’2}+C‘UV—’U,Z 2,
we obtain
2 42 A _ nt2
(149) ‘ uZV 2 + n _ 2 Zy 2 (ull - uzy) - u,, 2 Ll(M)
< C s — RS 4 O, — 7, 15
LY(M)
_ max{0, 1——} "+2 min{1, —2}
SCH\UV—UZU! LY(M) W“V T, |- HLl (M) !
n_+2
+C|[Juy — Tz, [ HLl(M)
_ max{O,lf—} _ Z+2 min{1,2== 2
< Olllw —walllzny * o =3l g
nt2

+ Cluy — 0, || nzgﬁ
Ln=2 (M)
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by Hoélder’s inequality. Moreover, we have

4
(150) sup / uls? Yo (uy — Uz, ) dvoly,
acA
= CZ% D) luy — @z, || L1 (an).-
Putting these facts together, we conclude that
(151)
nt2
— n—2
b =T €16 vl
max{0,1-"7= Z+2 min{1,272}
+C |luy, — uzUHLl (M) |y — UZVH n+2 2 ) !
nt2 T on-2
+ Oy~ |2 +CY a2
N k=1

+ o(1) [luy =z, || L1 (ar)-
Since max{0,1 — ”T_Q} < 1, this implies

n+2
(152) Huu uz,/”Ll(M <C ”un : (Rgu - TOO)HLnQ—"

nrs LA
H Oy — T |22 +CD gk
Ln=2 (M) -

The assertion follows now from Lemma §.11.
Lemma 6.13. We have

An—1 niz
(153)  sup / Vg (% Ay, — Ry Uz, + 1o Uz, ) dvolg,
v _

acA

nt2 m
<C </ u,;% IRy, —roo|n27r2 dvolgo) " —|—CZ€,:’%:
M k=1
if v is sufficiently large.
Proof. Integration by parts yields
(154)

4(n—1 _ _ —Zi_Q
/M% (% Agotz, — Ry Uz, + 700 Uz, 2) dvolgy,

4(n—1 ni2
— / Ve (M Agotty — Rgy ty + Too Uy~ ) dvol g,
M n—2

2 n+2

_4 n+
+ )\a/ uds? Vg (uy — Uz, ) dvoly, — 7“00/ VYo (w2 =1l ?) dvolg,.
M
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Using the identity

% Agotty — Ryy ty + T'oo u:ig = —uZ‘Tg (Rg, — T'oo)s
we obtain
(155)
/ Y ((721) AgoTrs, — Ry ey, + 7o a”fg) dvoly,
; n+2
= — . Yauy 2 (Ry, — roo) dvolg,

n+2

_4 n+2
+ )\a/ uls? Yo (uy — Uz, ) dvolg, — oo / Ya (u,f* — %) dvoly,
M M

Using the pointwise estimate

n+2 n+2 4 n+2
(156) lup =2 — a2 2| < Tl 2 uy — s, | + C luy, — Ty, |72

we conclude that

An—1 2
(157) 81613 /M g (% Ay, — Ry, Uy + Too ﬂ;‘f) dvol g,
a
nt2
< COlluws™ (Rg, —roo)ll 2n)

+ C luy — ﬂzuHLl(M) + C luy — 1, | nfﬁm
Ln=2(M

Hence, it follows from Lemma [.1T and Lemma .12 that

4(n — 1) n+2
(158)  sup / (8 ( — Ry Uz, + Too ﬂ,?;Q) dvoly,
acA | JM n—2
nt2 M -2
n—2
< Cllus™ By, = rao)l 2 ) +C Dokl

This proves the assertion.
Proposition 6.14. The Yamabe energy of u,, satisfies the estimate

(159)

E(Ezp) - E(uoo)

n+2
on on o (14) Ton=2(q
<C </ u) = |Ry, — Too|+2 dvolgo) +C> g2 (+7)
M
k=1

if v is sufficiently large.

Proof. This follows immediately from Lemmas 6.5 and §.13.
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Proposition 6.15. The Yamabe energy of v, Satisﬁes the estimate

(60 B < (B@)¥ + Y Bl a0 ) - czsk ,,
k=1
if v is sufficiently large.
Proof. Using the identity
(161)
4n—1)
/M<ﬁ ’d V’go + Rgo v ) dUOlgo
4n—1)
_ / (ﬁ (4, 2, + Ry, 52, ) duoly,
4n—1)
_9 ’dﬂ(:tk,l,,sk,l,) ’go + Rgo u(xk viEk, )) d’UOlgO
Mk 1
1)
+ 2 Z Clk v f <d_ZV’ du(£k,w£k,u)>90
M =1
+ Ry, Uz, U(zy, , e U)) dvoly,
A(n —1)
/ Z Oéz v j v (T <d_(331 v,y€i, u)’ dﬂ(xj,U75j,u)>90
1<j
+ Ryo Uz, 4, E(:tj,u,sj,u)> dvolg, ,
we obtain
(162)

n—2

on =
E(v,) </M vy 2 dvolg0>

2n
:/ F(u,)uz ? dvolg,
M

2n

m
/M 2 :ak v u(ivk,mEk,»)) (Tk,vrEk,0) dvolg,

k=1
/ Z gy <7 Ay, — Ry, ﬂzy> Uy oenn) dvoly,
M g1 N
_2/ Zazyaj’/u(xzuyszu)
1<j

' (4(n -1)

n_ AgoTU(a;pe;) ~ Lo u(xj,wsj,u)) dvolg,.
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Moreover, we have

(163)
( (@=,)* +ZE (T en) )2> (/ vy dvolgo)
k=1 M
n 2 n  2n %
e </M (F(ﬂzy)§ ﬂ;l, 72 + Z F u(xk vs€k, V))§ ﬂ&;2U7€k U)> d’UOlgO>
2n_ "772
: (/ vy "% dvoly,
M
2 % n 20 -
> / <F (u.,)2 us,® + Z F(ﬂ(mk,uﬁk’y))i ﬂ(ﬂf_kaEk V)) vs dvoly,
M k=1
Z/ F(u uz,, n2 dvol g,
M

t / Z Xg,v u(:vk viEk, u)) (:v;y,ak ) dvoly,

_2n_ . 2n %
+ 2 Z Yk 1d F qu E E;LU_Q + F(E(xk,uysk,u))E H(n_Q s ))

Tk,v€k,v
M 1
Uz, Uy, enn) dvoly,
2n
/ 2 i i (P T2

1<J

2n 2
u o —n-2 n__ _
+ F(U(acj,u,ej,u)) 2 u(x] V€], V)) Uiz, o) Wagoes,) QUO0Lg,

by Holder’s inequality. Let 1 < k < m. Using the inequality

2

2n on
u sgr? U ) n _
(F(Uzy) 2 Uz, =+ F(U(ack,mek,y)) 2 u(:vk m&c,u)) Uy, u(xk,mék,u)
nt2 ng2

Z F(ﬂZu)ﬂgy_Q u(ﬂfk U75k V) + CEIC 1/2 1{d($k T )<5k V}’

we obtain

(164)

2n_ . _n2n o
/M (F(ﬂzy)f a4 F(H(xk,msk,y))f (x;mak U)> Uz, Wy, ep) dvoly,

3o

n 2 2

2/ F(ﬂzy)ﬂ" u(kaﬁk ) dUOlgO +C€]€Ty
M )
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if v is sufficiently large. We next consider a pair ¢ < j. We can find
positive constants ¢ and C' independent of v such that

2 i o \2 —2
nt2 . (53»7” + d(2ip, ) )*LQ —n

ﬂ(xi,y,si,y) (‘T) n-2 E(:tj,l,,sj,l,) (CC) >

i,V
Eiw€jv

and

2|

_ nt2 &5, +d(@iv, xj)*\ -2
Ui i) (8) U5, (2) 2 < C Eiw
Eiv€jv

if d(z;,,x) < €;, and v is sufficiently large. From this, it follows that

(V)
Sy

2n 2n
n_ = n _ -
-5 b —n—2 5 7n—2
(F(u(xi,lﬂsiw)) u(:ti,l,,si,l,) + F( (xj V78j,l')) u(xj’y7€j’y)>
“U(@ieiw) Wagpes)
> F(y. o V)W e
= (u(:vw,,ej’u)) Ui eiw) u(xj,l,,sj,l,)

5?,u+d(xi,uaxj,u)2 -5t _n
+ c Ei,ll 1{d($i,uvm)g5i,u}

Ei,wEjv

for v sufficiently large. Integration over M yields

S

2n_ 2n_
(165) /M (F(ﬂ(xi’y’si’l’)) 2 E&12V7E74 l/) + F(H(Ii’l”si’”))g ﬂ(x_zguvsz V))
0 u dvoly,

(Ti,vs€i0) u(xj,vvsjw)

n+2
— — —n—2
= /M F(@aj0050)) Uaincin) o e;.,) WOlao
2 2\ —n=2
€j,y + d(xi7V7 xjv”) 2
+c
Eiwv€ju

if v is sufficiently large. From this, it follows that
2

- on_ e
> (/ vy 2 dvolgo)
M

n

(166) ( )z + ZE Uir ) err)
k::l

o3

2/ F(u,, )ﬂz deolgo

2n

—n—2
/M Z g, v F Ik,u,ik,u)) u(ack’u,ek’u) dvozgo

k=1
n+2

+ 2 / Z ag F(us,,) U,?VTQ Uzy, i) dvolg,
Mgy



262 S. BRENDLE

+2/ Zawajy

n+2
-7 —n—2
x] vy€7, 1/)) u(xi,uysi,u) u(xj,uygj,u) dv0l90
1<J
m 2\ —n=2
2 + d xz vy Ly, 1/) 2
+c g €., Tc¢ E .
’ Eiwv€jv
k=1 1<J

Putting these facts together, we obtain

n—2

(167) E(w) ( /M v dvolgo) -

m 2 2n n-2
S ( % + ZE xk vy€k, 1/ gl> </ /U;72 d/UOlgO)
k=1 M
4(n—1 _
/Za’“’( ( )Ago zu
M =1
n+2
- Rgo Uy, + F(ﬂzu) Egu_2> U(xk viElk,w) dvozgo
4(n —1)
o 2/ Zazyajyu(xz v,€i, 1/) ( n—2 Agou(:tj vy€5, 1/)
1<J
n+2
— — n—2
= Ryo U(a;e5) + F(Uaje;0)) T (4,085, u)> dvol
M. o2 g2 —|—d(CCZ'V,CCj,,)2 771772
ey —ey (Bt )
k=1 i<j Eiv Ejv
Note that
168) S U NV +F(@ )_:;tg_ dvol
n_o "otz g0 Uz, Uz, ) Uz | Uay,, er,,) @O0
M
<o(1) 51?
Moreover, since F(T(y, ¢, ,)) = Too + 0(1), it follows from Lemmas B4
and :B 5 that
_ 4(n —1)
(169) /Mu(xi,u,si,u) n_9 g0 U(zj0.650)
n+2
— — —n—2
— Ry, Uz ,ei0) T F(U(Ij,ng V)) (@5.0:50) dvoly,
_ 4(n—1) _
S /M u(xi,uyei,u) n—2 AgOu(ivj,ij,u)

—n 2
— Ry, Uz, ej,) T Too U i ‘ dvoly,
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nt2
+ ‘F(E(xj,lusj,u)) - /r'oo‘ /M E(Ii,lusi,u) En_Q ) dQ}OlgO

(zjv.E5

2 2 A N2\ —n=2

(52 €i7y€j7y

2 2\ —n=2
s, +d(xiy,xi, 2
—l—o(l)( g (@i, %) )

Ei,v€j v

263

for ¢ < j. Hence, if we choose § sufficiently small, the assertion follows.

Corollary 6.16. If v is sufficiently large, then the Yamabe energy of
vy satisfies the estimate

(170)  B(v,) < (B(u)? +mY(S™)3)n

2n_ on o (147)
+C (/ uy | Ry, — roo|mt2 dvolgo> .
M

Proof. Using Proposition .14 and Proposition B.3, we obtain
E(@,,) < E(ux) +C </
M

+CZ 57 (1)

2n

ZE2 (14)
Ry, = Too ’"*2 dv0l90>

and

By, 1)) <Y (S")
for all 1 <k < m. Hence, the assertion follows from Proposition §.15.

7. Proof of Proposition 3.3
Using the identity

2 4(n —1)
we obtain

4(n—1
(171) g, —/ (y\duy\go—i-ﬁ’gou )dvolgo
M n
4n—1) 2
_ v, dvoly,
| (B ks, + Ryt dvo
2

nt2
+ 2/ u) % Ry, wy, dvolg,
M

4(n —1)
_ /M (ﬁ |dw,,|g0 + Ry w ) dvoly,
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This implies
(172)
n—2

2n -
re, = E(vy) (/M vy dvolgo>

nt2
+ 2/ uy? (Ry, — roo) Wy, dvoly,
M

4(n —1 n-+2 .
— / (7( ) |dw,,|f70 + Ry, wz — T Ul w%) dvolg,
M

n—2 n—2
2 4 n+2
-l-roo/ (— nt ve 2wl +2 (v, —FU)I,)"J—rg w,,) dvolg,.
M TL—2

In view of the volume normalization, we have

(173) /M(v,, +w,) 7 dvoly, = 1.

Furthermore, it is not difficult to show that

n—2

on =
(174) (/ vy 2 dvolg0> -1
M
_9 2n _9
< i (/ vy 2 dvolg0> — n—,
n M n
2n n-2
(175) </M vl 2 dvolgo) -1

9 2 _9 .
< / (n vy — r (v, + wy)%) dvoly,.
M n

n

hence

From this, it follows that
(176)

n—2
on_ =
Tg, < Too + (BE(v) = ro0) (/M vy ~? dv0lg0>

nt2
+ 2/ uy? (Rg, — Too) w dvoly,
M

4

4(n —1 n-+ 2 4
— / (u |dw,,|f70 + Ry, wz — T Ul w%) dvolg,
M

n—2 n—2
— 92 2n 2 _4_
+’I”oo/ (n vy — nt v w?
M n n—2
n+2 n— 2

+ 2 (vy + wy) "2 wy, —

(v, + wy)%> dvoly, .
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Using Holder’s inequality, we obtain

(177)

nt2
/ u, " (Rg, — T'oo) Wy, dvoly,
M

n+2 n—=2
n2—nQ 2n_ 2 2n ?
< u, % |Ry, — Too| "2 dvolg, |wy,|7=2 dvoly,
M M

Moreover, it follows from Corollarys 5.5 and p.10 that

N3

4(n—1 2 4
(178) / (% |dw,,|§O + Ry w2 — nt Too VS 2 3) dvolg,
" —

n—2
4(n —1)
Z C/M (? |d 1,|g0 + Rgow ) d’UOlgO,
hence
4(n —1) n+2 4
(179) /M (7 [dw, 2, + Ryy w} = == rog vl 7 ,%) dvoly,

n—2

(/ \wyln = dvolgo> '

Finally, it follows from the pointwise estimate

‘”_2 aty n+t2 ﬁ 2

(180) - Vy P 2 wy,
nt2 -2 2
49 (UV € wy)ntQ w, — " (Uy + wl/)n272
< maX{O,n s—1} |wy|min{%,3} +C|wy|%
that

(181)
n—2 fT" n+2 n%
/ ‘ 2 n—2 QMZ

n+2 n—2

+2( v,,—l—w,,)n 2w, — (v,,—i—wy)%

dvol g,

< C/ max{om Y |w |min{%’3} dvolg, + C/ |wy|% dvolg,
M

n—2

on o min{ 70
<C / |w, | =2 dvolyg, .
M
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Thus, we conclude that

2n_ e
(182) Tg, < Too + (E(vy) — T'oo) (/M (O dvolgo>

n+2

n 2n o
+C (/ unz |Rg, — Too| "2 dvolgo) .
M
Since
o o 252 (14)
E(Uu) —Too S C (/ u;_g ‘ng - Too’m d’UOlgO> s
M
we obtain

2n

2n o 52 (14)
(183) rg, < T +C / u, "% |Ry, — roo| ™2 dvoly, .
M

This completes the proof of Proposition i.3.

Appendix A. The interior regularity theorem and the
Harnack inequality
Proposition A.1. Let ¢ > 5. Then, we can find positive constants

4
m and C with the following significance: if g = un=2 gy is a conformal
metric such that

(184) / dvoly <1
Br(z)
and
185 R,|?dvol, < n1,
9 g
Br(x)

then we have

n—2

(186) u(z) < Cr="% (/ dvolg) "
By (x)

Proof. Let 7o be a real number such that ry < r and
(r— s)nT_2 sup u < (r — 7“0)717_2 sup u
BS(I) B'ro (I)

for all s < r. Moreover, we choose a point zg € By, (z) such that

sup u = u(xg).
BTO (x)
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Using a standard interior estimate for linear elliptic equations (see [8],
Theorem 8.17 on p. 194), we obtain

(187) "7 u(xo)
n—2

<C (/ unz dvolg0> "
BS(Q’»’O)

+ Cs't 4 (/ 4n
Bs(zo)

1
—1 q q
dn-1) Agou — Ry, u‘ dvolg0> ’
for s < %57 From this, it follows that

n—2
n—2
nez o
(188) s " < dvolg)
Bs(iUO

+Cs R (/ uns IR |Ry|? dvolg> ’
By (zo)

for s < %5, By definition of 7y and g, we have

(189) sup u< sup u< 27 sup u = 2" u(xo).
B%Q (zo) B@(x) Bro(x)

Hence, we can find a fixed constant K such that

n—2

(190) "2 u(zg) < K (/ dvolg> "
Bs(zo)

nt2_ 2n 1 ;
4K (5" u(ag)) i (/ ngdevozg>
Bs(iUO)
for all s < 5. We now choose 71 > 0 such that

2n

(2K) 2w

Q=

1
1
¢ <

UA 9

We claim that (252)"2" u(xzo) < 2K. Indeed, if 2K < (5

2

then we may apply inequality (190) with s = (u%fcg )) <

12)"2 u(w),
I=re . This

yields

n—2

2K < K (/ dvolg> "
By (x)

nt2_ 2n 1 .
+ K (2K)n—2 24 </ |Rg|" dvolg> ,
Br(z)
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hence

nt2  2n %
n—2
1

2K < K + K (2K)

This contradicts the choice of 7. Thus, we conclude that

n—2

(191) ("”‘27”0) 2 ulw) < 2K.

Using (90) with s = 25, we obtain

2 n—2

(192) (T ;TO) T u(ay) < K </Bm dvolg) N

421 2
+ K (2K)n2 n-24 (/ |Ry|? dvolg>
Br(x)
n—2

(5 e

This implies

— n=2 on
(193) (T 2T0) *u(w) <K (/ dvolg)
Br(z)

hence

n2 :
(194) (T - TO) * u(zg) < 2K </ dvolg> "
2 B (z)

Thus, we conclude that

n—2
n—2 n—2

(195) " u(z) < (r — 7o) "2 u(zo) < 25 K (/T(I) dvolg) "

This proves the assertion.

Proposition A.2. Let P be a smooth function on M. Moreover,
assume that u is a positive function on M such that

4(n—1)
=2

Then, there exists a constant C, depending only on gy and P, such that

Agu+Pu>0.

(196) / udvolg, < C infu.
M M
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Proof. Fix r > 0 sufficiently small. Using the weak Harnack inequal-
ity for linear elliptic equations (see [8], Theorem 8.18 on p. 194), we
obtain

/ udvolg, < Lo inf u
Bay(z)

By (x)

for some constant L. In particular, we have

/ udvolg, < Ll/ udvolgy,
BQT(I) Br(ﬁ?)

for some constant L. We claim that
/ wdvolg, < Lo LT ' u(y)
Br(x)

whenever d(z,y) < mr. Indeed, if d(x,y) < mr, then we can find a
sequence of points {zy : 1 < k < m} such that 1 = z, d(z,,y) < r,
and d(zg, vk41) < r for all 1 <k <m — 1. From this, it follows that

/ udvolg, < Lo inf w < Lou(y).
BQr(xm)

Br(l’m)

Moreover, we have

/ udvolg, < / udvolg, < Ll/ udvolg,
By (zk) Bar (k1) Br (k1)

for all 1 < k < m — 1. Therefore, we obtain
/ wdvolg, < Lo LT ' u(y)
B (z)

as claimed. Hence, we can find a constant C' such that

/ udvolg, < Cu(y)
Br(z)

for all z,y € M. From this, the assertion follows.

Corollary A.3. Let P be a smooth function on M. Moreover, as-
sume that u is a positive function on M such that
4(n—1)
Then, there exists a constant C, depending only on gy and P, such that

n+2

197 w2 duol < Cinfu(supu)" .
90
M M M
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Appendix B. Estimates for the functions u, .,

_ We first review the definition of conformal normal coordinates (see
[11], Theorem 5.1 or [16], Theorem 3.1 on p. 208). Given any point
4

x € M, we can find a conformal metric h, = ¢z > go and a map @, :
TM, — M with the following properties:

n—2

(i) The function ¢, satisfies ¢,(z) = 1 and 27" < we(y) <272
for all y € M.

(i) The map ®, : TM, — M is the exponential map relative to
the metric h;. This means that ®,(0) = x and, for every vector
¢ € TM,, the curve {®,(t) : t € R} is a geodesic relative to the
metric h,.

(iii) Let D®, (§) be the differential of the map ®, at & € TM,.
Then, the determinant of D®, (&) relative to the metric h, satisfies
det D®,(£) = 1+O0(|¢|V). Here, N is a fixed positive integer which
can be chosen arbitrary large.

(iv) The scalar curvature of h, satisfies |Rp,(y)| < C p.(y)?, where
pz(y) denotes the Riemannian distance from x to y relative to the
metric h,.

For every point x € M, we denote by G, the Green’s function of
the conformal Laplacian relative to the metric h, with pole at x. This
implies

(198) L_;) Ap,Ga(y) — R, Ga(y) =0

for y # x. Moreover, the Green’s function satisfies the estimates
(199) |Galy) = pa(y)*™" = Au| < C puly)

and

(200) |d(Ga(y) = pa(y)* )|, <C,

where A, is a constant depending on 2 € M (see [11], Lemma 6.4 or
[16], Theorem 3.5 on p. 213). Observe that A, > 0 for all z € M
by the positive mass theorem. According to results of Habermann and
Jost, the function z +— A, is smooth (see [9], Proposition 1.1.3 and [10],
Proposition 3.5). In particular, this implies

(201) inf A, > 0.
zeM

Suppose that we are given a set of pairs (Ilfk,f:‘k)lgkgm- For every
1 <k < m, we define a function %, .,) by
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where

(203)
U(aper) () —(

+ (1= x5(Pax ())) Gy (1))

Here, the function xs5 : R — [0,1] is defined by xs5(s) = x(s/d), where
X : R — [0,1] is a cut-off function satisfying x(s) = 1 for s < 1 and
x(s) = 0 for s > 2. Moreover, ¢ is a positive real number such that
ep<<o0foralll <k<m.

n—2

BOD) T (xalon ) 6+ 0

T'oo

Proposition B.1. We have
(204)

0Dy, 7 r T i

n_2 Ahzk U(:tk,sk)(y) - Rha:k U(:tk,sk)(y) + reo U(:tk,sk)(y) n=2

4 (w) T Ay, - % AhkaLS(pxk(y))'

T'so

n—2

2 2
o (y)? 1
21 (y)g) P (V)" Lo, (<26}

n—2

2 n+2

€}, Ek 2
+ O =5 Lp<p, <2y T C (E% n pxk(y)2> Lpe,, )26}

Proof. By definition of U(xk,sk)v

n — 2 Ahka(:Ek,ék) (y) - Rhyk (y) U(:Ek,ék) (y) + TOO U(af:k,ék)(y) n-2

n—2
(M) T AT e e A ()

€k

<cf

we have

oo 2
n-2
— (w) ' 5/:%2 (h+ L+ I3+ Iy + Is + I + I7),
where h
1 = xston ) (2= Ay (6 4 (0

+4n(n —1) 5% (E% + pxk(y)Q)*nTH>
I = —x5(p () Ri, () (6} + o ()27
Iy = —% Ay, Xs (P (1)) (G (0) = Py, (1) = As)



272 S. BRENDLE

1= 202 A e ) (6 4 0D — iy ()
8(n—1)

Is = =202 (6 (o (9)), (G () = 2 ()7

ha),

I — % <dX5(pxk(y)),d<(E% + P (1)) 77T — pxk(y)%n) >hmk

_n+2
(e () (& 4 ().
From this, the assertion follows.

Corollary B.2. We have
(205)

4(n—1 — — — n+2
‘g Ahmk U(af:k,ék)(y) - hak U(:Ek,z’:‘k)(y) + TOO U(:Ek,ék)(y) n—2

n—2

€k 2 2
=¢ (gi + Py (y)Q) P (¥)” Lo, (<26}

n—2

2

€L Ek 2
+C 52 Ys<pn, y<asy +C (5% ¥ Doy @)2) Yoo, >0}

We next estimate the Yamabe energy of the test function %

n+2

ThyEk)"
Proposition B.3. Suppose that either 3 < n <5 or M is locally con-

formally flat. Moreover, assume that M is not conformally equivalent

to the standard sphere S™. If § is sufficiently small, then the Yamabe

energy of the test function u,, .\ satisfies the estimate

(206) By, ) SY(S") —ce} 2+ Coep 2+ Co e
for some constant ¢ > 0.

Proof. We adapt an argument due to Schoen (see [14] or [16], The-
orem 4.1 on p. 219). We only consider the case 3 < n
Proposition 8.1, we obtain

2n

4n—-1), — ) . o
/M<72 ‘dU(mk’Ek)‘hxk + hak U(Ik,sk) —Too U ? ) delhzk

n — (Ikvsk)

4(n—1) — —
== /M ( n—29 Ahwk U(ivk,ék) - hak U(ivk,ék)
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n+2

+ oo U(x_ljgk)) U(Ik,sk) delhzk
n—2
— a1 T‘L—2
< (M ‘ e.?
TOO

4(n—1) —
Ay [ A X000 0) ) ol

+COO P4 Coe P+ C6 e

n—2
4 —1 2
TOO

4(n—1)
M n— 2
+COO TP+ Coep P+ C6 e

Ay, Ay X6 (P (Y) pay, (y)* 7" dvoly,,

n—2

< - (M) ’ 4 —1)wp_q 5272 Ag,

Too

+COO P4 Coep P+ C5 e,

where w,,_1 denotes the volume of the (n — 1)-dimensional unit sphere
S7=1. This implies

4n—1), — 9 9
/M<72 ’dU(xk,sk)’hmk + Rhmk U(Ikvﬁ'?k)) dvolhzk

n —

_2n_
Sfroo/ Ur— dvolp,,
M

('Ik: 75/6)

n—2
- (74?2(” — 1)) ’ A(n — 1) w16} ? Ay,

T'oo

+CO T4 Coep P+ C6 e

Moreover, we have

/MU 2 d’UOlhmk S (T) +C(5 Sy

('Ik: 75k) o

Putting these facts together, we conclude that

in-1) 2 —2
/M<72 ’dU(Ik,Ek)’hxk + hak U(Ikﬁk)) dvolhzk

n —

n—2

2n =
n Trn—2
< y(s") ( / U(Ihsk)dvolh%)
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B (4n(n 1)

T'so

n
) A(n — 1) wpo1e) 2 Ay,

+COTT 4 CSTT O e
Since 3 < n < 5, the assertion follows.

Lemma B.4. We have the estimate
n—2

io e2 +d(zi,z)>\ "z
B _n2 j (2Rl
(207) /M Uriz) Uy ep) WOlgo < € <T> '

Proof. On the set {2d(x;,y) < ej + d(x;,x;)}, we have

1

Therefore, we obtain

n=2 nt2
g 2 €
/ 2 : =2 2 - 2\ 22 dvoly,
M(Ei + d(xzay) ) 2 (Ej +d(y,$j) ) 2
2 €.
S/ EZ n—2 - n+2 d/UOlgo
{2d(ws y)<ej+d(@iay)} (67 +d(2i,9)?) 7 (5 +d(y,25)%) 2
n—2 "T‘*‘Q
2 €.
+/ S — / — dvolg,
{2d(xi ) 2ej+d(@iay)} (€F + d(zi,9)?) 7 (e +d(y,25)%) 2
n—2 n—2
2 €2
<C = =2 5 J = dvolg,
(2d(wy)<ej+d(wiay)} (62 4 d(zs,)2) "2 (€3 + d(wi, 25)?)>
n—2 n42
2 c.2
+ C/ 5 i T J 5 dvolg,
M (g5 +d(xi,zj)?) 2 (eF +d(y,2;)?) 2
n—2 n—2
g;° 5]-2
(Ej + d(xzvxj) ) 2
This proves the assertion.
Lemma B.5. We have the estimate
(208)
_ dn—1)  _ _ _n*2
/Mu(%si) n_2 Agou(xjvsj) — Ry, Uzje;) T Too u($j?€j) dvolg,

n—2

g2 2 +d(xi,xi)>\ "z
§C<54+5"2+—J)<—3 ( j)) o

(52 €i€y
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—2

Proof. The inequality 2=°2° < ¢, < 2" implies %d(x,y) < p(y) <
2d(z,y) for all z,y € M. With the aid of Corollary B4, we obtain

4(n—1) _ _ _nt2
‘ n—9 Agola;e;) = Bgo Ulajej) T Too u(a:]-i:j)
n—2
<O+ (— ) 7 1.
> ( + ) (E? + d(y,x])Q) {d(yvxj)§46}
o n+2
7 2
On the set {2d(x;,y) < j + d(xs, ;) } N {d(y,x;) < 46}, we have

gj+d(y,z;) > g5+ d(xi, xj) — d(xi,y) > % (g5 +d(xi, xj)),
hence
d(xi,y) < % (65 + d(wi, z5)) < ej + d(y, ;) < 80.
From this, it follows that

n—2 n—2

5 2
/ i — J —5 dvoly,
{dly,e;)<do} (e + d(i,y)?) 2 (€3 +d(y, 7)) 2
=

<

/{2d(wi,y)<6j+d(wiwa‘)} (5? + d(flfz‘ay)2)n7_2
N{d(y,z;)<46}

n—2
2

S
" = dvoly,
(53’ + d(yux])2) 2

v -
{2d(zi,y)>e;+d(zi,x;)} (2 + d(w, y)2)T2
N{d(y,z;)<46}

n—2
€2
T J 2 dvolgy,
(Ej + d(yvxj)Q) 2
n—2 n—2
2 €.2
< C/ - n—2 ’ n—=2 delgo
{d@iy)<ss} (€7 +d(z,9)?) 2 (e +d(wi,25)?) T
n—2 n—2
= 2

+ C/ ‘ n—>2 ’ =z dvolg,
{dw.ay)<io} (€5 +d(zi,25)?) 7 (eF +d(y, x;)%) "7
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= )
(€5 + d(wi,2;)%) 2

Similarly, on the set {2d(x;,y) < ¢; + d(zi, x;)} N {d(y, x;) > Y, we
have

1
g;+d(y,z;) > gj + d(zg, x;) — d(z;,y) > 3 (e + d(xi, ;).
This implies

2 2
€ €

/{d<y )28} (€2 +d(wi, v)?) T (2 + d(y, ;)2 "%
2

<

™
]

/{gd(xi,y)ge]-+d(mi,:vj)} (€7 +d
Md(y.a;)>3}
n+2
2

(21, 9)2)">

&
: n+2
(e +d(y,x;)%) 2

dvoly,

v/
(2d(wi,y)>ej+d(zi,75)} (

€2 4+ d(z;,y)2) T
Nd(y,z;)>5}

n+42
€.
g L 17 dvolg,
(53’ + d(yux])2) 2
n—2
=
< C/ Ei n—2
{2d(zi ) <ejt+d(ws,zy)} (2 + d(ws,y)?) 2
n+2
e.2

. J & dvolg,
62 (z-: + d(x;, x])Q)

n+2
o2 €2
+ C/ 5 — J 5 dvolg,
{d(y,z;) 2% ( ? (xivxj)2)T (63 +d(y7xj)2)T
” 2 ”;
<O €3 g% €;°

02 (&2 + d(xi,;)2) "2

From this, the assertion follows.
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