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We utilize a theorem of B. Feigin and S. Loktev to give explicit bases for the global
Weyl modules for the map algebras of the form sl,, ® A of highest weight mw;.
These bases are given in terms of specific elements of the universal enveloping
algebra, U (s, ® A), acting on the highest weight vector.

1. Introduction

Let g be a simple finite-dimensional complex Lie algebra. For the loop algebras
g®C[t, t 7], the global Weyl modules were introduced by Chari and Pressley [2001].
Feigin and Loktev [2004] extended these global Weyl modules to the case where
the Laurent polynomials above were replaced by the coordinate ring of a complex
affine variety. Chari, Fourier and Khandai [Chari et al. 2010] then generalized
this definition to the map algebras, g ® A, where A is a commutative, associative,
complex unital algebra. Feigin and Loktev [2004] also gave an isomorphism which
explicitly determines the structure of the global Weyl modules for the map algebras
of sl,, of highest weight mw;.

The goal of this work is to use the structure isomorphism given by Feigin and
Loktev to give nice bases for the global Weyl modules for the map algebras sl, ® A
of sl,, of highest weight mw;. These bases will be given in terms of specific elements
of U(sl, ® A) acting on the highest weight vector. This was done in [Chamberlin
2011] in the case n = 2, but the case n > 2 has not previously appeared in the
literature.

2. Preliminaries

2.1. The structure of sl,,. Recall that s, is the Lie algebra of all complex traceless
matrices. The Lie bracket is the commutator bracket given by [A, B] = AB — BA.
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Given any matrix [b; ;], define & ([b; ;1) := by . Fori € {1,...,n — 1}, define
o; = ¢&; — &i4+1. Define

R* :={t(i+-+ap|l<i<j<n—1}

to be the positive and negative roots respectively, and define R = RT U R™ to
be the set of roots. Let ¢; ; be the n x n matrix with a one in the i-th row and
Jj-th column and zeros in every other position. Define h; 1= hy, = €;; — €i41,i+1,
fori € {1,...,n—1}. Then h := span{h; | 1 <i < n} is a Cartan subalgebra
of sl,. Givena =a; +---+a; € R, define x, := e;j and x_o :=ej;. Then
{hi, x1411<i <n—1, a € R} is aChevalley basis for sl,,. Giveni e{1,...,n—1},
define x; := x4, = €;,;4+1 and x_; :=x_o, = ¢;41,;. Note that, forall 1 <i <n —1,
span{x_;, h;, x;} = sl,.

Define nilpotent subsuperalgebras n* := span{x,|a € R*} and note that sl,, =
n~ @ b @ nt. Define the set of fundamental weights {w1, ..., w,_1} C h* by
wi(hj)=6;j foralli, je{l,...,n—1}. Define P* :=span;_{wi,...,w,—1}to
be the set of dominant integral weights.

+ .

2.2. Map algebras and Weyl modules. For the remainder of this work fix a com-
mutative, associative, complex unital algebra A. Define the map algebra of sl,, to
be sl, ® A with Lie bracket given by linearly extending the bracket

[z®a, w®b]l=[z, w]Qab

forall z, w e sl, and a, b € A.

Define U (sl,, ® A) to be the universal enveloping algebra of sl, ® A.

As in [Chari et al. 2010] we define the global Weyl model for sl,, ® A of highest
weight L € P to be the module generated by a vector w;, called the highest weight
vector, with relations

x®aw, =0, (h® DHw; =rh)wy, (x—; @1y, =0,
forallac A, xent, hebh,and1 <i <n-—1.

2.3. Multisets. Given any set S, define a multiset of elements of S to be a multi-
plicity function x : § — Z>¢. Define F(S) :={x : S — Z>¢ : [supp x| < oo}. For
x € F(S), define |x|:= ) ¢ x(s). Notice that 7(S) is an abelian monoid under
function addition. For v, x € F(S), we write W C x if ¥ (s) < x(s) forall s € §.
Define F(x)(S) :={¢¥ € F(S) | ¥ C x}. In the case S = A, the S will be omitted
from the notation, so that 7 := F(A) and F(x) = F(x)(A).

If ¥, x € F with ¢ € F(x) we define y — i by standard function subtraction.
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Also define 7 : F — {0} - A by
a(y) = []a",

acA
and extend 7 to F by setting 7 (0) = 1. Define M : F — Z by
V]!
MWY) = =————.
[loca ¥(@)!

M) € Z for all ¥ € F because if suppy = {ai, ..., ar} then M(y) is the
multinomial coefficient

(1//(:11), Wf' lﬁ(ak))'

For s € §, define yx; to be the characteristic function of the set {s}. Then, for all

x € F($),
X=)_ X)X

seS

2.4. The symmetric tensor space. Given any vector space W, there is an action of
the symmetric group Sy on W =W @ W ®---® W (k times) given by

o (W QWL QW) =Ws-1(1)QWs-1(2) Q-+ " QW,-1(x), Where wy, ..., weeW.

For any vector space W, define its k-th symmetric tensor space

Sk(W)=span{Z oW ® - -Quwg) | wy, ..., w, € W}.
oSy

Define V = C" to be an sl,-module via left matrix multiplication and write the
basis as vy :=(1,0,...,0),and fori € {1, ..., n+m— 1}, set v;41 :=x_;v;. Then
V ® A is an sl, ® A-module under the action (z ® a)(w ® b) = zw ® ab.

Given ¢y, ..., ¢, € F with k:=>""_, |g;|, define
wen, o= Q) RV -0 Q) 8a) ™ e (Vo)

aj Esupp ¢ an €SUPP ¢p

and

V@1, o)=Y o (wlpr, ..., e0) €KV R A).

oSk
We will need the following theorem:

Theorem 2.4.1 [Feigin and Loktev 2004, Theorem 6]. Forallm € N, W4 (mw;) =
S"™(V ® A) via the map given by

Wmew, > 1 ® 1)®m‘

We will also need the following lemma:
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Lemma 2.4.2. Let B be a basis for A. Then the set
n
B = {v(wl,...,gon) 01, ..., 9, € F(B), Z|§0i| =m}
i=1

is a basis for S"(V ® A).

Proof. *B spans §"(V ® A) because B spans A and vy, ..., v, span V. B is linearly
independent because the set

[, @b Q- ® (), ®bw) | ji,..., jme(l,....n}, by, ..., by € B}
is a basis for (V ® A)®" and hence is linearly independent. ]
Given k € N, define A~ : U(sl, ® A) — U(sl, @ A)®K by extending the map
sl, ® A — U(sl, ® A)®F given by

k—1
AN'za)=) 19 @:Eea)® 1% 7.
j=0

Note that A~1(1) = 1%¥, not k1%*,

Since V® A is a U(sl, ® A)-module, (V ® A)®" is a left U(sl, ® A)-module
with u acting as A"~ !(u) followed by coordinatewise module actions. Moreover
S"™(V ® A) is a submodule under this action. Thus S”(V ® A) is a left U (s[,, ® A)-
module under this A”~! action.

25. Foralli=1,...,n—1and x, ¢ € F, recursively define g; (¢, x) e U(s[, ® A)
as follows:
qi(0,0) :=1,
1
40,0 = —rr > M) (i @7 ())gi (0, x — V),
0AYeF(x)

G0 =10 3 D MO ®dT)ale — xa X~ ).

YeF(x) desuppy

Given ¢y, ..., ¢, € F, define

q@1s s 1) = Gn1@n, On—1)qn-2((@nl + l@n-1D X1, Pn—2)

X +ee X 612<<j2:; |<P</|>X1, 902)611<<kn2:; |<P</|>X1, 901)-

Remark. The ¢; (0, x) coincide with the p;(x) defined in [Bagci and Chamberlin
2014].
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3. Main theorem

The main result of this work is the theorem stated below.

Theorem 3.0.1. Given a basis B for A and m € 7, the set

n
{Q((plv--wﬁon)wmwl (plvvwl’IEF(B)? Z|¢l|:m}
i=1

is a basis for Wa(mwy).

The proof of this theorem will be given after several lemmas and propositions.

3.1. Necessary lemmas and propositions.
Proposition 3.1.1. Forallk e N AX = (11 @ Al) o AL~1,
Proof. The case k =1 is trivial. For k > 2 and u € U (sl, ® A) we have

k—1

(1®k—1 ® Al)(Ak—l(u)) — (1®k—1 Q A1)<Z 197 QU 1®k—1—j>
j=0
k=2
— (1®k—1 ® Al)(z 197 QU 1®k—1-J + 1®k—1 ®u>
j=0

=~
[38)

19 Que 1% @ Al() + 1571 @ Al (u)

I
~ o~
Il
N o

127 @ue1® 2 71e1x1+1% ' u®1+1Qu)

Il
>~
[T M
\S e

19 @uel1® 7 +1%1euel+1% g 1®u

~.
o

=

197 @u@ 197 = A ).

o
O

~.

Given x € F and k € N, define
k
o (X) = {w e k) => FO0 | 2w () =x}.
j=1

Lemma 3.1.2. Foralli €{l,...,n—1},

A g, 0)= Y. ai(@. ¥ (D) ®--- @ qi(pk), ¥ (k)

Yeo(x)
peor(p)
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Proof. This can be proven by induction on k. The case k = 1 is trivial. In the case
k = 2 the lemma becomes

Agi(p. 0)= Y. ai(@.¥)®qilp—.x — V).

veF(x)
peF(p)

This can be proven by induction on |¢|. For k > 2 use Proposition 3.1.1. The details
in the sl case can be found in [Chamberlin 2011]. This can be extended to the sl,,
case via the injection 2; : s, ® A — s[, ® A given by

QT ®a)=x®a, QUh®a)=h®a U =x0a,
foralli e{l,...,n—1}and a € A. O

Lemma 3.1.3. For all ¢, x € F with ||+ |x| > 1l and alli € {1,...,n — 1},
gi(g, Y )(vi®1) =0.

Proof. Assume that ¢ = 0. This case will proceed by induction on |x| > 1. If
|x| =2 (so that x = {a, b} for some a, b € A) we have

qi (0, {a, b)) (v; ® 1) = [(h; ®a) ® (h; ®b) — (h; ® ab)]|(v; ® 1)
=(hi ®a)® (vi ®b) — (v ®ab)
= (v; ® ab) — (v; ® ab)
=0.
For the next case assume that | x| > 2 then
qi (0, x)(vi®1) = L Z M) (hi @ T (¥))qi(x — ¥)(v; ® 1) =0
Il DFEYEF(X)

by induction. Now assume that || =1 (or ¢ = x;, for some b € A). Then

qi (X, x)(v; ® 1)
=— Y ME)(x=i @b ())gi (0. x —¥)(v; ® 1)
YeF(x)
= — MG (- ®bT () (i ® 1)
— Y M= 1) (3= ®bT(x — X)) i (0. xa) (0 ® 1)

aesupp x

= —M() (vit1 ® b (x))
— > M = 43— ®bT(X — Xa)) (—hi ® ) (v; @ 1)

aesupp x

=MV ®bTCO)+ Y M= xa) (x—i @ b7 (x — xa)) (Vi @ )

aesupp x
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= — M) (vig1 @b (X)) + Z M(x = xa) (vig1 @ b (x))

aesupp x

= - MO (Vi1 ®bT(O)+ Y

aesupp x

(IxI—=1!
[T = xa)(©)!

cESUpp(X —Xa)

(Ix| = D!
00 (Vi1 @ b7 (30)) aesiupsz [T x@x@~1

cesupp x
c#a

= MG (Vi ®bTCO)+ Y M/\/i()<)(vi+1<§§>bJT()<))

aesupp x X1
= — M) (vig1 ® b (x)) + M) (vig1 ® b (x))
=0.

(vit1 ®br(x))

I (vi+1 ®br(x))

Finally assume that |¢| > 1. Then

qi(@, x)(vi®1)

1
= oD M@)o @drn(¥)qi(p — xar x — V)i ® 1)

191 S0 acsamp
1

= Y. 2 MW

191 S50 acsam

(_ |¢|1—1 2 2 M

VI€F(x—V) di€supp(¢—xa)
(i @da () (x—i @7t (Y1))qi (@ — Xa — Xa» X — ¥ — %)) (i ®1)

=0,

because at least two x_; terms act on a single v; as 0. U
Lemma 3.14. Foralli €{1,...,n—1}and ¢, x € F with |¢| + | x| = k we have
qi(@. )W @ D = (=D"(0,..., 0, x,9,0,...,0),

where x is in the i-th position and ¢ in the (i+1)-st.
Proof. We have q; (¢, x)(v; ® D®i = A1(gi (¢, x))(v; ® D®*. By Lemma 3.1.2,

this equals

( 3 qi(qs(l),w<1>)®--~®qi(¢<k>,w<k)))<v,-®1>®",

Yeor(x)
peor ()
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which can be rewritten as

Z (gi(p(D), ¥y ® 1) ®---® (qi (@ k), ¥ (k) (v; ®1)).

Yeor(x)
peor(p)

By Lemma 3.1.3 we see that the only potentially nonzero terms in the sum are those
for which |¢ (j)|+ ¥ (j)| <1forall j €{l,...,k}. Since |¢|+ |x| =k if we have
[v ()| +1¢(j)| =0 forsome je{l,...,n—1},thenthereisar e{l,...,n—1}
such that |y (r)| + |¢(r)| > 1. So the only potentially nonzero terms in the sum are
those for which |¢ (j)|+ | (j)|=1forall j €{l,..., k}. Suppose that ¢ (j) = x4
and ¥ (j) = 0 for some j € {1, ...k} and some a € A. Then

4i(Xa, (Wi ®1)=—(x_; ®a)(v;i ®1) = —(vit+1 ®a).

Suppose that ¢(j) = 0 and ¥ (j) = x, for some j € {1, ...k} and some a € A.
Then

qi (0, x)(W; @) =—=(h; @a)(v;i ® 1) = —(v; ®a).

So —(vit+1 ®a) and —(v; ® a) are the only possibilities for factors in the tensor
product above. Since we are summing over all possible submultisets of ¢ and y,
we have the result. ([

Lemma 3.1.5. Forallm e Nand all ¢y, ..., ¢, € Fwithy :_, |lgi| =m,
91, - ) @ D" = (=X ilu(gr, . g,).
Proof. Since forall j e {l,...,n—1}and k € {1, ..., n},
X_jUk =8 kVj+1, hjve =68;kvj —8j+1,kVj+1,
so by Lemma 3.1.4 we have

q(@1s - @)W1 @ D"
= qn—1(¢n, §0n—1)Qn—2((|§0n| + lon—1Dx1, ¢n—2)

XX g1 <(Z |</Jj|>X1, §01)(v1 ® "

j=2

n n
=(=D"gn—1(@n, 0n-1) . .. QZ<(Z|¢j |>X1, <P2>U<<P1, (Z |<Pj|)X1, 0,..., 0)
Jj=3 j=2
= (=DIT2XI= 19l (9, gur)

><~‘><613<(2n: |¢j|>xl,<ps)vi<<p1,<pz, (Xn: |‘/’j|>X1,0,...,O)

j=4 j=3
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n—2 . .
= (=D)Z= % g 1 (@n, @)V (01, - - P2y (@at1] + |@al) X1, 0)
= (=X ¥ily(gr, ... g, O

3.2. The proof of Theorem 3.0.1.
Proof. By Lemmas 3.1.5 and 2.4.2

n
{Q((plv"~7(pl’l)(vl®1)®m|(p17"'7(pn€‘F(B)s Zl@tlZm}
i=1

is a basis for $”(V ® A). Therefore by Theorem 2.4.1

{q(wl,...,son)wmw. “Pl’---»(Pn e F(B). Y _loil =m}

i=1

is a basis for Wy (mwq). O
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