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UPPER BOUNDS OF DEPTH OF MONOMIAL IDEALS

DORIN POPESCU

ABSTRACT. Let J C I be two ideals of a polynomial
ring S over a field, generated by square free monomials. We
show that some inequalities among the numbers of square free
monomials of I\ J of different degrees give upper bounds of
depthgI/J.

Introduction. Let S = K[z1,...,z,] be the polynomial algebra in
n variables over a field K, d < t, two positive integers and I 2 J, two
square free monomial ideals of S such that I is generated in degrees
> d, respectively J in degrees > d + 1. By [2, Proposition 3.1] and [4,
Lemma 1.1] depthgl/J > d. Let p,(I \ J) be the number of all square
free monomials of degree ¢t of I\ J.

Theorem 0.1 [4, Theorem 2.2]. If py(I) > pas1(I \ J), then
depthsI/J = d, independently of the characteristic of K.

The aim of this paper is to extend this theorem. Our Theorem 1.3
says that depthgl/J =t if depthgI/J >t and
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pert(INT) < D (=) papi(I\ ).
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The proof of this theorem (similarly of [4, Theorem 2.2]) uses the
Koszul homology (especially the rigidity property of the Koszul ho-
mology [1, Exercise 1.6.31]) which proves to be a very strong tool in
this frame. If ¢ = d, then our theorem is precisely Theorem 0.1 (a
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previous result is given in [3]). If t = d + 1, then the above result says
that depthgl/J < d+1 if

past(I\J) > pasa(I\J) + pa(I\ J).

A particular case with I principal is given, with a different proof, in
our Proposition 1.1. Theorem 0.1 is a small step in an attempt to show
Stanley’s conjecture for some classes of factors of square free monomial
ideals (see our Remark 1.6 for some details), and we hope that our
Theorem 1.3 will be useful in the same frame.

1. Upper bounds of depth. The aim of this section is to show
the extension of Theorem 0.1 stated in the introduction. We start with
a particular case.

Proposition 1.1. Suppose that I is generated by a square free
monomial f of degree d, and s = pgy1(I\ J) > par2(I\ J)+ 1. Then
depthgl/J =d+ 1.

Proof. First suppose that ¢ = pgyo(I\ J) > 0. Let g € I\ J be a
square free monomial of degree d + 2. Renumbering the variable x, we
may suppose that [ is generated by f = x1---x4 and g = frgr1T4+2-
Since g ¢ J, we see that by = fxgy1 and by = frzgyo are not in J.
Again, renumbering x, we may suppose that b; = fxq4q, ¢ € [s], are all
the square free monomials of degree d+1 from I'\J. Set T' = (bs, ... ,bs)
(by hypothesis s > 3). In the exact sequence

0—T/TNJ—I/J—1)(T+J)—0,

we see that the left end has depth d + 1 by Theorem 0.1 since T'N J
is generated in degree > d 4+ 2 and pg1(T) = s —2 > ¢g—1 =
pa+2(T'\ T N J). On the other hand, (T'+ J) : f = (Tg43,--. ,%n)
because by, ba, g ¢ T + J. It follows that depthsI/(T + J) = d+2, and
so the depth lemma says that depthgl/J =d + 1.

Now suppose that ¢ = 0. As above, we may assume that b; = fxgy,
i € [s], are the square free monomials of degree d + 1 of I\ J. Then
J: f=(Tdtss1,--.,@n) + L, where L is the Veronese ideal generated
by all square free monomials of degree 2 in x441,... ,Z4+s. It follows
that I/J = K[z1,...,%4+s)/L, which has depth d + 1. 0



UPPER BOUNDS OF DEPTH OF MONOMIAL IDEALS 325

Next we present some details on the Koszul homology (see [1]) which
we need for the proof of our main result. Let 0; : K;(a;1/J) —

Kiy(x; 1)), Ki(x; I/J) = (I/J)( ), i € [n], be the Koszul derivation
given by

[
Biles A Aeg) =D (=) ajes Ao Aej, Aej, Ao Ney,.
k=1

Fix0<i<n-—d Let f1,...,fr, 7 = payr:(I \ J), be all square free
monomials of degree d + i from I\ J and by, ... ,bs, s = parit1(I \ J)
be all square free monomials of degree d + ¢ + 1 from I\ J. Let
Suppfi = {] € [n] ] | fl}v €o; = /\je([n]\suppf,i) €j and Suppbk =
{7 €n]: x| be}, er, = Nje(n]\suppby) €j- We consider the element
2= 01 Yqfe€o, of Kn—q—i(x;1/J), where y, € K. Then

On—a—i(z) = Z ( > squq)bkew

k=1 *qglr]

where exq € {1, -1} if fy | bg, otherwise exq = 0. Thus, Op—_q—i(2) =0
if and only if 3 o\, €rqyq = 0 for all k € [s], that is, y = (y1,... ,yr) is
in the kernel of the linear map h,,_4—; : K" — K?® given by the matrix
€kq-

Now we will see when z € Im9,,_4—;+1. Since the Koszul derivation
is a graded map we note that z € Im3,,_4q_;11 if and only if z =
On—d—i+1(w) foraw = 22:1 Upgpey,, Where ¢ = pgri1(I\J), up € K,
g1,--- »ge are all square free monomials of degree d + i — 1 from I\ J
and ey, = Aje([n]\suppg,) €j- 1t follows that

z= Z ( Z 'qu“p) faeoys

g=1 *p€|c]

where 4, € {1,—1} if g, | fq, otherwise 74 = 0. Thus, z €
Im 0,,—g—i+1 if and only if y belongs to the image of the linear map
hp—d—i+1 : K¢ — K" given by the matrix v,,. When ¢ = 0, we have
hn—da—it1=0.

Note that Imh,,—g—;+1 C Kerh,_4—;, and the inclusion is strict if
and only if there exists y € K" such that z induces a nonzero element
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in Hy,_q—i(z;I/J). This implies depthgI/J < d + 4 by [1, Theorem
1.6.17]. In fact, this is based on the rigidity property of the Koszul
homology [1, Exercise 1.6.31]. If depth I/.J > d+i, then Im 0,_gq_;+1 =
Ker 0,,_q—;, and it follows that Im h,,_q_;41 = Kerhy_q—;.

Lemma 1.2. Let 0 < i <n—d. Then the following statements hold
independently of the characteristic of K:

n—d—i+t1 hp—a—i

(1) the complex K¢ fnodit e MAct g i egact if depthI/J >
d+1,

(2) if depthgI/J > d+i then r =rank h,,_g—;11 + rank hy,—q_;,

(3) if r >rankhp—g—;y1 +rank hy,_q—; then depthgl/J < d+1i.

Proof. The first statement follows from the above and the second
one is only a consequence. If » > rankh,_4_;41 + rank h,_4_;, then
Imh,_—q—iy1 C Kerh,_q—;, and the last statement also follows from
the above. o

Theorem 1.3. Let d <t < n be two integers, and set

j—d

aj =Y (=1 pa (I ),

=0

for d < j <t. Suppose that depthsI/J >t and pr11(I\J) < ay. Then
depthgI/J =t independently of the characteristic of K.

Proof. We have aj = p;(I\J)—cj_1 ford < j <t. By Lemma 1.2 (2),
we get hy,_q injective and pgy;(I\ J) = rank hy— g1 + rank hy,_q—;
for 0 < ¢ < t —d. Tt follows that ps(I \ J) = rankh,_4 = aq,
pa+1(I\ J) =rank h,_q+rankh,_q—1 = pa(I\ J) + rank h,,_4_1, and
so rank h,_g—1 = ag+1. By recurrence, we get rankh,_;11 = 1.
Clearly, rank hy,—¢y < pry1(L\ J). By hypothesis, pr1(I\J) < oy =
pe(I\ J) — a4—1. Tt follows that rankh, ; < p:(I \ J) — az—1 =
pe(I\J)—rank h,,_;y1, which gives depthgI/J = ¢ by Lemma 1.2 (3). O

The next example shows that the above theorem is tight.
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Example 1.4. Let n =4, I = (z1,23) and J = (z124). Note that
T1T2, T123, T2x3, x3x4 are all square free monomials of degree 2 from
I\ J and z1xox3, xox314 are all square free monomials of degree 3 from
I\ J. Thus, po(I\J) =4 = pi(I) + p3(I\ J), but depthsI/J = 3. On
the other hand, taking J' = J + (z2z374) we see that depthgl/J =2
which is also given by Theorem 1.3 since ps(I \ J') = 1, and we have
p2(I\J") =4>3=pi(I)+ps(L\J).

Corollary 1.5. Suppose that depthgl/J > d+ 2. Then pg(I) <
pari(I\ 1) < pa(l) + pasa(I\ J). Moreover, if pass(I\J) = 0, then
pall) = pasi (I J).

Remark 1.6. Consider the poset P ; of all square free monomials
of T\ J (a finite set) with the order given by the divisibility. Let P
be a partition of Py ; in intervals [u,v] = {w € Ppy : u | w,w |
v}, let us say Pp; = Uj[ug,v], the union being disjoint. Define
sdepth? = min; degv; and sdepthgl/J = maxp sdepth P, where P
runs in the set of all partitions of Pp ;. This is the Stanley depth of
I/J, in the idea of [2] (also see [5]). Stanley’s conjecture says that
sdepthgl/J > depthgI/J. In the above corollary, pgi2(I\ J) = 0
implies sdepthgl/J < d 4+ 1 and so depthgl/J < d+ 1 if Stanley’s
conjecture holds. This shows the weakness of the above corollary,
which accepts the possibility of having depthgl/J > d + 2 when
pa(l) = pat1(I'\ J).
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