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NEW FUNCTION SPACES OF MORREY-CAMPANATO
TYPE ON SPACES OF HOMOGENEOUS TYPE

LIN TANG

ABSTRACT. In the context of spaces of homogeneous type, we intro-
duce and develop some new function spaces of Morrey-Campanato type.
The new function spaces are defined by variants of maximal functions
associated with generalized approximations to the identity, and they
generalize the classical Morrey-Campanato spaces. We show that the
John-Nirenberg inequality holds on these spaces. We also establish the
endpoint boundedness of fractional integrals.

1. Introduction

The Morrey-Campanato spaces on Euclidean spaces R™ play an important
role in the study of partial differential equation; see [11], [13] and [15]. The
concept of spaces of homogeneous type, which is a natural generalization of
Euclidean spaces R", was introduced in [3]. In this paper, we will study
Morrey-Campanato spaces on spaces of homogeneous type. Let x be a space
of homogeneous type equipped with a metric d and measure u satisfying the
doubling property. Following [14], we will say that a locally integral function
fisa Morrey—Campanato space L(c,x) function (o > 0) on y if

sup s [ 1) = ol du(a) < o

where the supremum is taken over all balls B C x and fp stands for the mean
of f over B with respect to u, that is,

1
= m/Bf(y) du(y)

It is well known that for o = 0 the space L(c, x) coincides with the BMO(x)
space. Moreover, L(a,x) coincides with Lip(cq,x), the Lipschitz integral
space, when 0 < « < 1/n, where n denotes the homogeneous dimension
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of homogeneous space x. Recently, X. T. Duong and L. X. Yan [7] intro-
duced new function spaces of BMO type that generalize the classical BMO
space in the context of spaces of homogeneous type. More precisely, they con-
sidered A;f(x), for certain families of operators A; with kernel a;(z,y) with
appropriate decay, as an average version of f and used

Ay f(z) = / ar (2 9) F (4) duly)

in place of the mean value fp in the definition of the classical BMO space,
where tp is scaled to the radius of the ball B. Similarly, D. G. Deng, X.
T. Duong and L. X. Yan [4] also gave a new characterization of the Morrey-
Campanato spaces on the Euclidean space R™.

In this paper, motivated by [4] and [7], we introduce new function spaces
of Morrey-Campanato type on spaces of homogeneous type. We study and
establish important features for these spaces such as the John-Nirenberg in-
equality on spaces of homogeneous type. Finally, we prove endpoint estimates
for new fractional integrals.

In the sequel, C is a positive constant which is independent of the main
parameters and not necessary the same at each occurrence.

2. Definition of Lip,(«, x) and basic properties

2.1. Preliminaries. We briefly recall some basic definitions and facts
about spaces of homogeneous type. A quasi-metric d on a set x is a func-
tion from x X x to [0, 00) satisfying the following:

(i) d(z,y) =0 if and only if z = y.
(i) d(z,y) = d(y,x) for all x, y € x.
(iii) There exists a constant C; > 1 such that

d(z,y) < Ci(d(x, z) + d(z,y)), forall z, y, z € x.

By a result in [14], for any quasi-metric d there exists another quasi-metric
d’, continuous and equivalent to d, for which every ball is open. So, without
loss of generality, the quasi-metric d can be assumed to be continuous and the
balls to be open.

A space of homogeneous type (x,d, ) is a set x together with a quasi-
metric d and a nonnegative Borel measure p such that the doubling property

p(B(x,2r)) < Cop(B(z,7)) < 00

holds for all z € x and r > 0, where the constant Cy > 1 is independent of
xz and r, and B(z,r) = {y € x : d(x,y) < r} is the ball with center = and
radius 7.

Note that the doubling property implies the following strong homogeneity
property:
(2.1) w(B(z, Ar)) < CX"u((B(z,r))
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for some C, n > 0, uniformly for all A > 1 and x € x. The parameter n is a
measure of the dimension of the space. There also exist C and N, 0 < N < n,
such that

N
(2.2 () <0 (14 20) ipte)

uniformly for all z, y € x and r > 0. See also [7].

As in [7], we will work with a class of integral operators {A;}+~o, which
plays the role of generalized approximations to the identity. We assume that
the operators A; are defined by kernels a;(z,y) in the sense that

&ﬂwz/wmwﬂwww

for every function f that satisfies the growth condition (2.5) below.
We also assume that the kernels a;(z,y) satisfy the estimate

|at(x7y)| S h’t(xay)
for all z, y € x, where hy(z,y) is given by

1 d™(z,y)
2.3 h = ’
( ) t(myy) /,L(B(x,tl/7n))g < t )
in which m is a positive constant and ¢ is a positive, bounded, decreasing
function satisfying

(2.4) lim 2N HEN)atesmy —

T —00

for some € > 0, where N is the power appearing in property (2.2), and n the
dimension entering the strong homogeneity property. Here and in the sequel
« denotes a positive constant.

We will also use the Hardy-Littlewood maximal operator M f, which is
defined by

1

Mf(x) = sup @/B Lf (W)l du(y),

where the supremum is taken over all balls containing z.

2.2. Definition of Lip,(a, x). Let {A;}+~0 be a generalized approxima-
tion to the identity whose kernels a.(z,y) satisfy conditions (2.3) and (2.4).
For a ball B we will use the notation 2*B, k > 0, to denote the ball having
the same center as B and radius 2*rg, and 2~ 'B denotes the empty set 0.

Let € be the constant in (2.4) and 0 < 3 < e. A function f € L (x) is
said to be a function of type (xq,3) centered at zy € x if f satisfies

|f(z)]
(2.5) /X(1+d(a:o,x))2N+(7L+N)a+B“(B(xO’1+d(m0’x))>

du(z) < C < 0.
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We denote by M,, 3 the collection of all function of type (z9,0). If f €
My, g, the norm of f in M, 3 is defined by

I £lm,, » = inf{C >0:(2.5) holds}.

For a fixed g € x it is easy to see that My, g is a Banach space under
the norm ||f||m,. 5, < 0o. For any x1 € x, My, 3 = My, g with equivalent

norms. We set
M= U U Mzo,ﬁ7

ToEX B:0<B<e

20,8

where € is the constant in (2.4).

LEMMA 2.1.  We have the following properties:

(i) If f € L(a, x), then f € M.
(ii) For each t > 0 and f € M we have |A:f(x)] < oo for almost all
T € X.
(iii) For each t,s > 0 and f € M we have |Ai(Asf)(x)] < oo for almost
all x € x.

As a consequence, if

arrs(z,y) = / ar(2, 2)as(2) dpl2),

X

then for any f € M, Apisf(x) = Ai(Asf)(x) for almost all x € x, and we
say that the class A; satisfies the semigroup property.

The proof of Lemma 2.1 is similar to that of Lemma 2.3 in [7]. We omit
the details.

We now introduce the space Lip 4 (a, x) associated with a generalized ap-
proximation to the identity {A;}¢>o.

DEFINITION 2.1. We say that f € M is in Lip4(«, x), the space of func-
tions of Lipschitz type associated with a generalized approximation to the
identity {A;}+>0, if there exists some C such that for any ball B

1
(2.6) Sup W/E’ |f(z) = Avp f(2)] dp(z) < C,

where tgp = 7% and rp is the radius of the ball B.
The smallest bound C for which (2.6) is satisfied is then taken to be the
norm of f in this space and is denoted by || f|Lip , (a,x)-

Note that when oo = 0, Lip4(0, x) = BMO4(x); see [7].
Next, we give a relation between Lip 4 («, x) and L(«, x).
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PROPOSITION 2.1.  Assume that for every t > 0, Ay(1) = 1 almost ev-

erywhere, that is, fx ai(z,y) dp(y) = 1 for almost all © € x. Then, we have
L(a, x) C Lips(a, x) and there exists a positive constant C > 0 such that

1Al ey < CllFllLa)-

However, the converse inequality does not hold in general.

Proof. We fix f € L(a, x), xo € x and a ball B 5 5. Then

e [ Auy )] dut)
B1)1+cv /htB 2, y)|f(x) = f(y)l duly) dp(z)
1

o

X

- W/ /thtB z, y)|f () = fFW)l duly) dpu(x)

H"‘ / /zkHB\sz

xhtB( yIf (@) = f(y)l duly) dp(z)
=I1+1II.

We first estimate I. By the doubling property (2.1), we know that u(B) <
2N 1 (B(x, 7)) since x € B. For y € 2B we then have

g™ @ ytg) _ 900 _ C
w(B(z,ty™) ~ wB(x,r)) T p(2B)

i [ 1@ = 1)) dua)
IOy [ [ 17@) = fosl sty )
s / — fonl du(y) du()

W/Bﬁ(x)—fzﬂdﬂ(f)

htB(m7y) =

Thus,

—
| /\

p(2B)* 1 )
e w(B)* p(2B)t+e /23 |f(y) — faBldu(y)
< Cllfllano-
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Regarding II, for z € B and y € 2**1 B\ 2B, we have d(z,y) > 2*~lrp
Therefore,

g(d™ (g™ _ Lg@EIm) gk bmyatin

h = < 5
v w(B(z,rp)) ~ wB) 1(2541B)
where we used (2.1). Thus,
1< Ci?"" g(*7m) / / — fW) duly) du(z).
< 2 (B e p( 2k+1B 2k+1B

We estimate each term as follows:

(B)“ra (2-1 ) / /sz — f()| du(y) du(z)
F() = forrr1p| du(y)

< CEAETE) s
+ m/ |f(z) = farrrp| du(z)

< 2 o) + o /|f — foldu(z)

1
+WU f2B|+ M(T)\fsz Jor+1 5]
k
< QkaanHL(oz,x) + 221710(”‘][“[/(&7)()
1=0

< C2kan||f||L(a,x)-
Therefore, by (2.4), we obtain

LS Cllf lnany 3 2 HD9(2EDm) < O fll -
k=0
Finally, we show that the converse inequality does not hold in general.
We consider R with the Lebesgue measure dr and the approximation of the
identity {D; : t > 0} given by the kernel

1
ar(z,y) = WX(w—tl/m,w-&-tl/m)(y)'

Let us take the function f(x) = z. For every ¢ > 0, D;f(z) = x and
||fHLipA(a,R) = 0 for a > 0, but ||f|lpar = +oco for 0 < a < 1. Thus,
L(a,R) C Lipy(a, R) for 0 < o < 1. O

2.3. Basic properties of Lip4(«a, x). In this section, let y be a space
of homogeneous type equipped with a quasi-metric d and a measure p. We
assume that:
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(a) {Ai}i>0 is a generalized approximation to the identity with kernels
ai(x,y) satisfying conditions (2.3) and (2.4).

(b) Ap is the identity operator and the operators {A;}:~o form a semi-
group, that is, for any ¢,s > 0 and f € M, A;A,f(x) = Apysf(z) for
almost all x € y.

We first prove the following proposition.

PROPOSITION 2.2.  Assume that {A;}i~0 satisfies assumptions (a) and (b)
above. If f € Lip4(a, x) with a > 0, then for any t > 0 and K > 1, we have

At () — Aref@)] < € (KB ™)) 1 ltip o

for almost all x € x, where C' > 0 is a constant independent of x and K.

To prove Proposition 2.2, we first recall a result of Christ [2], which gives
an analogue of the Euclidean dyadic cubes.

LEMMA 2.2. There exists a collection of open subsets {QX C x : k €
Z, a € I}, where I, denotes some index set depending on k, and constants
4 €(0,1), ag €(0,1), and 0 < D < oo, such that:

(1) p(x\U, Q&) =0 for k € Z.
(ii) Ifl > k, then either Q% c Q% or Qlﬁ cQF =0.
(iii) For each (k,a) and each | < k there is a unique 3 such that Q% C Qlﬂ.
(iv) The diameter of (Qa)* is < D&®.
(v)

Proof of Proposition 2.2. For any t > 0 we choose s such that t/4 < s <t
with the notation as in Lemma 2.2. First fix ly such that Dl < gl/m <
Dé§~1 and fix a point z € . From conditions (i) and (iv) of Lemma 2.2, we

can find a Q' such that z € Q% and QY C B(x,Dd"). For any k € N we
define My, by

v) Each QF contains some ball B(zX, apdo").

My = {8: Q% (| B(x,Ds") # 0}.
Again, by (i) and (iv) of Lemma 2.2, we have
B(z,Ds" %) c | ) @ C B(x, Ddlo=(kHho)),
BEM,

where ko is an integer such that =%0 > 2C; and C is the constant appearing
in the definition of a quasi-metric d.

In [7], X. T. Duong and L. X. Yan proved that there exists a constant
C > 0 independent of k such that the number of open subsets {Qlé’ }oem, is
less than C'd—F(+N) that is,

mi = #{Qf : 5 € My} < Co7H"N),



632 LIN TANG

where N is the power that appeared in property (2.2) and n the “dimension”
entering the strong homogeneity property.

We now estimate the term |A.f(x) — Apysf(x)| for the case t/4 < s < t.
By property (b) of the semigroup {4;}+~0, we can write

Arf(x) — Aprs f(2) = Ac(f — Asf) ().
Since f € Lip,(«, x), we have
|Acf(x) — Avys f ()]
< ht s d
_/X z,y)|f(y) — Asf(y)] du(y)

— 1 d™(z,y)
B M(B(x,tl/’”))/xg <t> |f(y) — As f(y)] duly)

¢ a"(z,y)
= (B, 17m) /B(mytl/m)g <t> [ (y) = Asf ()l du(y)

I a"(z,y) _
,U(B(x» tl/m)) /X\B(mytl/m) g ( t ) If(y) Asf(y)\ du(y)

< Cu(B(a, t™ ) flluip o (a0 +1-

Noting that for any y € B(z, D'~ ++1D)\ B(z, D§'~*), we have d(z,y) >
D§% =k we obtain

d"(z,y)
/X\B(z,tl/m)g <t> |f(y) — Asf(y)| du(y)
d™(z,y)
: /X\B(x,Délo) g < t ) 1f(y) = Asf(y)| duly)

< / g (CZ(W)>
k=0 B(z,D§to~(k+D)\ B(z,D§lo—F) t
x| f(y) — Asf(y)] duly)

g(5~=1m g) / ) = Asf ()] du(y)

B(z,D5to—(k+1))

_|_

0

87?

0
(k—1)m o
3 o L, ) = Al dute).

B

Applying (iv) of Lemma 2.2, we get Qg’ C B(zg“7 s*/™). From property (2.2),
we have

M(B(.’l?,sl/TI’L))—l < C(s—kN,u(B(Zg), Sl/'m))
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for any B € Mjyy1. Thus, using the decay of function g and the estimate
my < C6~F+N) e then obtain

<Y 3 g0t 15 - At wldnty)

k=0 GMk+1 B

<Y miead (6 I ) (B (g5 i (o)
k=0

< Z g RO §RN g (5= =D ) (B, 6)) 1 f Nip o (a0
k=0

[
< C Z 6_k(n+2N+2Na)g(é_km)M(B(xv tl/m))oz Hf”LipA(oc,X)
k

=0
< Ou(B(, ™) flluip o a)-
In the case 0 < s < t/4 we write

Arf(@) = Ay f(2) = (A f (@) = Ao f () = Ao (f — Arsf) ().

Noting that (t+s)/4 <t—s < t+ s, the same argument as above applies. In
general, for any K > 1, we let [ be the integer satisfying 2! < K < 2!*1 so
that | <log, K. Thus, there exists a constant C > 0 independent of ¢ and K
such that

|Aef () — Ase f(2)]
1
|Agiy f () = Agrrry ()| + [Agi f(2) — Agrery f ()]

IN
T

~
Dy

(B, 25 ™) | fllip s (o) + CrB @, 2™ )| Fl|Lip o (a)

(]

~
I
= o

IN

anaM(B(x’tl/m))aHfHLipA(a,)O + C2!" (B, tl/m))aHfHLipA(a,X)

o

< czf"“u(B(x,tl/m)>“||f|\mm<a,x>

for all x € x. The proof of Proposition 2.2 is complete. O
Using Proposition 2.2, we can prove the following proposition.

PROPOSITION 2.3.  Let m be the positive constant in (2.3). Then there
exists a positive constant C such that

sup  p(B(x, t"7) " [Ay(|f — Acf)(@)] < Ol FllLip ()
t>0,xE€x
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Proof. Assume that f € Lip,(a,x). For any fixed ¢ > 0 and « € x we
choose a ball B centered at  and of radius rg = /™. Let torg = rok g By
Proposition 2.2 we have, for all £ > 0,

o @)~ (@) dto)

< M(QCkB)/sz |f(x) = Ay, f(2)] du(z)

+C sup |Ay,, f(x) — Af(2)]
re2k B

< CanaM(B(xv tl/m))aHf||LipA(a7x)-
From (2.4) we get

AV (e L d"(z,y)
s~ il <03 [ o ()

x| f(x) = Acf (@) dpu(x)
1

<C ang(Q(k—l)m)
kzzo 1(2"B)

< [ 10 - 4ef@)] duto)

< C Z 2kn(1+(x)g(2(k—1)m)p(3(x, tl/m))a”fHLipA(a,X)
k=0

< Cu(B( ™) fllLip o e
Thus, Proposition 2.3 is proved. O

We next show that the average value A;, f in Definition 2.1 of Lip 4 («, X)
can be replaced by other value fZ that satisfies appropriate estimates.

DEFINITION 2.2. Suppose that for a given f € M there exists a constant
C and a collection of functions {fZ(z)} 5 (that is, for each ball B, there exists
a function fB(x)) such that

1
(2.7) sup s [ 190 = Ay @)l dio) < o
(28) 154w - 1@ <0 (22) uBlerm)

for any two balls By = B(x,rp,) C By = B(z,7B,), and for almost all x € ¥,
(2.9) |fP(x) = Ay fP (2)] < Cu(B(z,78))",
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where tp = r%. We define
”fHﬂIf,; =inf{C: C satisfies (2.7), (2.8) and (2.9)},

where the infimum is taken over all constants C' and the sets of functions
{fB(z)} that satisfy (2.7), (2.8) and (2.9).

We have the following equivalence of norms.

PROPOSITION 2.4.  The norms |||Lip , (a,y) and H||]:1~p:(a y) ore equivalent.

o, X

Proof. Let f € M. To see that ||fHIj.1\p;(a’X) < ClfllLip 4 (anx)s We set

fB(z) = Ay, f(x) for each ball B. Applying Proposition 2.2, the estimates
(2.5), (2.7) and (2.8) hold with the constant C' = C1|| f||Lip , (a.x)-

It remains to prove that, for any fixed ball B centered at xy and the radius
B,

1
sup iz [ 1) = Aup S@)] (o) < Ol iz

where tp = 1. For any « € B, by (2.8) we have

Ay (F = fP)(@))|

Tlp X
=¢ ﬁ/ B\ Bg<dm§3;y)> 1f(y) = P ()] duly)
k=0 2k 2k—1

< CZ 2kn(1+a)g(2(k—2)m)ﬂ(l;]§§31ﬂl /2kB \f(y) _ kaB(y” d,u(y)
k=0

+C Y 2Pg(2k ™) sup ‘fB(y)—f2kB(y)‘
k=0 ye2*B

< O 2k 2=y (BY | £l oo
k=0

oo
+C Y 28N g (DM 1(BY f i ()
k=0

< Cu(B)* 1 flILip a0+
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From (2.7), (2. ) and the above inequality we obtain

e / (@) — Ay ()] duz)

< 1+a/ 7(x) — 7P (@) dta)
+ i / 7P(2) — Ay £2(@)] di(a)

b [ 1A = A D@l duo)

S CHf”LlpA (a,x)"
Thus, the proof of Proposition 2.4 is complete. O

3. A variant of the John-Nirenberg inequality on Lip 4(a, X)

We continue to assume that the operators { A; }+~¢ satisfy properties (a) and
(b) in Section 2. In this section, we will prove a variant of the John-Nirenberg
inequality for the space Lip 4 (a, x) associated with the semigroup {A;}+~0 by
using Proposition 2.2 and adapting the arguments of pages 1398-1400 in [7].

THEOREM 3.1. If f € Lip4(«, x), there exists positive constant ¢ and co
such that for every ball B and every A > 0, we have

B1) pfzeB:|f(z) = A fz) > A}

CQ)\
< cip(B) exp { }
114(B) 1 lip a0 (B

where tp = 1%

Proof. In order to prove (3.1), it is enough to consider the case || f||Lip , (a,x)
> 0. We may assume that || f||Lip , (a,x) = 1 because inequality (3.1) does not
change if we replace f by C'f, where C' is a constant. We need to prove that
for a fixed B C ¥,

(32)  plr e B If(@) - Ay f(@)| > A} < exp(B)exp {—ijj)a } |
where tgp = r%.

Denote by B = B(zg,rp) a ball centered at zy and of radius rg. We fix
the ball B in x and set fo = (f — A¢, f)X1002p, Where C1 is the constant
appearing in the definition of a quasi-metric d in Section 2. By Proposition
2.2 we have

follerco < [ 17(@) = Aun f@)] dita) < CuB)'

1
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Denote by M the Hardy-Littlewood maximal operator. Take 5 > 1 and define
two sets F' and (2 as follows:

F={x: M(fo) < Bu(B)*} and Q=F° = {a: M(fo) > Bu(B)"}.

By Theorem 1.3 of Chapter IIT in [3] there exists a collection of balls By 1, B 2,
..., B1,. .., satisfying;

(i) U, Bii = 2.
(ii) Each point of § is contained in at most a fine number L of the balls
Bl,i'

(iii) There exists ¢ > 1 such that ¢By ; (| F # () for each i.
Property (i) implies that for any « € B\ (U;B1,;),

|f(@) = A f(2)] = | fo(@)Ixr(z) < M(fo)(@)xr(z) < Bu(B)*.
Since the Hardy-Littlewood maximal operator is of weak type (1,1), it follows
from (i) and (ii) that
C C3
Bi;) <Lu(Q) < ——+— < —u(B
zi:ﬂ( 1) < Lp(Q) < Bu(B)e [folln < ﬂﬂ( )
for some c3 > 0.
For any By ;B # 0 we denote by By ; = B(xp, ,,rp,,) a ball centered
at xp, ; and of radius rp, ;. Then we have

u(B) < c( '5 )nu(B(xo,rBM)) <4 ( "5 )nw 1(B)

By, ﬁ By,

for some ¢4 > 0 and n and N as above.

We choose 3 such that 8 > min{cs(10C7)" ™V c2}. Obviously, rp >
10C1rp, ;. This implies that for any By ;B # 0 we have By; C 2C1B.
We now prove that for any By ; (| B # () there exists a constant ¢5 such that

(3.3) |At31,7¢f(33) — Ay, f(2)] < esBu(B)” for all x € By ;.
Using property (b) of the semigroup {A;}+~0, we write
AtBL,if(m) - Ath(m) = AtBlyi (f - Ath)(.’E) + (AtBLi+th(m) - Ath(JJ)).

Because tp, ; +1p and {p have comparable sizes, applying Proposition 2.2 we
obtain

[Atp, +t5f (@)= Arp f(2)] < Cp(B(z, )" < CBu(B(xo,78))" forx € By ;.
Hence, in order to prove (3.3), we need only to show that
(3.4) |At31,i(f — A, @) < Cu(B(xo,rp))* for all x € By,.

Let ¢; be minimal so that 2C2B C 2%+ By ; and 2C7B((29+ By ;)¢ # 0.
For any z € 2%+1 By ; we have d(zg,2) < 10C{rg and 29+ B;,; C 10C{B.
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Therefore
Aty (f AtB ()]
dm
BU 5 o (TR 1500 ~ Aen s ] i)
d™(z,y
e / (o) 1) = o, )] i)
o d™ (z,y)
C Z A\ dJ
= kgl (Bl,i) /Z’CBL,L'\2"‘—1BL¢ g ( tBl,i >
X |f(y) — Ay f(y)| du(y)
1 d’”(m,y))
C— Z\d)
- w(Bu,i) /X\zmlBl,,-g( tBy,,
x| fy) = Asp f(y)| duly)
=I+1I.

It follows immediately from property (iii) of the balls B; ; that there is a
positive constant C independent of k such that

! / [fol@)| du(z) < CHu(B)®.
2’“3111'

(2% By ;)
Hence, for k =0,1,2,...,¢; + 1 we have
1
[ @)~ A 1@ dutz)
2k By ;
1

(3:9) w(2kBy ;)
- w(2* B ;)

/ [fo(@)| duz) < CBu(B)",
2By ;

since 2%+1 By ; C 10C{B. For any x € By,; and y € 2By ; \ 2871By;, k =
[logs C1] + 2, ... there exists a constant cg > 0 such that d(y,x) > cg2Frp, .

(Here [log, C1] denotes the integer part of log, C;.) Hence, from (3.5) and
(2.4) we get

[log, C1]+1

120 Y 20) e [ 1f@) = ey (@) dia)
k=0 ) 2By

qi+1

>

k=[log, C1]+2

1

Jr -
(2% By ;)

2k g gk / 1£(z) — Avy £(z)] dps(z)
2kB;

[log, C1]+1

D

k=0

< Cpu(B)~

< CBu(B)*.

2"g(0) + CBu(B)*

git+1

D

k=[log, C1]+2

ang(cgb2km)
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To estimate II, we let p; be an integer such that 2Pirg, , <rp < 21”“‘17"31,1..
Set 27'By; = 0. We then have u(B(zo,75,,)) < C2P* (B, ;). For any
z € By; and y € 2’“B17i \ 2’“’131@, k = [2logy C1] + 2,... there exists a
constant ¢z > 0 such that d(y,z) > ¢;2¥*Pirpg, . Thus,

o}

1 d™(x y))
Z W(B1i) Jorp, N\2k1By g iBy,

k=[2log, C1]+1
X | f(y) = Aep f(y)| duly)

<C Z 21%N2(k+1)i)ng(c77712(k+m)m)
k=[2log, C1]+1
1
S — | d
< TR oy, @)~ At (@) dia)
(oo}
<C Y RNV g(moipim)
k=[21log, C1]+1
< Cu(B)* < CBu(B).

||f||LipA(o¢7x)

Combining the above estimates of T and II, we obtain (3.4). Estimate (3.3)
then follows.

On each B ;, we again use the decomposition in Theorem 1.3 of Chapter
III in [2] of the function

fri(@) = (f = Ap, . [)(@)x10ci B, (%)

with same value Bu(B)®. We then obtain a collection of balls {Bsz ,,} for any
x € By, \ (U, B2,m) such that |f(z) — AtBLif(z)| < Bu(B)* and

Z,U’(BQ,’H’L) S BME%)QM(Bl,i)1+a S %I’L(Blﬂ,)

Also, for any Bs ,, (| B1,i # () we have
|AtBly7"f(m) - Athymf(x” < C5B,U(B)a for all z € B2,m~

Now we combine all families { By ,, } corresponding to different By ;’s and still
call the resulting family {Bs ,,}. Then we have

[f(2) = Avg f(@)] < [f(2) = Avg,  F@)| 4 |Aip [ () = vy, f(2)] < 2e580(B)"
for z € B\ (U,, B2,m), and so

S (o) < (C;)QMB).
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We then obtain for each natural number K a family of balls { By, } such that
outside of their union we have

)~ Ay f(0)] < KespuB)®. o€ 8\ (U B

and

Suin < () um)

m

If KesfBu(B)® < A < (K+1)espu(B)* with K = 1,2, ..., using the condition
B > c3, we then obtain

K
o € B511(0) = Aup F0)] > 0} £ ) < () i)

m

< e*(K10g2)/2u(B)
< \/Be~ 557 u(B).
On the other hand, if A < ¢50u(B)%, we have
ple € B |f(@) = Ay, f(@)] > A} < p(B) < ! 57T u(B).
Thus, we obtain (3.2) by choosing

min{(log 3)/4, 1}
csf3 '

Thus, Theorem 3.1 is proved. (]

¢ = max(e,v/3) and ¢y =

As a consequence of Theorem 3.1, we obtain the following theorem, which
is equivalent to Theorem 3.1.

THEOREM 3.2. Suppose that f is in Lip4(«, x). There exist positive con-
stants A and C such that

1 A
sup L /B exp { i) - Ath(a:)l} du(z) < C,

where tg =15

Proof. We choose A = ¢3/2, where co is the constant in Theorem 3.1. We
then have
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A
/B exp { i) - Ath(x)l} dy(z)

- /ooo“{x °B e"p{ f||LipA(j,X>u<B>a #(z) = As f (x”} > t} “
< u(B)

+/OOM{$ cB: |f(g;) _ Ath(I)| > logtHflLip;‘\(a,X)/,L(B)a} Ut
1
< u(B)+ clu(B)/ exp {_02 lsgt} dt

1

w(B) + clu(B)/ t=e2/A dt
1
< Cu(B).
Thus, Theorem 3.2 is proved. O

DEFINITION 3.1.  Given p € [1,00), we now define the space Lip, (o, x) as

follows: f € M is in Lip’) (o, x) if there exists some constant C' such that for
any ball B,

36w (o [ @) - A )l/pu<x><oo,

B (B
where tg = r% and rpg is the radius of the ball.
The smallest bound C for which (3.6) is satisfied is then taken to be the
norm of f in this space and is denoted by || f||Lip2 (a,y)-

We have the following result.

THEOREM 3.3.  For 1 < p < oo the spaces || f||Lipz (a,y) coincide, and the
norms || - ||Lipz are equivalent for different values of p.

Proof. For any f € M, by Holder’s inequality we have || f||Lip,(ay) <

Cll f1lLip?, (o x) To obtain the converse inequality, we apply Theorem 3.1. If
felip A( , then

/ 50) = A S du(z)
:p/o Nl € B |f(x) — Ay, f(z)] > A} dA
o [ e { - c2A }d/\ B
<0, [ 0o | e

< CollfIEsy (B (B).
Hence Hf”Lipf‘(a,x) < Op”fHLiPA(O‘vX)' O
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4. Applications

In this section, we consider the Lip 4 (v, x)-boundedness (« > 0) of a frac-
tional integral that is similar to the singular integral introduced in [5]; see
also [8]. The fractional integral is defined in the following way:

Isf(x) = / k(e 9)f(y) duly) for 0< B <1,

if the kernel k(x,y) satisfies the following two conditions:

(a) There exists a positive constant Cy such that
|k(z,y)| < Crp(z,d(z,y))”" for all 2,y € x;

(b) There exists a generalized approximation to the identity { A }+~o satis-
fying (2.3) and (2.4) such that the operator (I3 — A;I3) has associated
kernels k;(x,y) and

1 té/m
(B(,d(z,y)))' 7 d*(z, y)
for some Cy, C3, § > 0. (In fact, without loss of generality, in what
follows we will assume that C5 = 1.)
It is well known that I is bounded from LP(x) to L9(x) with 1/¢=1/p— 0
and 1 < p < 1/8. See page 91 in [1].
Next we will prove the boundedness of fractional integrals on the space
Lip 4 (e, x)-

, when d(z,y) > Cst'/™,

ki(z,y)| < C
ke (z,y)| 2

THEOREM 4.1. Let0< <1, 1/8<p< o0, and o = —1/p. Assume
that I is an operator satisfying the above conditions (a) and (b) with § > no.
Then there exists a constant C' such that

1 Lip s (a) < Cllf e
for all f € L'(x) N LP(x)-

Proof. 1t suffices to prove that for any ball

1

s [ 1o0@) = Ao @) du(@) < Cl o)
where tp = rJ.
Let f € L'(x) (N L”(x). Since

Ay Isf(z) = / ary (2, 9) T3 () dps(y)

X
and the kernels a;, (z,y) of A, satisfy (2.3) and (2.4), we have

|Ais Ipf(x)] < CM(Isf)(x)
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for all z € x, where M denotes the Hardy-Littlewood maximal operator; see
[12] and [7]. Let f1 = fxacy,p and fo = f — f1. We write

Iof —Aglaf = (Ipf1 — Aeglafi) + (Is — AigIp) fo.
We then have

/B L5 f(2) — A f(2)| du(e)
< [ Mafil@) = Aup Lo @) + (0 — Aup T fo(o)] di)
B

<C [ M) @) dute) + [ 1Ua = Ay 15) o) du(o)
B B
— 1411
ForI,let 1/¢g=1/py —f and 1 < p; < 1/3. Then

1< Cu(B)Y ( / M(Tsf1)(2) du(w)>1/q
< coum ( / Ifﬁfl(w)lqdu(x))l/q

<cum ([ CTE (o)) "

< Cu(B) | £llLr -
where 1/g+1/¢ = 1.
For II, using (2.1), condition (b), and Holder’s inequality, we have

ws [ bl dute)

1/p’
§0||f||m(x)/3 (/(CB) ()7 d,L(y)) du(z)
4C4 c

<Clfleo [ (S [
B\ 2k—1lrp<d(z,y)<2*rp

(Bl d, )" ()~ dpta)) " duta)

oo

1/p'
< C,U/(B)1+a||f||LP(X) (Z 27k5p/2kn[1+p (ﬂl)])

k=1
< Cu(B) N f e

since 6 > n(f —1/p) and 1/p+1/p’ = 1.
Thus, the proof of Theorem 4.1 is complete. O
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