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A TWO POINT CALIBRATION ON AN SP(1)
BUNDLE OVER THE THREE-SPHERE

MARCOS SALVAI

Abstract

Gluck and Ziller proved that Hopf vector fields on S3 have minimum volume
among all unit vector fields. Thinking of S® as a Lie group, Hopf vector
fields are exactly those with unit length which are left or right invariant, and
TS3 is a trivial vector bundle with a connection induced by the adjoint rep-
resentation. We prove the analogue of the stated result of Gluck and Ziller
for the representation given by quaternionic multiplication. The resulting
vector bundle over S3, with the Sasaki metric, has as well no parallel unit
sections. We provide an application of a double point calibration, proving
that the submanifolds determined by the left and right invariant sections
minimize volume in their homology classes.

Introduction

Gluck and Ziller proved in [2] that Hopf vector fields on S3 have
minimum volume among all unit vector fields. Thinking of S® as a Lie
group, Hopf vector fields are exactly those with unit length which are left
or right invariant, and 7.5 is a trivial vector bundle with a connection
induced by the adjoint representation. This can be considered in the
following more general setting: Let G be a Lie group and (V, p) a finite
dimensional orthogonal real representation of G. Let 7 : E=G XV —
G be the trivial vector bundle. For v € V, let L, : G — FE be the
“constant” section L, (p) = (p,v).

There exists a unique connection V on £ — G such that

(1) VzL, = L%dp(Z)v
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for all v € V and all left invariant vector fields Z of G. The connection is
easily seen to be compatible with the metric and is called the connection
induced by (V, p) .

On F one can define the canonical Sasaki metric induced by V in
such a way that the map

(dm, K)e : TeE — T,M x B,

is a linear isometry for each £ € F (here ¢ = 7 (§) and K is the connec-
tion operator associated with V).

For example, the Levi Civita connection of a compact connected
simple Lie group G with a bi-invariant metric may be obtained in this
way: Let g be the Lie algebra of G and consider on £ = G x g — G
the connection induced by the adjoint representation. If £, denotes left
multiplication by p, then the map

(2) F:Gxg—TG, F(p,v)=dlu

is an affine vector bundle isomorphism. Moreover, it is an isometry if
FE and T'G carry the corresponding Sasaki metrics.
For v € V, let R, the section of E defined by

Ry (9)=(g9,p(97")v).

The sections L, and R, are called left and right invariant, respectively,
since in the particular case above they correspond to left and right
invariant vector fields, respectively, via the isomorphism (2).

Let H denote the quaternions and consider on the sphere S3 =
{qg €H | ||q|| = 1} the canonical round metric induced from R*, or equiv-
alently, thinking of S? as a Lie group, the bi-invariant metric with con-
stant sectional curvature one. We prove the following analogue of the
cited result of Gluck and Ziller.

Theorem. Let E = S3xH — S3 be the vector bundle with the con-
nection induced by the representation of S3 on H given by p (q)u = ug
and consider on E the associated Sasaki metric. Then the left and right
variant unit sections have minimum volume among all unit sections
of E — 82 in their homology classes, and they are unique with this

property.

Let E* = {(gq,v) € E | |[v|| =1} be the associated sphere bundle,
which as a differentiable manifold is S x S3.
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Remarks.
(a) The bundle E* — S has no parallel sections. In particular, the
Sasaki metric is not the product metric.

(b) We prove the Theorem using a single calibration which calibrates
both the left and right invariant sections. In particular, nonnegative
integer combinations of them are homology mass minimizing.

(c) The submanifolds of E' determined by left and right invariant
sections are totally geodesic round spheres.

(d) The fibers {g} x S® have smaller volume than the left and right
invariant sections, but perhaps the latter have minimum volume among
all sections of E* — 3 (some of them determine submanifolds lying in
other homology classes).

(e) Calibrations are rare jewels: Let G be a compact connected sim-
ple Lie group with a bi-invariant metric and ¥ — G the affine bundle
associated to a representation, as in the introduction. If £ is endowed
with the Sasaki metric, the submanifolds of E! determined by left in-
variant sections, in general are not critical points of the volume func-
tional, let alone minima (see for example [6], where we deal with the
case E = TG, that is p = Ad).

I would like to thank the referees for improving the main result.

Calibrations

A calibration on a Riemannian manifold M is a closed k-form w on
M such that for all p € M one has

(a) wp(n) <1forallne G, (k) and
(b) wp (&) =1 for some & € G, (k),

where G, (k) denotes the Grassmannian of oriented k-planes in T, M. If
¢ is as in (b), one says that w,, calibrates £. The following well-known
proposition is a direct consequence of Stokes’ Theorem.

Proposition 1. If M and w are as above, an oriented submanifold
N of M such that w(TyN) = 1 for all ¢ € N, has minimum volume
among all k-dimensional submanifolds in its homology class.

The method of calibrations was developed in the fundamental paper
[4], see further important applications for instance in [3].
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Next we recall from [1] (see also [5]) a statement concerning 3-
calibrations with constant coefficients in RS. It is a special case of
double point calibrations of A3 (RG)* when the characterizing angles of
the calibrated 3-planes are all equal.

Proposition 2 [1, Theorem 8]. Let {e; |i=1,...,6} be an or-
thonormal basis of RS and {ei li=1,... ,6} the dual basis. Let 6 €
(0,27/3), ¢ = cosf, s =sinf and consider the oriented 3-plane

n(0) = (ce1 + seq) A (cea + ses) A (ce3 + seg) .

There exists a unique calibration w on RS calibrating exactly the 3-planes
e1 Nea ANes and n(0). The 3-form w is given by

W= 6123 A (6156 + e426 + 6453) + u6456,

where e7F = ei A eI A eF and

c 1+ 2¢

3 \ = d - =
() 1+c M H s(1+4c¢)

Left and right invariant sections and the Sasaki metric

From now on, £ = S% x H with the connection V induced by the
representation p of S3 on H given by p (¢) u = ug (quaternionic multi-
plication). We have

d d
dp(Z)u= G| plewtZ)u= G| wewp(~t2)= ~uz.

Hence, in this particular case, (1) becomes
(4) VzL, = Lva/Q

Let g = Im H =2 7152 be the Lie algebra of S3.

Proposition 3.  The connection operator K
{q} x H is given by

gv) - Tg)E — Eq =

Kgw) (442, €) = (¢, —vZ[2+€).
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Proof. By definition of L, and V we have for Z € g, { € H that
K:(q,v) (dqu, 5) = % ‘0 (q exptZ,v + tﬁ)
= %‘oLv(leptZ)+tL§(qexptZ)
= (Va,zLv) (a) + Le (q)
- L—%’UZ (q) + L£ (Q) )

from which the proposition follows. q.e.d.

Let m : E — G be as before and Consider on F the Sasaki metric.
Since on each fiber {¢} xH of E the Sasaki metric is given by the obvious
identification of it with H, one has clearly that E' = 83 x $3, which is
a Lie group. We denote the elements of the first and second factors by
0,4, ... and u,v,..., respectively. Correspondingly, the tangent vectors
to both factors will be denoted by Z or &, respectively, in order to
emphasize their horizontal and vertical natures.

Let us denote
b(aw) = (A7(0) Kig))  Tiqu) B — TyS* x v*
(we identify {¢} x H = H) and ¢ = ¢, : g xg — g xg. By
Proposition 3 these maps are given by
(5) P(g) (dlgZ, &) = (dbyZ, —vZ[2+§),
(6) (2,8 =(Z,-Z/2+¢).

Proposition 4. The Sasaki metric on E' = S3 x S3 is the unique
left invariant metric such that at the identity (1,1) is the pull-back
through ¢ of the product metric on g X g.

Proof. By definition of the Sasaki metric, we must show that in the
commutative diagram

gxg A, T,S% x vt,

the isomorphism f is a linear isometry. By (6), for (Z,&) € T(M)El we
compute f (¢ (Z,€)) = f(Z,—Z/2+&). On the other hand, by (5),

¢(q,v)d€(q,v) (Za f) = ¢(q,v) (dqu’ Uf) = (dnga _UZ/2 + Uf) :

Hence f (Z,n) = (d¢yZ,vn) for all (Z,n) € gx g, which is clearly a linear
isometry. q.e.d.
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Lemma 5. (VzR,) (¢) = (q,v¢Z/2).
Proof. We may assume that Z # 0, otherwise the assertion is trivial.
For t ~ 0, let us define
V (gexptZ) = (cost) Lyg (qexptZ) + (sint) Lygz (gexptZ)
= (gexptZ, (cost)vq + (sint) vgZ).

A straightforward computation shows that V' (¢) = (¢,vq) = R, (¢) and

d
V(gexptZ) = (dlyZ,vqZ) = —| Ry, (qexptZ).

dt|, dt|,

Hence by (4) we have
(VzR.) (¢) = (VZV) (q)
(VzLug) (q) + (Lugz) (@) = L—%'qu-i—’UqZ (q)

from which the statement follows. q.e.d.

Let £, = L, (33) and R, = R, (53) be the submanifolds of E1 de-
termined by the sections L, and R,, respectively, with the corresponding
orientations induced by that of S3.

Proposition 6.

(a) The submanifolds L1 and R1 of E* meet at e = (1,1) € E! and
one has

(1) (1) = o(ax{0}) ={(4,-2/2)| Z g} and
¢(TR1) = o({(Z2,2)| Zeg}) ={(2,2/2)| Z € g}.

(b) The submanifolds L, and R, of E! meet at e = (q,v) € E! and
one has

T(qﬂ})ﬁv = (de(qw))e (Teﬁl) and T(qw)qu = (de(q,v))eTeRl-

Proof. A generic element of T(q’U)qu has the form

d
p (gexptZ,vgqexptZ) = (dlyZ,vZ),
0

for Z € g. Hence, if (¢,v) = e one obtains the expression for ¢ (T, R) in
(7), since by (6) one has ¢ (Z,Z) = (Z, Z/2) . Similarly for left invariant
sections. The second statement is clear from the preceding. q.e.d.
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Proof of the Theorem

The Theorem is an immediate consequence of Proposition 1 and the
following.

Proposition 7. Let Q be the left invariant 3-form on S3 x S such
that Qe = ¢*w, where w is the 3-form of Proposition 2 with ¢ = 3/5 and
s =4/5, for an appropriate identification of R® with g x g. Then Q is a
calibration which calibrates exactly the left and right invariant sections

of E' — §3.

Proof. Let {fi, f2, f3} be a positively oriented orthonormal basis
of g and r = v/5/2. If ¢; = (fi,—f;/2) /r and e;13 = (f;/2, f;) /r for
i =1,2,3, then {ei,...,es} is an orthonormal basis of g x g. By (7),
{e1,e2,e3} and

{(fi, £i/2) Jr i =1,2,3} = {(Bei + deiys) /5| i = 1,2,3}

are positively oriented orthonormal bases of ¢ (T.£L1) and ¢ (T.R1), re-
spectively. Hence the characteristic angles of this pair of 3-planes are
all equal to arccos (3/5) . Thus, by Proposition 2, €2, calibrates exactly
T.L1 and T,Ri. Now, by Proposition 6 (b), Q calibrates exactly the
left and right invariant unit sections. It remains only to show that €2 is
closed.

Fori=1,2,3,let X; = (f;,0) and X;43 = (0, f;). We compute

(6%€’) (Xi) = &9 (f,0) = & (fi, —fi/2) = & (re;) = 0
and (0, f;) = 2r (—e; + 2€;43) /5, from which
(6¢9) (Xisa) = &6 (0, £)) = & (0, £) = 20 (—0u; + 2iva) /5

Therefore, if {¢"|i=1,...,6} is the dual basis of {X; |i=1,...,6},
calling a = 2/5, we have

rs&d if4 <j5<6.

From now on we think of ¢/ as a left invariant form on E'. Let us denote

éijk — 5@ A gj /\fk, 91 — 5156 + 5426 + 5453 and 92 — 5423 + 5153 + 6126'
By (8), a straightforward computation yields

0= (€94 69 + (4 A) 0, — o)



530 MARCOS SALVAI

for some i € R. Now, A = 3/8 by (3) and one easily computes a?+\s? =
a. Denoting wy = €156 — 428 ) — 426 _ ¢153 ap (e — €453 _ ¢126 o0
has

Q=12 (&% + 1™ +a (61 - 62))
=3 (5123 + 60 + g (w1 + wo + ws3)) .

We compute dé! = —2¢2 A €3 (Xo, X3 may be thought of as orthonormal
left invariant vector fields on S3, hence [Xs, X3] = 2X;). Similarly,
dét = —265 A €5, hence d (55 A 56) = 0. Therefore

d€156 — dfl A (55 /\56) . 51 Ad (55 /\56)
=2 NN NS

Analogously, dé*23 = —2¢5 A €5 A €2 A €3 and consequently dw; = 0. In
the same way one obtains dws = dws = 0. On the other hand, clearly
€123 and €% are closed, since they are pull-backs of 3-forms on the first
and second factors of $3 x S3, respectively. This implies that € is closed.

q.e.d.

Remark. The submanifolds £, and R, lie in different homology
classes. Although the second remark to the Theorem shows the conve-
nience of calibrating them simultaneously, one can ask oneself whether
they can be calibrated separately. We do not know if this is possible.
For instance, the 3-form on E' obtained by projecting orthogonally
onto T'L,, or TR, is not closed. In particular, the fibrations of E' with
fibers £, or R, (which are totally geodesic by the second remark to the
Theorem) is not the fibration of parallel submanifolds N x {z} induced
by a Riemannian product decomposition of E'. Next we check the
validity of these assertions.

Let 0 be the volume form on S® and 73 : $% x S% — 3 the projection
onto the second factor. One computes easily that m o L, = u and
w9 o Ry, = £,. Hence,

/ 71';9:/ L7560 =0 and

Ly S3

/ 71';9:/ R;jw;e:/ z;je:/ 0 = vol (5%).
Ry 53 53 S3

Therefore £,, and R, lie in different homology classes, since w36 is clearly
closed. On the other hand, the 3-form on E' obtained by projecting
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orthogonally at (g, v) onto T{4 )Ly is the left invariant form on F L given
at the identity (with the notation of the proof of the Theorem) by

o* (el Ae A 63) =3 ({1 — a§4) A (52 — a§5) A (53 — afﬁ) ,

which is not closed by the same arguments used in the proof of the
Theorem. Similarly for R, instead of £,, by Lemma 8 below.

Lemma 8. The map F : E' — E' defined by F (q,v) = (3, —vq)
is an isometry satisfying F (L) = R_y, for all u € Ty .S3.

Proof. Fix (¢,v) € E' and let F : T,5% x vt — Tng x (vq)" be
defined by

F(dtyZ,v€) = — (dqu, v@) )

for Z, ¢ € T1S3, where rp denotes right multiplication by p. The map
F is clearly an isometry with respect to the product metric. By defi-
nition of the Sasaki metric, we must verify that the following diagram
commutes:

dF,
T(q’v)El ﬂ)> T(q?_vq)El
T ! ¢((j,—mj)
F _

7,8 x vt — TqS?’ x (vg)*t

In fact, by (5), the image of
dF (g (dlgZ,vE) = %‘0 F (qexptZ,vexptf)
= &, (exp (—t2) g, —vexp (t€) exp (~12) @)
~ (~dtg(aza), —véa+vZa)

under gb(q’_vq) is Fo P(qw) (AlgZ,vE), as desired. g.e.d.

Comments on the remarks to the Theorem.

(a) Let V any smooth unit section of E' — $3 with V (1) = (1,v).
Let {x,y} be an orthonormal subset of 7153 = ImH and let X,Y be
the corresponding left invariant vector fields. By definition of V (see
(4)), and using that xy = —yx since (z,y) = 0, the curvature

R (1‘, y) (1,1)) = (VXVYLU - VvaLU - V[X,Y}Lv) (1)
= (1, ivyx — ivfcy + %v (zy — yz))
~ (1, bury)

531



532 MARCOS SALVAI

does not vanish. Hence V is not parallel.
(c) Clearly Ly : S3 — L is a diffeomorphism. By (7),

I(dL1), Zlls = 1(Z,0)ls = Il (Z,0)ll = (Z,~Z/2)| = V5 2] /2,

where ||| g denotes the norm on TE! associated to the Sasaki metric.
By left invariance, the metric on S induced by L; is 5/4 times the
canonical one. Thus, £; (and hence also £, for any u) is a round sphere
of Riemannian diameter v/57/2.

Next we compute the shape operator of £1 at e. We know that
T.L1 ={(Z,0) | Z € g}. Hence,

(TeLr)* ={(U,5U/2) | U € g},
since it has dimension three and
(¢(2,0),¢(U,5U0/2)) = ((Z,-2/2),(U,20)) = 0.

By the well-known formula for the Levi Civita connection, which sim-
plifies if the metric and the vector fields are left invariant, if z = (Z,0),
u=(U,5U/2) and = = (X,0), we have

2 <Vzu,x> = <¢ [Z7u] 7¢x> - <¢ [u,:c] >¢Z> + <¢ [w? Z] 7¢u> :
A straightforward computation using (6) yields
2({V(z0) (U;50/2),(X,0)) = § (2, U], X) - ([U, X], Z)),

which vanishes, since ad U is skew symmetric. Therefore £ (and also
L, for all unit u) is totally geodesic in E', since it is a Lie subgroup
and the metric is left invariant. By Lemma 8, all the facts above are
valid for the submanifolds determined by right invariant sections.
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