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CUBIC FOURFOLDS AND SPACES OF RATIONAL CURVES

A.J. DE JONG AND JASON STARR

ABSTRACT. For a general nonsingular cubic fourfold X C P% and e > 5
an odd integer, we show that the space M, parametrizing rational curves
of degree e on X is non-uniruled. For e > 6 an even integer, we prove
that the generic fiber dimension of the maximally rationally connected
fibration of M, is at most one, i.e., passing through a very general point
of M. there is at most one rational curve. For e < 5 the spaces M. are
fairly well understood and we review what is known.

1. Introduction

Let k& be an algebraically closed field of characteristic 0. Let X be a non-
singular cubic hypersurface in P}. For each integer e > 1 denote by M, the
variety parametrizing smooth, geometrically connected curves in X of degree
e and arithmetic genus 0, i.e., M, is the scheme of rational curves of degree
e in X. The scheme M, is an irreducible variety of dimension 3e + 1. This
is nontrivial and is discussed in Section 2. In this paper we consider the
birational geometry of M., specifically the following questions:

(1) What is the Kodaira dimension of M.?
(2) In case the Kodaira dimension is negative, what is the dimension of
the general fiber of the maximally rationally connected fibration of
M, (cf. [16])?
These questions were originally raised by Joe Harris with regard to the well-
known problem of rationality /irrationality of cubic fourfolds (we do not solve
this problem). It is a pleasure to acknowledge useful conversations with Joe
Harris.

In Section 2 we discuss different compactifications of M, and how they are
related. Let M, be a desingularization of a compactification of M,. Question
2 can be rephrased: For a very general point p € M., what is the maximal
dimension of a closed, rationally connected subvariety Z C M. containing p?
Equivalently, denoting by M. — @ the MRC fibration (in the sense of [16,
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Def. IV.5.3]), what is the difference dim(M,) — dim(Q)? If this is 0, then for
a very general point p € M, there is no non-constant morphism P' — M,
whose image contains p, i.e., M, is not uniruled. We note that the invariant
dim Z is a birational invariant of M, (so it is independent of the choice of
desingularized compactification).

Discussions with Joe Harris have led to the list of maximal dimensions for
small values of e:

e 123 4
dimM, 4 7 10 13
dimZ 03 2 3

We pause to explain this table. The case of lines is well known, namely M; is
a 4-dimensional hyperKéahler manifold [3, Prop. 1]. In the case of conics, the
set of all conics residual to a fixed line is a 3 dimensional rationally connected
variety Z. In the case of cubic rational curves, note that a general cubic curve
lies on a unique cubic surface and moves in a 2-dimensional linear system on
it. So Z has dimension at least 2. A general quartic rational curve lies on
a unique cubic threefold, and moves in a 3-dimensional rationally connected
family on it (cf. [10, Theorem 8.2]), so Z has dimension at least 3. This
gives a lower bound for the numbers in the bottom row of the diagram, which
is easily seen to be the actual dimension of Z when e = 1 or 2. For e = 3
and e = 4, we have not verified these numbers give the actual dimensions,
but we would be surprised if they turn out to be larger. Ana-Maria Castravet
conjectured that for e = 4, the actual dimension of Z is 3 and the target of the
MRC fibration of M is birational to the relative intermediate Jacobian of the
family of hyperplane sections of X—in other words, the relative intermediate
Jacobian of the family of hyperplane sections of X is not uniruled.

THEOREM 1.1.  Let X C P% be a very general cubic fourfold. For every
odd degree e > 5, the variety M. is not uniruled. For every even degree e > 6
the variety M. has dim(Z) < 1.

Actually our method gives something a little better than Theorem 1.1.

THEOREM 1.2. Let X C P5 be a smooth cubic hypersurface, and let
M, be a nonsingular projective model of M.. There is a canonical section
we € HO (M., QQM ) with the following property:

(a) If e is odd, e > 5, if X is general, and if p is aieneml point of M,
then we induces a nondegenerate pairing on T,(M.).
(b) Ife is even, e > G,LfX is geneﬁl, and if p € M, a general point, then

the linear map T,,(M.) — TpV(ME) induced by we has a 1-dimensional
kernel.

COROLLARY 1.3. Ife is odd, e > 5, and if X is general, then the Kodaira
dimension rk(M,) is > 0.
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Th 1 foll (Be+1)/2 . .

e corollary follows as the form we is a nonzero section of the
canonical line bundle.

In Section 2 we recall three different moduli spaces and how they are re-
lated. In Section 4 we give a general method to produce w, on the Kontsevich
moduli stack M, of stable maps for any e > 1. This is different than produc-
ing the form w. on M,.. In a preliminary section, Section 3, we prove that
every p-form on any tame, finite type Deligne-Mumford stack over a field &
(not necessarily algebraically closed, nor of characteristic 0) gives rise to a
p-form on every desingularization of the coarse moduli space; cf. Lemma 3.6.
Thus producing the 2-form on M, is stronger than producing the 2-form on
M. In Section 5 we describe how to compute the associated alternating pair-
ing on Zariski tangent spaces of M.. In Section 6 we show that this pairing
is nondegenerate for a general point of M5. The case e = 5 is particularly
simple: almost no explicit calculation is necessary. In Section 7 we prove that
we is generically non-degenerate for every odd degree e > 5, and the kernel
of the pairing is generically 1-dimensional for every even degree e > 6. In
Section 8 we sketch a proof that Mg is not uniruled and pose some questions
about the spaces M..

Finally, Theorem 1.2 implies Theorem 1.1 thanks to the following lemma.

LEMMA 1.4. Let M be a smooth, projective scheme, let w be a 2-form on
M, and suppose that at a general point p € M, the rank of the 2-form w is r.
Then dim(Z) < dim(M) — r, i.e., the codimension of the mazimal rationally
connected subvariety Z passing through a very general point of M is at least 7.

Proof. Denote d = dim(Z). If d = 0, there is nothing to prove. Suppose
that d is positive. Then, by [16, Theorem IV.5.8], for a very general point
p € M there is a morphism g : P! — M whose image contains p and such that
g*Thyy contains a locally free subsheaf € C ¢*T); with £ an ample locally free
sheaf of rank d and whose cokernel is a trivial locally free sheaf of rank n — d
(this is in the proof of [16, Theorem IV.5.8], not in the statement). Consider
the sheaf map induced by w, i.e., g*Tyr — g*Qs. Since g* T is semipositive,
the sheaf ¢*); is seminegative. There is no nonzero map from an ample
locally free sheaf to a seminegative locally free sheaf. So &£ is contained in the
kernel of the sheaf map. Therefore d < dim(M) — r. 0

2. Discussion of moduli spaces

In this section we discuss three related functors, each of which gives a com-
pactification of the space of smooth rational curves. The spaces representing
these functors are birational. Since we are studying birational properties of
these spaces the distinction between them is not crucial to the rest of the
paper. We find it useful to pause, compare these three spaces, and point out
what is and is not known about them.
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Let k be a field, not necessarily algebraically closed, nor of characteristic 0.
Let X C PV be a quasi-projective scheme over k. Denote by M, the scheme
parametrizing families of smooth, proper, geometrically connected curves C' C
X of arithmetic genus 0 and degree e. Even before compactifying M., there
are several versions of M, and we concentrate on two of these: M and M¢.
The scheme M is the open subscheme of the Hilbert scheme Hilb®*™!(X)
(cf. [9]) parametrizing smooth curves. And M¢ is the open subvariety of
the Chow variety Chowy (X) (cf. [16, Def. 1.3.20]) parametrizing cycles of
smooth curves. There is not universal acceptance of the definition of the Chow
variety (e.g., there is also the definition in [2]), but Kollar’s definition is best
suited to our needs. In particular, there is the fundamental class morphism,
also called the Hilbert-Chow morphism, from M to M¢.

LEMMA 2.1 ([16, Thm. 6.3]). There exists a fundamental class morphism
FC: (MM)™ — M¢, where (M!)™™ is the semi-normalization of M/ (cf. [16,
Def. 1.7.2.1]). The morphism FC is an isomorphism. Therefore there is a
morphism (FC)~' : M¢ — MY that is equivalent to the semi-normalization of
M. In particular, it is bijective on points.

Proof. This follows from [16, Thm. 6.3] and the semi-normal analogue of
Zariski’s Main Theorem. ]

It does happen that M/ is not semi-normal so that M¢ and M/ are not
isomorphic, e.g., whenever M/ is not reduced. A simple example of this is
given by any pair (X, L) where L C P? is a line and X C P? is a smooth
hypersurface of degree d > 4 containing L. In this case there is a unique
connected component of M{* whose reduced scheme consists just of the point
[L] € M}, but M} is non-reduced.

For the special case that X C P" is a smooth cubic hypersurface—the case
of interest in this paper—we expect that M is always semi-normal.

QUESTION 2.2. If X C P"isasmooth cubic hypersurface, and if char(k) =
0, is M semi-normal? Is M normal?

There are some partial answers. For n arbitrary and e = 1, MJ* is smooth
by [5, Thm. 7.8]. For n = 3 and e arbitrary, M" is an open subset of
a projective space and so it is smooth. For n = 4 and e = 2,3, M is
smooth by [11, Lemma 3.2, Lemma 4.6]. For n = 4 and e arbitrary, M is
an irreducible, reduced, local complete intersection scheme by [12]. So, by
Serre’s criterion, to prove that M/ is normal it suffices to prove that M is

nonsingular in codimension one. We do not know whether this is true.

Let X C PV be a projective scheme over a field k. Denote by Mﬁ the clo-
sure of M in Hilb®™! (X') and denote by M., the closure of M¢ in Chow (X).
These are the first two compactifications of M, which we consider.
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Many results about the Hilbert scheme and the Chow variety are known.
For instance, by [16, Thm. 1.6.3], the morphism FC extends to a morphism

FC: (M:)‘m — M.. Both M. and M: have certain drawbacks. For example
the morphism (FC)f1 does not extend to a regular morphism Mﬁ — M:

(this fails even in the case X = PV). Moreover, the closed subsets M: -
Hilb***1(X) and HZ C Chow, ((X) are typically not open (i.e., they are
typically not a union of connected components of the full Hilbert scheme,
resp. Chow variety). Because of this, it is difficult to carry out an infinitesimal
analysis of Mﬁ and M, as in [16, Section I.2].

If char(k) = 0, there is a third compactification of M, that is very useful:
the Kontsevich moduli space of stable maps (this compactification also exists
in positive characteristic, but it is not as well-behaved). A prestable map
from an r-pointed curve of genus g to X of degree e defined over a field L/k
is a triple (C, (p1,...,pr), f) where C is a geometrically connected, reduced,
at-worst-nodal curve of arithmetic genus ¢ defined over L, where p1,...,p,
is an ordered set of distinct L-rational points in the nonsingular locus of C,
and where f : C' — X is a morphism of k-schemes such that the degree of
f*O(1) is e. The triple is called a stable map if there are no infinitesimal
automorphisms of the triple. There is a notion of families of stable maps and
morphisms between stable maps. There is a Deligne-Mumford stack that is
proper over k, M, (X, e), parametrizing flat families of stable maps from
r-pointed curves to X of genus g and degree e. The coarse moduli space
M, . (X,e) of the stack M, ,(X,e) is a projective k-scheme. The Deligne-
Mumford stack and its coarse moduli space are described in detail in [4] and
[7].

In the special case that X C P5 is a smooth cubic hypersurface, we denote
by M, the Kontsevich moduli space of stable maps to X of genus 0 with no
marked points and degree e.

LEMMA 2.3. The scheme M is isomorphic to an open substack of M..

Proof. This follows from the definitions of M, and M". O

sn

There is an analogue of the morphism FC, i.e., a 1-morphism FC : (ﬂe)

— M,. One drawback of M, as compared to MZ and M, is that it is a
stack rather than a scheme, which makes some arguments more technical.
On the other hand, the deformation and obstruction theory of M, and the
“boundary” are understood quite well. These are the key components in the
proof of the following proposition.

PROPOSITION 2.4 ([13, Prop. 7.4]). Let n > 5 be an integer and let
X C P a cubic hypersurface. If X is general, the stack M, is irreducible
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and reduced of the expected dimension (n — 2)e + (n —4) and has only local
complete intersection singularities.

Proof. Every case except n = 5 follows from [13, Prop. 7.4]. Thus suppose
that n = 5.

By [13, Cor. 7.3], to prove the proposition it suffices to check that for e = 1
and e = 2, the following three conditions hold:

(i) the evaluation morphism ev : Mo o(X,e) — X is surjective and has
constant fiber dimension,
(ii) a general fiber of ev is irreducible, and
(iii) there exists a free stable map of degree e, i.e., a stable map [C, f] such
that f*Tx is generated by global sections.

Case I, ¢ = 1: First consider (iii). For every smooth cubic hypersurface
X C P, and for every point p € X, there exists a line L C X containing p.
By [6, Prop. 4.14], for every smooth variety X and for a very general point
p € X, every rational curve in X containing p is free. So for a very general
point p in X, and for any line L containing p, (iii) holds.

By [16, Cor. I1.3.5.4.2], for a very general point p € X, the evaluation
morphism ev : Mg 1(X,1) — X is smooth over p. The fiber F is canonically
a complete intersection of hypersurfaces in P! of dimension n — 4. When-
ever n > 5, this complete intersection is connected. Since F' is smooth and
connected, it is irreducible. Thus (ii) holds.

Finally, if X is a general hypersurface, then by [11, Thm. 2.1], (i) holds.

Case II, e = 2: Let p € X be a general point and let L C X be any line
containing p. Then L is free. Thus any degree 2 cover of L by a rational curve
is a stable map that is free. Thus (iii) holds.

There is an a priori lower bound on the dimension of every irreducible
component of every fiber of evy : My 1(X,2) — X, namely the difference of
the expected dimension of Mo 1(X,2) and dim(X), which is 4. Condition (i) is
the condition that every fiber of ev; has dimension exactly 4. Condition (ii) is
the condition that at least one fiber is irreducible and reduced of dimension 4.

Suppose that X contains no linear P?>—this holds for a general cubic hy-
persurface in P°. Then every stable map f : C — X of degree 2 that is not a
double cover of a line is an embedded plane conic. The span of the conic C,
say A C P", intersects X in a plane cubic curve C’ C A. Of course C C C’,
and the residual curve is a line L C X.

Conversely, for a general pair of a line L C X and a linear P? A containing
L, the residual to L in AN X is a plane conic. Thus the set of embedded
plane conics in X passing through a general point p is isomorphic to an open
subset of the space of lines M;. This space is smooth of dimension 4. So
to finish the proof of (i) and (ii), it suffices to show that this set is Zariski
dense in ev—1(p) for every p € X. In other words, for every p € X, the subset
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of ev=1(p) consisting of double covers of lines is not dense in any irreducible
component of ev=!(p).

Since X is general, the morphism ev : My ;(X,1) — X is flat. Thus
the variety parametrizing lines in X containing p has dimension 1. Thus
the variety parametrizing double covers of lines containing p has dimension 3
(there is a 2-dimensional family of double covers of a given line by rational
curves). Combined with the lower bound of 4, it follows that the variety
parametrizing double covers of lines containing p is not dense in any irreducible
component of ev~!(p). Therefore (i) and (ii) hold. O

REMARK 2.5. (1) The proposition is false for n = 3 and n = 4. For n = 3,
M. is disconnected (the Picard number of X is not 1). For n =4 and e > 2,
there is an irreducible component Y, C M, parametrizing degree e covers of
lines in X. The open subset M, — Y, is irreducible, reduced of the expected
dimension and has only local complete intersections (cf. [12]).

(2) Even though the proof above works only for a general hypersurface X,
we suspect the proposition holds for every smooth cubic hypersurface X C P™.

(3) In fact the argument above proves much more than the proposition,
namely that for every stable genus 0 A-graph 7 and every flag f of 7, a
certain condition B(X, 7, f) holds (cf. [13, Cor. 7.3]). In particular, M(X,T)
is irreducible.

COROLLARY 2.6. For X C IP° a general cubic hypersurface, the schemes
M¢ and M are irreducible and reduced of dimension 3e + 1. They are bira-
tional to each other and to M,.

3. Trace maps and descent for p-forms

Let X be a quasi-projective variety over a field k with char(k) = 0. If X
is smooth and projective and if k¥ = C, Hodge theory gives linear maps from
HPFTLatL (X)) to HP9(M,), where M, is a desingularization of Mg o(X,e).
The map pulls back forms to the universal curve over My (X, e), and then
uses “integration along fibers”. In the proof of the main theorem, we need a
version of this that holds when X is neither smooth nor projective. In the
next two sections we prove the following version (the proof is algebraic, not
Hodge-theoretic): Let X be a quasi-projective variety. Let g,r,p and ¢ be
nonnegative integers. There are linear maps,

HH (X, QP — HY (M, (X, e), Q7).

When ¢ = 0 this map gives p-forms on the Kontsevich moduli stack. This,
in turn, gives p-forms on a desingularization of the coarse moduli space of
the stack. This follows by a more general result, Proposition 3.6, which is
the main result of this section: Let k be a field (not necessarily algebraically
closed, nor of characteristic 0), and let M be a finite type Deligne-Mumford
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stack over k. If M is tame and if the coarse moduli space M is smooth, then
every p-form on M is the pullback of a unique p-form on M (up to torsion).

The proof uses trace maps for proper morphisms, f : Y — Z, where Z is
normal and f is étale on a dense open subset of Y,

T £.(0F) = (9)".

3.1. If f is finite étale. Let f : Y — Z be a morphism of schemes
and let F be a coherent sheaf on Z. There is a morphism of Oz-modules,
[xOy®o,F — fof*F. If fisfinite and f.Oy is alocally free Oz-module, this
morphism is an isomorphism. Also, there is a trace map Try : f.Oy — Oy
defined in the usual way. Therefore, there is a trace map Try : f, f*F — F.

Let f : Y — Z be a finite étale k-morphism of finite type k-schemes.
For each integer p > 0, the pullback map (df)' : f*QZ/k — Q’;,/k is an
isomorphism. Combined with the trace map from the last paragraph, we get
a map satisfying the following properties.

LEMMA 3.1. Let f :' Y — Z be a finite étale k-morphism of finite type
k-schemes. Denote by n the degree of f. For each integer p > 0 there ex-
ists a unique morphism of Oz-modules, TT‘? : f*Q’;,/k — Q’é/k satisfying the
following properties.

(i) Forp =0, Tr(} : f«Oy — Oy is the usual trace map.
(ii) For every open subset U C Z, for every pair of integers, p,p’ >
0, for every section o € HO(U,Q%, ), and for every section T €

Z/k
HO(f—l(U% QI;//]C)7

Tr‘ffp,f*(f*a AT)=0 A TH;/(f*T).
Moreover, the following properties hold.
(iii) For every integer p and every section T € H°(Y, Q’;//k),

T (fudr) = d( T (f.7).

(iv) Let Z' be a finite type k-scheme and let g : Z' — Z be a morphism
of k-schemes. Denote by Y’ the fiber product Z' x 7Y, and denote by
Y - Z and ¢ : Y' — Y the projection morphisms. For each
integer p > 0, there is a commutative diagram of Oz -modules.

. g* Trr . (dg)T
g f*Qf//k. -1 g Qg/k —_— Qg,/,C

El l:

. (/). (dg")} T
(g ) == ()W ), ——

(v) Let h : X — Y be a finite étale morphism. Then for each integer
p>0, T, = Trho f. Tr}.
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3.2. If f is proper and generically étale. Let f:Y — Z be a proper
k-morphism of finite type k-schemes. Suppose that Z is connected and geo-
metrically normal, and suppose that there is a dense open subset of Y on which
f is étale. Denote by Zgnootn C Z the maximal open subscheme that is smooth
over k. Then there exists an open subset U C Zgmooth, dense in Z, such that
V = f71(U) is dense in Y and such that f|y : V — U is finite étale. By
Lemma 3.1, for each p > 0, there is a trace map Tr?‘v : (f|v)*Q")//k — Q’L’,/k.

DEFINITION 3.2. A trace map is a morphism of Oz-modules, Tt"; : f,.Qf —
(Q,)VY, whose restriction to U equals Trz}‘v.

It is straightforward to check that, if a trace map exists, it is unique and
it is independent of the choice of U.

PROPOSITION 3.3. Let Z be a finite type k-scheme that is connected and
geometrically normal. Let f :Y — Z be a proper morphism that is étale on
a dense open subset of Y. For each integer p > 0, there exists a trace map
T f95 = (95,7

P
Y/k Z/k

Proof. Denote by i : U — Z the open immersion. The morphism Try|,, de-
termines a morphism of @z-modules, i*Trg’c'V : f*Qf,/k — i*i*Qg/k. Because
U C Zgmooth, i*Qg/k = i*(Qg/k)VV. Therefore there is a injective morphism

of Oz-modules, (Qg/k

image of i*Tr’}‘V is contained in (Qg/k)vv. By hypothesis, Z is normal. And
(QP )\/\/

Z/k

its localization at every codimension 1 point. Thus it suffices to check that
for every codimension 1 point n € Z — U, the image of i*Tr?IV is contained in

WY — i*i*Qg/k. The proposition exactly says that the

is reflexive. Therefore, (027, /k)vv is the intersection (in i,i*Q?, /i) of

the localization of (Q’é/k)vv at 7.

The image of i*Trfc‘V does not change if we replace Y by the disjoint union
of the irreducible components of Y, with the induced reduced scheme struc-
ture. Therefore assume that Y is reduced and every connected component of
Y is irreducible. The morphism f is finite on an open subset of Z whose com-
plement has codimension > 2. Thus there exists an open affine W C Zgnooth
such that n € W and such that fly : f~Y(W) — W is finite. Denote
A = H°(W,0z) and denote B = H(f~1(W),Oy). By [19], the image of
ar J, under i*Trl;‘v is contained in Q) Ik (Zannier only proves this when Y’
is connected, but the generalization here follows trivially). In particular, the
image of i*Trfc‘V is contained in the localization of (Qg/k)vv at 7. O

REMARK 3.4. For each integer p > 0, there is a generic trace map

(TrF7)gen = Fu( Q)P — () *P ®0, K(Z).
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By the proposition, when restricted to the submodule corresponding to an
exterior power, the generic trace map factors through (92%,)¥Y. One might
hope that the entire generic trace map factors through the reflexive hull of
(L)®P. This is true, for instance, if f : Y — Z is étale away from codimension
2. But typically this is not the case: Consider the morphism f : A} — A}
which pulls back a coordinate ¢ on the target to u?, the square of a coordinate
u on the domain. Then the generic trace of du ® du is ﬁdt ® dt.

LEMMA 3.5. Let Z be a finite type k-scheme that is connected and geo-
metrically normal. Let f :Y — Z be a proper morphism that is étale on a
dense open subset of Y. The trace maps Tr? satisfy the following properties.

(i) Forp=0, Tr?c : fxOy — Oy is the usual trace map.
(ii) For every pair of integers, p,p’ > 0, for every section o € H°(Z,QL),
and for every section T € HO(Y,Q%),

T?J}er/f*(f*a AT)=0 A Tr?l(f*T).

(iii) For every integer p and every section T € H(Y, Qf,/k),

T (fudr) = d( T (f.7)).

(iv) Let Z' be a finite type k-scheme that is connected and geometrically
normal. Let g: Z' — Z be a morphism of k-schemes such that g~ (U)
is dense in Z'. Denote by Y’ the closure in Z' Xz Y of the inverse
image of g~1(U). And denote by f' :Y' — Z' and g’ : Y' — Y the
projection morphisms. For each integer p > 0, there is a commutative
diagram of Oz -modules.

. g* Trr . (dg)T
g f*Qg’,/k -1 g Qg/k —_ QZ,/,C

l l-

" () (dg")! Ty
(f,)*(gl) Q])O//k - (f')*Qf///k R QZ’/I@
(v) Let h: X =Y be a proper morphism. Suppose that Y is normal and
h is étale on a dense open subset of X. Then foh is étale on a dense
open subset of X, and for each integer p > 0, Tfjfoh = Tr? o f. Tr.

3.3. Descent for p-forms on a stack. Let &k be a field (not necessarily
algebraically closed nor of characteristic 0). Let M be a finite type Deligne-
Mumford stack over k. Recall from [1] that M is tame if the stabilizer group of
every geometric point of M has order prime to char(k). Recall from [15] that
there exists a coarse moduli space, M, for M, and M is an algebraic space
of finite type over k. Suppose that M is tame, irreducible, and generically
reduced and that M is a geometrically normal k-scheme.
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Denote by ¢ : M — M the morphism of M to the coarse moduli space.
Let U C M be the maximal open subscheme over which ¢ is smooth. Then for
every p, the pullback map H®(U, Q?M/k-) — H(c"Y(U), Q]J)\/l/k) is an isomor-
phism. It is not true that the pullback map over all of M is an isomorphism,
even modulo torsion. For instance, let char(k) # 2, consider A} with coor-
dinates z,y, let T’ be the cyclic group of order 2, and let I' act on A? by
r — —z,y — —y. Let M be the quotient stack [AZ/T]. Then the 2-form
dx A dy is I'-invariant and thus gives rise to a global section of 93\/1 /K But
this 2-form is not the pullback of any global section of Q3, Ik

A slightly weaker result is true, and will be proved in Proposition 3.6. This
result is good enough for our application. First we explain the result, then
we prove it. If M is tame, irreducible and generically reduced and if M is a
geometrically normal k-scheme, then for each integer p > 0 there is a k-linear
map?

ot HO(M, (y)) — HO(M, (9,,)"™).

Here, for a coherent sheaf 7, the notation (F)%°® denotes the maximal torsion-
free quotient, i.e., the image of the sheaf map F — F ®p,, K(M). There is
also a generic pullback map,

CHO(M, (90,,)") — HO(M, ()" ©0,, K(M)).

*

And the composition cg,, o ¢, equals the obvious inclusion map.

Let N be a finite type k-scheme that is geometrically normal. Let g : N —
M be a k-morphism such that g=1(U) is dense. There is a generic pullback
map,

gen

Ghen + HOOM (Q5,,)"Y) — HO(N, (2,,)"" ©oy K(N)).

In fact the image of g¥.,c. is contained in the image of H°(N, (va/k)vv).

PROPOSITION 3.6. Let k be a field (not necessarily algebraically closed
nor of characteristic 0), and let M be a finite type Deligne-Mumford stack.
Suppose that M is tame, irreducible, and generically reduced, and that the
coarse moduli space M is a k-scheme that is geometrically normal. For each
integer p > 0, there is a k-linear map,

Cx t HO(M7 (Q%/k)free) - HO(Mv (ngw/k)vv)a

whose composition with the generic pullback map, cg.,,, is the obvious inclusion
map. Moreover, for every finite type k-scheme N, and for every k-morphism
g: N — M, if N is geometrically normal and if g~1(U) C N is dense, then
the image of g.,c. is contained in the image of H(N, (Q’?V/k)vv).

Proof. 1f there exists a map c. such that cg,,c, is the inclusion map, then

¢, is unique. Thus we may prove that c, exists after étale base change of M:
the uniqueness of ¢, guarantees the cocycle condition for étale descent.
By [1, Lem. 2.2.3], there exists an étale covering {M; — M} such that
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(i) each base change M; X M is a finite quotient stack [U;/T';],
(ii) each U; is a scheme finite over M;,
(iii) each T'; is a finite group whose order is prime to char(k),
(iv) T; acts on U; by M;-morphisms, and
(v) the quotient M;-scheme U;//T; equals M.

Thus, without loss of generality, assume that M = [U/T'] where U is a scheme
finite over M and where T is a group whose order is prime to char(k) acting
on U by M-morphisms.

Denote by h : U — M the morphism above. By Proposition 3.3, there is a
morphism

Top « HO(U, (27 4

The global sections of (27, / ) e
of (027, /k)free. So there is an induced morphism

(TE)T 2 HO(M, (@0 ,0)*°) — HO(M, (28, ,)").

JFee) — HO(M, ()"

are precisely the I'-invariant global sections

It is straightforward to check that ﬁ(TrZ)F satisfies the condition for c,.

Consider gg.,c.. Denote by N the fiber product N x3;r M. Denote by
d: N — Nand g : N — M the projection morphisms. Then (¢/);e,GaenCx
equals (g')*cgonc«- And this equals (¢')5,(¢')«(g")*. Since (¢')ge, is injective,
GaenCs = (¢/)«(¢')*. In particular, the image is contained in HO(N, (Q’;V/k)vv).

4. Construction of the 2-form

Let k be a field (not necessarily algebraically closed, nor of characteristic
0). Let M be a finite type Deligne-Mumford stack over k and let p: C — M
be a representable 1-morphism of Deligne-Mumford stacks such that

(i) p is proper and flat of relative dimension 1, and
(ii) every geometric fiber of p is a reduced, at-worst-nodal curve,

ie, p: C — M is a semi-stable family of curves. There is a canonical
morphism from the sheaf of relative Kahler differentials to the dualizing sheaf
Q) — w,. This is an isomorphism on the open substack U C C which is
the smooth locus of p. For each integer ¢ > 0, this isomorphism induces a
morphism of Oy-modules,

Ui Q?;;UU — (Qéﬁ/p*Qﬁl}kﬂU gP*Qi\/(/k ® wplu-
This morphism has the property that for every section « € 93\4 Jk and § €
0% s Suiti (P A B) = p*a A du;(B).

LEMMA 4.1.  For each integer i > 0 there exists a unique morphism of
Oc¢-modules, ¢; : Qlc+/11g — p*QZM/k R0, Wy, such that ¢;lu = v and such

that for every section o € Qj\/l/k and 3 € Qé/k, diri(p*a N B) =pang;(B).
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Proof. If ¢; exists, then by construction it annihilates p*Q%F !, i.e., it factors
through the quotient. The quotient has a canonical subsheaf isomorphic to
p* 3\/1 ® Qzlj with an obvious map to p* 3\4 ® wp. The lemma claims this
map extends to the entire quotient. It also claims the extension is unique.
Uniqueness is straightforward: the cokernel of p* 3\4 ® Qll) is a sheaf that is
torsion on fibers, whereas the sheaf p*Q, ® w, is torsion-free on fibers. So
there is no nonzero map from the cokernel to p*Q%, ® w,, i.e., if the map
extends, then the extension is unique. The extension problem is equivalent to
the vanishing of a section of a sheaf Ext. This vanishing can be checked after
passing to the completion of the local ring at each geometric closed point of
C, i.e., it suffices to check that the sheaf map extends formally locally at each
geometric closed point of C.

Since the property can be checked formally locally, without loss of gener-
ality assume that M is a scheme. Let z € C be a closed point. Denoting

A= Om) and B = (5;, there is an isomorphism
B = Allz, yl]/(xy — a).

for some element a € A. By Remark 4.4, the base change of ¢y; does extend
to a map ¢; ®o. B as required. O

COROLLARY 4.2. For each pair of integers, i,5 > 0, there is a k-linear
map,
HITHC, Q) — HY (M, Q)

Proof. The morphism ¢; induces a k-linear map,

HITHC, Qpf) — HITHC, p* Qg © wyp).

Associated to the morphism p, there is a Leray spectral sequence for the target
vector space. Because R'p, (p*ijl/k Quwp) = Qﬁw/k ® Rlp*wp is zero for [ > 2,
there is an abutment map,

Hj+1(C,p*Q§\,1/k ® wp) — HI (M, Qj\,l/k ® R'p.w,).

And there is a trace isomorphism R'p,w, =0 m- Composing these maps
gives the k-linear map,

HIH(C QL) — HI (M, Qi ). O

Assume that char(k) = 0. Let X be a quasi-projective k-scheme and let
MQ’T(X ,e) be the Kontsevich moduli space of stable maps from r-pointed
curves of arithmetic genus g to X of degree e. There is a universal curve p :
C — M,..(X,e) satisfying the hypotheses above. And there is an evaluation
morphism ev : C — X. For each pair of integers, i, 7 > 0, there is a pullback
morphism

ev*: HITH(X, Ql;'/lk) — Hj+1(C,Q?;]1€).
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Composing with the k-linear map from Corollary 4.2 gives the following result.

COROLLARY 4.3.  For each pair of integersi,j > 0, there is an “integration
along fibers” morphism,

HIFHX, Q) — H (Mg (X, €), Qg 1)

In particular, suppose X is the smooth locus of a cubic hypersurface in
P*. As will be recalled in the next section, the Griffiths residue calculus gives
a canonical map from a 1-dimensional k-vector space to H'(X, Qi/k) If X
is projective, this map is an isomorphism of k-vector spaces. Using the map
above, for each integer e > 0, this gives a global section w. of Q2 on the
stack M, parametrizing stable maps from curves of arithmetic genus 0 to X
of degree e. The section w, is well-defined up to non-zero scalar. This is the
object of study in the rest of the article.

REMARK 4.4. Let A be aring and let B = A[z,y]/(zy—a) for some a € A.
Consider the canonical exact sequence

O—>Q}4®B—>Q}9—>Q%/A—>O.

Exactness on the left follows as B is a complete intersection flat over A whose
cotangent complex L/, is quasi-isomorphic to 9}3 /A" Moreover, the relative

dualizing sheaf is the determinant of Lp,4 (which is perfect of amplitude
[—1,0]). So, the relative dualizing module wp,4 is free with generator
_dzAdy

oy —a

0

and there is a canonical B-module homomorphism
Qp JA — WB/A
which is determined by the rules d z — z6 and dy — —yf. From this we will
define maps
Q= QL ®@awp)a.
Namely, any element in % can be written as a B-linear combination of forms

of the type n, n Adx, n Ady and n Adz A dy, where 7 is in QQ, with j =1,
i — 1, or i — 2. We claim there exists a map as above such that

n—0, pAdzx—nzl, nAdy— —n®yd, nAdzAdy— —nAda®?§.

The reader easily verifies that this is well defined (the main concern being
that forms of the type nA (ydz+zdy—da) and nA(yde+ady—da)Adax
get mapped to zero).
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5. Explicit description of the 2-form

Let k be a field of characteristic 0 and let X be a quasi-projective k-scheme.
As in the last section, for each pair of integers, i, > 0, there is k-linear map

HITL(X, Q;"/lk) — HI(M, (X, 6)79%9,7‘(&@)%)' When j = 0, this gives

global sections of €2’. Let z € M be a geometric closed point, and consider
the fiber of this section at z. The goal of this section is to describe the fiber
of the section in terms of the local geometry of the associated stable map
f:C — X, ie., in terms of the pullback of the tangent bundle of X, etc. In
the special case that X is the smooth locus of a cubic hypersurface in P* and
g = 0, we give an explicit description of the fiber of this section.

5.1. Explicit description of H!(X,Q3%). First we recall a small part of
the Griffiths residue calculus [8, Section 8]. This is also discussed very briefly
in [18, Section 0]. Let X C P™ be a hypersurface of degree d, and let U C X
be the smooth locus. The cotangent sequence is

0 —— Oy(—d) —— Qv QL 0.
Taking the exterior power of this sequence, and twisting by Ox(d)|v, gives
an exact sequence,

0 —— Q2 —— Oty @ Op(d) —— Q.

v ®O0p(2d) —— 0.

(This also follows by taking the dual of the first exact sequence and twisting
by Qp.|v @ Opy(d).) The connecting homomorphism in cohomology gives a
map,
HO(P", Qf © Opn (2d)) — H'(U,Q72).
In the special case of a cubic fourfold, there is an exact sequence,
(1)
0 Q3 Qslu ® Op(3) —— 5|y @ Oy (6) —— 0.

Of course Q55 ® Ops (6) = Ops. Thus the connecting homomorphism,
HO (P, 035 © Ops (6)) — H' (U, ),

is a map from a 1-dimensional vector space to H'(U,Q%,). If U = X, this
map is an isomorphism. Choose a nonzero element in H%(P?, Q3; ® Ops (6)),
and define wP™ to be the image of this element in H!(U, Q). Define w, €
HO(M,, Q%C/k) to be the global section associated to wP*®.

5.2. The explicit description. Let f : C — X be a point of M, C M..
Assume that C' = P! is smooth and that f is a regular embedding into the
smooth locus U C X. Consider the sequence of vector bundles over C' given
by the normal bundle N¢,/x of C'in X mapping to the normal bundle N¢ /ps
of C in P?,

(2) 0 —— Ngyx —— Ngps —— [*Nxps — 0.
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Of course Nx/ps = Ox(3), so that f*Nx,ps = Oc(3e), where the notation
Oc(a) indicates any invertible sheaf of degree a on C. In particular, observe
that \® Neyx = Oc(3e — 2) and that A Neyps = Oc(6e — 2). The Zariski
tangent space Tjs(M.), which is the same thing as the dual vector space of
the fiber Q}wehf]? is given by the space of global sections H°(C, Neyx) (cf.
[16, Theorem 1.2.8]). So the fiber Q3 |;s is just the vector space dual of

/\2 HO(C, N¢yx). And the 2-form w, gives a procedure to associate to any
two sections of Ng,x a complex number.
Next consider the exact sequence

(3)
3 3 2
0— /\ Neyx @ Oc(—3e) — /\ Neyps @ Oc(—3e) — /\ Neyx — 0.

This sequence is obtained from Equation (2) by taking exterior powers and
twisting by O¢(—3e). In any case, the sheaf on the left is O (—2) by what
was said above. Choose an isomorphism H!(C,O¢(-2)) = C, and let

5: HOC. \ Neyx) = HNC N\ Neyx © Oc(=3)) = HY(C,0(~2)) = C,

be the boundary map on cohomology coming from the exact sequence above.
This is another procedure which associates to any two sections of Ng/x a
complex number. In the following theorem we prove that the two procedures
agree. The best argument for this is the usual one: What else could it be?
The actual proof is even more annoying.

THEOREM 5.1.  Up to a nonzero scalar factor the pairing associated to we
on Ti;)(M.) = H® (C, No/x) is equal to the pairing (s1,s2) — 6(s1 A $2).

Proof. Observe that the construction of Section 4 is compatible with ar-
bitrary base change of the stack M. To prove the theorem, perform a base
change to the Artin local ring Z = SpecA which is the base of the universal
first order deformation of C' C X, say C C Z x X. The construction of Sec-
tion 4 restricts the exact sequence from Equation (1) to C and then pushes-out
the sequence by the map

(%) — Q¢ —p (9%) ®weyz.
Then the construction takes the cohomology of the resulting sequence to ob-
tain the 2-form w.. By a diagram chase, the resulting sequence is simply
the “Serre dual” of the sequence from Equation (3) from which the theorem
follows.

First consider the universal first order deformation of C' C X. By Serre
duality the vector space V = H! (C, I/1? ®wc) is dual to H° (C, NC/X).
Here I is the ideal sheaf of C' in X. Consider the local Artin k-algebra,
A=k®V, where V C A is an ideal of square zero. Set Z = Spec A. Denote
by C — Z the universal first order deformation of C'. Let s1,...,54 be an
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ordered basis for H° (C, NC/X) and let t1,...,t4 in V be the dual ordered
basis. The elements s1,...,s4 are canonically identified with O¢-linear maps
I/I? — O¢. Let p € C be a point, let U C X be an open affine subset
containing p, and let g1, g2, g3 be generators for H°(U,I) as an H°(U, Ox)-
module. Then the ideal of C is locally generated by the equations

A
Ej ::gj+zti'5i(fj)a j:172733
=1

Ej € OX[tla' .. 7tA]/<titi’atigjagjgj"iai/ = 1; .. 'aAajajl = 17233>

Denote by p: C — Z and f: C — X the two projections.

To prove the theorem, we compute the 2-form on Z obtained from the
construction of Section 4 applied to (p: C — Z, f: C — X). This is not as
crazy as it sounds; namely Qi /E®A k = A2V, so this computation will provide
the necessary information.

To compute f*n, form the pullback by f* of the exact sequence from Equa-
tion (1). Considered as an element of the Yoneda-Ext group Ext¢(Oc,Q3),
the element f*n is simply the push-out of this exact sequence by the canonical
map f* (Qg() — Q% According to Section 4, take the image of f*n under the
map

Exté(OC,Q%) — Exté(OC,p* (QQZ) ®we/z)-
In terms of Yoneda-Ext, take an additional push-out of the exact sequence
by Qg — p* (QZZ) ® we/z- So, in terms of Yoneda-Ext, the exact sequence is
obtained as the push-out of the pullback of Equation (1) by the map f* Q3% —
p* (%) @ weyz-
Of course it is only necessary to compute the restriction of this exact se-

quence to the closed fiber, so restrict the push-out exact sequence to the closed
fiber. In particular, the restriction to the closed fiber of p* (QZZ) ® weyz 1s

/\2 V ® Qlc The next step is an explicit local description of the map

2
v Qle — \V e Q.

Let ¢ be a regular function on X restricting to a local coordinate on C. Any
local 3-form on X is an O x-linear combination of the forms €;;; = d f; Ad fj: A
dt, 1 <j < j <3,and the form d f; Ad fo Ad f3. So it suffices to evaluate ¢
on these 3-forms. The result is

A
(4) Y(njzr) = Z si(fi)so (fi)ti Aty @dt, 1<j<j <3,

iyi'=1

(5) Y(dfy A dfa N dfs) = 0.
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Of course there is a more “global” way of thinking about . The exact
sequence

(6) 0 —— I/I? Qe QL 0

determines a canonical map a : Q%|c — N 1/1% @0, QL. And there is a
map of Oc-modules 3 : I/I? — V ®;, O¢ defined as the transpose of the
map H° (C, NC/X) @k Oc — Ngyx. The global description of ¢ is as the
composition of o with /\2 68® Idgy .

Just as the exact sequence in Equation (6) induces the map «, also the
exact sequence

(7) 0 —— I/I? —— Qo QL 0

induces a map o : Qps|c — INVIIER QL where I is the ideal sheaf of C
in P5. By adjunction, there are isomorphisms Q2;|c ® Oc(3e) = Q% |c and

Q4le = A°1/12 © QL. Combining these adjunction isomorphisms gives an
isomorphism,
3
o Qsle ® Oc(6e) — N\ I/I? ® Oc(3e) @ Q.

Both terms in this map are isomorphic to O¢. Choosing such isomorphisms,
o’ is just an isomorphism of O¢ to itself.
We leave it to the reader to verify that the following diagram commutes:

(8)

0 —— % le _— Qs (3e) — O¢c —— 0

0 —— N I/PPeQL —— N I/I?P3e)® QL —— O —— 0.
The top exact sequence is the restriction to C of Equation (1), and the bottom
exact sequence is the dual of Equation (3) tensored with Qlc More canonically,
the last term in the top sequence is Q3;|c(6¢) and the last term in the bottom
sequence is A* I/1%(3¢) ® QL. The diagram follows using the isomorphisms
of these sheaves with O¢ from the last paragraph. B

The conclusion is that the extension of O¢ by A2V ®, QL obtained from f*n
is precisely the Serre dual exact sequence of Equation (3) used to define the
coboundary map d. Hence the coboundary map on cohomology H°(C,O¢) —
HY(C,\*I/1? ® QL) is the dual of 6. O

6. Proof of Theorem 1.2: degree five case

The strategy of the proof of Theorem 1.2 is the following. Form the P5°
parametrizing all cubic hypersurfaces in P?. Let U. — P be the Deligne-
Mumford stack over P?5 parametrizing pairs ([X], [C]) of a cubic hypersurface
X C P5 and a smooth rational curve C C X of degree e such that X is smooth
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along C' and such that H'(C,N¢,x) is zero (i.e., C C X is unobstructed).
The last condition guarantees that U, — P is a smooth morphism. Also, by
Proposition 2.4, a general fiber of U, — P is irreducible. In particular, U,
is also irreducible.

There is a straightforward generalization of the construction of Section 4
to the relative setting. This produces (locally over P®®) a 2-form w, that is
a global section of Q%,e /pss such that the restriction of w. to any fiber is the
2-form of the fiber constructed in Section 4. The rank of w. on fibers is a
lower semicontinuous function on Ug, so to prove that the rank of w, is the
maximum possible for a general pair ([X], [C]), it suffices to find a single pair
([X],[C]) € Ue where the rank of w, is the maximum possible.

Let

0— (’)(al) D O(CLQ) D O(ag) — Nc/]pns — 0(36) —0

be the usual exact sequence, where a1 4+ as + ag = 3e — 2. In other words,
Neyx = @ O(a;). The extension class of this sequence is an element 1) of
HY(P',0(a; — 3e) & O(az — 3e) @ O(az — 3e)). Write P! = Proj(S), where
S = C[Xo, X1]. Then, using Serre duality, ¥ equals ¥ ® 1y ® 3 for ¢; €
Hom(S3c—a,—2,C). Writing elements of H°(C, N¢,x) in the form (g1, g2, g3)
for g; € HY(C,0(a;)), then the pairing takes the following form:

91 hi
< g2 |, he > = 3(g1ha — g2h1) + ¥2(g1hs — gsh1) + 11(g2hs — gshe).
g3 hs3

To compute the pairing for a given curve, we have to find the linear functionals
11,192,153 above. For large e this reduces to a rather involved computation.
We will present this computation later, but first we show that in the special
case e = 5 there is a short solution (which will hopefully motivate the reader
to brave the computations of the next two sections).

THEOREM 6.1. Let f : C — X be a general quintic rational curve on a
general cubic fourfold X. Then No,x = O(4)©0O(4)DO(5) and the extension
class 1 of the sequence 0 — Ng/x — Neyps — O(15) — 0 is a general point
of the space Hom(Sg @ Sg @ Ss, C).

Proof. Fix a rational normal curve C' C P of degree 5. Its normal bun-
dle Ngjps is O(7)%%. Thus any (not necessarily smooth) cubic fourfold X
containing C' determines a homomorphism of O¢-modules

ox : O(7)% = O(15).

Note that ¢x = 0 if and only if X is singular along C, which happens if
and only if the defining equation of X is a section of I?(3). The following



434 A.J. DE JONG AND JASON STARR

computations are left to the reader:
dim H°(P°,I(3)) = 40, dim H°(P®,I*(3)) = 4,
dim Hom¢ (O(7)*, O(15)) = 36.

Thus the rule X — ¢x is onto. Hence a general exact sequence of the form
0 — Ker(a) — O(7)* —a — O(15) — 0 occurs as the normal bundle sequence
for a general (nonsingular) X. The theorem follows. (]

To finish, choose ; as follows:
0 9
oy 9—iyi ) o
" <Zizo 0:XS X1> > ua
9 o 9
" (z aixg—zx;> =3
i=0 i=0
8 ‘ 8
1 (Z angZX{> => \a;.
i=0 i=0

Choose v;, p; and A; general. Form the matrix of the pairing with respect to
the obvious basis of H*(P', O(4) @ O(4) @ O(5)). The computation gives:

Ao A1 Az A3 Ad po g p2 B3 pa fs
A1 A2 A3 A A5 pa p2 p3 4 s [6
A2 A3 A A5 A6 M2 M3 M4 M5 fe fir
Az A A5 A6 A7 p3 4 ps He 7 s
0 0 0 0 0 X A5 X6 A7 As pa ps pe pr Hs o

o O OO
o O oo
oo oo
o O OO
o O OO

—)\0 —)\1 —)\2 — Ag — )\4 0 0 0 0 0 Vo V1 V2 V3 V4 Vs
—>\1 —)\2 —)\3 —)\4 —>\5 0 0 0 0 0 vV V2 V3 V4 Vs Vg
7/\2 7)\3 7)\4 7A5 7A6 0 0 0 0 0 Vo V3 V4 Vs Vg V7
—)\3 —)\4 —)\5 _/\6 —)\7 0 0 0 0 0 Vs V4 Vs Ve V7 Us
—)\4 —)\5 _)\6 —)\7 _>\8 0 0 0 0 O Vg4 Vs Ve UVr Vs U9

—Ho —p1 —p2 —H3 —pa —Vo —v1 —v2 —v3 —vg 0O
—p1 —p2 —p3 —p4 —ps —v1 —v2 —v3 —vg —vs 0
—p2 —H3 —pa —ps5 —pe —Vo —U3 —v4 —Vs —Vg O
—p3 —H4a —ps —pe —pr —Vs —va —VUs —vg —v7 0
—p4 —ps —pe —p7 —ps —va —Vs —vg —vr —vg 0
—Ws —He —H7 —ps —p9 —Vs —Ve —v7 —vg —Vg 0

Finally, to complete the proof of Theorem 1.2 for e = 5, consider the
determinant of this matrix. For Ao = 1,A;1 = 2,X = —1,A3 = 1,\y =
LAds =1LX=-1LAr =4 s =200 =111 = 2,2 = -1, i3 =2, ug =
o ps = —Llipe = 13,7 = —lug = Lo = Ly = Lvy = 2,15 = 3,13 =
5,vs = 4,5 = =5, = —6,v7y = —7,v8 = —5, /9 = 1 the determinant equals
445717799641. Since this is nonzero, Theorem 1.2 is true for e = 5.
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7. Proof of Theorem 1.2

By Section 6, to prove Theorem 1.2 it suffices to determine a certain exten-
sion class 1. The proof for e = 5 was short because ¢ can be chosen to be a
general element of the Ext group. Comparing the dimension of the parameter
space U, of pairs ([X], [C]) (cf. Section 6) and the dimension of the relevant
Ext group, the Ext group grows more quickly. So, for large e, the extension
class ¥ will not be a general element of the Ext group.

Instead we work with a specific pair ([X], [C]) € U, for which we can prove
the rank of w, is maximal and h'(C, N¢,x) = 0. The reader is warned that
for this pair, X is not smooth! But X is smooth on an open set containing
C, and this is all that matters.

The proof of Theorem 1.2 in the case that e is odd is almost identical to
the proof in the case that e is even. For this reason, most of the argument
is carried out for both cases simultaneously. For each construction, the even
case is specified by a subscript “€” and the odd case is specified by a subscript
“0”. Arguments that apply verbatim to both cases will not have a subscript
(i.e., if there is no subscript, a true statement is obtained by either applying
the subscript “o” throughout, or by applying the subscript “¢” throughout).
In the odd case, the degree is e, = 2r, + 1 for some integer r, > 2. In the
even case, the degree is e = 2r, for some integer r. > 3.

7.1. Computation of N¢/ps. We begin by specifying C' and computing
Ncyps. As in the last section, choose homogeneous coordinates Xo, X; on
P!. Choose homogeneous coordinates Yp,Y7,Ys,Ys,Y,, Y5 on P5. Consider
the maps f, : P — P°, resp. f.: P! — P° given by

fol[Xo : X1]) = [Xg7 - X3 X - Xgo T X

Xee X7t Xo X7 X7t
resp.

fe([Xo: Xu]) = [X37 « XX« Xgeh Xt

X Xt XX e X
This is a closed immersion, and local inverses are given by [Yp : --- : Y5] —
[Yo: Y1) and [Yy : - : V5] — [Ya : Y5] on PP — V(Yp,Y7) and P° — V(Yy, Ys)
respectively (the image of C' does not intersect V(Yy, Y71, Y4, Y5)). To compute
the normal bundle of C in P°, we use the Euler sequence for Tp1 and for Tps.
There is a map between these Euler sequences induced by f,, resp. fe, and
the important term is
dfy - Op1 ()22 — £ (Ops (1)2%) = Op1 (2, + 1),
resp.
dfe . Opl(l)@Q — f: (Op5(1)®6) = O]pl (27’6)@6.
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These maps are given by the matrices

(2r, + 1) X2
2r, X3 X,
(ro + 1) X5 X7
TOX(?)‘o—leTo-l-l
X?2re
0

df():

resp.
2T6X02T671
(2r. — 1) X772 X,
(re + XX !
(re — 1) Xge 2 X!
X127‘5—1
0

i =
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0
XJre
reXge T X !
(ro + ) Xge X7 |
2, XoXiro—!
(2r, + 1) X2

0
XQ’I”E—l
0
(re — 1)X66+1X1r6_2
(re + 1)X(7)06_IX{‘E
(2re — 1) X X772
or X!

Observe that both matrices have rank 2 at every point of P'. The nor-
mal bundle of C in P? is the cokernel of df,, resp. df.. To compute this,
consider the sheaf morphism T, : Op1 (27, + 1)%6 — Op1 (3r, + 1)%4, resp.
T, : Op1(2r)®0 — Op1(3r. — 1) @ Op1(3r.) ® Op1 (3r) @ Op1 (37 — 1) given
by the matrices

(ro — 1)X7° —roXo X7 Xge
T — 0 Xpe —ro X5 X
? 0 0 (ro — 1)X7°
0 0 0
0 0 0
(ro — 1) X5e 0 0
—ro Xo X! Xpe 0 ’
X7e —roXgo T Xy (1o — 1) X050
resp.
(re =2)X77" —(re = ) XoX7"" XgT!
T 0 2X7 —r Xy T2 X?
‘ 0 0 X
0 0 0
0 0 0
(re —2)X4e 0 0
—r XZX |2 2X5e 0
X7t —(re = DX5 X (re —2)X5 !

It is straightforward to verify that T, o deTO is zero, resp. T o &ﬁ is zero. And
T,, resp. T¢, has rank 4 everywhere. Thus Ty, resp T, gives an isomorphism
of Ngyps with Opi(3r, 4+ 1)%4, resp. Opi(3re — 1) & Op1 (3re) @ Op1 (3r) @
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Op1(3re — 1). Each of these isomorphisms is taken to be an identification of
locally free sheaves.

7.2. Computation of N¢,/x. Next we specify X and compute the normal
bundle N¢,x. Observe that the quadric equations Q, = Y1Y,—YoY5 and Qp, =
YoY; — YyYs both vanish on the image of f,, resp. f.. Let L, and L; be any
linear homogeneous polynomials in Yy, ..., Y5 which are linearly independent
and consider the homogeneous cubic polynomial F = L,Q, + LyQ, (later
we will specialize to the case that L, and L, are general linear homogeneous
polynomials in Y and Y5 alone). For our purposes it is convenient to make
a “change of variables” and define M = L, + L; and N, = L, + r,Ly, resp.
N. = L, + (re = 1)Ly, (here we are using that r, # 1, resp. r. # 2, to see
that L, and L; are uniquely determined by M and N,, resp. N.). Consider
X ={[Yo: - :Ys] € P5|F(Yp,...,Y5) = 0}. Observe that X is singular
along the common zero locus of L, Ly, @, and Qp—which will typically be a
geometrically connected degree 4 curve of arithmetic genus 1.

To determine whether X is smooth along the image of f,, resp. f., we

need to compute the pullback of the “gradient vector” [%]i:o,‘_.’g,. Define

Ea = f*La,E, = f*Lb,M = f*M and N = f*N, considered as sections of
HO(P!, f*Ops (1)) = H°(P', Op1(5)). The pullback of the gradient vector of
F is the sheaf morphism U, : Opi(2r, + 1)®% — Op1 (67, + 3), resp. U, :
Op1 (27.)%6 — Opa1 (67) given by

[—Xf““(ia +Iy) XoX2eL, XioXI"*'L, ‘
Uo - ~ ~ ~ ~
‘ Xpt XLy X2 X Ly — X2 (Lo + Ly) } ,

resp.

’ [ X¥re(Lo+ L) XoXP 'Ly X5 XL |
o | Xp XL, XE X L, X2 (L L) ]

If Za and Eb have no common zeroes and if Ea + Eb is nonzero at the points
[1 : 0] and [0 : 1], then these matrices are everywhere nonzero, i.e., X is
smooth along C. From now on, assume this is the case. The matrix U factors
as U = SoT where S, : No/ps — Op1 (61, + 3), resp. S : Noyps — Opa (67¢),
are given by the matrices

-1

So= ——= | X[HN XoX["N, XgoXaN, X0 |,

resp.

-1 — - ~ —
Se= 55 —9) [2X{ 70 XoX( TN, Xy XN, 2Xp T
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The normal bundle N¢g/x is the kernel of the sheaf morphism S. To de-
scribe this map, we write out

M, = cg,oYp + C1,0Y1 + C2,0Y2 + ¢3,0Y3 + Ca,0Ys + 5,05,
No = dO,on + d1,0Y1 + d2,oY2 + d3,0Y3 + d4,oY4 + d5,0Y57

resp.

M = co,eYo +c1,Y1 +c2,Yo+c3Y3 4+ cq . Ya+c5Y5,
Ne=do Yo +di Y1 +docYo+d3 Yz +dscYs+dsYs.

Then we have

My = co o X2t 4 1 0 X270 X + co,0 Xt EXTo
3,0 Xg X7t 4 a0 X0 X7 + 50X T,

N, = do o X2t 4 dy o X2 X, + dg o X X
3,0 X57 X7+ da o Xo X770+ ds o X7

resp.

M, = co X2 +c1, X2 1X) + o  XJe T X7

ez Xo X feg Xo X ey XET,
N, =do X2 +dy X2 X, + do X X2

g X5 T X7 4 dy X X7 ds X

Denote by n,,n., m,, m, the following expressions:

o = da, o XGXT° + d5 0 Xo X,
nl) = dooXgo X1 + d1 o X§° X3 + do o Xo X7 + dy o X702,
me = C4’OX0X;O+1 + C5,0X{0+27
ml = co.0 X5 T2+ e1.0X5 T X F o0 XEXT + 3,0 X0 X0

Denote by n.,n., m¢, m. the following expressions:

ne = ds Xo X[ +dy XZX[ "+ d5  XoX],
n! =do Xy X1 +di X5 XE + dy Xo X,
me = 2¢4. Xo X[ 4+ 2¢5 X2,
I —9 XTC+2 2 XTEJrlX 2 X3XT5*1 re+1
m, = 2cg,e X+ 2c1, X 1+ 200, Xg X777 + 2¢3  Xo X <.

Then XX, N, = X[*"n, + X5+ n), and M, = X]°"'m, + Xj° " m], resp.
XoX N, = X" Hp 4+ XPtn/ and 2M, = XT< ?m, + X< 2ml.

Consider the sheaf morphism R, : Op1 (27,) D Op1 (2r,+2) & Op1 (2r,—1) —
Neyps, resp. Re @ Op1(2re —2) @ Op1(2re +2) @ Op1(2re — 2) — Neyps given
by the matrices

ro+1
X5 0 No
ro—1
R — 0 X5 ) —My
o —_
0 —Xrloml |

—XITO'H 0 n!
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resp.
et+1
X 0 e
—2
R — 0 X , e
‘ 0 X775 —m!
—Xlré‘H 0 n.

The composition S o R is zero. The matrix R has rank 3 generically (in
particular, it has rank 3 at [0 : 1] and [1 : 0] by the hypothesis that M is
nonzero at those points). By degree considerations, R has rank 3 everywhere
and gives an isomorphism of Op1(2r,) @ Op1(2r, + 2) @ Op1(2r, — 1), resp.
Op1(2re —2) © Op1(2r¢) @ Op1 (27 — 2) with the kernel of S, i.e., with N¢,x.

In particular, h' (P!, Ne¢yx) =0, so ([X],[C]) is a point of U..

7.3. Initial description of the pairing. In this subsection we begin
the description of the skew-symmetric bilinear pairing on HY(C, N¢/x) in-
duced by w.. We complete the description in the next subsection. Elements
in H(P', N¢,x) are denoted by (g1,92,93) or gie1 + g€z + gses where e;
is the ith column of the matrix R and where g; € H°(P!,Opi(27,)), 92 €
HO(PY, Op1(2r, + 2)) and g3 € HO(PY,Op(2r, — 1)), resp. g1 €
HO(PY, Op1(2r.—2)), 92 € H*(P*, Op1 (27 +2)) and g3 € HO(P!, Op:1 (2r.—2)).

By Theorem 5.1, to compute the bilinear pairing w. on H°(P', N¢,x) it is
equivalent (up to a nonzero scalar) to compute the boundary map

2
§:H'(P', \ Neyx) — H' (P!, Op1 (-2)).

The next term in the long exact sequence of cohomology is H (P!, Op:1 (37,))®4,

resp. HY (P!, Op1 (3r.—1))22@ HY (P!, Op1 (3r. —2))®2, both of which are zero.

Therefore the connecting homomorphism is the cokernel of the map on global
sections

2
RY: HO(P', O (3r,))® — HO(P', \" Neyx),
resp.
Ri: HO(P', Op1 (3re — 1) ® Op1 (3re — 2) ® Op1 (31 — 2)) ® Op1 (3r¢ — 1))
2
- HO(IPlv/\ NC/X)a

determined by the sheaf morphism R : Ng/PS ®/\3 Neyx — /\2 N¢yx that is
adjoint to R. (The adjoint RT = diag(1, —1,1) o R, where R' is the transpose
of R.) If we use as “ordered basis” for /\2 N¢yx the elements ez Aes, e Aes
and ej A eq, then the matrix of R is

Xpett 0 0 —Xxptt
Ri=| 0 =Xy ' Xp7' o0 :

N -m, —m) n!
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resp.
X6‘6+1 0 0 _XI‘EJrl
Ri=| 0 X)X 2 0
Ne —1M —m. n.

In other words, the pairing w, is given by
[(g1€1 + go€a + g3e3), (h1e1 + haes + hses)] = (giha — g2hi)er Aes
+(g1hs — gzhi)er A es + (g2hs — gsha)es A ez mod Im(RT).

7.4. The image of the map Rf. To compute an explicit formula for the
pairing [-, -], we need to find the image of R. First consider the intersection of
HO(P', Op1 (47, +2))e; A ey with the image of R, resp. H(P', Op1 (4r.))e; A
e, with the image of R{. A global section of Op:(3r,)®*, resp. Op:1(3r. —
1) @ Op1 (3rc — 2) @ Op1(3re — 2) ® Op1 (3r. — 1) is mapped under R into
HO(P, Opi (47,4 2))e1 A ey, resp. HO(PY, Op1 (47c))e; Aes iff it is of the form
F X, T
_Xi"o—lqo
—X} g,
L X5°+1p0 i
for some p, € H°(PY, Op1(2r, — 1)) and g, € H°(P, Op:1 (2r, + 1)), resp. iff it
is of the form

Vo =

[ X[
_XIE_QQG
_XSE_QQe

| X5 e

for some p. € HO(P!, Op1(2r. — 2)) and g, € H°(P, Op:1(2r¢)). The image of

such an element is

Ve =

RZ(UO) = (XOXlﬁopo + MoQo)el A 92,

resp.
Ri(v€) = (XOXlNepe + 2MEQe)e1 A es.

There is one last simplification. Assume that ¢; = ¢c; = ¢3 = ¢4 = 0 and
dy = dy = d3 = dy = 0, in other words, L, and L; are 2 linearly independent,
linear combinations of Yy and Y5 and cg, ¢5, dg and ds are all nonzero. Consider
those ¢ such that ¢ = X Xq' for some ¢ € H°(P', Op1(2r, — 1)), resp.

q¢ € HO(P!,Op1(2r. — 2)). Then R}(v,) equals XoX1(N,p, + M,q.), resp.
R (v.) equals XX (Nepe +2M.q.). Since M and N are linearly independent
elements in the span of Xg”'"1 and Xf“’"’l7 resp. in the span of Xg“ and
X< as p and ¢’ vary the expression R (v) varies over the whole linear span
of

4r,+1 21042 v 27, 27 2r,+2 4r,+1
XAt X, X2ret2 X 2o X2ro x2rot2 X, x4t



CUBIC FOURFOLDS 441

resp.
D D TP LD G CERRD AL, (. Gl

Notice that Xgr“+2,XgT°+1X12T°+1 and Xf”” are missing, resp. Xg“,
Xg”)i'f“ 2and Xf’”; ari: inssirig. Taking go :1X§T°+i and g, = X;T"H gives
00Xy TP 5,0 XX and o o XX ey o X702 And tak-
ing gc = X7 and q. = X7" gives cg  Xg" +c5..Xo X7 and ¢ X7 X7+
¢5.. X", Thus the intersection of H(P', Op:1 (47 + 2))e; A ey with the image
of RT is the subspace with basis

4r,+2 2ro+1 v2r,+1 4r,+1 4r, v 2 21,42 v 2r,
Co,oXEToF2 gy X 2ot X 2ol xdrotlx, Xdrox2 | XFrot2x2re,
2r, v2ro+2 4r,+1 2ro+1 v2r,+1 4r,+2
XZoXPot2 | XX et gg o X2retl X 2rotl oo Aot
resp.
4r. 2re v 27re 4r.—1 Adr.—2 2 2re+1 v 2r.—1
Co. XA 4 05 X2 X X lXy XEreT2X 2, X2retix et

2re—1 v 2r.+1 4r.—1 27 v 2Te 4r.
XO Xl ,...,XoXl 70076)(0 Xl +C576X1 .

For each pair of nonnegative integers (4, 5), denote by ; j : HO(P, Opa (i +
7)) — C the linear functional such that for every homogeneous polynomial g
of degree d,

9(Xo, X1) = Z i ;(9) X5 X7,
i+j=d
i.e., a;;(g) is the coefficient of XiX7J in g. Then the linear functional
€3 o 0r, +2,0—C0,0C5,002r +1,2r, 11Ch 500 4r, 12, TESD. €3 Qlar, 0—C0,cC5,c02r, 21,
+¢§ .0 4r, , is a nonzero linear functional on H (P!, Op: (4r+2)) whose kernel
is precisely the intersection with the image of RY.

Using the first two rows of R, every element in H°(P*, /\2 N¢/x) is congru-
ent to some element in H° (P!, Op1 (47,+2))e; Aea, resp. HO(PL, Op1 (47,))er A
e, modulo the image of Rf. Carrying this out, up to a nonzero scalar, the
pairing [-, -] is

[(g1€1 + g2€2 + gzes), (hier + haes + hzes)],

= (C§,0a4ro+2,o — €0,0C5,0002r,+1,2r,+2 T 03’0040,4r0+2)(91h2 - gzhl)
+ €0,0¢5,0(C5,0Q3r, 1, —1 — C0,00r,—1,3r, ) (913 — g3h1)
+ €0,065,0(d5,003r, 41,7, — 0,00, 3r,+1)(92h3 — g3h2),
resp.
[(g1€1 + g2€2 + gses), (hier + haes + haes)
= (€3 Qar..0 = €0.cC5.c02r, 2r. + € 00,47, ) (g1 — g2h1)
+ 2¢0,C5.¢(C5.6Q3r. —2,r.—2 — C0,e0r.—2.3r.—2)(g1h3 — g3h1)

+ 0,eC5,¢(ds,c03r, r, — doctr, 3r,)(g2h3 — g3ha).
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7.5. Diagonalizing the pairing. The antisymmetric bilinear map [-, ]
gives a linear transformation w, : HO([P’l,NC/X) — HO([P’17NC/X)V and we
want to find the kernel of this linear transformation. This is done by “diag-
onalizing” the pair (H°(P*, N¢,x), [, +]), i.e., by finding a direct sum decom-
position

To—2

HO(]Pla NC/X)O = @ Ei,o 3] Erofl,o @ Ero,m
=0

resp.
re—3
HO(]P;J’ NC/X)G = @ E’i,e 2] E’I"E—27E b ETE—LE ¥ Er,e,
i=0
into pairwise orthogonal subspaces with respect to [-,-]. In the odd case, to
show [-,+], has trivial kernel, it suffices to show the restriction to each space

E; o has trivial kernel.

In the even case, there is a vector w in F,_. lying in the kernel. On the
quotient vector space HC (P!, N¢yx)/C{w}, there is an induced alternating
bilinear form [-,-]. and an induced direct sum decomposition @;<, E; by
pairwise orthogonal subspaces. To show [-, -]/ has trivial kernel, it suffices to
show the restriction to each space Ej . has trivial kernel. In both cases, this
is done by computing the determinant of the matrix of [-,-],, resp. [-,-]., with
respect to a suitable basis.

For i =0,...,7,—2, denote by E; , C H*(P', N¢,x), the subspace gener-
ated by

Vite = XpottHixXie17le
Vizo = XSO_inr°+2+ie2
Vi3, = Xgra_l_iX%eg,
Vido = X{Xio ey
Viso = XgTHX[ ey
Vico = Xpo I et ey

Fori=0,...,r.—3, denote by E; . C H°(P*, N¢/x). the subspace generated
by

Vite = Xp X[ e
Vi2e = Xgrin‘HH%
Vi1375 = Xgr€_2_ineg
Vide = X8X12T‘727i63
Vise = Xg T X[ ey

Vi6e = XSS_Q_ZXI‘Hel
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For i = r, — 1 denote by E,. _1, C H(P!, Nc¢yx)o the subspace generated by

Vi 1l0 = Xg e
Vr_120 = X2rotle,
Vi_13.0 = XgM X ey
Vr—_140 = (7),OXI’G+163
Vr_1,50 = X6°+1Xf°e3
Vr—16,0 = X0X12T°+1e2
Vr—1,70 = X12T°+2€2
Vr_ 1,80 = X7 e

For i = r.— 2, denote by E,__ . C H°(P', N¢/x)e the subspace generated by

Vr_21e = X%y
Vione = X7 ey
Vioge = Xpe X[ 2es
Vicoae = XEXi e
Vi_ase =  XJXies
Vr_ 26, — XSE_QX?G?,
Vr—27e = X12r6+2e2
Vi_28e = X12T5_261

For i = r, denote by E,, , C H°(P', N¢/x), the subspace generated by

7,0 1,0
Vrlo = Xy X e

1 1
Vigo = X(7)“0+ X{o+ e

For i = r. —1 denote by E,__;,. C H°(P', N¢/x)e the subspace generated by

re—1 yvre—1

Vo1, = Xof X e
_ retl vre+1

Vi_12,e = X X1 e

Finally, for i = r., denote by E,_. C H°(P', N¢/x)e the subspace generated
by

_ 2r.+1
Vrle = XO X192
Vioge = Xp T X ey

_ 2re+1
Vr3.e = XOXl € €9

Each of these generating sets is a subbasis of the standard monomial basis
of H(P!, N¢ /x ). Visibly, every monomial basis vector is in precisely one of
the subspaces F;, and thus these spaces give a direct sum decomposition of
HO(P', N¢/x). As a consistency check, observe that for i = 0,...,7r,—2, resp.
i=0,...,r. — 3, dim(E;,) = 6, resp. dim(E; ) = 6, dim(E,, _1,,) = 8, resp.
dim(E,, _2.) =8, dim(E,, ,) = 2, resp. dim(E, _1,) = 2, and dim(E,_.) =
3. So the sum of the dimensions of the spaces E; , is

6(ro —1)+84+2=6r,+4=2r, +1) + (2r, + 3) + 2r,,
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i.e.,

dimH° (P, Op1 (2r,))e; + dimHO (P, Op1 (2r, + 2))ey
+ dimHY (P!, Op1 (21, — 1))es.

Similarly, the sum of the dimensions of the spaces E; ¢ is
6(re —2)+8+2+3=6r.+1=2r.—1)+ (2r.+3)+ (2r. — 1),

i.e.,

dimH° (P, Op1 (2r, — 2))e; + dimHO (P, Op1 (2r + 2))es
+ dimH° (P!, Op1 (2r, — 2))es.

Checking the spaces F; are pairwise orthogonal with respect to [-,-] is
straightforward, but tedious. One way to think of it is to consider the graph
whose vertices are the standard monomial basis vectors of H O(IP’I,NC/ X)s
and where there is an edge between two such basis vectors iff the pairing is
nonzero for this pair. Thus there is never an edge between gie; and hjeq,
nor between goe; and hses, nor between gses and hzes. There is an edge
between gie; and hges iff gihy = X§r°+2,X§r°+1X12r°+1 or Xf’”"”, resp.
iff g1hy = X", Xg" X7 or X;". There is an edge between gje; and
hses iff g1hy = X3 X[°7" or X507 X7, resp. iff ghy = X" X2
or X55_2Xf’”_2. And there is an edge between goes and hses iff gohs =
Xgr"Jrle" or XgonT°+1, resp. iff gohsg = Xg’réXfé or XgéXfrf. Thus, the
valences of X3 e; , X; er, X;°X;° ‘ez and X;° ' X|°e3 are each 3, resp.
the valences of X7 %e;, X;™ %e;, Xj X[ %es; and X, >X|“e; are each
3. Also the valences of X}°X[°e; and Xj°™' X]°'e, are each 1, resp. the
valences of XSE_IXIG_lel,X66+1X1T6+1e2,X§“+1X1e2 and X0X12T6+2e2 are
each 1. Every other vertex has valence two. Moreover, there is a symmetry of
the graph by permuting the variables Xy and X;. Using this, it is straightfor-
ward to compute the maximal connected subgraph containing the vector v; 1
for each i. The vertices of this subgraph are the generators of E;. Therefore
the E; are pairwise orthogonal.

7.6. Computing the determinants. Finally, we will compute the ma-
trix and determinant of the restriction of w, to each of the subspace F;. In
the odd case, each determinant is nonzero, proving that w has trivial kernel.
In the even case, all but one of the determinants is nonzero, and for F,_, the
restriction of @ has a 1-dimensional kernel.

Fori=0,...,7o — 2, resp. for i =0,...,7. — 3, denote by A; the matrix
of &, : E; — E; with respect to the ordered basis v; 1,...,Vv; ¢ and the dual
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ordered basis of EY. The computation gives

i 0 CoCs —cocg 0 0 0

—CpCs 0 0 C()C5d0 0 0

A = Cocg 0 0 0 CoC5d5 0

ho 0 —cpesdy 0 0 0 —6(2)05 ’
0 0 —CQC5d5 0 0 —CpCs
i 0 0 0 0(2)05 CoCs 0
resp.

[ 0 cocs  —2coc? 0 0 0
—CpCs 0 0 CoC5d0 0 0
A = 2606% 0 0 0 C()C5d5 0
be 0 —coesdy 0 0 0 —20805
0 0 —CoC5d5 0 0 —CoCs
i 0 0 0 26(2)65 CoCs 0

The Pfaffian of each matrix is Pfaff(A;,) = cjci(cods — csdp), resp.
Pfaff(A; ) = 2c3ci(cods — csdp). Thus the determinant is Det(A;,) =
cScS(cods — c5dp)?, resp. Det(A; ) = 4cScl(cods — e5dp)?. By hypothesis,
¢o, ¢5 are nonzero and (cg, ¢5) is linearly independent from (dy, d5). Thus each

determinant is nonzero.
For i =r, — 1, resp. i = r. — 2, denote by A; the matrix of &, : E; — E’

with respect to the ordered basis v; 1,...,v;s and the dual ordered basis of
E}. The computation gives
i 0 —c 0 —coc? 0 cocs 0 07
c? 0 0 0 —cocsds 0 0 0
0 0 0 —6065d5 0 0 0 —CpCs
A o= Cocg 0 cocsds 0 0 0 —cocsdo 0
To— 50 0 cocsds 0 0 0 —cocsdo 0 —0305 ’
—CpCs 0 0 0 CoC5d0 0 0 0
0 0 0 cocsdo 0 0 0 c3
L 0 0 coCs 0 c(2)05 0 —0(2) 0 |
resp.
i 0 —c2  —2coc? coCs 0 0 0 07
c2 0 0 0 0 —cocsds 0 0
2606% 0 0 0 C()C5d5 0 —CoCsdo 0
- —cocCs 0 0 0 0 coesdo 0 0
Tem e 0 0 —cocsds 0 0 0 0 —cocs
0 CoC5d5 0 —CoC5d0 0 0 0 —20305
0 0 cocsdo 0 0 0 0 cd
i 0 0 0 0 cocs  2ces —c3 0 |

The Pfaffian of this matrix is Pfaff(A,,_1,) = cgci(cods — cs5dp)?, resp.
Pfaff(A,,_2.) = c3ci(cods — c5dp)?. Thus the determinant is Det(4,,_1,,) =
cSc8(cods —c5dp)?, resp. the determinant is Det(A,, _a.¢) = c§cd(cods —csdp)?.
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By hypothesis, cg,c5 are nonzero and (cg,cs) is linearly independent from
(do,ds). Thus each determinant is nonzero.

For i = r,, resp. @ = r. — 1, denote by A; the matrix of &, : E; — E; with
respect to the ordered basis v; 1,v; 2 and the dual ordered basis of E). The
computation gives

_ 0 CoCs
Aro,o o |: —CoCs 0:| ’
resp.

_ 0 CoCs
ATE_LG - l: —CoCs 0:| ’

Visibly the Pfaffian of this matrix is cocs and the determinant is cicZ. By
hypothesis, cg, cs are nonzero, thus each determinant is nonzero.

In the odd case, since the determinant of each matrix A; , is nonzero, the
kernel of @, is trivial. This proves Theorem 1.2 in case e > 5 is an odd integer.
From this point on, suppose that e > 6 is even.

Denote by A, . the matrix of &, : E,  — E;/mﬁ with respect to the
ordered basis v,_1.,Vr. 2., Vr. 3, and the dual ordered basis of E,YE The
computation gives

0 —CpCs d5 0
Ar‘,e = C()C5d5 0 —Coc5d0
0 Co C5d0 0

This matrix is singular: the kernel contains the vector w = dg (v, 1+d5,e vy, 3,
ie., (d0,6X§T€ + d5$€X12T‘*)X0X1e2. So this vector is in the kernel of @,. Con-
sider the quotient vector space V' = HY(P', N¢/x)/C{w}. There is an in-
duced alternating bilinear pairing @, on V’. Since w’ € E,_., there is an
induced direct sum decomposition V' = @;<, E; . by pairwise orthogonal
subspaces where for i = 0,...,7 — 1 the quotient map E; . — El’-’E is an iso-
morphism. And Ej__ has as basis the images of the vectors v, 1., Vr, 2.
provided ds . # 0, and has as basis the images of the vectors v, 2 v, 3.
provided dp . # 0.

First consider the case, ds  # 0. Denote by A;.__ the matrix of &, : E;_ —
(E;_.)Y with respect to the ordered basis v;._; ., v} , . and the dual ordered
basis of (E;._.)". The computation gives ' '

/ 0 —cocsds

Te€ T CoCs d5 0

The Pfaffian of this matrix is cocsds and the determinant is c3c2d2. By hy-
pothesis cg, ¢, d5 are nonzero, thus the determinant is nonzero.
The remaining case is that dy # 0. Again denote by Aj;._ . the matrix of

~! . / ! \ 3 3 / !/
we By . — (E] )" with respect to the ordered basis v;._, ., Vv, 3. and the
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dual ordered basis of (E]__)¥. The computation gives

/ 0 —coesdo

ree Coc5d0 0
The Pfaffian of this matrix is cocsdp and the determinant is c2c2d3. By hy-
pothesis cg, c5, dy are nonzero, thus the determinant is nonzero.

In both cases, the determinant of the restriction of @, to each subspace
E; . is nonzero. Thus the kernel of W, is spanned by w = (do,eXgre +
ds. X f”)XOX 1€2. In particular, the kernel of &, is 1-dimensional. This proves
Theorem 1.2 in case e > 6 is an even integer.

8. Comments and questions

There are some generalizations of Theorem 1.2 to stable maps with marked
points. The cubic hypersurface X C P® and the stable map f : P! — P° are
the same as in Section 7. The marked points are [0 : 1],[1 : 0] € P!. The same
method as Section 7 proves the following.

THEOREM 8.1. Let X C P° a smooth cubic hypersurface, let Mo (X, e)
denote the Kontsevich moduli space of pointed stable maps to X of arithmetic
genus 0 and degree e, and let Me,n be a nonsingular projective model of the
coarse moduli space. Denote by ev: M., — X" evaluation at each marked
point. And denote by Te, the kernel of the derivative, dev: Tz —— ev*Txn.

There is a canonical section w, € HO(H@,L,QQH ’ ). Suppose that X is

general.

(i) If n =1, if e > 5 is an odd integer, and if { = (C,p,f : C — X)
s a general point of M&l, the restriction of we to Tey|c has a 1-
dimensional kernel.

(ii) Ifn=1, ife > 6 is even, e > 6, and if { = (C,p,f : C — X) is a
general point of M, 1, the restriction of we to Teo|¢ is nondegenerate.
Therefore a general fiber of ev has Kodaira dimension > 0 and, in
particular, it is not uniruled.

(iii) If n = 2, if e > 5 4s odd, and if { = (C,p1,p2,f : C — X) is a
general point of Me)g, the restriction of we to Tev\g 1s mondegenerate.
Therefore a general fiber of (evy, eve) has Kodaira dimension > 0 and,
in particular, it is not uniruled.

(iv) If n =2, ife > 6 is even, and if { = (C,p1,p2, f : C — X) is a general
point ofﬁeg, the restriction of we to Teylc has a 1-dimensional kernel.

Proof. Most of the details are left to the reader. The technique is almost
identical to the proof of Theorem 1.2 and is roughly as follows: For (i) and
(ii), consider the special pairs ([X],[C]) used in Section 7. In addition, as-
sume that do,,ds,, are both nonzero. For the marked point on C, use either
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f([0:1]) or f([1:0]). The tangent space to T.|¢ is the subspace of sections
of HO(IPl,NC/X) vanishing at [0 : 1], resp. [1 : 0]. The form w, on this
subspace is the form computed in Section 7. In particular, since the space of
sections vanishing at [0 : 1] is generated by standard monomial basis vectors
of HO(P!, N¢ /x ), the direct sum decomposition into pairwise orthogonal sub-
spaces yields a direct sum decomposition of the space of sections vanishing at
[0:1].

In the odd case, the kernel is generated by cs5 V0,20 + V0,3,0 + d5,0V0,6,0-
And the induced pairing on the quotient space is nondegenerate. In the even
case, the kernel is nontrivial: it is generated by do.v;, 1, + d5,Vr 3. and
Vr.—21+ 2¢5,cVy —23 — d5 Ve, —26. However, under a nontrivial first-order
deformation of the pointed curve not changing the map f : P! — X, only
moving the point [0 : 1] on P!, the kernel becomes trivial (this is a simple
deformation theory exercise).

Parts (iii) and (iv) are the same. In the odd case, the kernel is trivial. In
the even case, the kernel is generated by do vy, 1,6 +d5,cVr, 3, (n0 deformation
theory is needed). O

QUESTION 8.2.  What is the Kodaira dimension of M., resp. what is the
dimension of a fiber of the MEC quotient of M., when the form w, does have
a kernel? If e > 6 is even, is M, uniruled?

We are convinced that M, is not uniruled, but we do not have a proof for
e > 8. In case e is 6, we can prove that Mg is not uniruled by an ad hoc
argument. It is possible this could be used as the base case of an induction
by considering how the kernel of w.;s specializes on the boundary divisor
Ae,Q C ma

PROPOSITION 8.3. If the cubic hypersurface X C P° is general, then Mg
is not uniruled. More precisely, there exists a rational transformation f :
Mg --» Hilb% whose general fiber is a genus 1 curve which is a leaf of the
distribution Ker(w,).

Here is a rough sketch of the proof. The method of proof is similar to
that in [13], but instead of using residual curves in an intersection of X with
a cubic scroll, we use residual curves in an intersection of X with a quartic
scroll. For a general nondegenerate, rational, degree 6 curve C' C P%, there is a
unique quartic scroll ¥ C P5 containing C. If X is general, then X contains no
quartic scrolls (although special smooth cubic fourfolds can contain a quartic
scroll, [14, Section 4.1.3]). The intersection ¥ N X is a degree 12 curve in
¥ that is a local complete intersection (in particular, it is Gorenstein) and
contains C as a subcurve of degree 6. By Gorenstein liaison, the residual
curve C’ to C' in X is a degree 6 curve of arithmetic genus 1, and is a smooth,
connected curve if C' general. This gives a rational transformation from Mg to
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the open subset U of the Chow variety/Hilbert scheme parametrizing degree
6 curves in X of arithmetic genus 1; [C] — [C']. The fiber of this rational
transformation containing [C] is isomorphic to Pic?(C”), i.e., it is a connected,
smooth curve of genus 1 (actually it will only be a dense open subset since we
are working on the non-complete variety Mg).

On Mg there is the 2-form wg constructed in Section 4. On U there is a 2-
form by the same process as in Section 4 corresponding to the family of degree
6 curves of arithmetic genus 1. On the domain of definition of the rational
transformation Mg — U, form the pullback of the 2-form on U; denote this
pullback 2-form by w’. Over a dense open set of Mg, the curve ¥ N X is
a connected, reduced at-worst-nodal curve and the process from Section 4
produces a 2-form w” corresponding to this family of curves. The relation
between these forms is

w6+w/ — "

on the open, dense locus where all three are defined.

On the other hand, there is a unirational space W C HilbZ*+ DD (p5)
parametrizing all smooth, nondegenerate quartic scrolls in ¥ C P5 (in fact
this is a homogeneous space for PGLg since any two such scrolls are projec-
tively equivalent). Over a dense open subset of W the process from Section 4
produces a 2-form corresponding to the family of curves whose fiber over [X]
is XN X. And w” is the pullback of this 2-form by the obvious rational map
Mg --+ W. Since W is unirational, it does not support any nonzero 2-form,
ie., w’ =0. So wg = —w'. In particular, the kernel of wg coincides with the
kernel of w’. Since w’ is a pullback by the rational transformation Mg — U,
in particular, the tangent space of the fiber of this rational transformation is
contained in wg. We know the fiber is one-dimensional. By Theorem 1.2, also
the kernel of wg is one-dimensional. Thus the kernel of wg at a general point of
Mg is precisely the tangent space to the fiber of Mg — U. In other words, the
foliation determined by the kernel of wg is algebraically integrable on a dense
(Zariski) open subset of Mg, the leaf space is (birationally) an open subset
U of the Hilbert scheme of smooth, degree 6 curves in X of genus 1, and
the projection to the leaf space is (birationally) the rational transformation
M6 --» U.

From this it follows that U has Kodaira dimension > 0, in particular, it is
not uniruled. By the special case of the Iitaka conjecture proved in [17], the
Kodaira dimension of Mg is > 0. In particular, My is not uniruled.

There are lots of missing details in this argument. They each follow by
straightforward arguments of projective geometry, and are left to the reader.
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