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ARTINIAN-FINITARY GROUPS OVER COMMUTATIVE
RINGS
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In Memory of Reinhold Baer (1902-1979)

ABSTRACT. Let M be a module over the commutative ring R. We
consider the group G of all automorphisms g of M for which M (g—1) is
R-Artinian. We show that G has a locally residually nilpotent normal
subgroup modulo which G is a subdirect product of finitary linear groups
over field images of R. This can be used to study certain subgroups of G.
For example, if H is a locally finite subgroup of G, then H is isomorphic
to a finitary linear group of characteristic zero if R is an algebra over
the rationals and H/Op(H) is isomorphic to a finitary linear group of
characteristic the prime p if R has characteristic a power of p. It also
gives information about Autr M if M itself is R-Artinian.

1. Introduction

Throughout this paper M denotes a module over the (almost always) com-
mutative ring R. The finitary automorphism group F Autg M of M over R
is the subgroup of the group Autg M of R-automorphisms g of M such that
M (g — 1) is Noetherian (as R-module). This includes all the finitary general
linear groups FGL(V) of vector spaces V over fields and is studied in this
generality in [12] and [13].

In [14] we considered a wide range of variations of the notion of a finitary
group of automorphisms. Here we concentrate on the Artinian analogue of
finitary groups, just over commutative rings. Thus we are primarily concerned
with the subgroup

FiAutg M ={g € Autg M : M(g — 1) is Artinian}

of Autg M. (The subscript 1 here is part of a more systematic notation and
refers to the fact that a module is Artinian if and only if it has Krull dimension
less than 1. An alternative notation for F Autr M would be F! Autp M, since
a module is Noetherian if and only if it has Krull codimension less than 1; see
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[14].) Some information about the groups F; Autg M, even for modules M
over potentially non-commutative rings, is given in [14]; see especially [14, 1.2]
and [14, 1.3]. Here, by restricting our ground rings R to being commutative we
can derive stronger conclusions, of which the most obvious is the replacement
of various cartesian products by direct products.

THEOREM 1. Let M be a module over the commutative ring R. Then the
group G = Fy Autg M contains a locally residually nilpotent normal subgroup
N such that G/N embeds into a direct product of finitary linear groups over
(commutative) fields.

More can be said about the normal subgroup N of Theorem 1. For example,
it satisfies the natural analogue in this context of unipotence in linear groups;
see below, especially Section 4. Not surprisingly, one can strengthen the
conclusions of the theorem for locally finite groups.

COROLLARY. Let G be a locally finite subgroup of Fy Autg M.

(a) The group G has a locally nilpotent normal subgroup modulo which G
is a subdirect product of irreducible finitary linear groups.

(b) If R is an algebra over the rationals Q, then G is isomorphic to a
finitary linear group over the compler numbers C.

(c) If R has characteristic a power of the prime p, then G/O,(G) is iso-
morphic to a finitary linear group of characteristic p (and O,(G) is
locally nilpotent).

We give an example in Section 5 that shows that we cannot improve The-
orem 1 by always choosing N to be (1). In fact, we give examples of R and
M as above such that F; Autg M cannot be embedded into any cartesian
product of finitary linear groups.

If M is Artinian, then F} Autg M = Autg M and stronger conclusions
can be drawn. Recall that a group is said to be quasi-linear if it can be
embedded into a direct product of a finite number of linear groups of finite
degree; equivalently, if it is isomorphic to a subgroup of some GL(n,J) for
some integer n and some (cartesian) product J of a finite number of fields.
Such groups arise naturally in many places (e.g., see [7, Chapter 13], [8] and

[9, §6]).

THEOREM 2. Let M be an Artinian module over the commutative ring R.
Then the group G = Autg M contains a locally residually nilpotent normal
subgroup N such that G/N is quasi-linear.

COROLLARY. Let G be a locally finite subgroup of Autr M, where M is
Artinian.

(a) G is locally-nilpotent by quasi-linear.
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(b) If R is an algebra over the rationals Q, then G is abelian by finite and
isomorphic to a linear group of finite degree over the complex numbers
C.

(c) If R has characteristic a power of the prime p, then G/O,(G) is iso-
morphic to a linear group of finite degree over the algebraic closure of
the field of p elements (and again Op(G) is locally nilpotent).

If the ring R is itself Artinian, the Noetherian and the Artinian versions of
finitary coincide. More generally, if M is a left module over the left Artinian
ring R, then M is Noetherian if and only if M is Artinian (e.g., see [5, 3.25]), so
Fy Autg M = F Autg M. If instead the ring R is Noetherian, our conclusions
are somewhat weaker.

THEOREM 3. Let M be a module over the commutative Noetherian ring R.

(a) The group G = Fy Autg M contains an abelian normal subgroup A
such that G/A is isomorphic to a finitary group of automorphisms of
some module over some commutative ring.

(b) If also M is Artinian, then Autg M is quasi-linear.

We can use the finitary or the quasi-linear cases and Theorem 3 above
simply to read off results. For example, Theorem 3(a) above and [13, Theorem
1] immediately yield the following.

COROLLARY. Let M be a module over the commutative Noetherian ring R.

(a) A locally soluble subgroup of Fy Autg M is hyperabelian, is abelian by
(locally-nilpotent by abelian by locally-finite) and has a local system of
soluble normal subgroups.

(b) Let G be any subgroup of Fy Autg M. Then G has a unique mazimal
locally soluble, normal subgroup, S say, S contains every ascendant
(in particular every normal) locally soluble subgroup of G and S has
a local system of soluble normal subgroups of G.

In connection with Theorem 3(b), note that if M is a Noetherian module
over the commutative ring R, then Autg M is quasi-linear (see [8] or [9, 6.1]),
if M is Artinian over the commutative ring R, then Autr M is not too far
from being quasi-linear (by Theorem 2) and if M is Artinian over a commu-
tative Noetherian ring, then Autr M is again quasi-linear by Theorem 3. In
Section 5 we give an example of a module M over a commutative Noetherian
ring R such that neither Fy Autg M nor F Autg M is quasi-linear (or even
embeddable into a cartesian product of finitary linear groups).

By an old theorem of Mal’cev [7, 4.2] finitely generated linear groups are
residually finite. Our final theorem is a generalization of this.

THEOREM 4. Let M be a module over the commutative ring R. Then both
FAutg M and Fy Autg M are locally residually finite.
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We show (by examples) that this is a particular phenomenon for F Autg M
and F; Autg M. It does not, for example, extend to F,, Autg M, even if R is
Noetherian.

2. General commutative rings

2.1. Let R be a commutative ring and let {1} = Uy < Uy < --- < U; <
s < Uizo U; = M be a composition series for the R-module M. If U; is
essential in M, then each U;y1/U; is isomorphic to Uy.

Proof. Now U;+1/U; =& R/m; for some maximal ideal m; of R. Suppose
Mo =m) = ---=m;_1 7é m;. Then mgmiUHl = {0} If m(i)UiH = {0}, then
mg kills U; 11 /U; and mg < m;. This is false, since mg # m; is maximal. Hence
myU; 11 # {0}. But U; is irreducible and essential in M, so Uy < m{U,;1.
Hence m;U; < mim;U; 41 = {0} and m; < my, again a contradiction. O

2.2. Let R be a commutative ring and U = R/m an irreducible essential
submodule of the R-module M. If either M is Artinian or R is Noetherian or
M is Noetherian then

M = U annjy(m?),
1<j<oc0

where annyy (A) = {x € M : Az = {0}} for A any subset of R.

Proof. Suppose M is Artinian and let € M \ {0}. Then Rz is Artinian,
so R/anng(x) is Artinian. By Hopkin’s theorem (e.g., [1, 5.4.8]) it is also
Noetherian, so Rz has a composition series of finite length, r say. By 2.1 we
have m"2 = {0} and the claim in this case follows.

If R is Noetherian, consider a finitely generated submodule W of M con-
taining U. Then W is Noetherian and by the Artin-Rees lemma (e.g., [3,
11.C]) we have m"W = {0} for some integer r. Again the claim follows. If M
is Noetherian, then so is R/ anng(M) and the previous case applies. O

2.3. Let R be a commutative ring, m a mazimal ideal of R and M an R-
module. Set A; = annp(m?) for each j > 0 and let G denote the centralizer
in Autp M of A1. Then [Aj11,G] < A; for each j > 0.

Proof. Let j > 1 and suppose [A;,G] < A;_1, a statement that is certainly
true if j = 1. If g € G, then mA;11(9 — 1) < Aj(g—1) < A;_;. Thus
miA; (g —1) <mi7'A;_; = {0} and hence 4;;1(g — 1) < A;. The claim
follows. O

Denote the socle of a module M by soc M.

2.4. Let M be a module over the ring R and let U be an irreducible
submodule of M. Suppose V is a submodule of M that is mazimal subject
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to being an essential extension of U and suppose socM = U & W. Then
soc(M/V)y=(VaeW)/VW.

Proof. Clearly V. NsocM = U and VNW = {0}. Also (V& W)/V
does lie in soc(M/V). If these are not equal there is some X < M with
XLVeW, V<X (VoeW)nX =V and X/V irreducible. By the
maximality of V, the submodule U is not essential in X, so there exists
Y < XwithY # {0} =UNY =VnNY, the final equality being since U
is essential in V. Then U®Y < X and WNX < VNW = {0}. Hence
Y®socM =Y aU@W < M. Further U is essential in V, so Y £ V|,
Y®V =X and Y = X/V is irreducible. This contradicts the definition of
soc M and 2.4 follows. O

2.5. COROLLARY. Let M be an Artinian module over the ring R. Then
M has a series of submodules of finite length with uniform factors.

Proof. Let socM = Uy & Uy & --- ® U, where each Uj; is irreducible. By
Zorn’s lemma there is a submodule V; of M that is maximal subject to being
an essential extension of U;. By 2.4 we have soc(M/Vy) = Wy @ --- @ W,
where W; = (V1 + U;)/V; is a copy of U;. By induction on n there is a series

0=V <Vi< Vo< - <V, <M,

where V;/V;_1 is an essential extension of an irreducible submodule isomorphic
to U;, and consequently V;/V;_1 is uniform, and soc(M/V,) = {0}. Also
M/V,, is Artinian. Therefore V,, = M. O

If m is a maximal ideal of the commutative ring R, call an R-module P
an m-primary module if each of its elements is killed by some power of m. It
follows that each composition factor of such a P is isomorphic to R/m (but
not conversely in general).

2.6. Let m be a mazximal ideal of the commutative ring R and suppose
that m” is Artinian and m-primary for some positive integer r. Then m is
nilpotent.

Proof. Since m” is Artinian, there is some s > r with m® = m*+!. Let = €
m”. Since m” is m-primary, there exists j with m’2 = {0}. Thus m®z = {0}
and so m® = m"** = {0}. Thus m is nilpotent. O

Let M be a module over the commutative ring R. If M contains a non-
zero Artinian submodule, it contains an irreducible submodule, Up say. Then
Uy = R/my for some maximal ideal mg of R. Set M; = J; ann(mp). Repeat
with M/M; in place of M and keep going, transfinitely if necessary. We
construct in this way maximal ideals m, of R for all ¢ < 7 and submodules
My of M for o < 7, where Myy1 /Mo = J; annpy g, (mZ) and M /M, has no
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non-zero Artinian submodules. Each M, is fully invariant. Define A, ; by

Ag j/My = annyg/pg, (m)), so Ay 0 = My. Then
{0} =400 <A1 < <Ao<l 1< <M <M

is a fully invariant ascending series of R-submodules of M.

Let G = FiAutg M and set N = (), ., Cg(As1/M,). Clearly G cen-
tralizes M/M,. From 2.3 it follows that N stabilizes the above series. In
particular N is locally residually nilpotent by Hall and Hartley’s Theorem A2
of [2]. Let py : Endg M — Endy, (As1/M,) be the natural map, where k.
denotes the field R/m,. Then Gp, < FGL(V,) by [14, 2.2] for V, = A, 1 /M,
regarded as a k,-space in the obvious way. Thus we obtain an embedding of
G/N into [], ., FGL(V;).

Let ¢ € G. We claim that gp, = 1 for almost all ¢ < p. If so we will
have that G/N embeds into the direct product X ,., FGL(V,). Suppose
M(g—1)N My # {0}. Then M(g — 1) contains a copy Up of the irreducible
R-module R/mg. Let Wy > Uy be maximal subject to being an essential
extension of Uy in M (g — 1). Since M (g — 1) is Artinian, we have Wy < M,
by 2.2. Clearly M1/Wo < ;5 annayw, (m?). In fact we have equality here:
for suppose x € M with x+ Wj in the right-hand side. There exists a positive
integer r with mgax < Wy and the latter is Artinian and mg-primary. By
2.6 applied to R/anng(x), there is a positive integer s with m§ < anng(x),
that is, with m{z = {0}, so z € M;. By 2.4 we can apply induction on the
composition length n of the socle of M (g—1) to M /Wy to deduce that gp, = 1
for all but n of the p,.

Suppose M is Artinian. Then n, = dim V,, is finite for every ¢ < 7 and p,
maps G into GL(n,, ky). Also 7 is at most the composition length of the socle
of M (for let Wy < M be maximal subject to being an essential extension of
Uy and apply induction to M/Wy; cf. the previous argument using 2.4 and
2.6). Actually it is easy to see that 7 is the number of non-zero homogeneous
components of the socle of M. Finally M/M, is Artinian, so M = M,. We
have now proved the following result.

2.7. THEOREM. Let M be a module over the commutative ring R and let

G be a subgroup of Fy Autg M. Then there is an exact sequence
1—N—G— X FGL(VG),
o<T

where N stabilizes an ascending series in M and in particular is locally resid-
wally nilpotent, and V,, is a vector space over some field image ks of R. If M
is Artinian as R-module we can choose T to be finite and choose each V, to
be finite dimensional; in particular G/N is then quasi-linear.

Of course Theorems 1 and 2 follow at once from 2.7. Unlike the finitary
case, that is, unlike the case of FF Autg M (see [13, 2.2, 3.2 and 3.7]), the
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subgroup N constructed in the proof of 2.7 need not be locally nilpotent or
even locally soluble, even if M is Artinian. For example, let R = Z, the
integers, and let M be the direct sum of two Priifer p®°-groups for some
prime p. Then Fy Autp M = Autp M = GL(2,Z,) and N ={z € G:z =1
mod p}. In this case N contains free subgroups of rank 2. (Here Z, denotes
the p-adic integers.)

If R is a Noetherian commutative ring we can do rather better than 2.7,
as we shall see in the next section.

3. Noetherian rings

For the moment we consider again Artinian modules over an arbitrary
commutative ring. Suppose {0} < U < V is a series of R-modules with U
and V/U irreducible. If U is essential in V', then V/U = U by 2.1. If not,
there is a proper submodule W of V with U NW = {0}. Then U+ W =V
and V =U @ W. Hence {0} < W < V is a series of V with W isomorphic
to V/U and V/W isomorphic to U. In this way we can feed non-isomorphic
composition factors of a module past each other. Thus a module M of positive
finite composition length can be uniquely written as a direct sum M = ®F;,
where P; is m;-primary and non-zero and the m; are finitely many distinct
maximal ideals of R. Note that for each m; there is an irreducible submodule
of M isomorphic to R/m;.

Now assume that M is Artinian and non-zero. Each finitely generated
submodule of M has finite composition length, as does the socle of M. Thus
an elementary localization argument shows that M = ®PF; exactly as in the
previous case. (More generally, the same conclusion holds if M is just locally
Artinian, meaning that each finitely generated submodule of M is Artinian,
except that now there may be infinitely many distinct maximal ideals m;.)
Clearly the P; are fully invariant. Thus we have the following result.

3.1. Let M be a non-zero Artinian (or just locally Artinian) R-module.
Then we have ring isomorphisms Endg M = Endgr(®F;) = [[Endg P; and
group isomorphisms Autg M = Autgr(®F;) = [[ Autg P;.

From now on in this section assume that R is also Noetherian. Let M be
Artinian and m-primary, so the socle of M is a direct sum of a finite number,
n say, of copies of U = R/m. Now M = J; anny (m7). Hence M is naturally
a module over the inverse limit S of the R/m7 (taken over j = 1,2,...). Then
S is a complete local ring and S is Noetherian (by [9, 2.14] for example). Let
E denote the injective hull of U over S and set M* = Homg (M, E). Then M*
is Noetherian [5, 5.19]. Consequently [9, Theorem 6.1] yields that Autg M*
is quasi-linear. Clearly Autg M = Autg M — Autg M*, the map here, o
say, being given by (¢o)n = ¢n for ¢ € Autg M and n € M* (alternatively
n(¢o) = ¢~y if you prefer Autg M and Autg M* to act on the same side).
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Suppose ¢ # 1. There exists some z in M with x¢ # x. By [5, 2.24] there
exists 1 in M™* with (x¢ — z)n # 0. Then (¢po)n = ¢n # n and so ¢o # 1.
Therefore Autg M embeds into Autg M* and consequently it too is quasi-
linear.

If M is Artinian, but not necessarily primary, we can write M = ®P; as
in 3.1 and apply the above to each P;. Thus again we obtain that Autg M is
quasi-linear. We have now proved the following result.

3.2. THEOREM. Let M be an Artinian module over the commutative Noe-
therian ring R. Then Autg M is quasi-linear.

3.3. PROPOSITION. Let R be a complete local commutative Noetherian
ring with mazimal ideal m. Let E denote the injective hull of R/m over R
and for any R-module M set M* = Homg(M, E). Then Fy Autg M embeds
into FFAutg M* and F Autg M embeds into Fy Autg M*,

Proof. Let g € Fy Autg M and set X = M(g —1). Then X* embeds into

M* via

vyipr— (g—1)p fore € X*.
If ¢ € M*, then (9 — 1)¢ = (g — 1)¢|x € X*v. Thus (g — 1)M* < X*v.
By [5, 5.19] the module X* is Noetherian, so (¢ — 1)M* is too. Thus the
standard map (n — (¢ — n¢)) of Endg M to Endg M* maps F; Autg M
homomorphically into F Autr M*.

Let n € Endg M with n # 0. Pick ¢ € M with an # 0. By [5, 2.24]
there is some ¢ in M* with an¢ # 0. Then n¢ # 0 and so Endr M embeds
into Endg M*. The first claim of the proposition follows. The proof of the
second is similar, using [5, 5.18] in place of [5, 5.19]. (For this second part the
completeness of R is not required.) O

3.4. THEOREM. Let M be a module over the commutative Noetherian ring
R and set G = Fy Autg M. Then there is a commutative ring S and an S-
module L and a homomorphism ¢ of G into F Autg L with the kernel of ¢
abelian.

Note that Theorem 3 follows from 3.2 and 3.4. I do not know whether in
3.4 one can choose S to be Noetherian, nor whether one can choose ¢ to be
an embedding.

Proof. Let N be the sum of all the Artinian submodules of M. Then N is
locally Artinian. If X < G is finitely generated, then [M, X] is Artinian (e.g.,
[14, 2.1]). In particular [M,G] < N. Thus we have an exact sequence

1— Cg(N) — G — Fy Autg N,

where by stability theory Cq(N) embeds into Homg (M /N, N) and in partic-
ular Ci(N) is abelian.
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Now N = @y Pn, where m ranges over the maximal ideals of R and each
Py, is m-primary; see 3.1 and its proof. Let g € F} Autg N and set X =
N(g —1). Then X is Artinian, so X is a direct sum of only finitely many of
its primary components and the m-primary component of X is X N P,,. Thus
X N Py, = {0} for almost all m and g induces the identity map on almost all
the P,. Therefore F} Autg N embeds into X, F} Autg Pn. Let S, denote
the inverse limit of the R/m7 (taken over j > 1) and let P} denote the group
of Spu-homomorphisms of Py, into the injective hull of R/m over Sy. Then
Fy Auty Py embeds into F Auty (Py)*; see 3.3. Thus Fj Autg N embeds
into Xy, F'Aut, (Pn)*. The latter embeds into F'Autg L for S = ], Sm
and L = @& (Py)*. The theorem is proved. O

The proof of 3.4 above also shows the following (note that N = M here).

3.5. Let M be a locally Artinian module over the commutative Noetherian
ring R. Then there is a commutative ring S and an S-module L such that
Fi Autg M is embeddable into F Autp M.

4. Some applications

In this section we assume the notation of 2.7 and its proof. Let G be a
subgroup of Fy; Autg M. By [14, 4.6] the group G has a unique maximal
normal s-subgroup s(G), an s-subgroup being a subgroup S of Autg M such
that each finitely generated subgroup of S stabilizes some ascending series of
R-submodules of M. Now s(G) acts as an s-subgroup on each section of M [14,
4.2] and in particular on each V,, = A, 1/M,. Consequently s(G)p, < s(Gps)
and hence s(G) <, ., (s(Gps))p,; ' NG.

Suppose G < Fy Autgp M is such that Gp, is an s-subgroup of FGL(V})
for every o < 7. If G; is a finitely generated subgroup of G and if g; is the
obvious image of the augmentation ideal of the group ring ZG; in Endg M,
then V, g7 = {0} for some integer r = r(0). As in the proof of 2.3 we obtain
Ay 187 < A, for each j > 0. (Specifically, if A, ;9] < Ay ,—1, then
mUAg,ng’{ < Ao—)jfl, SO m‘g.(Ag’j+1gg) < Mg and so Ag}j+1g71“ < Ao—)j, as
required.) Thus G; stabilizes an ascending series in M and so G is an s-
subgroup.

Now let G be any subgroup of F; Autg M. The previous paragraph shows
that (N, .. (s(Gps))p;* NG is an s-subgroup that is clearly normal in G.
Therefore we have proved the following (since the second claim follows from
the first and the finitary linear case).

4.1. Let G be a subgroup of F1 Autg M for M a module over the commu-
tative ring R. Then s(G) =, ., (s(Gps))p; ' NG and G/s(G) is a subdirect

product of irreducible finitary linear groups.
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4.1 looks superficially like a special case of [14, 4.6], but this is not so since
the p, of [14, 4.6] are not the same as the p, of 4.1 above. In fact one can
choose the former so that the latter form a subset of the former. Continuing
with the notation of 2.7, analogous to [14, 4.5 and 4.17] we have the following.

4.2. Let G < Fy Autg M, where M is a module over the commutative
ring R. The following three conditions are equivalent.
(a) G is an s-subgroup.
(b) Each Gps is a stability subgroup of FGL(V,).
(¢) Each gps is locally nilpotent.

(9 is the image of the augmentation ideal of the group ring ZG in Endr M.)
If g € Fy Autg M, the following are equivalent.

(d) The element g is a u-element (i.e., (g) is an s-subgroup).
(e) Each gp, for o < T is unipotent.

Proof. Now (a) implies (c) by [14, 4.1 and 4.2]. Also (b) and (c) are equiv-
alent by the finitary linear case. Further (b) implies that G = s(G) by 4.1,
so (a) holds. Therefore (a), (b) and (c) are equivalent. Now set G = (g).
Then g is a u-element if and only if G is an s-subgroup and gp, is unipotent
if and only if gp, is nilpotent. Thus the equivalence of (a) and (c) yields the
equivalence of (d) and (e). O

4.3. Let G < Fy Autg M, where M is a module over the commutative
ring R. Then G is a u-subgroup (i.e., has all its elements u-elements) if and
only if G is an s-subgroup.

Proof. The result holds classically for linear groups of finite degree and
consequently holds (almost immediately) for finitary linear groups. Thus it
holds for subgroups of the FGL(V,). Therefore 4.3 follows from 4.2. O

Note that a similar argument does not apply to the situation in [14], for
there the V, are only vector spaces over division rings and the conclusion is
not known to hold for skew linear groups of finite degree (see [6, §1.3] for a
discussion of this). If R is a Q-algebra, then a similar result does hold in
general, even for subgroups of F, Autg M (cf. [14, 4.17]). Possibly 4.3 still
holds for R commutative and subgroups of F, Auty M.

4.4. Proof of the Corollary to Theorem 1. (a) Set H = s(G) and apply
4.1. By [14, 4.6] the group H is locally residually nilpotent. Since H is also
locally finite, so H is locally nilpotent.

(b) By [14, 4.12(a)] we have H = (1). If K is a locally finite, irreducible
finitary linear group of characteristic 0, then K has a faithful finitary linear
representation over the complex field (cf. the proof of [11, Corollary 3(a)]).
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Part (b) follows since a direct product of finitary linear groups over the same
field k is isomorphic to a finitary linear group over k.

(c) Here H = O,(G) by [14, 4.12(b)]. A set of fields of characteristic p can
all be embedded into a single field of characteristic p. Part (c) follows. O

4.5. Proof of the Corollary to Theorem 2. (a) By 2.7 we have G/N quasi-
linear and N < s(G) is locally nilpotent as in 4.4(a).

(b) Here each chark, = 0 and N < s(G) = (1); see 4.4(b). Thus G
is (quasi-)linear of characteristic zero. Therefore G is abelian-by-finite by
Schur’s theorem [7, 9.4] and G is isomorphic to a linear group of finite degree
over the complex numbers.

(c) This follows from the Winter-Zalesskii theorem (see the proof of [7, 9.5]
or see [6, 2.3.1]). O

5. Examples

Throughout this section p denotes a prime, P a Priifer p>-group, U =
Aut P the group of units of the p-adic integers Z, and G = UP the split
extension of P by U.

5.1. If¢: G — GL(n, F) is a homomorphism, for n an integer and F a
field, then Pp = (1).

Proof. If P¢ # (1), then P¢ is isomorphic to P, so char F' # p and (G :
Ca(P¢)) is finite, the latter by [7, 1.6 and 1.12]. But (ker ¢) N P is finite, so
(G : Cg(P)) =|U] is finite, which is false. Therefore P¢ = (1). O

5.2. The group G is not quasi-linear, does not embed into the automor-
phism group of a Noetherian module over a commutative ring and does not
embed into the automorphism group of an Artinian module over a commuta-
tive Noetherian ring.

Proof. Apply 5.1, [9, 6.1] (or [8] if you prefer) and 3.2 above. O

5.3. Let¢: G — FGL(pV) be a homomorphism, where V' is a left vector
space over the division ring D. If P¢ is unipotent, then P¢ = (1).

Proof. Now U contains an element 2 of infinite order. Then [P, x] = P and
(x%) = (z)P. Assuming P¢ is unipotent, we have P¢ < u((z¢%?)). By the
proof of [10, 2.3] the group P¢ stabilizes a finite series in V, say of length r.
If char D = 0, then P¢ is torsion-free. If not, then P¢ has finite exponent
dividing (char D)"~!. Either way P¢ = (1). O

5.4. Let ¢ : G — FGL(gV) be a homomorphism, where V is a vector
space over the field F. Then P¢ = (1).
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The group G does embed into GL(n, D) for a suitable positive integer n
and division ring D, for example of characteristic 0, so we do need to restrict
D in 5.4. (For example, U contains a torsion-free (abelian) subgroup W of
finite index p — 1. Let F' be the subfield of the complex numbers generated
by all p-th power roots of unity. There is an obvious action of U and hence
W on F. Let D be the division ring of quotients of the skew group ring of W
over F' (see [6, 1.4.3]). Then G embeds into GL(2(p — 1), D).)

Proof. It V is FG-irreducible, then dimp V is finite, since G is soluble (see
[4, Theorem A]). In this case P¢ = (1) by 5.1. In general this shows that
P¢ < u(G¢). Consequently P¢ = (1) by 5.3. O

5.5. The group G cannot be embedded into any cartesian product of fini-
tary linear groups.

Proof. This follows from 5.4. O

5.6. Set R = Z, the integers, and M = Z @& P. Then G embeds into
F1 AutR M.

Of course R here is Noetherian, while M is neither Artinian nor Noetherian.

Proof. We have

Endp M — <EndZ Hom(z,p)) _ (R p).

0 End P 0 Z,

Set G1 = (3 F) < Autg M. Clearly Gy and G are isomorphic. If u € U and
if x € P, then

M(((l) 2)—1>:P(u—1)<P and M((é ”1”)—1):295<P.

Since P is Artinian we have G1 < F; Autr M, as required. O

5.7. Set R=17Z, and M = 7Z, ® P. Then G can be embedded into both
FAutgr M and Fy Autg M.

Proof. We have

— ZP P
EndRM = (0 Zp> .

Set Go = (Y ') < Autg M. Clearly G, and G are isomorphic. With w in U
and x in P as before, we have

M((S (1))—1):Zp(u—l) and M((é ”13>—1):Z,,:c=<x>gp.

Thus Go < F'Autg M.
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As in the proof of 5.6, set G1 = (} /), but working now over the current
ring R. Then as in the proof of 5.6 we have G =2 G < F} Autg M.

Of course here R is a Noetherian complete local ring, while M is neither
Artinian nor Noetherian. O

5.8. Set R=7Z,® P, where PP = {0}. Then G embeds into GL(2, R).

Proof. G is isomorphic to (g?) <GL(2,R) withU <Z, < Rand P< R
as given. O

6. Residual properties

6.1. Let G be a finitely generated subgroup of Fy Autg M, where M is a
module over the commutative ring R, and let X be a finite subset of M. Then

RXG = Z Rxg

zeX, geG

is finitely R-generated.

Proof. By [14, 2.1] we have that N = [M, G] is R-Artinian. Set Sy = {0} <
N and define Sy, inductively for & > 0 by Sky1/Sk = soc(N/Sk). ({Sk} is
the upper socle series of N.) Then N is the union of the S (use Hopkin’s
Theorem) and each Sy, is R-Noetherian as well as R-Artinian. Clearly S,G <
S}, for each k.

Suppose X = {z1,%2,...,Zm} and G = (g1, 92, .., gn). Then each z;(g; —
1) lies in N = [Jj,>o Sk, so there exists k with z;(g; — 1) € Sy for all i and
j. Then RXG < RX + Sk, so RXG = RX + (RXG N Sy). Also Sy is
R-Noetherian, so RXG N Sy, is finitely R-generated. Consequently so too is
RXG. O

6.2. Let G be a finitely generated subgroup of Autgr M for M a module
over the commutative ring R. Under each of the following three conditions
the group G is residually finite.

(a) M is finitely R-generated.
(b) G FAutg M.
(C) G < FiAutgp M.

Theorem 4 follows at once from 6.2.

Proof. (a) By [7, 13.4] we may assume that R too is finitely generated (as
a ring) and hence that R is Noetherian. Then G is quasi-linear (by [8] or [9,
§6]) and hence G is residually finite by the linear case [7, 4.2].

(b) By [13, 2.3(c)] we may assume that M is finitely R-generated. The
claim then follows from Part (a).
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(c) By 6.1 the group G acts residually on the finitely R-generated R-G
sub-bimodules of M. Thus again we may assume that M is finitely generated
and apply Part (a). O

6.3. ExaMPLE. Let J = Z[1/2] < Q, let N be the Z-submodule of the
matrix ring J2*3 of all matrices with zeros above the diagonal and with equal
integers in the (1,1) and (3, 3) positions, let

100 100 100
H<110,010,020>§GL(3,J),
00 1 01 1 00 1

set M = N/Zes; as Z-module, where {e;;} denotes the set of standard matrix
units, and put G = H/{(1 + e31)). Then G is a 3-generator, soluble (even
nilpotent-of-class-2 by cyclic) group, whose center is a Priifer 2°°-group. In
particular G is not residually finite.

The group G acts faithfully on M via right multiplication of H on N, so
we can regard G as a subgroup of Auty M. It is easy to check that M has
Krull dimension 1 and Krull codimension 1, for M has a series of length 8
with four Priifer 2°°-factors and four infinite cyclic factors. Thus we have

G < Auty M = Fy Auty M = F? Auty M = F, Auty M,

and trivially Z is Noetherian. Also G does not embed into either F' Autg L or
Fy Autg L for any module L over any commutative ring S, by 6.2.

Of course the integer 2 in the above construction can be replaced by any
integer prime.

The first conclusion of the following remark is slightly stronger than local
residual finiteness.

6.4. Let M be a module over the commutative ring R.
(a) If M is Artinian, then Auty M is residually linear-of-finite-degree.
(b) If M is locally Artinian, then F Autg M and Fy Autg M are both
residually nilpotent-by-finitarily linear.

Proof. In either case, define S, < M for each k > 0 by Sy = {0} and
Sk+1/Sk = soc(M/Sy). Then |J, Sk = M and (), Ce(Sk) = (1). Thus we
may assume that M = Sy for some k.

(a) Since M is Artinian, each S;y1/S; has finite composition length and
so M = Sj is Noetherian. Consequently Autg M is quasi-linear and hence
clearly residually linear-of-finite-degree.

(b) Since M = S, each Noetherian submodule of M is Artinian and con-
versely. Thus F Autg M = Fy; Autg M, = G say. Also M is a direct sum of its
primary components (see Section 3), so we may suppose that M is m-primary
for some maximal ideal m of R. Assume the notation of 2.7 and its proof.
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Then my = m and Agr = M. Hence N = C(Ao,1) stabilizes the series {Ag ;}
and consequently N is nilpotent of class less than k (assuming M # {0}, so
k >1). Finally G/N embeds into FGL(V,). The proof is complete. O
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