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FINITE RANK COMMUTATORS AND
SEMICOMMUTATORS OF TOEPLITZ OPERATORS WITH
HARMONIC SYMBOLS

KUNYU GUO, SHUNHUA SUN, AND DECHAO ZHENG

ABSTRACT. In this paper we completely characterize finite rank semi-
commutator or commutator of two Toeplitz operators with bounded
harmonic symbols on the Bergman space. We show that if the product
of two Toeplitz operators with bounded harmonic symbols has finite
rank, then one of the Toeplitz operators must be zero.

1. Introduction

Let dA denote Lebesgue area measure on the unit disk D, normalized so
that the measure of D equals 1. The Bergman space L? is the Hilbert space
consisting of the analytic functions on D that are also in L?(D,dA). For
z € D, the Bergman reproducing kernel is the function K, € L? such that

h(z) = (h, K>)
for every h € L2. The normalized Bergman reproducing kernel k, is the
function K,/||K,|l2. Here the norm || ||z and the inner product { , ) are

taken in the space L?(D,dA).

For f € L*>°(D,dA), the Toeplitz operator Ty with symbol f is the operator
on L? defined by Tyh = P(fh); here P is the orthogonal projection from
L?(D,dA) onto L?. We denote the semicommutator and commutator of two
Toeplitz operators Ty and T, by

(Tf» Tg] =T5q —T¥1,

and
[Ty, Ty) =TT, — TyTy,

Received June 2, 2005; received in final form December 9, 2005.

2000 Mathematics Subject Classification. Primary 47B35, 47B47.

The first author was supported by the National Outstanding Youth Secience Foundation
of China and SRFDP. The second author was supported in part by the National Natural
Science Foundation-10471041 of China. The third author was partially supported by the
National Science Foundation.

(©2007 University of Illinois

583



584 KUNYU GUO, SHUNHUA SUN, AND DECHAO ZHENG

respectively. Note that if g € H>°(D) (the set of bounded analytic functions
on D), then T, is just the operator of multiplication by g on L? and hence
(Ty,Ty] =0 for any f € L>°(D,dA).

For a bounded operator S on L2, the Berezin transform of S is the function
B(S) on D defined by

B(S)(2) = (Sk. k.).

The Berezin transform B(u)(z) of a function v € L (D, dA) is defined to be
the Berezin transform of the Toeplitz operator T,. In other words,

B = BN = [ () daw)

1—ZzZw

The last equality follows from a change of variable in the definition of the
Berezin transform. The above integral formula extends the Berezin transform
to L'(D,dA) and clearly gives

(1) B(u)(z) = u(2)

for any harmonic function u € L'(D, dA).

82
N 020z
monic if Ah(z) = 0 on D. We use A to denote the invariant Laplace op-

Let A denote the Laplace operator 4 A function h on D is har-

erator (1 — |z|2)24a§—;. The invariant Laplace operator commutes with the
Berezin transform [1], [8], which is useful in studying Toeplitz operators on
the Bergman space [1].

An operator A on a Hilbert space H is said to have finite rank if the
closure of Ran(A) of the range A(H) of the operator has finite dimension.
For a bounded operator A on H, define rank(A) = dimRan(A). If A has
finite rank, then rank(A4) < oo.

In this paper we study the problem for which bounded harmonic functions
f, g on the unit disk, the semicommutator (T, Ty] or commutator [Ty, T,]
has finite rank on the Bergman space. The analogous problem on the Hardy
space has been completely solved in [3], [7]. We will reduce the problem to the
problem of when a Toeplitz operator has finite rank. Although the problem
on finite rank Toeplitz operators remains open, Ahern and Cuckovié [1] have
shown that for u € L*°(D), if T,, has rank one, then u = 0. One naturally
conjectures that for u € L (D), if T,, has finite rank, then v = 0. In this
paper, we will show that this conjecture is true provided that u is a finite sum
of products of an analytic function and a co-analytic function in L?(D,dA).
Using this result we shall completely characterize finite rank semicommutators
and commutators of two Toeplitz operators with bounded harmonic symbols.
The zero semicommutator and commutators of two Toeplitz operators with
bounded harmonic symbols have been completely characterized in [4] and [13].
In fact, we shall show that if the semicommutator or the commutator of two
Toeplitz operators with bounded harmonic symbols has finite rank, then it
must be zero. This is not the case on the Hardy space [3], [7]. Moreover, on
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the Bergman space there exist nonzero compact semicommutators or commu-
tators of two Toeplitz operators with bounded harmonic symbols [11], [13].
We will show that for two bounded harmonic functions f, g, if the product
TtT, has finite rank, then either f or g equals 0, which extends the result on
zero products of Toeplitz operators in [1].

2. Toeplitz operators

In this section, we study Toeplitz operators with finite rank. Some notation
is needed. For a family {A,} of operators on the Hilbert space H and an
operator A on H, we say that A, converges to A in weak operator topology,
if for each z, y € H,

tin (A, ) = (A7),

The following result is implicitly contained in Lemma 3.1 in [10]. We
include a proof for completeness.

LEMMA 1. Suppose that A, and A are bounded operators on the Hilbert
space H. If A, converges to A in the weak operator topology, then

rank(A4) < liminf rank(A,,).

Proof. Let | denote liminf,,_, ., rank(A,). We only need to consider the
case | < co. We claim that rank(A) < [. If this is false, we may assume that
rank(A) > [ 4+ 1. Thus there are (I + 1) elements {scj}éill in H such that

{Az; 2111 are linearly independent and so

det[(Az;, Az;j)]111)x141) # 0,
where det[(Axz;, Ax;)](141)x (1+1) denotes the determinant of the (I4-1) x (I4-1)
matrix [(Azs, A2j)]141)x(1+1)- Since A, converges to A in the weak operator
topology, for each i, 7,

lim (A, z;, Az;) = (Az;, Ax;).
n—oo
This gives
lim det[(An:zri, AIj>](l+l)><(l+1) = detKAIi,Al‘j>](l+1)x(l+1).

n—oo

Thus for some large N,

(2) det[(Anzs, Azj)|141)x@+1) # 0,

but

(3) rank(Ay) < L.

So (3) gives that there are constants ¢; with Eii lei] # 0 such that
I+1

Z CiANLL'Z‘ =0.
i=1
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Hence
c[{Anzi, Azj)] 1+ 1)x1+1) = 0.,
where ¢ = (¢1,...,¢41). This implies
det[<AN£L'i,Al’j>](1+1)x(l+1) = O
This contradicts (2) and completes the proof. O

THEOREM 2. Suppose that f is in L (D) and equal to 23:1 [i(2)g;(2)
for finitely many functions f;(z) and g;(z) analytic on the unit disk D. If Ty
has finite rank, then f = 0.

Proof. First we will show that T}y has finite rank. To do so, for each
0 <r <1, define f.(z) = f(rz). Let g, = f,. Since

l
ICESNACTIC)

for finitely many functions f;(z) and g;(z) in L2, we have

Ty =T —
For = Ly £ (r2)gs ()

l
= Tr5 0,00
j=1

1
= Z T j(TZ)Tngj(TZ)'
j=1

The last equality follows from the basic properties of Toeplitz operators [2]
T3Ts = Ty
and
T¢Iy =Ty,
for f € L>®(D,dA) and h € H>* (D). If Ty has finite rank and rank(Ty) = N,
then for each 0 < r < 1,
rank (7T, ) < NI

Thus
lim sup rank(7',, ) < NI

r—1

Next we shall show that T’ converges to T2 in the weak operator topol-
ogy. To do this, we observe that for each z € D,

£ (2)gr(2)] = 1F(2)f(r2)] < || 1%
and

lim f(2)g,(2) = |f(2)]*.

r—1-
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By the dominant convergence theorem we have that for hy, hy € L2,
Jim [ @0 (AR = [ 1@ REAC),

to obtain
lim <ngrh1, h2> = hI{L <fg,«h1, h2>

r—1-—

= fim | f(2)g r(2)h(2)h2(2)dA(2)

r—1-

/ A
D

= <T‘|f|2h1, h2>
This means that T, converges to Tj;z in weak operator topology. By
Lemma 1, we have that the Toeplitz operator T|;. with nonnegative func-
tion symbol has finite rank and its rank is at most NI.

To finish the proof we need to prove that if the Toeplitz operator with
nonnegative function symbol has finite rank, it must be zero. This was well
known. For completeness, we include a proof here. Since 7)¢» has finite rank,
the kernel of T}f2 contains a nonzero function h € L. Thus

0 = (Tis2h, h)
= (|fPh.h)

/|f ) PIR(2)[2dA(2),

and so

[F(2)PIh(2)]* = 0
for a.e. z € D. Noting that h(z) is in the Bergman space, we conclude that
f=0in L*(D,dA) to complete the proof. O

3. Finite sum of products of Hankel operators

For f € L>(D,dA), the Hankel operator Hy with symbol f is the operator
on L2 defined by Hyh = (I — P)(fh); here P is the orthogonal projection
from L?(D,dA) onto L2. The relation between Toeplitz operators and Hankel
operators is established by the following well-known identity:

(T, Ty) = H*H

In this section, we shall reduce the problem of when a finite sum of products
of two Hankel operators has finite rank to the problem of when a Toeplitz
operator has finite rank.

For each bounded harmonic function f on the unit disk, f can be written
uniquely as a sum of an analytic function and a co-analytic function on the
unit disk D up to a constant. Let f, denote the analytic part and f_ the
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co-analytic part with f_(0) = 0. In fact, both f, and f_ are in both the
Hardy space H? and the Bloch space [2], [9].

For bounded harmonic functions f; and g; on the unit disk for i = 1,... k,
define
[k
J(fla R fk;gla s agk) =A Z(fl)—(gl)+‘| .
i=1

For two bounded harmonic functions f and g on the unit disk, let os.(f, g)
denote o(g; f) and o.(f, g) denote o(f, —g; g, f). Easy calculations give
k

(4) o(f1s s frigreege) = (L= 1272 () (90),

where (f;)_ = 05 f;- Hence
sc(f,9) = A(f1+9-)
= (1—|2*)*(9:£)(z9)
= (1= 2) F(2) @ = [21*)g(2),
oc(f.9) = A[f_g+ — [+9-]
= (1= |2*)*[(9:)(9-9) — (8- f)(9z9)]
= (1= 2L ()0 = |2*)g (2) = (1 = 121D ()1 = |2*)g" (2).

LEMMA 3. Suppose that f; and g; are bounded harmonic functions on the
unit disk fori=1,.... k. Then o(f1,-.., fx;91,---,9%) is in L°(D,dA).

Proof. Since f; and g; are bounded harmonic functions on the unit disk,
(fi)+, (fi)=, (9i)+ and (g;)— are in the Bloch space
B = {h: h analytic on D, sup(1 — |z|?)|}W/(2)] < oo}
z€D

(see [2]). (4) gives that o(f1,..., fx;91,--.,9%) is in L®(D,dA). O

PROPOSITION 4. Suppose that f; and g; are bounded harmonic functions
on D fori=1,... k. If the finite sum Z?Zl H;THfJ of products of Hankel
operators has finite rank, then T, (¢, . f..q:...gr) has finite rank.

Proof. For these bounded harmonic functions f;, g; on the unit disk, write

fi=(fi)+ + (fi)-
and
gi = (9i)+ + (9:)—,
where (f;)+, (9i)+, (fi)—, and (g;)_ are in the Hardy space H2. By Lemma

37 U(f17 reny fk;gla <o ,gk)(Z) is in LOO(D7 dA) Thus To'(flvu:fk;gl’“"gk) is
bounded on the Bergman space L2.
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We shall get the Berezin transform of Z?Zl HZ-Hy,. First we calculate the
Berezin transform of B((Ty,T,4])(z) of the semicommutator (T, T,]. By the
basic properties of Toeplitz operators on the Bergman space [2], [14], we have

Trkz = (f+ + f-(2))k,

for z € D. Since f is harmonic in the unit disk, we also have
B(f)(z) = f(2).
For two bounded harmonic functions f, g on D, easy calculations give
B((Ty, Ty])(2) = B(Tyy — T Ty)(2)
= (fgks, k2) — ((9+ + 9 (2)ks, Fkz)

(fg = fg+ + 9-(2))]ks, k2)
<[f(g— —g- (Z))]kzk'z>
=([f+9- + f-9- — fg-(2)]k:. k.

k (

= B(f+9-)(2) + f-(2)9-(2) —9-(2) B()(2)

= B(f+9-)(2) + f-(2)9-(2) — 9-(2) f(2)

= B(f19-)(2) + f-(2)9-(2) = 9-(2)(f+(2) + [-(2))

= B(f19-)(2) = f+(2)9-(2)
for all z € D. Noting

(Ty, Tg] = HHy,
we have
B(H}H,)(2) = B(f1+9-)(2) = f+(2)g-(2).

Thus

k
B<Z H;ijj) (2)
" k k
=B (Z(gj)+(fj)> (2) = > (9)+ () (£)-(2).
j=1

=1

Applying the invariant Laplace operator A to both sides of the above equation
gives

k
AB <Z H;ij].) (2)

Jj=1

k k
AB (Z(gj)ﬁt(fj)—)] (2) — lA > (9)+ () () -(2) |-

Jj=1
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Since the invariant Laplace operator commutes with the Berezin transform
(Lemma 1, [1]), we have

B(U(flv .. '7fk;glv s >gk))(z)

=(1-2) [zk:

+AB (Z Hfj>

In other words, the above equality becomes

<T0'(f1 ----- 39150 9k)k27k2> :B(U(f1>'"afk;gla"'7gk))(z)
k
= (1-2*)? [Z(gj);(z)(fj) +AB (Z Hﬂ)

j=1
For two functions z and y in L2, define the operator x ® y of rank one to
be

(ey)f=(fy=
for f € L2. Then it is easy to verify that

Bz @y)(z) = ((z @ y)k:, k)

=1 -z (z@yk., K.)
= (1= [l (K=, y) (o, K)
(1= [2[*)*2(2)y(2),

for z € D. If the semicommutator Zle HZ-Hy, has finite rank IV, then there
exist functions z; and y; in L2 for j = 1,..., N such that

N
Z Hfj Zl‘j R Yj-
j=1

Thus
k
B(ZH;Hfj>( (1— 1z <ZxJ )
j=1

Observe

3N
|Z‘ (Z zj(z )) = ijj(z)gj(z)

j=1

where #; and ¢; are in the Bergman space L2. So

3N o
+(1—|Zl2)2< i;(z)ﬁ;-(Z))

Jj=1

<T0(f1 ,,,,, Frig1sees gk,)kz’k2>
k

=(1- |27 [Z(gj)ﬁr(Z)(fj)’_(Z)

Jj=1
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Dividing by (1 — |2|?)2, we obtain

k 3N
(5) (T (i, frson, o) Ko K2) = Y (99)4 (2)(f)(2) + <Zﬁ}(2)ﬂ3(2)>.
j=1 j=1

As in [1] we complexify the above identity. Write the left hand side as an
integral as in [1] to get

1
<T0(f1;~-7fk§gl7'~~;9k)KZ?KZ> :/ O'(fla---7fk§917--~7gk)()‘)ﬁd14()‘)-

Since the right hand side of (5) and the above integral are real analytic func-
tions of z and Z, we obtain

k 3N
Ty frigroge) K K2) =Y (95) (2) (f5) (w) + (Z i;(Z)?)Q(w))
j=1 j=1
Differentiating both sides of the above equation [ times with respect to w and
then letting w = 0 gives
k 3N

(6) To(frrfionron)® = D atj(93)4 (2) + D by} (2)

j=1 j=1
for some constants alj, blj.

Although some of the (g;), and #; may not be in L2, we observe that for
each 0 <7 < 1, all of (g;)}|-p for j =1,...,k and @|.p for j = 1,...,3N
are in L2(rD,dA).

We claim that

To(frriifrigisnge) has finite rank on the Bergman space Li.

If this claim is false, we may assume that there are 3N + k + 1 linearly
independent functions {gbu}iﬁfkﬂ in the range of Ty(f, .. fiig1,....g0)- LhUS
for each 0 < r < 1, {¢#‘rp}i£fk+l are also linearly independent in the space
L2(rD,dA). Since analytic polynomials are dense in L2, for each u, there
are analytic polynomials p,; such that T, s . 1., .g0)Pul cONVerges to ¢,.
Thus Ty, fuig1,....gi)Pul cOnverges uniformly to ¢, on each compact subset
of the unit disk D. Noting that rD is contained in a compact subset of the
unit disk, we have

i [ To(p, o fsgrgePul(2) = 0u(2)PdA(2) = 0.

l—o0 rD

On the other hand, (6) gives that T, (f,, .. f.:g1.....95)PutlrD is contained in
the subspace spanned by (g;)’ |, p and &}|,p of LZ(rD,dA). But the subspace
has dimension at most 3N + k. This contradicts that {¢M|Tp}i]ii"k+l are also
linearly independent and hence gives that T, (¢, .. f,.g......,) has finite rank to

complete the proof. O
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4. Main results

Now we are ready to state and prove our main results.

THEOREM 5. Suppose that f and g are bounded harmonic functions on the
unit disk. The semicommutator (Ty,T,] has finite rank if and only if either f
or g 1s analytic on the unit disk.

Proof. If either f or g is analytic on the unit disk, then 74T}, = T}, and so
the semicommutator (T, Ty] equals 0.
If the semicommutator (7', Ty] has finite rank, noting

(T, Ty] = H}Hg

by Proposition 4, the Toeplitz operator T,, (s 4y has finite rank. Since

c

ase(f,9)(2) = (1 = [2[*)* f.(2)g" (=)
= f1(2)g-(2) = 22f1 (2)g" ()2 + 2 £ (2)g" (2) 27,

Theorem 2 gives that for z € D,

ase(f,9)(2) = (1= [2[)*f1(2)g"(2) = 0.
This implies
Fi ()5 () =0

on D. Thus either f, or g_ is constant on D. So we conclude that either f
or g is analytic on D to complete the proof. O

THEOREM 6. Suppose that f and g are bounded harmonic functions on
the unit disk. The commutator [Ty, T,] has finite rank if and only if f and
g are both analytic on D, or f and g are both analytic on D, or there are
constants c1, co, not both 0, such that c1 f + cag is constant on D.

Proof. If f and g are both analytic on D, both Ty and Tj are multiplication
operators on the Bergman space and therefore are commuting. Hence the
commutator [Ty, T,] equals 0.

If f and g are both analytic on D, both Ty and T}, are adjoints of multipli-
cation operators on the Bergman space and therefore are commuting. Hence
the commutator [Ty, T,] equals 0.

If there are constants ¢y, ¢, not both 0, such that c¢; f + cog is constant on
D, noting that the Toeplitz operator with constant symbol commutes with
any bounded operator on the Bergman space, we have that T commutes with
T, and thus obtain that the commutator [Ty, T,] equals 0.
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Conversely, if the commutator [Ty, T,] has finite rank, noting
[Ty, Tg) = TyTy — TyTy
= (Tyy — TyTy) — (Tyy — Ty Ty)
= (Tg, Ty] = (T, T
=H;Hy — HyH,,
we have that H; Hy — H;;Hg has also finite rank. Lemma 3 gives that o.(f, g)
is bounded on D, and easy calculations give
ae(f,9)(2) = (1= [21*)?[f2(2)g] (2) = fi(2)g" ()]
= fL(2)g}(2) — f1(2)gL () — 22fL(2)g} (2)2
+22f(2)91 (2)2 + 22 L (2) gy (2)2° = 2* 1 (2)9" (2) 2%
Thus Theorem 2 and Proposition 4 give that o.(f,¢)(z) = 0 on the unit disk.

Let u =g4 + 49— and v =14f + f_. Clearly, v and v are harmonic on D.
An easy calculation gives

Afuv) = Algi f- = frg- +igfs +ig-f-]
= Algy f- = f+9-]
= (1= 2L (2)d (2) = Fi(2)d"(2)]
oc(f,9)(2).

Thus wv is also harmonic on D. By Lemma 4.2 [6], we have that at least one
of the following conditions holds:

(1) u and v are both analytic on D;

(2) @ and ¥ are both analytic on D;

(3) there exist complex numbers «, 8, not both 0, such that cu + Sv and
at — B0 are both analytic on D.

Condition (1) gives that f and g are both analytic on D. Condition (2)
gives that f and g are analytic on D. Condition (3) gives that a(g; +1ig_) +
B(ify + f-) and a(gy +ig_) — B(ify + f_) are both analytic on D. Thus
aig_ + ff— and agy — Fify are constants on D, and so ag_ — Bif_ and
ag4 — Bify are constants on D. Hence we conclude that

ag —iff = (ag- —iff-) + (agy — Bify)

is constant on D. This completes the proof. O

THEOREM 7. Suppose that f and g are bounded harmonic functions on
the unit disk. T¢T, has finite rank if and only if either f or g equals 0.

Proof. It is clear that if either f or g equals 0, then T47T, = 0.
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Conversely, if TyTj has finite rank, we shall show that either f or g equals
0. An easy calculation gives

(7) B(TyTy)(z) = B(f9)(2) = B(f+9-)(2) + f+(2)9-(2).
Applying the invariant Laplace operator A to both sides of the above equation
gives

[AB(TyT))|(2) = AB(fg — f+9-)(2) + A[f+(2)9-(2)].

Since the invariant Laplace operator commutes with the Berezin transform
(Lemma 1, [1]), we have

B(A(fg = f+9-))(2) = [AB(TyT,)(2) — Alf+(2)g-(2)]-
As in the proof of Proposition 4, the Toeplitz operator TA(fg—f+g,) has finite

rank. Theorem 2 gives that A(fg — f1g_) = 0. This implies that fg — fyg_
is harmonic and f’ (2)g’, () = 0 on D. Thus either f_ or g is constant and
hence either f or g is analytic on D.

On the other hand, since fg — f1g— is harmonic, (7) gives

B(TyTy)(z) = f(2)9(2)-
By the main result of [5],
lim B(TyTy)(z) =0.

|z|—=1

Because the radial limits of both f and g exist on the unit circle, we have
that f(z)g(z) = 0 on the unit circle and therefore either f or g equals 0 on
the unit circle. Hence f or g equals 0 on the unit disk. This completes the
proof. O

Theorems 5, 6 and 7 suggest the following theorem.
THEOREM 8. Suppose that f; and g; are bounded harmonic functions on
D fori=1,...,k. The following are equivalent:
(1) Z?Zl HZ-Hg, has finite rank.
k *
(2) ZFI HZ-Hy = 0.
(3) U(f17' . ‘7fk;glv‘ .. 7gk) = 0

Proof. 1t is clear that (2) implies (1).
First we prove that (1) implies (3). Proposition 4 immediately gives that
To(fi, frigisgr) has finite rank. Theorem 2 gives that

U(fly"'afk;glv"'agk) =0.
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To prove that (3) implies (2), we need the following equality obtained in
the proof of Proposition 4:

k
Z Hg*—ijj (2)
=1

k
=B > (9))+(; ) = D (99)+(2)(f)-(=).
Jj=1 j=1
(3) implies that the function E 9j)+(2)(fj)=(#) is harmonic and hence

k

D (99)+ ()= | (2) =D (95)+(2)(£)-(2).

.
—_

Therefore
k
B( > HiHy, |(2) =0
j=1
By the injection of the Berezin transform [12], we conclude that the operator
Zle H;T'H #; must equal 0. This completes the proof. O
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Luecking that he proved that if a Toeplitz operator with bounded symbol has
finite rank, then its symbol must be zero.
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