Illinois Journal of Mathematics
Volume 45, Number 2, Summer 2001, Pages 371-401
S 0019-2082

ON THE GEOMETRY OF CONSTANT MEAN CURVATURE
ONE SURFACES IN HYPERBOLIC SPACE

RICARDO SA EARP AND ERIC TOUBIANA

ABSTRACT. We give a geometric classification of regular ends with con-
stant mean curvature 1 and finite total curvature, embedded in hyper-
bolic space. We prove that each such end is either asymptotic to a
catenoid cousin or asymptotic to a horosphere. We also study sym-
metry properties of constant mean curvature 1 surfaces in hyperbolic
space associated to minimal surfaces in Euclidean space. We describe
the constant mean curvature 1 surfaces in H? associated to the family
of surfaces in R3 that is isometric to the helicoid.

0. Introduction

The theory of constant mean curvature 1 surfaces in hyperbolic space was
created by Robert Bryant in a pioneering paper [Br], in which Bryant gave
a holomorphic parametrization of such (simply connected) surfaces, which
is a close analogue of the Weierstrass representation for minimal surfaces
in R3. Later, Umehara and Yamada, following Bryant’s idea, have made
important contributions to the theory. In particular, they introduced the
notion of regular ends (see Definition 2.1), and they gave some new examples
and techniques to construct complete constant mean curvature 1 surfaces with
regular and nonregular ends (see [U-Y1], [U-Y2], [U-Y3]).

In this paper we prove that if E is a regular embedded end into H? with
constant mean curvature 1 and finite total curvature, then F is either asymp-
totic to a catenoid cousin (embedded or not embedded) or is asymptotic to
a horosphere. In the half-space model we prove that, up to an isometry, F
is asymptotic as a vertical Fuclidean graph to a horosphere or to an end of a
catenoid cousin. Thus, we obtain a geometric classification in hyperbolic space
of embedded regular ends with finite total curvature. In fact, in the half-space

Received June 14, 1999; received in final form November 3, 1999.

2000 Mathematics Subject Classification. 53C42.

The first author was partially supported by CNPq and PRONEX of Brasil. The sec-
ond author was supported by FAPERJ of Brasil. The second author is grateful to the
Department of Mathematics of PUC-Rio for their hospitality during the preparation of this

paper.

(©2001 University of Illinois
371



372 RICARDO SA EARP AND ERIC TOUBIANA

model we derive the formulas which give this classification. Clearly, the clas-
sification in hyperbolic space does not depend on the model, but we believe
that the mentioned Euclidean asymptotic behavior in the half-space model
is very surprising. We remark that Lima and Rossman [L-R] independently
proved a similar result, but we emphasize that the formulas we derive from
the results and techniques of Umehara and Yamada are established in a more
explicit fashion.

Recently, Collin, Hauswirth, and Rosenberg [C-H-R] proved that a properly
embedded end in H? with constant mean curvature 1 must be regular and has
finite total curvature. Using the main result of this paper, they deduced that
such an end must be asymptotic to a catenoid cousin or a horosphere end.

Here we introduce a new approach which we use to establish a basic result
that describes the helicoids in the half-space model. In fact, we show that, for
the half-space model H? = {(u,v,w) € R?, w > 0}, the family in H? given
by constant mean curvature 1 surfaces associated to minimal catenoids in H?
contains the catenoid cousins, the helicoids, and a surface that is invariant
under a l-parameter group of Euclidean horizontal translations. We believe
that the fact that this surface belongs to the family of surfaces associated to a
minimal catenoid in R? is an unexpected result. This surface (see Example 1.8
with e = —1 and A = 1/4) will be shown to be an Enneper cousin dual. In
[R-U-Y] a natural geometric notion of “dual” was defined (see Remark 1.11).
The Enneper cousin dual has also been described in the thesis of Gomes [Go],
using a different terminology, and in a paper by Sato and Rossman [R-S]. We
note that the constant mean curvature 1 helicoids were classified by Ordénes
(see [O]), as part of his Doctoral Thesis, by using a complete different method.

Rossman, Umehara, and Yamada [R-U-Y] gave examples of complete con-
stant mean curvature 1 surfaces in hyperbolic space with higher genus, many
symmetries, and embedded ends; see also the work of Galvao and Gées
[Ga-Go] for another approach on this subject. Finally, we remark that in
[SE-T] the authors gave some uniqueness results for constant mean 1 surfaces
in hyperbolic space. For instance, we showed that, if M is such a properly
embedded surface contained in the region inside a horosphere H and if OM
is a circle lying on H, then M is part of an embedded catenoid cousin. In
the same paper, we gave a Phragmen-Lindel6f type theorem in the half-space
model for unbounded vertical graphs over a horosphere {w = 1}.

We now describe the results of this paper. The paper is divided into three
distinct sections. In the first section, we prove some basic results (see, for
instance, Proposition 1.7), and we give a simple description of the “helicoids”
examples (Example 1.8). In the second section we prove the following result
(Theorem 2.3):
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A regular embedded end in the half-space model H3 = {(u,v,w) € R? w >
0} with constant mean curvature 1 and finite total curvature is asymptotic to
an embedded or nonembedded catenoid cousin or a horosphere.

In fact, we derive an explicit formula for a vertical graph (see Definition
2.1), and we show that the above convergence holds in the hyperbolic and in
the Fuclidean sense, as Euclidean vertical graphs. We introduce a notion of
“growth” for embedded vertical ends in H? (that are regular with finite total
curvature).

In the final section of this paper we investigate the following problem:
Suppose that a simply connected minimal surface M in R? is invariant by
a Euclidean isometry. Is the associated surface in H? (with constant mean
curvature 1) also invariant under an isometry of H3? We will see that the an-
swer is positive if M has a plane of symmetry (see Proposition 3.2) or if M is
invariant under a rotation whose axis intersects transversally M (Proposition
3.6). The answer is negative when M is invariant under reflection about a
straight line that is contained (or a part of which is contained) in M (Propo-
sition 3.3). We also observe that the Schwarz Reflection Principle about a
geodesic, i.e., rotation by an angle w about a line inside a surface, does not
hold for a constant mean curvature 1 surface in H?; see, for instance, the
helicoidal surfaces containing a geodesic line in hyperbolic space (see Remark
3.4).

Acknowledgement. We wish to thank the referee for valuable suggestions
and for providing the figures in this paper.

1. Basic theory and examples

Let us consider the Lorentz space L* defined as the positively oriented
vector space R* equipped with the pseudo-metric of signature (—,+,+, +).
Then the Minkowski model for H?, denoted by H?3, is defined by

HP = {(t,z1,22,23) € RY, —t* + 2] + 23 + 25 =—1, t > 0}.

Let us denote by {, ) the Riemannian metric induced on H? by the pseudo-
metric. Let M be a Riemann surface and let z = x 4 iy be a local coordinate
on M. Let Y: M — H3 be a smooth immersion whose mean curvature
vector is denoted by H. Assuming that H #£ 0, we will assume in the fol-
lowing that (Y, Ym,Yy,ﬁ)(z) is a positive basis of L* for each z € M. Ob-
serve that H3 has a natural orientation defined by the map f: R® — H?3,
f(z1,29,23) = (\/1+ 27 + 23 + 23, 21,72, 73). In view of our convention on
Y, it then follows that (Y, Y, H)(z) is a positive basis of H3 for each z € M.

The following result follows from Theorem A in [Br] (see also Theorem 1.1
in [U-Y1]).
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THEOREM 1.1. Let M be a Riemann surface and let A, B, C, and D be
meromorphic functions on M satisfying

AD—-BC=1 and dA-dD—-dB-dC=0.

Consider the smooth map Y: M — H? defined by Y (z) = (t, 71,72, 73)(2),
where

2t(2) = (AA+ BB + CC + DD)(z),
(1.1) (1 +ix9)(2) = (AC + BD)(z),
273(2) = (AA+ BB — CC — DD)(2).

Then Y defines a conformal and constant mean curvature 1 immersion into
H3 of the open part of M defined by

2

) ‘0

Furthermore, the induced metric on M 1is given by
2) 2

Conversely, suppose that M is simply connected, and consider a conformal
and constant mean curvature 1 immersion Y: M — H3. Then there exist
meromorphic functions A, B, C, and D on M with AD — BC =1, A'D’' —
B'C" =0, such thatY is given by (1.1).

dD
A- —C-dAl |1+ |—
| dC —C -d |< 7

|A-dC — C - dA| <1+ D

ds® =

ac

REMARK 1.2.  With the notations of Theorem A in [Br], we have

Fo= (4 p) e

and eg(F) = F-Ft,a = D-dA—B-dC, 3 = A-dC—C-dA, v = D-dB—B-dD.

COROLLARY 1.3.  Consider the (oriented) half-space model of the hyper-
bolic 3-space H3 = {(u,v,w) € R® w > 0} with the hyperbolic metric { , )o =
2 2 2
w. Let M be a Riemann surface and let A, B, C, and D be

w
meromorphic functions on M satisfying

dD|?
AD-BC =1, dA-dD—dB-dC=0, and |A-dC—C-dA] (1 + ac ) # 0.
Consider the immersion Y : M — H3 defined in Theorem 1.1. Then'Y gives
rise to a conformal immersion X : M — H? with constant mean curvature 1,
defined by X (z) = (u,v,w)(z), where
AC + BD 1
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)

and (X,, X,, H)(2) is a positive basis of TX(Z)HB, where H is the mean cur-

Furthermore, the induced metric on H? is given by

dD

ds* = ||A-dC — C - dA| <1+ —

)

dC

vature vector of X.

Proof. Let us equip the unit 3-ball B® with the hyperbolic metric (, ); =

4%, where X = (X1, X5, X3) € B3. Then the stereographic projection
F: (H37< ) >) - (B3a< ) >1) defined by F(t,$1,$2,$3) = (XlaX27X3)a where
. T+ 1To T3
X Xo=———and Xz = ——
L A

is an orientation preserving isometry. Thus one gets the geometrical image of
the surface Y (M) in the ball model of the hyperbolic 3-space. Now observe
that the map J: (B3,(, )1) — (H3,(, )2), defined by

(Xh 7X23X3 + 1)
(X1, X2, X3 4+ 1)

J(X17X27X3) =2 7(07071%

is an orientation preserving isometry. We conclude that
1

JoF)(t = —
( © )( ,1‘175(}2,.’173) t+£L‘3

(1'17 —T2, 1)

We then see that the constant mean curvature 1 immersion of M into H3,
X(z) = (Jo FoY)(z) = (u,v,w)(2), is given by (1.2). Moreover, as J o F'
is an orientation preserving isometry between H> and H?, we deduce that
(Xz, Xy, H)(2) is a positive basis of TX(Z)HB for each z € M. O

REMARK 1.4.

(1) Suppose now that M C C is a simply connected domain. Let g (resp.,
w) be a meromorphic function (resp., holomorphic form) on M such that for
any zg € M, zg is a pole of g if and only if z; is a zero of w with multiplicity
twice that of the pole of g at zg. Then (g,w) defines a conformal and minimal
immersion X : M — R? by setting

X(z) = Re/ (1= g%) w,i (14 9%) w, 20w)

The pair (g,w) is called the Weierstrass representation of the immersion X;
see [Os, Chapter 8]. The induced metric is ds? = [(1+ |g|?) |w }2. Consider

IT = —2Re(wdg), the second fundamental form of X. Setting IT = II + ds?,
it is easily seen that ds? and II satisfy the Gauss and Codazzi equations in

H3. Tt follows that there exists a conformal immersion X: M — H3 whose
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induced metric is ds? and whose second fundamental form is II. Furthermore,
X has constant mean curvature 1.

Conversely, consider a conformal and constant mean curvature 1 immersion
X: M — H3. Let ds? be the induced metric and II the second fundamental
form of X. Setting IT = IT — ds?, the forms ds® and II satisfy the Gauss and
Codazzi equations in R3. Therefore, they define a conformal and minimal
immersion X: M — R3.

We will call the immersions X and X (or the surfaces X (M) and X (M))
associated; see [Lal.

(2) In the context of item (1), let A, B, C, and D denote the meromorphic
functions on M defining the immersion X: M — H3. Consider the Weier-
strass representation (g,w) of the associated immersion X : M — R3. Then
we have

2
-1 _ (9 —9
(1.3) F~ . dF = (1 —g) w,
where
A B
Fo=(5 p) @
In particular, we have g = % = f% and w = AC" — A'C (see Section

1 of [U-Y1]). We call (g,w) the Weierstrass representation associated to the
immersion X. Observe that, given A, B, C, and D, relation (1.3) shows
how we can find the Weierstrass representation of X. Using this relation and
setting w = 1 dz, Umehara and Yamada showed that A and C are independent
solutions of the differential equation

/
(1.4) X' -Lx —pgx =0,
n
and that B and D are independent solutions of
2.\
(1.5) v (9277) Y gy = 0;
g°n

see [U-Y1, Lemma 2.1]. Observe that, if A and C were not independent, the
conditions on A, B, C' and D would force A and C' to be constant. Thus,
the associated minimal surface would be plane, since (1.4) implies that g is
constant. Hence, the constant mean curvature 1 surface in H? is a horosphere.

ExXAMPLE 1.5. In [Br, Example 2, p. 341] Bryant called catenoid cousins
the constant mean curvature 1 surfaces in H? defined by the functions A, B,
C, and D on C*, where (writing x for a and z for z=1 in [Br])

Fo= (4 B) = sy (S (0)
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where « is a real number satisfying o > —1/2 and « # 0. This implies

1 ala+1) —z 1 222
(F - F')(2) = 7204—}— 1 202 1]

Hence the Weierstrass representation of catenoid cousins is g(z) = z* and
w = %z’lf“ dz, where z € C* and u = 1+ 2a. Observe that p > 0
and p # 1. It is known that the catenoid cousin is embedded if and only if
0 < p < 1; see [Br] and [U-Y1]. To determine the minimal surface in R3 that
is locally associated to the catenoid cousin, we make the change of variable
u = z*. Thus, in terms of the u-variable, g(u) = v and w = 1;"5 u~? du.
Therefore, we get the Weierstrass representation of the Euclidean catenoid.
We conclude that catenoid cousins in H? are locally associated to Euclidean
catenoids of R3. However, the converse is not true: in fact, consider the
Weierstrass representation g(u) = u and w = au~2du, where a < —1/4,
which gives catenoids in R3. We show in Example 1.8 that the constant
mean curvature 1 surfaces that are locally associated in H? are not rotational
surfaces, but there are surfaces that are invariant under a one parameter group
of hyperbolic translations. Observe that 14_# ‘32 assumes every real value a with
a > —1/4 and a # 0 (because g > 0 and p # 1). We know from [Br] and
[U-Y1] that catenoid cousins are rotational surfaces, and that there are no

other rotational surfaces in H® with constant mean curvature 1.

REMARK 1.6.

(1) If M is not simply connected we can still carry out the construction
given in Remark 1.4. However, in this case the functions A, B, C, and D
may be multi-valued, and so the immersion into H?® given by (1.1) also may
be multi-valued.

(2) Suppose M is simply connected, and suppose that A, B, C, D, and
(9,w) on M satisfying (1.3) and AD— BC = 1 are given. Choose any constant
matrix 7 € SL(2,C) and set F'(z) = T - F(z). We call X (resp., X) the
conformal and constant mean curvature 1 immersion of M into H? defined

by F (resp., F). Observe that F~! . dF = F~1.dF. Hence X and X
have the same induced metric, ds* = [(1+ |g]?) |w|}27 and the same second
fundamental form, II = —2Re(wdg) + ds®>. Therefore the two immersions

are equal up to a global isometry of H3. That is, there exists an isometry
S: H? — H? such that X = So X.

PROPOSITION 1.7.  Let M C C be a simply connected domain. Consider a
conformal and minimal immersion X : M — R3. Let (g,w) be the Weierstrass
representation of X. Let A be any nonconstant solution of (1.4) (where w =
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ndz) and let H be a meromorphic function on M satisfying H' = n/A?. Set

/! !

B:—gA+£, C = HA, D:l_gHA+Hi
n A Ul

Then A and C (resp., B and D) are independent solutions of (1.4) (resp., of
(1.5)). Furthermore A, B, C, and D satisfy AD — BC =1 and (1.3). In par-

ticular, the function X : M — H3 defined by (1.2) is a conformal immersion
and has constant mean curvature 1.

Proof. Using the fact that A is a solution of (1.4) and using the definition
of the function H, we find

B/:ng/ and BllifglAlng//,
! 77 ! 1" 77/ "
C:Z+HA and C:Z'f'HA,
gﬁ—gHA' and D":—g’ﬁ—gn—,—g’HA’—gHA".
A A A
From this we deduce that A and C are two independent solutions of (1.4) and

that B and D are two independent solutions of (1.5). Also, a straightforward
computation shows that AD — BC = 1. Furthermore, setting

Fo= (4 p) e

Pl A'D - BC'" DB’ — BD’
AC'—CA" AD'—-CB' )"
Hence the functions A, B, C, and D satisfy (1.3). The last assertion of the
proposition follows from Corollary 1.3. O

D =-

we have

EXAMPLE 1.8. We determine the constant mean curvature 1 surfaces in
H?3 locally associated to the family of minimal surfaces of R? that are isometric
to the helicoid. We know that the Weierstrass representation of the helicoids
and the isometric minimal surfaces is given by g(z) = €%, w = X' - 7% dz,
where z € C, A > 0 and 6 € [0, 27[. When e = £1 we get the catenoids, and
when e = +i we get the helicoids. Let us find the functions A, B, C, and
D associated to g and w. Remark 1.4(2) shows that A and C' are solutions of
the second order differential equation:

(%) X"+ X =X =0.
The characteristic equation of this differential equation is
() Y2y =X =0.

Let v be a solution of the characteristic equation. Then the function A(z) =
€% is a solution of (x).
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Suppose that 1+2v # 0. In the notation of Proposition 1.7, we set H(z) =
_ﬂe—(l—‘rQ"{)Z. Then,

142y

_ vz _ T ()2
A(z) = €%, B(z) = — el TE,

() ()= 13~

1 1 2

C(Z) _ 7’7( + ’Y) 67(1+'y)z7 D(Z) _ ( + ’Y) e~
142y 142y
By (1.2) it follows that (with z = = + iy)
(u+iv)(z) = —e¥2¥. e~ (1+2m) | o—ily+2Im(7z))

(1+7)° 31+ +y(1+7)e®
142y [1+~[2e=% + |y|2e®

and
e2r2y—2mz

1+ 7]% + [y [Pe>s

w(z) = 144/

where v = 1 + 175.

If v9 = 0, we easily verify that each vertical line {x = ¢} is mapped under
the immersion onto a horizontal circle whose center lies on the geodesic line
{u = v = 0} of H®. Hence the whole surface is a rotational surface and
therefore is a catenoid cousin (embedded or non-embedded); see Example 1.5,
[Br] or [U-Y1].

On the other hand, suppose that «9 # 0. Then, for any real numbers y, t,
and xg we have

(u+ v, w)(xo,y + t) = 272t (e 29 (4 4 i), w) (z0, y).

Thus, each vertical line {z = z¢} is mapped onto a heliz (in the hyperbolic
sense) about the vertical geodesic line {u = v = 0} in H?. This means that
the associated surface M (), 0) is a helicoidal surface in H® whose axis is the
geodesic line {u = v = 0}. Observe also that the axis stays on M (A, 0)
if and only if the vertical line {x = 0} is mapped onto the geodesic line
{u = v = 0}; this occurs if and only if Re(¥(1 + «)) = 0. In fact, there
exists a family of such surfaces containing the axis. We obtain an element of
this family of surfaces by choosing any real number v, €] — 1,0[ and setting
v = £iv/—71 (1 4+ ). We clearly have Re(7(1 ++)) = 0, and we then set
A=17*+19] and 0 = Arg(7? + 7).

Finally, by computing the discriminant of (xx), we find for the case 1 +
2y # 0 that v, = 0 if and only if ¢ = 1 or ¢ = —1 and A < 1/4. By
the change of variables u = e* (assuming 2 = 0), we obtain, in terms of
the wu-variable, g(u) = u and w = au~?du, where a = X’ € R (since
et = +1). We recognize the catenoids, which we will denote by C,. Hence
we conclude that, when a > —1/4, the constant mean curvature 1 surface in
H? that is locally associated to the catenoid C, is a catenoid cousin, and thus
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a rotational surface. When a < —1/4, the catenoid C, is locally associated
to a (nonrotational) surface in H? that is invariant under a one parameter
group of hyperbolic translations, with constant mean curvature 1; see Figure
1 for the case when A = 1/2, ¢ = —1, and Figure 2 below for the case when
A =5/4, ¢ = —1. Observe that the remaining case a = —1/4 corresponds
to A = 1/4 and e? = —1; that is, 1 + 2y = 0. We will consider this case later.
Conversely, we see from Example 1.5 that the minimal surface of R? that is
locally associated to a catenoid cousin is a catenoid C, with a > —1/4.

FIiGURE 1

Suppose now that 1 4 2y = 0; that is, A\ = 1/4 and € = —1. We have

A(z) = e7*/2, and we choose H(z) = —z/4. From Proposition 1.7 we obtain
B(z) = e*/?, C(2) = (—z/4)e*/2, and D(z) = (1 — z/4)e*/%. We get
) e’ T .y
i) = o= "1 "¢
1
w(z) = pranp—

Now, each vertical line {x = x¢} is mapped onto a (Euclidean) horizontal
straight line that is parallel to the v-axis. Hence the surface in H? that is
locally associated to the catenoid C_;,4 is a complete and constant mean
curvature 1 surface that is invariant under the horizontal translations X —
X + (0,v,0) for any v € R, where X € H?; see Figure 3 below.

)
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FIGURE 2

FIGURE 3

We now resume our discussion of the surfaces in Example 1.8. In the case
when e = 1, or ¢ = —1 and A\ < 1/4, the associated surface in H? is
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rotational. We deduce from Example 1.5 that this surface is embedded in H?
if and only if e? = 1.

In the case when ¢’ = —1 and A = 1/4, the associated surface is invariant
under a Euclidean horizontal translation in H? and is an Enneper cousin dual
(see Remark 1.11). (We observe that these Euclidean horizontal translations
are indeed parabolic isometries of hyperbolic space.)

When e = —1 and A > 1/4, the associated surface is invariant by a one
parameter group of hyperbolic translations. In all other cases, the associated
surface is a helicoidal surface.

DEFINITION 1.9. Let M be a ~Rier{lann surface, and let X:M—>H3bea
conformal immersion such that (X, X,, H)(z) is a positive basis of T;((z)H3

for any z € M, where H is the mean curvature vector of X. Geometrically, the
hyperbolic Gauss map, G, is constructed as follows (see [Br]): For a given point
pesS= X (M), consider the geodesic through p orthogonal to S, oriented by
H(p). Then G(p) € O,oH? is the limit point of this geodesic.

Under the assumption that S is not totally umbilic, Bryant showed that
G is meromorphic if and only if S has constant mean curvature 1; see [Br,
Proposition 1] and also [Ga-Go, Theorem 1]. We have:

LEMMA 1.10.  In the notation of Corollary 1.3 and its proof, the hyperbolic
Gauss map of X (M) is given by

_dc_dD
 dA  dB’

Proof. We recall that the Klein model D for the hyperbolic 3-space is ob-
tained from H? via the projection ®: H? =D, ®(t,z1, x2, x3) = (1, 2+, 22, 28).
Observe that D = {(1,a,b,¢) € R a% +b? + ¢ < 1}. We equip D with the
metric and the orientation induced by ®. Then I = Jo Fo®~!:D — H?
is an orientation preserving isometry and we have I(1,a,b,¢) = l}rc(a, —b, ),
where a? = 1 — (a® 4+ b + ¢?). Clearly, we can extend I continuously to the
asymptotic boundary of D, by setting Io: 0D — OsocH? = C U {c0}, with
I-(1,a,b,c) = “ﬂ_’cb (Observe that a® +b? + 2 = 1.)

Now, let Y: M — H?> be the conformal and constant mean curvature 1
immersion which gives rise to X; that is, X = (JoF)oY. Let n: M — 9,,D

be the hyperbolic Gauss map of ® o Y. By [Ga-Go, Lemma 1] we have
Y+N (2)

T (),

(Yo + No)

where Y = (Y, Y1,Y5,Y3) and N = (N, Ny, No, N3) is the unitary normal
field on Y (M) such that (Y,Y;,Y,, N)(z) is a positive basis of L*. As Y is a

n(z) =
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conformal immersion, we have

)\2
(Vo Vo) = (YVer, Vy) =0, (¥e,Y) = =7,
where (, ) is the pseudo-metric on L* and \? = (Y, Y,) = (Y, Y,). Moreover,
as Y (M) has constant mean curvature 1 with respect to the normal orientation
given by N, we obtain

)\2
x/tzivN = 5
Ve, Ny = 2
We deduce
2
Y+N= SV
and hence
T
n(z) = .
©= 50
In terms of the functions A, B, C, and D (defined in (1.1)), we obtain locally
A'C' + B'D'
G(z) =[x on)(z) = ——5(2),
()= om(e) = T ()

where the dash denotes the derivative with respect to z. Using the relation
A'D' — B'C' = 0, we conclude

_ ¢ _dc_db
T A T dA " dB

REMARK 1.11.

(1) Our expression for the hyperbolic Gauss map G differs slightly from
that of Bryant (see [Br, page 339]) where, with our notations, G = [eg + €3]
and A = Fy, C = F3. This is due to different choices of the isometries. In
fact, in Bryant’s paper the surface is immersed in the Minkowski model of
hyperbolic space, while in Lemma 1.10, the surface is immersed in the half-
space model. Of course, the expression for G depends on the choice of the
immersion. For example, in H? let I be the orthogonal reflection with respect
to the vertical plane {v = 0} composed with the reflection with respect to the
unit sphere centered at 0. Note that [ is an orientation preserving isometry of
H? and extends to 9 H® = C U {oo} as the map z — 21, Then, if G = 45
is the hyperbolic Gauss map of X, we deduce that the hyperbolic Gauss map
of the immersion o X is Gy = G~ ! = %.

(2) Let X: M — H? be a constant mean curvature 1 immersion defined
by a matrix F', as in Remark 1.4(2). The immersion defined by the inverse
matrix F~! is called the dual immersion, according to Rossman, Umehara,
and Yamada (see [R-U-Y]). Let (g,w) be the Weierstrass representation of
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the minimal surface in R? associated to F. Then, using (1.3) and letting
(g#,w#) be the Weierstrass representation associated to F~1, we get

1 /
g#:aa w#:_ .f 7w
()

This expression differs from that of [R-U-Y] because our formula for G is
different; see Remark 1.11(1) above. Consider, for instance, Example 1.8
with ¢ = —1 and A = 1/4. Using the formulas for the functions A, B, C,
and D given in this example, we find, via Lemma 1.10, that G(z) = 212. The
Weierstrass representation for the dual surface then gives

4 4 (2-2)

# = =
g7 (2) 5= v 15 dz.

Making the substitution { = 2f—z, we obtain

4
=
This is the Weierstrass representation of the Enneper minimal surface in R3.
To see this, let (71, 22, 23) be the coordinates in R?, and consider a rotation by
an angle 7 with respect to the z;-axis. Setting z = 1/, we obtain g% (z) = 2
and w? = 4dz. Thus, the surface in Example 1.8 with ¥ = —1 and A = 1/4
is an Enneper cousin dual.

(O =¢ W dg.

2. Asymptotic behavior and classification of embedded regular
ends in H? with mean curvature 1 and finite total curvature

DEFINITION 2.1.

(1) Set D* = {z € C,0 < |z| < 1}. Let X: D* — H? be a conformal and
constant mean curvature 1 immersion. Suppose that, for each path v: [0, 1[—
D* such that y(t) — 0 when t — 1, the path X(v) has infinite hyperbolic
length in H3. We then say that X (or X (D*)) is an end, and we will denote it
by E. In [U-Y1], Umehara and Yamada called an end regular if the hyperbolic
Gauss map G extends analytically to the puncture 0.

(2) We define a wvertical graph in H® as any surface such that the third
coordinate is a function of the two others, w = w(u,v).

REMARK 2.2.

(1) Let us consider a regular end of H? with finite total curvature which
is not part of a horosphere. According to Bryant (see [Br]) the associated
Weierstrass representation (g, w) (see Remark 1.4(2)) has the following general
form, which may be compared with the Weierstrass representation of catenoid
cousins, given in Example 1.5:

(2.1) g(z)=2"- f(z), w=2z" h(z)dz.
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Here z € D = {z € C,|z| < 1}, f and h are holomorphic functions on D with
f(0),h(0)£0, p,veR, u>0,v< -1, v+pu€Z and v+ p > —1. For the
sake of completeness we give a proof of this result.

As the end has finite total curvature, it follows from [Br, Proposition 4]
that ¢ has the form g(z) = z#f(z), where p > 0 and f is a holomorphic
function on D, such that f(0) # 0. In the notation of Proposition 4 in [Br],
we have = 1+ 3. Observe that the metric |w| (1 + |g|?) is well defined on
D*. Setting w = 7(z) dz, we see that || is well defined on D*, although 7
may not be defined. For any z € D* we set

n(z) = th%l n(e'z), 0<t <2

n(z) n(z) = 1, we
see that this function is, in fact, defined on D* and is constant. Thus there
exists a € R such that ;778 = €27, Hence 7(z) has the form 7(z) = 2 h(2),
where h is a holomorphic function on D such that ~(0) # 0 and v € R satisfies
v —a € Z. As the metric ds? = [|w| (1+ |g\2)]2 is complete at 0, we deduce
that ¥ < —1. Furthermore, by [Br, Proposition 5] we have v + u € Z (since
the immersion is complete at 0 and has finite total curvature). Moreover, as
the end is regular, we deduce from [Br, Proposition 6] that v + u > —1.

(2) We know from the work of Bryant that the end of the Enneper cousin
is not regular although the total curvature is finite (see [Br, Example 1]).
Conversely, consider Example 1.8 with e? = —1 and A = 1/4. The hyperbolic
Gauss map in this case is G(z) = 272. We deduce that the end of this surface
is regular. Also, as this surface is translationally invariant, the end has infinite
total curvature.

(3) In the sequel we shall need some results from ODE theory, which can
be found, for example, in [G-S, Chapters 15.1 and 15.2]. In the context of
(1), let A, B, C, and D denote the analytic (possibly multi-valued) functions
associated to the immersion (or to the end), and let f = uf + zf’. Then A
and C' are independent solutions of

Note that Z2) is locally defined and holomorphic on D*. As ‘ﬁ(z)

Vh / -
(2.2) X"~ @X’ — hfzrTrlX =0,
zvh
and B and D are independent solutions of
(ZV+2luhf2)l rFov+pu—1
(23) Y// — zl’+2—:“'hf2YI — hfZ s Y = 07

satisfying AD — BC = 1 and A’D’ — B’C’ = 0; see Section 1. We observe
that, since v + p > —1 (because the end is regular), 0 is a regular singularity
for both equations. The indicial equation associated to (2.2) and (2.3) are

M-—(1+v)A—g=0and r* — (1 +v+2u)r—q=0,
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respectively, where

0 ifv4+p>0,
q= .
uf(O)h(0) fv+p=-1.
We now state our main result, which we will prove by combining several
independent lemmas with Propositions 2.7, 2.8, and 2.10.

THEOREM 2.3. Let E be a regular embedded end into H® with constant
mean curvature 1 and finite total curvature. Then one of the following three
cases holds:

(i) E is asymptotic to an embedded catenoid cousin.
(ii) E is asymptotic to a nonembedded catenoid cousin.
(iii) E is asymptotic to a horosphere.

Furthermore, up to an isometry of H?, the end E is a vertical Euclidean
graph over an exterior domain in O, H3. In this situation, E is asymptotic
to either an end of a catenoid cousin or a horosphere, regarded as vertical
Euclidean graphs. More precisely, if wg (resp., we) is the function whose
graph is E (resp., the end of the catenoid cousin or the horosphere), then

lim (wgp —we)(u,v) =0.
u?2+v2—o00

Moreover,

lim log (E> (u,v) =0,

u24v2—o00 wco

so E is also asymptotic in the hyperbolic sense.

We remark that it suffices to assume that F is a properly embedded end
since, by [C-H-R, Theorem 10], such an end must be regular and have finite
total curvature.

Proof. The Weierstrass representation (g,w) associated to the end E is
given by (2.1). We first treat the case where v+ p = —1 (see Lemmas 2.4 and
2.5 and Propositions 2.7 and 2.8), and then consider the case where v+pu > 0
(see Lemma 2.9 and Proposition 2.10). O

LEMMA 2.4. Consider the Weierstrass representation (g,w) on D*, given
by (2.1), with ;> 0. Suppose that v+ pn = —1. Then (g,w) determines an
embedding of D* (more precisely, a neighborhood of 0 in D*) into H? if and
only if

1— ,UZ /

FOI(O) =+ and (14 )7 (0) = (20lF +2(1+ WA f)0).
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Furthermore, we have u # 1, and the solutions of the indicial equations are

—1—pu 1—u
)\ - A = —
1 2 ) 2 9
r _—”_1 T_—u+1
1 — 2 Y 2 — 2 .

Proof. Let A and C (resp., B and D) be two independent solutions of
equation (2.2) (resp., (2.3)) satisfying AD — BC' =1 and A’D’' — B'C" = 0.
Let Ay and Ay (resp., r1 and r5) denote the solutions of the indicial equation
associated to (2.2) (resp., 2.3).

Suppose first that the functions u, v, and w in (1.2) define an embedding
of a neighborhood of 0 in D* into H?. Then, by [U-Y1, Theorem 5.2], we
have min(|]A\; — Ag|, |r1 — r2|) = 1. Hence the indicial equations become

A+ —pf(0)h(0) =0 and 7% — pur — uf(0)h(0) = 0.
Note that both equations have discriminant A = p? + 4puf(0)h(0). Since we
necessarily have A =1, we obtain f(0)h(0) = %. This yields the solutions
of the two indicial equations, as asserted in the lemma. Since f(0)h(0) # 0,
we have p # 1.
A Dasis of solutions to the differential equation (2.2) has the form

Xo(z) =2"f, and Xi(z) = Mogz- X + 2™ fi,

where A € C is a complex number and f; and f5 are analytic functions on D
such that f;(0) = 1. Substituting the formula for X; into the equation (2.2),

we get (after multiplication by ZHT“),
h/

(W(O)F(0) —~ hf)fu + (Ao = M i)z + (A4 71 = A gy = 1

In particular, the derivative of the function on the left side vanishes for z = 0,
and so

(%) A— ((hf)' + Al%l) (0) = 0.

Now, as the immersion associated to (g,w) is single-valued, the hyperbolic
Gauss map G also must be single-valued. On the other hand, by Lemma 1.10,
we have G = C'/A’, where A and C' are independent solutions of (2.2). Thus

we must have A = 0. By (x) we deduce that ((hf)/ + )\1%) (0) = 0. Using
the expressions of A\; and f , this yields

)22 =0,

!/

(14 1) (0) = 2ub'F +2(1 4+ wh)(0),

as desired. ) )
Conversely, assume that f(0)h(0) = % and (1 + p)2(0) = (2uh'f +
2(1 + p)hf")(0). We deduce that |A; — Az| = |ry — r2| = 1. Furthermore, by
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() we have A = 0. That is, the function X; has no logarithmic term; hence, A
and C have no logarithmic term either. Since % = %, the same holds for B
and D. This shows that the coordinate functions t(z), z1(z), z2(z), and x3(2)
defined in (1.1) are single-valued. Hence, the immersion is also single-valued.
Finally the immersion is one-to-one because min(|\; — Ag|,|r1 —r2]) = 1. O

LEMMA 2.5. Consider the Weierstrass representation (g,w) on D* given

by (2.1) with p > 0. Suppose that v+pu= —1, f(0)h(0) = %, and (1+

M)%/(O) = (2uh'f +2(1 + p)hf')(0). Let A, B, C, and D be the functions
giving the embedding (1.2) associated to (g,w). Then, up to an isometry of
H?3, we can choose A, B, C, and D as follows:

AG) = 22y, B:) = F0)E ",
_ /1’2_1 A1 _ (1+M)2 1

Here z € D*, and f; and g; are analytic functions near 0 satisfying f;(0) = 1,
and ¢;(0) = 1.

Proof. The argument is similar to the proof of Lemma 5.3 in [U-Y1]. By
Lemma 2.4 the Weierstrass representation (g,w) defines a single-valued em-
bedding of a neighborhood of 0 in D* into H?. Furthermore, A and C are
independent solutions to (2.2), and B and D are independent solutions to
(2.3). Then Lemma 2.4 and the theory of ordinary differential equations show
that A and C' are linear combinations of

Xi(2) = 2N f1(2),  Xa(z) = 2™ fa(2),
and B and D are linear combinations of
Yi=2"p(2), Ya(z)=2"g2(2),

where f1(2), fa(z), g2(2), and p(z) are analytic functions near 0 such that
f1(0) =1, f2(0) =1, g2(0) =1, and p(0) = 1. Hence

A(z) = ar2M f1 + az2™ fo, B(z) = b12"p+ baz"go,
C(z) = c12™M f1 4 o2 fo, D(z) =di1z"p+ dez"gs.
Consider any matrix P € SL(2, C), define

Fo= (5 p) @

and set Fy(z) = (P - F)(z). Since F~!.dF = F;' - dFy, the two matrices
F and Fy define the same Weierstrass representations; see Remark 1.4(2).
This means that F; and F define the same immersion into H?, up to a global
isometry.
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Now let «, 3, 7, and § denote the complex entries of P, with ad — Gy = 1.
We have L
n=(09)@ 5)-( 2)
1=y ¢ Cc D) \C D

A = (aay + Ber) 2™ fi + (aaz + Bez) 2™ fa,
B = (aby + Bd1)z" p + (abs + Bda) 2" ga,
(
(

with

C = (vay + 6c1)2™M fi + (vaz + 0e2) 2™ fa,
D = (yby + 0d1)2" p + (vba + dda)2"2 go.

Since AD — BC =1, we have a1dy —bic; = 0. Also, ajca —asgcy # 0 since A
and C are two independent functions. For the same reason, byds — bad; # 0.
Therefore we can find complex numbers «, 3, 7, and ¢ such that aa; + Bc; =
aby + Bdy = vyag + dce = 0 and ad — By = 1. This shows that, up to an
isometry in H3, we can assume

A(z) = az?? fo, B(z) = bz"go,
C(z) = M1, D(z) =dz"" g1,
where a,b,c,d € C*, ad — bc = 1, and g¢; is a linear combination of p and
2" go with ¢1(0) = 1. However, by (1.3) we have g-z"-h(z) = A’ D—BC'(=
gn) and z¥ - h(z) = AC' — A’C(= 7). From the first equality we get
ad(X2g1 fo + 291 f3) — be(Mgaf1 + zg2f1) = h(2) f(2).

Setting z = 0, we obtain Asad — A1bec = h(0)f(0). Substituting the values
of h(0)f(0), A1, and Ag in the function of p and using ad - bc =1, we get

= (1+ ) . Similarly, using the other equality we get ¢ = 4# f . Also, since
ad—bc-l we have b = af(0 )#Jrl
Finally, by considering the matrix F; = P - F', where
a0
P= ( 0 a)’
we can assume that a = 1. O

REMARK 2.6. A calculation shows that under the conditions of Lemma
2.5 (and using equations (1.2)) the embedding into H3 has the following co-
ordinates:

1p2-1 f1f2+91972|z|2”|f( )?

IO g )P (52) lgal? el
1

(u+iv)(=) =

w(z) = [z

P+ 17O (52) ol 122
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PROPOSITION 2.7.  Consider the Weierstrass Tepresentation (g,w) on D~
giwven by (2.1). Suppose that v+ p = —1, f(0)h(0) = 4# , 1+ o) =
2uh'f+2(14+ p)hf')(0), and 0 < pu < 1. Then, up to an isometry 0fH3, the
asymptotic boundary of the end, given by (1.2), is the point co, and the end
E is asymptotic (in both the Euclidean and the hyperbolic sense) to an end
C of an embedded catenoid cousin. More precisely, E is a vertical graph over
the complement of a disk in the plane {w = 0}. The function whose graph is
FE is given by

w(u+iv) =t T et T gyt TR (1)

where 71 > 0, v2;401 € R (1 = 0,...,k) depend only on u, k is the greatest
integer such that 2kp < 1, r = |u +iv|, and o(1) is a real smooth function of
u and v such that o(1) — 0 when |u + iv] — oco. Furthermore, if we is the
function whose graph is C, we have

lim (w—we)(uw,v) =0 and lim log (wl) (u,v) = 0.
c

u2+v2—o0o u?+v2—o0

Proof. Since 0 < p < 1, the formula for (u + iv)(z) given in Remark 2.6
gives

OURRYRNIE Ot WS £ Y S R Y YEI0 Ul
=IOy P 1 ) (52 el 2P
Lol L OPEP £ 0G)
=IOy o (82 R+ 0)
71%2 1 PR
= b (L OPEP +06)
k 2
p—1 w\P
A roP (457) 1 +O<z>>,
and hence
() (i) = 2 foms - (L B o4 el 4 0(2)

where the coefficients 3y, ..., 8 € R depend only on f(0) and p, and k is the
greatest integer such that k- 2u < 1.
Set r = |u + iv|. We claim that

11—y —2 —k-2 1
——-.— P (14 [T A I -
(%) ] . 4u|f(0)|< F o by +0 -

where by, ...,b; € R depend only on f(0) and p, and O (1/r) is a smooth real
function such that r - O (1/r) is bounded when r = |u + iv| — +o0.
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Indeed, by (x) we have z — 0 if and only if » — 400. Now, suppose that,
for some integer p such that 0 < p < k, we have

1 1-up
r o 4ul f(0)]

where c¢i1,...,¢, € R depend only on f(0) and p. Then, substituting this
expression of |z| in (%), we get

|2 ==~ 4M|f <+Zﬁq[ <1+01T e
2
repran o (o)) | o (1))

(xx%) |2 = (1 Fer TP 4O (T—Q(P-‘rl)ﬂ)) ,

S | =

11—y ( S =2
= - — 1—|—Clr ‘u‘_f_
r 4l f(0)]
_|_5p+1r—2(p+1)u +O( —2(p+2)p ) +0 (T)> ’
where a = 4;‘}’(1;” and €1,...,¢,41 € R depend on only f(0) and p. If

p+1 =k, then r - O( —2(p+2)p ) = pl=2(k+Dp . p2(k+Dp0 (T’Q(’”l)“) is a
bounded functlon as r — +oo (because 2(k + 1) > 1). Hence (xx) follows
in this case. If p 4 1 < k, then 72210 (1/r) = v~ 120200 2O (1/r) is a
bounded function when r — +00, so in this case we have
1 1—p2
. Wﬁm (1 ar2 o Gyar 20400 g 0 (20420
Therefore, by induction on p, we see that to prove (xx) for 0 < p < k, it
suffices to show (* x x) for some p with 0 < p < k. Finally, using (x), it is
easily seen that (x * %) is true for p = 0. This proves the claim.

By the same argument as in the proof of (x), Remark 2.6 implies

w(z) — ‘Z|_1+M (1 +51‘Z|2H + .- +5k|2|k~2ﬂ +O(Z)) ,

where the coefficients 41, . ..,d; € R depend on only f(0) and p. Now observe
that, up to a change of coordinates in D*, we may assume that f = 1, without
changing the values of u and v. Hence in (xx) and the last equality we can
assume that the constants b; and J; depend only on p. Substituting for |z|

the expression given by (x*), we obtain from the last equality w as a function
)

|2| =

of u and v, as asserted, with y; = (|p® — 1| /(4p)

On the other hand, consider the Weierstrass representation of catenoid
cousins given in Example 1.5. The above argument shows that a neighborhood
of 0 is an end and is a vertical graph whose expression, w¢, is completely
determined by u, up to an additive function vanishing at infinity. This shows
that the graphs of the two ends (i.e., the general end E and the catenoid
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cousin end) are equal, up to an additive smooth real function vanishing at co.
Hence those two ends are asymptotic (as vertical graphs) in the Euclidean
sense. Furthermore, since

we(u+iv) = 1t T e g TR 4 o(1),

we get
w
lim log|{ — ) (u,v) =0,
u?2+v2—o00 & (wc> ( )
so the two ends are also asymptotic in the hyperbolic sense. O

PROPOSITION 2.8. Consider the Weierstrass representation (g,w) on D*

given by (2.1). Suppose that v+ pu = —1, f(0)h(0) = %, 1+ ,u)%,(O) =
2ub'f +2(1 + p)hf')(0), and > 1. Then the end E is asymptotic (in the
Euclidean and the hyperbolic sense) to the end C of a nonembedded catenoid
cousin. More precisely, up to an isometry in H3, the end is a vertical graph
over the complement of a disk in the plane {w = 0} and is asymptotic (as
a vertical graph) to a nonembedded catenoid cousin. Moreover, the function

whose graph is E is given by

w(u +iv) =r . (“24; 1>M1 (1 +0 (%)) ;

where r = |u+ iv| and O (L) is a smooth real function such thatr-O (%) is
bounded when r = |u + iv| — 4o00. In particular, w — 0 as |u + iv] — +o0.
Furthermore, if we is the function whose graph is C, we have

lim (w—we)(u,v) =0 and lim log (i) (u,v) =0.

u?2+v2—o00 u?2+v2—o00 we

Proof. The proof is analogous to that of Proposition 2.7, so we give only
an outline.
Since p > 1, it follows from Remark 2.6 that

Lol
z 4pf(0)
w(z) = [2|*7H (1 +0(2)).

4= (0 ()

with r = |u + iv|. It follows that

w(u +iv) =17 (%)Wl (1 +0 (%)) .

(u+iv)(z) = (1+0(2)),

This implies
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Note that, up to a change of coordinates in D*, we can assume that f = 1.
It follows that

wlu+iv) =i (“24; 1>#1 <1 +0 (%)) .

To complete the proof, it suffices to compare this representation with that of
the catenoid cousin given in Example 1.5, for the same value of p > 1. (]

We now turn to the case when v + 1 > 0.

LEMMA 2.9. Consider the Weierstrass representation (g,w) on D* given
by (2.1) with u >0, v < —1, and p+v € Z. Suppose v+ pu > 0. Then (g,w)
defines a single-valued embedding if and only if v = -2, p € N, u > 2, and

(i) 1'(0) =2h*(0)f(0) if p =2,
(ii) A'(0) =0 if u > 3.
Furthermore, the solutions of the indicial equations are

)\1:—1, )\2:0,
ry =0, ro =2u — 1.

Proof. The proof is analogous to the proof of Lemma 2.4. Let A and C
(resp., B and D) be two independent solutions of equation (2.2) (resp., (2.3))
satisfying AD — BC = 1 and A’D’ — B’C’ = 0. The indicial equations are
A2 —(14+v)\ = 0and 72 — (1 +v+2u)r = 0, whose solutions are, respectively,
AM=14+wv,Ay=0and r; =0,72 =1+ v+ 2u. Observe that A\; < Ay and
1 § 2.

Suppose first that the functions u, v, and w in (1.2) define an embedding
of a neighborhood of 0 in D* into H3. By [U-Y1, Theorem 5.2] we have
min(JA\; — Ao|,|r1 —72|) = 1. Since v+ g > 0 and p > 0, we have v = —2,
and hence p € Z and p > 2. Therefore, we get A\; = —1, A =0, 1 =0, and
ro = 2u — 1.

A basis of solutions to the differential equation (2.2) is

Xa(2) = fo(2) and Xi(2) = Alogz - Xz + flf),

where A € C and f; are analytic functions on D such that f;(0) = 1. Substi-
tuting the function X; in the equation (2.2) gives

h/

3 y h' s
A2+ ﬁfl + <2>\f2 + fi = /\Efz - hf{) z—hffiz" % =0.

In particular, setting z = 0 in the last relation we get
() A=+ (0) = 20 f)(0) if e =2,
(i) A+ 2(0) if p > 3.
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Now, recall that A and C are independent linear combinations of X; and
Xo. Furthermore, the hyperbolic Gauss map G(z) = % is well defined. This
forces A = 0. Using (i) and (ii) we obtain A’(0) = 2h%(0)f(0) if p = 2, and
' (0)=0if u > 3.

Conversely, suppose that v = —2 and that h/(0) = 2h2(0)f(0) if p = 2
and h'(0) = 0 if g > 3. Then, as in the proof of Lemma 2.4, we see that the

immersion (1.2) defined by (g,w) is an embedding. O

PROPOSITION 2.10.  Consider the Weierstrass representation (g,w) on D*

given by (2.1). Suppose v=—2, u>2, n €N, and

(i) 7'(0) = 2h%(0)f(0) if p =2,

(ii) R'(0) =0 if p > 3 (see Lemma 2.9).
Then the constant mean curvature 1 end E defined by (g,w) in H? is asymp-
totic to a horosphere in both the Fuclidean and the hyperbolic sense. More
precisely, up to an isometry in H?, E is a vertical graph over the complement
of a disk in the plane {w = 0}, and the function whose graph is E has the
form

w(u+iv) =1+0 (r' ).
where r = |u + iv|.

Proof. As A and C' are solutions to (2.2), these functions are linear com-
binations of solutions X;(z) = 271 f; and Xo = f2(2), where the functions f;
are analytic near 0 and satisfy f;(0) = 1 (see Lemma 2.9). Similarly, since
B and D are solutions to (2.3), these functions are linear combinations of
Y1(z) = p(z) and Ya(z) = 22#71gy(2), where p and go are analytic near 0 and
satisfy p(0) = ¢g2(0) = 1. As in Lemma 2.5, we can choose A, B, C, and D by

A(z) = f2(2), B(z) = b2*" 1 gy(2),
C(z) =z fil2),  D(2) = g(2),
where b,c € C*, and g¢; is a linear combination of p and 22~ !g, such that

¢1(0) = 1. By the formulas for the coordinate functions given in (1.2), we
deduce

(u+ iv)(2) = g (14 0(2)),

w(z) =1+ (1= +0(=)"

n>1

Now f; has the form fa(z) = 1+ a,2? + O(2P™1), where a, € C* and
p € N*. But since fs is a solution to (2.2), we have

p(p+ 1)ayzP~2 — hfzt =3 4+ 0(zP71) = 0.
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Hence p — 2 = p— 3 and p(p + 1)a, = (hf)(0); that is, p = p — 1 and
— h(0)£(0)

p = —5-1 - S0 we have

MO 1) 1 0ep.

This implies that the end is a vertical graph, as claimed. This completes the
proof of Proposition 2.10 as well as that of Theorem 2.3. O

w(z)zl—ZRe(

REMARK 2.11. The proof of Proposition 2.10 shows that the end crosses
the horosphere {w = 1} exactly 2(u — 1) times.

DEFINITION 2.12.  The power (1—pu) of |u+iv|, which appears in the graph
of an end F (that is embedded, regular, and with finite total curvature) is
called the growth rate of the end.

We easily obtain the following corollary:

COROLLARY 2.13. Let E; and E, be two regular embedded ends in H?
with constant mean curvature 1 and finite total curvature whose asymptotic
boundary is the point co. Suppose that Fi and Es have the same growth.
Then, up to a Euclidean homothety (which is a hyperbolic isometry), F1 is
asymptotic to Fo, as vertical graphs, in both the Euclidean and the hyperbolic
sense.

3. Symmetries of constant mean curvature 1 surfaces in H?

In this section, we relate the symmetries of a simply connected minimal
surface in R® to those of the associated constant mean curvature 1 surface in
H?. We will need the following basic result.

LEMMA 3.1. Let M C H? be a surface in H®. Let a: | —1,1[— M be a
geodesic curve of M, which is a curvature line. Then a is a planar curve;
that is, o stays on a geodesic plane in H3. Furthermore, M is orthogonal to
this geodesic plane along o.

Proof. We suppose that « is parametrized by the arc length. Let n(t) be
a unit co-normal field along «, and let N be a unit normal field on M. We
make the following assumptions (without loss of generality):

a(0) =(0,0,1); a'(0) =(1,0,0) and n(0)=(0,1,0).

We want to prove that « stays on the geodesic plane {x3 = 0}.

To show this, we consider the vector fields e; = (1,0,0), e2 = (0,1,0), and
e3 = (0,0,1), and we denote by V the Riemannian connection in H?. As n(t)
is a unit vector field along «, we have (V,n,n) = 0, where ( , ) is the inner
product in H?. We also have

(Van,a') = —(n,Vya') =0.
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The last equality holds since « is a geodesic on M and n is a tangent field on
M. Furthermore,

(Van, N) = —(n,VouN) =0

since « is a curvature line on M. From this we obtain Vo, n = 0. On the
other hand, setting n = (n1, ng, n3), a computation gives

Van = n/(t) + nl(t)Va/el + ng(t)Va/eQ + ng(t)Va/eg

1 1
_ 12 t Y _ / A _ !
n ( ) + a3(t)( Q3My aln3)€1 + 043(t)( Q3M2 a2n3)62
1
+ m(a’lnl + ahng — alyng)es.

Since o/ and n are orthogonal fields along a and V,n = 0 (as we showed
above), we obtain the differential system
, aqns +abng ,  ahng + abng abng

/
ngy = ——— Ny = —— No = 2
1 as ) 2 as ) 3 0437

with initial conditions n;(0) = n3(0) = 0 and n2(0) = 1. It is easy to see that
this system has a unique solution given by n; = ng = 0 and ny = ag, that is,
n(t) = az(t)es. Since (n(t),a’(t)) =0, we deduce that o), = 0. Hence « stays
on the geodesic plane {z3 = 0}. Furthermore, M is orthogonal to this plane
along « because n(t) is a tangent field of M along «, which is orthogonal to
this plane. O

PROPOSITION 3.2. Let X: U — R? be a nonplanar minimal immersion,
where U is a simply connected planar domain. Let R: R® — R?2 be an or-
thogonal symmetry with respect to a plane such that R(X(U)) = X(U). Then
the associated constant mean curvature 1 surface in H? is invariant under an
orthogonal symmetry with respect to a geodesic plane of H3.

Proof. Let X: U — H?3 be the associated immersion and S: U — U the
intrinsic isometry induced by R.

It is known that the intersection between the plane of symmetry of R and
X(U) is a geodesic and a curvature line of X(U). Let v C U be the curve
whose image under R is this geodesic. As X(U) and X (U) are isometric
surfaces, we deduce that X(7) is also a geodesic of X(U). Moreover, since
X(U) is a minimal surface in R® and X (U) is a constant mean curvature
1 surface in H?, it follows that X(v) is also a curvature line of X(U). By
Lemma 3.1, X(v) stays on a geodesic plane of H? and the surface X(U) is
orthogonal to this plane. Using this and the fact that X (U) is an analytic
surface, we conclude that X (U) is symmetric with respect to this geodesic
plane. O
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The following result holds only for surfaces which are associated to minimal
surfaces containing a straight line, as the statement shows.

PROPOSITION 3.3. Let X: U — R3 be a nonplanar minimal immersion,
where U is a simply connected planar domain. Suppose that X(U) contains a
piece of a straight line L, and let R be the rotation by the angle m about L (i.e.,
the reflection about L) in R3. (Note that X (U) is invariant under R.) Also,
let S: U — U be the intrinsic isometry induced by R. Then the associated
constant mean curvature 1 surface in H? does not admit an isometry extending
S (that is, the Euclidean isometry R in R3 does not extend to a hyperbolic
isometry in H?).

Proof. Let o C U be the curve on U such that X (a) = L, and let X: U —
H? be the constant mean curvature 1 immersion associated to X. Suppose
there exists an isometry R of H? such that R(X (U)) = X(U), that is, Ro X =
X 05, Then, as each point of « is fixed by S, we deduce that each point of
v = X(a) is fixed under R. If there is no geodesic plane of H? containing
v, then R has a geodesic plane of fixed points and a fixed point outside this
geodesic plane. Thus, we easily obtain that R is the identity map. Hence S
is the identity map of U, which leads to a contradiction. We conclude that
7 stays in a geodesic plane II. If v C II is not a geodesic line (of H?), we
conclude that each point of IT is fixed under R. Therefore, R is the reflection
about II, and 7 is a curvature line of the surface. This implies that L = X («)
is a curvature line of X (U) and that the Gauss curvature vanishes along L.
However, this is impossible, since X (U) is a nonplanar minimal surface in R3.
Hence, v must be a piece of a geodesic line of H?. Now consider any point
p € v and denote by P the geodesic plane through p orthogonal to . The
plane P is globally fixed under R and R(p) = p.

Suppose that the restriction of R to P preserves the orientation. Then R is
a rotation about the geodesic line . As the surface is globally fixed under this
rotation, the angle of rotation is w. This implies that the geodesic curvature at
p of the curve X(U) N P is 0, but this is a normal curvature of X (U) at p. As
the orthogonal direction of this curve at p is given by -, the mean curvature of
X (U) at p is 0, which, however, is impossible. We conclude therefore that the
restriction of R to P does not preserve the orientation. Hence this restriction
must be a reflection of a geodesic § C P orthogonal to the curve X(U) N P.
Therefore, R is the reflection about the geodesic plane generated by ~ and
(. This plane must be orthogonal to X (U) along ~. This implies, as before,
that ~ is a curvature line of X (U). This, however, is impossible, as we have
shown above. We conclude that there exists no isometry R of H? such that
XoS=RoX. 0
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REMARK 3.4.

(1) In connection with Proposition 3.3, we have the following result:

Let S C H? be a constant mean curvature H surface in H3, bounded by a
piece of a geodesic line L of H3. Then S can be extended to a constant mean
curvature surface that is symmetric with respect to L if and only if H = 0,
that is, if and only if S is a minimal surface of H3.

Note that this result shows that the equivalent property for minimal sur-
faces in R? does not extend to constant mean curvature 1 surfaces in H3,
but only to minimal surfaces in H3. This contradicts the assertion that most
properties of minimal surfaces of R? extend to constant mean curvature 1
surfaces in H3.

To see this, we note first that, by a result of B. Lawson (see [Lal), a minimal
surface S can be symmetrized with respect to L. That is, if R is the hyperbolic
rotation by angle 7 about L, then S U R(S) is a smooth minimal surface in
H3. Conversely, let p € L be a point on L, and let P be the geodesic plane
through p orthogonal to L. Let v = SN P be the intersection curve between S
and P. On P consider the curve 4 obtained by symmetrizing v with respect
to p; that is, ¥ = v U R(y). Note that 7 is a C? curve whose curvature at p
is 0. Varying p on L, we obtain a C? surface with constant mean curvature
0 along L. This shows that H = 0. We conclude that the Schwarz reflection
principle does not hold for constant mean curvature 1 surfaces in H? (but it
holds for minimal surfaces).

(2) We observe that the helicoidal surfaces given in Example 1.8 with
Re(¥(1 4+ 7)) = 0 and 2 # 0 contain the geodesic line L = {u = v = 0}
(the axis of the helicoidal motion). It can easily be verified from the formula
given in Example 1.8 that those surfaces are not symmetrical with respect
to L.

We will need the following result, which we state for immersions in H?,
although it also holds for immersions in R?; see [Sp] or [Ke].

LEMMA 3.5. Let U C R? be a simply connected planar domain and let
X1, Xo: U — H? be two immersions with the following properties:
(a) There exists p € U with X1(p) = Xa(p), 68521 (p) = 88}22 (p) and
66);1 (p) = 88)22 (p), where (z,y) are the coordinates on U.
(b) Let N; be a unit normal vector field on X;(U), i = 1,2, such that
Ni(p) = Na(p). Let ds? be the first fundamental form and let T1; be
the second fundamental form with respect to the normal field N; of X;
(i=1,2), and assume that ds? = ds3 and 11; = Il,.

Then the two immersions X1 and Xo are the same, i.e., X1 = Xo.

PROPOSITION 3.6. Let X: U — R? be a conformal and nonplanar mini-
mal immersion, where U is a simply connected planar domain. Let Ry : R3 —
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R? be a rotation with respect to a straight line L, whose argument is 27”;

k€N, k # 0. Suppose that L intersects transversally X (U) and that X (U)
is invariant by Ry,. Then the associated surface in H? is also invariant by a
rotation with respect to a geodesic whose argument is exactly 27”

Proof. Suppose first that X is one-to-one. Then S, the induced isometry
of U, has a unique fixed point p € U. Since X is conformal and X o § =
Ro X, D,S is a rotation whose argument is 2?” Let X: U — H3 be the
conformal and constant mean curvature 1 immersion associated to X. Let Rk
be the rotation in H? with respect to the geodesic line through X (p) that is
orthogonal to X (U) and whose argument is 27” By construction we have

(X 08)(p) = (o X)(p),
a)g;S(p) = 8%;)((19),
X oS ORo X

The conditions of Lemma 3.5 are therefore satisfied, and we conclude that
XoS=RoX.

If X is not one-to-one, we apply the above argument to a neighborhood of
a fixed point of S in U. Then a piece of X (U) is invariant under the action of
a rotation with respect of a geodesic line whose argument is 27. Since X(U)
is an analytic surface, it follows that the whole surface is invariant under the
rotation. O

REMARK 3.7. Proposition 3.6 fails to hold if U is not simply connected
and if the axis of the rotation in R® does not intersect X(U). Indeed, we
saw in Example 1.8 that the surface in H? that is locally associated to the
catenoid C_; 4 of R?® (defined by g(u) = v and w = (=1/4)u?du, u € C*)
is not a rotational surface in H?, but a surface that is invariant under some
horizontal translations.

Added in proof. Kenmotsu (Math. Ann 245 (1979), 89-99) showed that
any C? solution E on a simply-connected domain U of the equation

E

EZE = 27_
1+ FEE

z4z

produces a conformal immersion X : U* — R3 of constant (non-zero) mean
curvature, where U* := U \ {z, Ez = 0}. He also proved a similar result
for prescribed mean curvature. As far as we know, no explicit (non-trivial)
solutions of this equation are known, and the equation is still unsolved.



400 RICARDO SA EARP AND ERIC TOUBIANA

Recently, we derived a similar equation, namely

E
1+ EE
for which every solution gives rise to a mean curvature one conformal immer-
sion X : U* — H?3 into hyperbolic space. In contrast to the above equation, we
can give a complete description of the C? solutions of (x). Indeed, any solution
of (*) can be expressed in terms of meromorphic data (h,T). Conversely, given
any non constant meromorphic data (h,T) with h # 1/(aT + ), o, € C,
there is a natural way to describe explicitly a conformal parametrization of a
piece of a surface with mean curvature one into hyperbolic space, which in-
volves just one integration, [ h2T,dz. In particular, we obtain a deformation
of a surface discovered by Poleni in 1729. This work will appear in a forthcom-
ing paper, Meromorphic data for mean curvature one surfaces in hyperbolic
space.

Any conformal immersion in the half-space model of hyperbolic space can
be expressed in terms of the standard Euclidean Gauss E map and the hy-
perbolic Gauss map G. In another forthcoming paper, Meromorphic data for
mean curvature one surfaces in hyperbolic space, II, we make this more precise
by showing how to control the branch points. The branch points, if there are
any, are isolated; in any case, it is possible to handle the branch points and
obtain many complete such surfaces. Thus, it is possible to compute the coor-
dinate maps of the immersion and its geometric quantities by the means of £
and G. We emphasize that for mean curvature one immersion any geometric
quantity can be expressed in terms of the Euclidean Gauss map E alone.

Finally, we have obtained a Weierstrass-Kenmotsu type theorem for pre-
scribed mean curvature surfaces in hyperbolic space; see our paper in Séminaire
de théorie spectrale et géométrie de Grenoble, 19 (2001), 9-23, http://www-
fourier.ujf-grenoble.fr/.

(*) EZE = Ez E?;
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