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A CANONICAL BUNDLE FORMULA

OSAMU FUJINO & SHIGEFUMI MORI

Abstract

A higher dimensional analogue of Kodaira’s canonical bundle formula is
obtained. As applications, we prove that the log-canonical ring of a klt
pair with K < 3 is finitely generated, and that there exists an effectively
computable natural number M such that | M K x| induces the Iitaka fibering
for every algebraic threefold X with Kodaira dimension x = 1.

1. Introduction

If f: X — C is a minimal elliptic surface over C, then the relative
canonical divisor Ky, is expressed as

(1) Kxjo =1L+ 3 "2 p(p),
P

where L is a nef divisor on C and P runs over the set of points such that
f*(P) is a multiple fiber with multiplicity mp > 1. It is the key in the
estimates on the plurigenera P, (X) that the coefficients (mp — 1)/mp
are ‘close’ to 1 [12]. Furthermore 12L is expressed as

(2)  12Kx,c = f*570p(1) +12Zm;P P)+Y oo/ (@

where ¢ is an integer € [0,12) and j : C — P! is the j-function 5,
(2.9)]. The computation of these coefficients is based on the explicit
classification of the singular fibers of f, which made the generalization
difficult.
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We note that L in the exact analogue of the formula (1) for the case
dim X/C = 2 need not be a divisor (Example 2.7) and that the formula
(2) is more natural to look at if L is allowed to be a Q-divisor.

The higher dimensional analogue of the formula (2) is treated in
Section 2 as a refinement of [15, §5 Part II] and the log version in
Section 4. We give the full formula only in 4.5 to avoid repetition. The
estimates of the coefficients are treated in 2.8, 3.1 and 4.5. (See 3.9 on
the comparison of the formula (2) and our estimates.) We note that the
“coefficients” in the formula (2) are of the form 1 — 1/m except for the
finite number of exceptions 1/12,--- ,11/12. In the generalized formula,
the coefficients are in a more general form (cf. 4.5.(v)), which still enjoys
the DCC (Descending Chain Condition) property of Shokurov.

The following are some of the applications.

1. (Corollary 5.3) If (X, A) is a klt pair with x(X, Kx+A) < 3, then
its log-canonical ring is finitely generated.

2. (Corollary 6.2) There exists an effectively computable natural
number M such that |MKx| induces the Iitaka fibering for ev-
ery algebraic threefold X with Kodaira dimension x(X) = 1.

To get the analogue for an (m + 1)-dimensional X (m > 3) with
k(X) =1, it remains to show that an arbitrary m-fold F' with x(F) =0
and py(F') = 1is birational to a smooth projective model with effectively
bounded m-th Betti number.

Notation. Let Zs( (resp. Z>p) be the set of positive (resp. non-
negative) integers. We work over C in this note. Let X be a normal
variety and B, B’ Q-divisors on X.

If B — B’ is effective, we write B = B’ or B’ < B.

We write B ~ B’ if B — B’ is a principal divisor on X (linear
equivalence of Q-divisors).

Let By, B_ be the effective Q-divisors on X without common ir-
reducible components such that By — B_ = B. They are called the
positive and the negative parts of B.

Let f : X — C be a surjective morphism. Let B" BV be the Q-
divisors on X with B" 4+ BY = B such that an irreducible component
of Supp B is contained in Supp B" iff it is mapped onto C. They are
called the horizontal and the vertical parts of B over C. B is said to
be horizontal (resp. vertical ) over C if B = B" (resp. B = B"). The
phrase “over C” might be suppressed if there is no danger of confusion.
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As for other notions, we mostly follow [14]. However we introduce a
slightly different terminology to distinguish the pairs with non-effective
boundaries (cf. [10]).

A pair (X, D) consists of a normal variety X and a Q-divisor D. If
Kx + D is Q-Cartier, we can pull it back by an arbitrary resolution
f:Y — X and obtain the formula

Ky = f*(KX + D) + ZaiEi,

7

where E; are prime divisors and a; € Q. The pair (X, D) is said to be
sub kit (resp. sub lc) if a; > —1 (resp. > —1) for every resolution f and
every i. Furthermore, (X, D) is said to be klt (resp. lc) if D is effective.

Acknowledgements. This note is an expanded version of the sec-
ond author’s lecture “On a canonical bundle formula” at Algebraic Ge-
ometry Workshop in Hokkaido University June 1994.

The authors were partially supported by the Grant-in-Aid for Scien-
tific Research, the Ministry of Education, Science, Sports and Culture of
Japan. The second author was also partially supported by the Inamori
Foundation.

We would like to thank Professors H. Clemens and J. Kollar for
helpful conversations and Professor K. Ohno for pointing out mistakes
in an earlier version.

2. Semistable part of Kx/c

In this section, we refine the results of [15, §5, Part II] after putting
the basic results together.

2.1. Let f : X — C be a surjective morphism of a normal
projective variety X of dimension n = m +1[ to a nonsingular projective
l-fold C such that

(i) X has only canonical singularities, and

(ii) the generic fiber F' of f is a geometrically irreducible variety
with Kodaira dimension x(F) = 0. We fix the smallest b € Z~( such
that the b-th plurigenus P,(F) is non-zero.

Proposition 2.2. There exists one and only one Q-divisor D
modulo linear equivalence on C' with a graded Oc-algebra isomorphism

®i>00([iD]) = &i>0(fO(ibKx,c))™,
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where M*™* denotes the double dual of M.
Furthermore, the above isomorphism induces the equality

where B is a Q-divisor on X such that f.Ox(|iB+]) = O¢ (Vi > 0)
and codim(f(Supp B-) C C) > 2. We note that for an arbitrary open
set U of C, D|y and B|g-1(yy depend only on flp—1(u-

Proof. By [15, (2.6.1)], there exists ¢ > 0 such that

(f:O(ibeKx /)™ = {(fO(beK x/0)) " }* (Vi > 0).

Choose an embedding ¢ : (fiO(bKx/c))™ C Q(C) into the function
field of C', and we can define a Weil divisor ¢D by

¢7° + (fO(bcK x/c))™ = O(cD) € Q(O).

D modulo linear equivalence does not depend on the choice of ¢.
Since taking the double dual has no effect on codimension 1 points,
there is a natural inclusion

[ Oc(eD) C Ox(beKx/c) on X\ f~!(some codim 2 subset of C).

Extending it to X, we obtain a Q-divisor B such that B = bKx,c— f*D.
It is easy to see that B satisfies the required conditions. q.e.d.

Definition 2.3. Under the notation of 2.2, we denote D by Ly ¢
It is obvious that Lx,c depends only on the birational equivalence class
of X over C.

If X has bad singularities, then we take a nonsingular model X’ of
X and use Lx//c as our definition of Lx/c.

Proposition 2.4 (Viehweg). Let 7w : C' — C be a finite surjec-
tive morphism from a nonsingular l-fold C' and let ?/ : X — C bea
nonsingular model of X xc C' — C'. Then there is a natural relation

LY//C/ < W*LX/C.
Furthermore if X xc C' has a semistable resolution over a neighbor-

hood of a codimension 1 point P' of C', or if Xr(pry has only canonical

singularities, then P' & Supp(7*Lx/c — LY'/(J’)'
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Proof. Except for the last assertion, this is due to [22, §3] (cf. [15,
(4.10)]). If X, (pry has only canonical singularities, then X x¢ C’ has
only canonical singularities in a neighborhood of f’ _I(P’ ) by [20, Propo-
sition 7] or [9] because so does the generic fiber F of f. Thus 2.4 follows.

q.e.d.

Corollary 2.5. There exists one and only one Q-divisor
LYo (=X Lx/c) such that
(i) 7" L% fleln L

sl for arbitrary w: C' — C as in 2.4, and

(ii) W*L§/C = LY’/C/
has a semistable resolution X — C' over a neighborhood of P’ or
Xr(pry has only canonical singularities.

at P' if w in 2.4 is such that X xo C' — C'

There exists an effective divisor ¥ C C such that every birational mor-
phism m : C' — C from a nonsingular projective l-fold with 7*(X) an
snc divisor has the following property: Let X' be a projective resolution
of X xc C" and ' : X' — C’ the induced morphism. Then L% o is
nef.

Proof. When C’/C' is Galois with group G, L+ e
therefore descends to a Q-subdivisor of Ly/c. The minimum L e (<

is G-invariant and

L X/C) of all the descents exists by 2.4, whence the uniqueness follows.

The last assertion is proved in [15, §5, part IT] though it is not explic-
itly stated there. In [15, (5.13)], First our ¥ is a divisor containing the
discriminant locus of f and h constructed in the proof of [15, (5.15.2)]
(which are f’ and A’ in our 2.6). Then [15, (5.14.1)] shows that our
LY e /b is equal to Py, for sufficiently divisible ¢ € Z. Finally [15,
(5.15.3)] shows that Py is nef.  q.e.d.

Remark 2.6. Under the notation of 2.1, consider the following
construction. Since dim |bKp| = 0, there exists a Weil divisor W on X
such that

(i) W is effective and f,O(iW") = O¢ for all i > 0, and

(ii) bKx — W is a principal divisor (1) for some non-zero rational
function 1 on X.

Let s : Z — X be the normalization of X in Q(X)(z'/%). Then the

above proof actually shows the following:
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Fix resolutions X’ and Z’ of X and Z. We write f': X' —
C and I/ : Z/ — C. Then as the divisor ¥ C C in 2.5,
we can take an arbitrary effective divisor ¥ C C such that
f' X' Cand h':Z — C are smooth over C'\ X.

Example 2.7. Let F be a K3 surface with a free involution ¢ :
F — F so that E = F/{1,.} is an Enriques surface. Let j : P! — P! be
the involution z — —z, so that 0 and oo are the only fixed points. Let
f: X =P xF/{1,j x1} — C =P!/{1,5} be the map induced by the
first projection. Then f is smooth over C'\ {0,00}, and f*(0) = 2Ey
and f*(00) = 2Ew, where Ey ~ E, ~ E. Using Kg, ~ Kx + E¢|g, # 0
for t = 0 and oo, one easily sees that Kx /o ~ f*O(1) and that Li?/c =
£(0) — 3(co). Thus LY is only a Q-divisor fitting in the analogue of
the formula (1):

* T S8 1 *
Kxjo=fL¥e+ Y. S,
t=0,00

The main part (i) of the following is included in 4.5.(v) (see also 4.7).
We still leave it here for reference.

Proposition 2.8. Under the notation and the assumptions of 2.5,
let N € Z~q be such that Nf*(L}‘?/C) is a Weil divisor. Then we have

Lx/c=L%) e+ Z spP,
P

where sp € Q for every codimension 1 point P of C such that:

(i) For each P, there exist up,vp € Zsqo such that 0 < vp < bN and
sp = (bNup —vp)/(Nup).

(ii) sp =0 if f*(P) has only canonical singularities or if X — C has
a semistable resolution in a neighborhood of P.

In particular, sp depends only on f|f71(U) where U is an open set of C
containing P.

The assertion (ii) is proved in 2.5.(ii).

3. Bounding the denominator

In applications, it is important to bound the denominator of L% ez
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Theorem 3.1. Let E — F be thefcover associated to the b-th
root of the unique element of |bKp|. Let E be a nonsingular projective
model of E and let By, be its m-th Betti number. Then there is a
natural number N = N(B,,) depending only on B, such that NL_‘;?/C
s a divisor.

Remark 3.2. We have N(z) = lem{y € Z~¢ | ¢(y) < x}, where
©(y) is Euler’s function.

3.3. To prove 3.1, we can replace the base space C by a general
hyperplane-section H and X by f*H. Repeating this procedure, we
may assume that C' is a curve in the rest of this section.

We use the construction given in 2.6, i.e., let W, s : Z — X and
h=fos: X — C beasin 2.6. We note that the branch locus of s is
contained in the singular locus of X and Supp W.

Lemma 3.4 ([15, (5.15.8)]). bLY)c = LYo

Proof. Because of the definition 2.3, we may replace C' with its base
change and change the model X birationally. Hence we may assume
that X is smooth and th + f*3 is a reduced snc divisor, where X

TE
is a reduced effective divisor of C' such that f~1(X) contains W" and

f is smooth over C'\ ¥. We may also assume that h : Z — C has a
semistable resolution ' : Z' — C' and that h is smooth over C' \ X.
Hence Kx + W 4+ f*X is log-canonical and

Te

Kz+ (s 'WM)ea + '8 = s*(Kx + W, + f*%)

is also log-canonical (cf. [13, (20.3)] for the explicit statement, which
goes back to [19, §1]). Hence for all n > 0 we have

KOM(Ky + (s Whhea+ h*E)) = hO((Kz + (s W"),eq+ h*S)),
where s’ : Z' — X is the induced morphism. By 2.6.(i), we see

hObn(Kyz + (s TWh),eq + h*E)) = hLOMbnKz) @ O(bnX)
= O0(@nLy)c + bnKc + bnk).

By a similar computation, we get
[O(n(Kx + W+ [*5)) = O(nL%)c + bnKo + bnX).

Wh(eince the natural inclusion bLSZS/C - Li?/c becomes an equality.
q.e.d.
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3.5. Let h: Z — C be a nonsingular projective model of Z — C
whose generic fiber is isomorphic to E. Let 7w : ¢’ — C be a finite Galois
morphism with group G such that Z x C’ has a semistable resolution
I :Z — O whose generic fiber is isomorphic to E. We give names as
in the next diagram.

;

=
(_

|

By 2.5, we have

We note that 7#* L%’

7c is a Weil divisor [15, (2.6.i1)].

3.6. Due to its birational invariance, E;O(KZI / o) is G-linearized.
Let P/ € C' and let Gpr be the stabilizer. Then Gp acts on
E;O(KZ//C,) ® C(P’) through a character xpr : Gpr — C*. Then
NLY) is a divisor iff x& =1 for all P’ because (’)(NLSZS/C) should
be (W*O(NT(*L?/C))G.

We can now localize everything on neighborhoods of P = w(P’)
and P’. Let e be the ramification index of m at P’. Let z be a local
coordinate for the germ (C,P) and 2/ = z'/¢ for (C’, P'). We have a
natural homomorphism Gpr — p. = {z € C | ¢ = 1}. Let H' be

the canonical extension of H) = O¢r ® (RmE;(CZ )prim to C’, where
Cl=C"\{P'}, 7. =7 \E"l(P’) and h, : Z, — C! is the restriction

of 1. By its construction, H’ admits a pe-action. Let ¢ = e27/¢ ¢ p,.

We quote the following to compare xpr and H'.

Proposition 3.7 [7, Proposition 1]). There exists a pi.-equivariant
1njection

RLO(K 1) ®C(P) C H' © C(P).

3.8. Thus if ¢ is the order of xp/, then p(¢) < B,,, where p(¥)
is Euler’s function. Let N(z) = lem{¢ | p(¢) < x}. Then we see that
N (Bm)LSZS/C is a divisor. Hence 3.1 is proved.

Remark 3.9. When f : X — C is a minimal elliptic surface,
we mentioned the formula (2). By 2.5 and [5, (2.9)], we have b = 1,
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120%,0 ~ j*Op(1) and
o — (mp—1)/mp if mp>1
P71 op/12 if mp=1.

Our estimates are the following. Since Bj(F) = 2 and N(2) = 12,
our 3.1 shows that 12L% . is a Weil divisor and the estimates 2.8.(1) is
compatible with the above.

4. Log-canonical bundle formula

In this section, we give the log analogue of the semistable part de-
fined in Section 2 and give a log-canonical bundle formula.

4.1. Let f : X — C be a surjective morphism of a normal
projective variety X of dimension n = m+1 to a nonsingular projective
l[-fold C such that:

(i) (X,A) is a sub klt pair (assumed kit from 4.4 and on).

(ii) The generic fiber F of f is a geometrically irreducible variety with
Kk(F, (Kx + A)|r) = 0. We fix the smallest b € Z~( such that the
[xO0x(b(Kx + A)) #0.

The following is proved similarly to 2.2.

Proposition 4.2. There exists one and only one Q-divisor D mod-
ulo linear equivalence on C with a graded Oc-algebra isomorphism

Di>00c([iD]) = @iz (fxOx ([ib(Kx + A)] —ibf*K¢))™.
Furthermore, the above isomorphism induces the equality
b(Kx +A) = f*(bKc + D) + B,

where B2 is a Q-divisor on X such that f.Ox([iB2]) = Oc¢ (Vi > 0)
and codim(f(Supp B2) c C) > 2. For an arbitrary open set U C C,
Dl|y and BA\f_l(U) depend only on fls—11ry and Alp-1(ry.

Definition 4.3. We denote D given in 4.2 by L(x a)/c or simply
by Ll;gc if there is no danger of confusion.

We set s5 := b(1 — t3), where 5 is the log-canonical threshold of
f*P with respect to (X, A — B2 /b) over the generic point np of P:

t5 :=max{t € R | (X,A — B2/b+tf*P) is sub lc over 7p}.
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Note that 3% # 0 only for a finite number of codimension 1 points
P because there exists a nonempty Zariski open set U C C' such that
s}% = 0 for every prime divisor P with PN U # (). We may simply
write sp rather than SIAJ if there is no danger of confusion. We note
that s5 depends only on flf—1@) and Afg-1(gr) where U is an open set
containing P.

We will see in 4.7 that this coincides with sp introduced in 2.8.

We set Lfﬁ(,A)/C’ = Lxayc—2p s5 P and call it the log-semistable

log,ss

X/C if there is no

part of Kx,c(A). We may simply denote it by L
danger of confusion.

We note that D, Lx ay/c, s%, t]% and Lf?(,A)/C are birational in-
variants of (X,A) over C in the following sense. Let (X', A’) be a
projective sub klt pair and o : X’ — X a birational morphism such that
Kxr + A" — 0*(Kx + A) is an effective o-exceptional Q-divisor. Then
the above invariants for f oo and (X', A’) are equal to those for f and
(X, A).

Putting the above symbols together, we have the log-canonical bun-
dle formula for (X, A) over C:

(3) b(Kx +A) = f*(bKc + L) + > spf*P+ B2,
P

where B2 is a Q-divisor on X such that f,Ox([iB%]) = O¢ (Vi > 0)
and codim(f(SuppB2) C C) > 2.

We need to pass to a certain birational model f' : X' — C’ to
understand the log-semistable part more clearly and to make the log-
canonical bundle formula more useful.

4.4. From now on we assume that (X, A) is klt.

Let g : Y — X be a log resolution of (X,A) with © a Q-divisor on
Y such that Ky +© = ¢"(Kx + A). Let ¥ C C be an effective divisor
satisfying the following conditions:

(1) h := fog is smooth and Supp ©" is relatively normal crossing
over C'\ X.

(2) h(Supp ©Y) C X.
(3) f is flat over C'\ X.

Let m : C' — C be a birational morphism from a nonsingular pro-
jective variety such that:
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(i) ¥/ :=7~1(X) is an snc divisor.
(ii) 7 induces an isomorphism C’\ ¥/ = C'\ X.

(iii) The irreducible component X; of X x¢ C’ dominating C’ is flat
over C’.

Let X’ be the normalization of X, and f’ : X’ — C’ the induced
morphism. Let ¢’ : Y/ — X’ be a log resolution such that Y\ r' ™ (%) =
Y xx X1\ a }(X'), where b/ := f'og’ and a: Y xx X1 — C’ (see [21,
Resolution Lemmal] or [1, Theorem 12.4]). Let © be the Q-divisor on Y’
such that Ky +0' = (tog")*(Kx+A), where 7 : X’ — X is the induced
morphism. Furthermore, we can assume that Supp(h’~ () U©’) is an
snc divisor, and A/(Supp(©')¥) C .

Later we treat horizontal or vertical divisors on X, X’ or Y’ over C
without referring to C. Note that a Q-divisor on X’ or Y” is horizontal
(resp. vertical) over C' iff it is horizontal (resp. vertical) over C".

We note that the horizontal part (©’)" of the negative part ©" of
©’ is ¢g’-exceptional.

Y <—Y><XX1 — Y

d | s

X — X4 X'

7| | lr

C<— Cl :C/

T

|

The following formula is the main theorem of this section.

Theorem 4.5 (Log-canonical bundle formula).  Under the above
notation and assumptions, let £ be a Q-divisor on 'Y’ such that (Y',E)
is sub klt and = — ©' is effective and exceptional over X. (Note that =
exists since (X, A) is klt.) Then the log-canonical bundle formula

b(Ky +E) = (W) (bKcr + Ly ) 00) + Y sp(H)*(P) + B=
P

for (Y',Z) over C" has the following properties:
(i) hiOy/(LZBEJ) = O¢r for all i > 0.

(ii) BEZ is ¢'-exceptional and codim(h/(Supp B=) c C') > 2.

177
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(iii) The following holds for every i > 0:

HO(X, [ib(Kx + A)]) = H(Y', |ib(Kyr +E)])
= HO(C, [ibKer +iLye + ) i spP)).
(iv) Ll}f?/’scf, is nef.
If furthermore (Y',Z) is klt, then:

(v) Let N be a positive integer such that Nh’*(Ll;f’/’gS,) and bNZ" are

Weil divisors. Then for each P, there exist up,vp € Z~qg such
that 0 < vp < bN and sp = (bNup —vp)/(Nup).

Proof. First, (i) is obvious by the formula (3). Similarly, (ii) follows
because (¢')«(BZ) = 0 by the equidimensionality of f’.
By (ii) and the conditions on =, the following holds for all i > 0:

HY(X,|ib(Kx +A)]) = HY' |ib(Ky +2)])
H(Y', |ib(Ky' + Z) +iB=)).

By the log-canonical bundle formula and then by (i), we have
HO(Y', lib(Ky+ + Z) + iB% )
= HO(Y', [i()*(bKcr + Ly =y )00 + Y spP) +iBF))

= HO(C', [ibKor +iLy)ie, + Y ispP)).

Thus (iii) is settled. The property (iv) will be settled by 4.8, and (v) at
the end of this section. g.e.d.

Proposition 4.6. Under the notation and the assumptions of The-
orem 4.5, L‘E’f/, =)/ does not depend on the choice of =. In particular,

Livienjer = Liveny e = Livigyor

Proof. Let H C Y’ be an effective horizontal Q-divisor which is
exceptional over X. If H is added to =, then BF increases by bH and
SIE; stays the same. Hence Lff,, =)/cr stays the same in this case.

Assume now that A := Z — ©' is exceptional over X and vertical,
and let

ap = max{t € R | (B®)" 4+ bAY — a(h)*P is effective over np},
where np is the generic point of P.

Then it is easy to see that BZ = B® + bA — Y ap(h/)*P and
> spP =3 (sp +ap)P. Hence LY, =) /00 = Ly gy jor- - deud.
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Proposition 4.7. Assume that f : X — Cis asin2.1. Then (X,0)
is klt, and the definitions in 4.3 for f : (X,0) — C are compatible with
the corresponding ones for f : X — C in Section 2.

In other words, B = B (in 2.2), Lix0c ~ Lxjc (in 2.3) and
s% = sp (in 2.8) and hence L oyc ~ LY (in 2.5).

Proof. First, B = B and L(x,0)c ~ Lx/c are obvious because the
definitions for X and (X, 0) coincide. During the proof, we will denote
B by Bx to avoid confusion.

Since LY = Lx/c — 2 spP and L ) o = Lix.0)/c — 2 spP, it
is enough to show 593 = sp. Let ¥ C C be the reduced divisor given
in 4.4. Then s% = sp =0 for P ¢ ¥ by 2.8 and 4.3. Thus it is sufficient
to prove 8(])3 = sp for every P C X.

Replacing C' by a general hyperplane-section H, ¥ by X N H and X
by f*H, we can further assume that C' is a curve. Note that we are free
to enlarge X.

Let tp := 1 — sp/b for all P. Then we have the following equality.

* 1 SS 1 *
(4) f (Kc+bLX/C+E)—KX—bBX+P;Etpf P.

By the semistable reduction theorem, there is a finite surjective mor-
phism 7 : ¢’ — C from a smooth curve C’ such that the normaliza-
tion X’ of X x¢o C’ has a semistable resolution over C’ as in 2.5. Let
B:X — X and f' : X’ — (' be the induced morphisms as in the
following commutative diagram,

x L2 x

fl lf’

cC —— (.

Enlarging 3, we may assume that 7 is étale on C'\ X', where ¥/ :=
7~ 1(¥). In particular, spr = 0 for P’ € X' by 2.8.(ii), and the formula
(4) for f' reduces to

1 1 «
GLXjo + X)) = Kxo = 3Byt 3 (f)°P

pPreyy

B) () (Ko +

Since W*ng/c = L}""’,/C, by 2.5 and f*(K¢+X) = Ko + Y/, 7 pulls
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back the formula (4) to (5) and we have the following equality.

(6) ﬁ*(KX_EBX‘F thf*P):KX’_%BX/—l— Z (f/)*P/

b
Pex pPresy

Since t% = 1 — s%/b by 4.3, it is enough to prove tp = t%, the
log-canonical threshold of f*P with respect to (X, —Bx/b). Since (3 is
finite and dominating, it is enough to prove that the right hand side
of the formula (6) is sub lc and not sub klt on a neighborhood Ups of
(f")~H(P') for every P’ € X' (see [13, (20.3)]).

Indeed, the right hand side is sub lc by the semistable resolution of
f" and not sub klt on Ups by Bx: 2 (f)"Y(P"). q.e.d.

log,ss

Theorem 4.8. The log-semistable part Ly,/o, is nef.

Proof. By 4.6, we can assume that = = ©/,. By the definition of
BZ, 1',Oy:([B/b]) = O¢r holds. Therefore, the condition (3) in 4.10
is satisfied. The condition (1) is also satisfied because h'(Supp Z¥) C
Supp X' = Supp 7% by 4.4.(i). Applying 4.10 to (Y',Z — B=/b), we
see that L?;,g/’z,g, is nef.  q.e.d.

4.9. We recall Kawamata’s positivity theorem [8, Theorem 2] for
the reader’s convenience (see also [2]).

Theorem 4.10. Let g : Y — T be a surjective morphism of smooth
projective varieties with connected fibers. Let P = Z]PJ and QQ =
> 1 Q1 be normal crossing divisors on'Y and T, respectively, such that
g Q) C P and g is smooth over T\Q. Let D = >_; d;jPj be a Q-divisor
on'Y (d;’s may be negative) such that:

(1) g : Supp(D") — T is relatively normal crossing over T \ Q, and
9(Supp(D”)) C Q-

(2) dj <1 if P; is horizontal.
(3) dimy,) g«Oy ([=D]) ®o, k(n) = 1 for the generic point 1 of T.

(4) Ky + D ~q g*(Kr + L) for some Q-divisor L on T.
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Let
g*Ql = Zwljf)ja
J
- dj +w; —1 .
d = " ifg(P) =Q,
Wiy
& = maz {d; | g(P;) = Qi},
Do = D 6Qi, and
l
M = L-—Ay

Then M is nef.

Remark 4.11. (i) It can be checked easily that 1 — §; is the log-
canonical threshold of ¢*@Q; with respect to (Y, D) over the generic point
Q-

(ii) In [8, Theorem 2], it is assumed that d; < 1 for all P;. However,
the assumption that d; < 1 for vertical P; was not used in the proof
(see the proof of [8, Theorem 2]).

We start with a lemma to prove 4.5.(v).

Lemma 4.12. Under the notation and the assumptions of 4.5.(v),
assume that C' is a curve. Then the following holds.

b(Kyjor+E+ (W) 75 )rea) = (W) (L0 + 5).
Proof. Note that BZ = 0 since C is a curve. Then we have

Kyyor +E+ (W) 'S vea = Kyyor +E—BE/b+ > t5(1)'P
pPexY

1 * T 88 *
= g(h,) Ly =00 + (W)Y,

where the first relation follows from Z = 0 and the definitions of ¥’
and tlEg, and the second from the log-canonical bundle formula and the
relation s%/b+t5 =1 for all P.  q.e.d.

Proof of 4.5.(v). Replacing C’ by a general hyperplane-section H
and Y’ by (h')*(H), we can immediately reduce to the case where C’ is
a curve. For simplicity, = in B%, s% and t}E) will be suppressed during
the proof. We note that B is effective.
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By the hypothesis, the vertical part D of the Weil divisor

- l * —
N (Kyrjcr +EY) = (W)*NLYe, = Ny sp(h)*P+ NB - bNE"
P

is a Weil divisor. We note that

D=NY sp(h)"P+NB"=bN(Ky o +E) - (h’)*NLl;,g/’SCS, —~ NB"
P

By 4.12, we have

BN (Kyrjcr +E) = (W) NLYE 4N (1) 5 )yea = ()N

Whence
(7) D+ NB" £ bN (W)™1%)eq = (K)*BNY.

Let Dp and B} be the parts of D and BY lying over P. Let
(R')*P =", arFy, be the irreducible decomposition. Then Dp—NB}, =
Nsp(h')*P and Supp(Dp — Nsp(h')*P) 2 F, for some ¢ by the defi-
nition of B}%. In particular Nspa. € Z. Furthermore, comparing the
coefficients of F, in the formula (7), we obtain Nspa. + bN > bNa,,
that is, Nacsp > bN(ac — 1). Since (Y, E) is klt, we have tp > 0 and
hence sp < b. Hence up := a. works. q.e.d.

5. Log-canonical rings

In this section, we consider an application of the log-canonical bundle
formula 4.5 to the log-canonical ring of a pair (X, A):

R(X,Kx + A) = @;»0HY(X, |iKx +iA]).

We recall a well-known proposition on graded rings.

Proposition 5.1. Let R = ®;>0R; be a graded integral domain with
degree i part R; such that Ry = C. Form € Zsg, let R := Di>0lim be
the graded ring whose degree i part is Ri,. Then R is finitely generated
over Ry iff so is R™) over Ry.

Sketch of the proof. If R is finitely generated, we can let Z/(m) act
on R so that R(™ is the invariant part. Hence R is finitely generated.
If R™ is finitely generated, then R is contained in the integral closure
of R(™) in the quotient field of R. Hence R is a finite R™-module and
thus finitely generated. q.e.d.
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Theorem 5.2. Let (X, A) be a proper kit pair with
KX, Kx +A)=1>0.

Then there exist an l-dimensional kit pair (C',A") with k(C', Kcr
+ A') =1, two e, e’ € Z~y and an isomorphism

R(X,Kx + A)© = R(C', Kor + A

of graded rings.

Proof. Let f: X --» C be the litaka fibering with respect to Kx+A.
By replacing X and C, we assume that the following conditions hold:

1. X and C are projective smooth varieties and f : X — C is a
proper surjective morphism with connected fibers.

2. Supp A is an snc divisor and |A] = 0.

3. There exists an effective divisor ¥ C C' such that f is smooth and
Supp A" is relatively normal crossing over C'\ ¥ and such that

f(Supp(A”)) C %

Note that adding effective exceptional Q-divisors does not change the
log-canonical ring.

We use the same notation as 4.5. By the hypothesis, bK ¢ +L§f,g/’és, +
Y pspPisbigon C’. Thus let A an ample Q-divisor and G an effective
Q-divisor on C’ such that

DKo+ Lye + ) spP ~g A+ G,
P

Then by 4.5.(v), there exists a sufficiently small rational number € > 0
such that the pair

(G, _(sp/b)P + (¢/b)G)

P

is klt. Since Lé?,g/"és, is nef, Ll;,g"és/ + €A is ample and it is Q-linearly
equivalent to 6 H for some rational 6 > 0 and a very ample divisor H.

We can furthermore assume that

(C', Y (sp/b)P + (¢/D)G + (5/b) H)
P
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is klt.
Now choose a € Z~( such that ae,ad € Z and aLl}f?/’s’Cs, +acA ~ adH.
Then we have

(a +as)(bKor + LyYien + Y spP)

~ abKcr + adH + a(z spP +eG)
)

KC'+Z Zp4 G+bH)

Thus we can take e = (a + ae)b, ¢/ = ab and

A= (sp/b)P+ (¢/b)G + (3/b)H

P
q.e.d.

The following corollary contains a generalization of Moriwaki’s result
[16, Theorem (3.1)].

Corollary 5.3. Let (X,A) be a proper kit pair such that k(X, Kx
+ A) < 3. Then the log-canonical ring of (X, A) is finitely generated.

Proof. By 5.1 and 5.2, our problem is reduced to the case dim X =
k(X, Kx + A) < 3. The case dim X = 2 is settled by [4, (1.5)] and the
case dim X = 3 by [11, Corollary].  q.e.d.

The following theorem is a generalization of [18, Corollary] and [17,
(3.7) Proposition].

Theorem 5.4. Let (X,A) be a proper kit pair. Assume that the
log-canonical ring R(X, Kx + A) is finitely generated. Then there exists
an effective Q-divisor Z on S := Proj R(X,Kx + A) such that (S, E)
is klt. Especially, S has only rational singularities.

Proof. By 5.2, we can assume that dim X = (X, Kx + A). By
changing the model birationally, we can further assume that X is non-
singular and A is an snc divisor. Then it is settled by [17, (3.7) Propo-
sition].  q.e.d.

6. Pluricanonical systems

Theorem 6.1. For arbitrary b,k € Z~g, there exists an effectively
computable natural number M = M (b, k) with the following property.
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Let X be a nonsingular projective variety of dimension m + 1 and
Kodaira dimension k(X) = 1, C' a nonsingular projective curve and
f X — C a surjective morphism with connected fibers. Assume that
its generic fiber F' has k(F') =0, Py,(F) =1 and the m-th Betti number
B, (F) < k. Then |M(b,k)Kx| induces the rational map f: X --» C.

Since one can change the smooth model birationally so that Ba(F) <
22 and |12Kp| # 0 for threefolds X, we need no extra conditions for
3-folds.

Corollary 6.2. There exists an effectively computable natural num-
ber M such that, for every algebraic 3-fold X with Kodaira dimension
k(X) =1, |MKx| induces the litaka fibering of X.

Proof of 6.1. By 2.3 and 2.8, we have the following for all n > 0.
HY(X,nbKx) = H'(C, [n(bKc + L%)c + Y spP)))
P

We note that deg(bK¢ + L;;f/c) +> psp>0by k(X) =1. Let g be
the genus of C' and let N = N (k). We treat the problem in 3 cases.

Case 1 (g > 2). Setting n = i/N in the above, we obtain the divisor

iINDKg +iNL o + [iNb(Y_ spP)]
P

on C'. We note that NL?’/C is nef Cartier divisor by 2.5 and 3.1 and
that |iNb(Y_pspP)] > 0 by 2.8. Hence the divisor is very ample if
iNb > 3 because deg > 3deg K¢ > 29 + 1. So M (b, k) = 3Nb works.

Case 2 (g = 1). We have deg LYo + >.psp > 0. It is enough
to find one ¢ € Zs( such that the divisor [i]V( L)gc + > pspP)] has

deg > 3, because such a divisor is very ample on Hence this case is
reduced to 6.3 with a = 0 and ¢ = bN.

As pointed out by the referee, the Case 1 above is in [6, §3] and the
Case 2 can probably be deduced as well. Thus the following is the key
case.

Case 3 (g =0). We have deg(bK¢ —I—fos/c) +> psp > 0 and need
to one i € Zs( such that degLiN(Lé?/C +> pspP)| —2biN > 0. Thus
this case is again reduced to 6.3 with a = 2bN and ¢ = bN.

q.e.d.

Thus it remains to prove the following.
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Proposition 6.3. Let a € Z and ¢ € Z~q. Let S(a,c) be the set of
52 (T;mla"' 7m7”;b17”' 7b7”)

where r € Z>o, mi, - ,my € Zsg and by,--- b, € Z>q satisfy the
conditions b; < min{m;,c+ 1} for all i and

—a+zr:mi_bi > 0.

M.
i=1 v

Forn € Z~o, let

F(n,6) = —an+ 3 |n 0
=1

my;
Then there exists n = n(a,c) € Zso such that f(vn,§) > v for all
¢ € S(a,c) and v € Zsyp.

Proof. We note that f(nm,&) > mf(n,§) for n,m € Z~o. Hence it
is enough to get f(n,&) > 1. For each £ € S(a,c), let

L(§) ={ic[Lr]|m <2c}, L&) =[1,7]\ I1(§),

and J(&§) = (mi)ien - It is easy to see that if [I3(£)] > 2a + 1 then
f(2,€) > 1. Thus we may assume that |I3(§)| < 2a. It is also easy to
see that if a () := X e, (¢)(mi — bi)/mi > a, then (2¢)!a() € Z and

F(201.) = 20! (ale) — )+ Y Lot "0

i€lx(§)

| >0.

my

Thus we may also assume that «(§) < a. Hence by m; < 2c (i € I1(§)),
we have [I1(§)] < 2ca(§) < 2ac.

Under the conditions r = |I1(§)| + [12(€)| < 2ac+ 2a and b; < ¢, the
set T'= {(r,b1,--- ,b)} is finite. Hence for each n € T', we work on the
subset S(a, c), of S(a,c) with the fixed r and b;’s.

We note that f(n,&) < f(n,£)if &, & € S(a, c), satisfy J(&) < J (&)
(coordinatewise). Hence we are done by the following lemma.  q.e.d.

Lemma 6.4. Let r € Z~o and S C ZL . With respect to the total
order, S contains only a finite number of minimal elements.

Proof. We use the induction on r. If r = 1, this is obvious. Fix any
s=(s1,---,8) € S and let m := max{s;}. Fori € [1,7] and n € [1,m],
let T,,; = {(t1,--- ,t,) € S| t; = n}. Since each T}, ; has only a finite
number of minimal elements by the induction hypothesis, so does the
finite union Uy, ;T;, ;. If t € S\ Uy, ;15 4, then t > s.  q.e.d.
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