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POWERS OF COMPLETE INTERSECTIONS: GRADED
BETTI NUMBERS AND APPLICATIONS

ELENA GUARDO AND ADAM VAN TUYL

ABSTRACT. Let I = (F1,...,Fy) be a homogeneous ideal of the ring
R = k[zo,...,zn] generated by a regular sequence of type (di,...,dr).
We give an elementary proof for an explicit description of the graded
Betti numbers of I for any s > 1. These numbers depend only upon
the type and s. We then use this description to: (1) write Hp,ss,
the Hilbert function of R/I°, in terms of Hg,r; (2) verify that the k-
algebra R/I°® satisfies a conjecture of Herzog-Huneke-Srinivasan; and (3)
obtain information about the numerical invariants associated to sets of
fat points in P™ whose support is a complete intersection or a complete
intersection minus a point.

Introduction

In this paper we give an explicit description of the graded Betti numbers
of a power of a complete intersection and provide some applications of this
result.

It is well known that the graded minimal free resolution of a homogeneous
complete intersection I = (F1,...,F.) C R = k[zog,...,x,] is given by the
Koszul resolution. Furthermore, the graded Betti numbers of I depend only
upon the type (d1,...,d,), where d; = deg F; (cf. Theorem 1.1). However, the
description of the graded Betti numbers of a power of a complete intersection
does not enjoy the same level of familiarity.

It has long been known that I®, the power of a complete intersection, can be
realized as the ideal generated by the maximal minors of a s x (s+r—1) matrix
with entries consisting of the F;’s. Since I° is an example of a determinantal
ideal, a minimal free resolution of I° can be obtained by using the Eagon-
Northcott complex. However, the maps in this resolution may not be degree
preserving, so the graded Betti numbers cannot be extracted.

Alternatively, a resolution of I® can be found in [2] (see [17, Theorem
2.1] for a more relevant formulation). Implicit in [17] is the fact that the
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minimal resolution of I® is a graded minimal resolution of I® provided I is
homogeneous. The graded Betti numbers of I® are a consequence of this result,
but to the best of our knowledge they have never been explicitly described.
This probably accounts for the lack of familiarity mentioned above for these
invariants.

Our main result (Theorem 2.1) gives an explicit description for the graded
Betti numbers of I°. As we shall show, these numbers can be computed
directly from the type (di,...,d,) and s. To further differentiate our result
from past work, we give an elementary proof which avoids the machinery used
n [2], [17]. We relate the ideals I°, I°~! and (Fy,..., F,)® through a basic
double link. Then, by using a mapping cone construction and induction on
the tuple (r, s), we obtain the graded Betti numbers of I°.

As a corollary, we express Hp/ s, the Hilbert function of R/I°, as a function
of Hr/r. Like the graded Betti numbers of I*, we were unable to find in the
literature an expression for Hp, ;. This omission is also noted in [9, Page
799].

The final three sections are devoted to applications of Theorem 2.1. In
§3, we verify that the k-algebra R/I® satisfies a conjecture of Herzog-Huneke-
Srinivasan which relates the multiplicity e(R/I®) to the shifts in the graded
minimal free resolution of R/I®.

In §4, we use Theorem 2.1 to study sets of fat points Z C P" whose support
is a complete intersection. When Z is homogeneous (all the points have the
same multiplicity), then Theorem 2.1 gives the graded minimal free resolution
of Iz. When Z is not homogeneous, we obtain partial information about the
invariants associated to Iz.

In §5, we investigate sets of fat points in P whose support is a complete
intersection minus a point. We give examples to show different constructions
of the underlying complete intersection, e.g., whether or not the defining forms
are irreducible or reducible may result in different numerical invariants, thus
implying extra hypotheses on the support are needed. We therefore study such
schemes under the extra condition that the underlying complete intersection
can “split” into smaller complete intersections. This restriction allows us
to use Theorem 2.1 to obtain bounds on the least degree of a form passing
through the scheme and the regularity index. This section extends some of
the results of [3], [4], [13] which studied this question in P2
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1. Complete intersections

Let k denote an infinite field with char(k) = 0, and set R = k[xo, ..., 2]

A homogeneous ideal I = (Fy,...,F,) C R is a complete intersection if
Fy, ..., F,. form a regular sequence on R. If degF; = d;, then we say that
I is a complete intersection of type (di,...,d;). Since Fy,..., F, are homo-

geneous, any permutation of their order again results in a regular sequence.
Thus, we can assume that d; < dy < --- < d,.. The graded Betti numbers in
the graded minimal free resolution of I depend only upon the type as described
below.

THEOREM 1.1 (Koszul Resolution). Let I C R be a complete intersection
of type (di,...,d.). Then the graded minimal free resolution of I has the form
O—-F, 1—-Fro— - —F—=Fg—1-—0,

where
Fj= P R(~d;, —diy — -+~ —dy;,,) forj=0,...,r — 1.

1<i) <ig<-<ij41<r

Some of the properties of the ideal I°®, where I is a complete intersection
and s € Nt, are given below.

THEOREM 1.2. Let I = (Fy,...,F,) be an ideal of R = klzg,...,Tn]
generated by a reqular sequence of lengthr < n+1, and let A be the sx (s+r—1)
matric

P F -~ F 0 0 0 --- 0
0O r»n F, -~ F 0 0 -~ 0
A=10 0 FK F -~ F 0 -+ 0
o o o -~ 0 K FK --- F

Then:

(i) I* = I5(A), the ideal generated by the s x s mazimal minors of A.
(ii) For each s > 1, the ideal I° is perfect of grade r.
(iii) The minimal free resolution of I® is given by the Eagon-Northcott
complex constructed from A.

Proof. Statement (i) is in [5] following Remark 2.13. Statement (ii) is [5,
Proposition 2.14]. Since the grade of I;(.A) is r, the Eagon-Northcott complex
constructed from A gives a minimal free resolution of R/I;(A) by [8, Theorem
5.9]. O

Although the Eagon-Northcott complex gives a minimal resolution of I°,
the maps in the resolution may not be degree preserving, and thus we cannot
use this resolution to compute the graded Betti numbers except under extra
hypotheses on the type, e.g., [1]. To see this, note that the matrix in the above
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theorem defines a map R*+"~! A, R*. This map may fail to be a homoge-
neous map, e.g., if the degrees of the F;’s fail to be an arithmetic progression,
and thus the maps in Eagon-Northcott complex are not homogeneous. How-
ever, we can use the Eagon-Northcott resolution of I° to determine the ranks
of the modules in the resolution, thus allowing us to count the number of
generators of each syzygy module.

COROLLARY 1.3.  With the hypotheses as in the previous theorem, let
0—-Fr1—Fro——Fg—I°—>0
be the minimal free resolution of I® given by the Fagon-Northcott complex.

Then ) L
rk]:i:(r+8_, )(S_,+Z>f0ri:0,...,r—l.
S+ A

The following lemma relates I® to a complete intersection with one less
generator.

LEMMA 1.4. Let F,...,F,. be a reqular sequence in R with deg F; = d;.
Set I = (F1,...,F.) and J = (Fy, ..., F.). Then for each positive integer s,
IF=J+F-I°7h

Furthermore, we have the following short exact sequence
(1.1) 00— J(=dy)—TI""Y~d)) @ J —J + F, - I*" ' =1° — 0.

Proof. The equality of ideals is immediate. The short exact sequence is
from [16, Lemma 4.8]. O

2. Graded Betti numbers of powers of complete intersections

Let I = (Fy,...,F.) be a homogeneous complete intersection of R =
k[zo,...,z,]. For each s € Nt we describe how the graded Betti num-
bers in the graded minimal free resolution of I° depend only upon the type
(di,...,d,) and s. To describe the resolution we introduce the sets

a1 +---+a, =s and at
least ¢ of the a;’s are non-zero

My st = {(al, ...,ap) €N
for all positive integers r, s, and t. With this notation we have:
THEOREM 2.1. Let I C R be a complete intersection of type (dy,...,d,)
and let s € NT. Then the graded minimal free resolution of I® has the form
OHHT—lﬂHr—QH"'HHO*}IS‘}()v

where

Ho = P  Rl-ad - -ad)

(a17"‘7aT)EM7‘,S‘1
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and fori=1,...,r—1,

H; = é {é |:[ é [(a @ . R(—aldl—"'—ardr)]]"'

li=i+1 |la=1; Li=li_1

Proof. The proof is by induction on the tuple (r, s). If s = 1, and r < n+11is
any positive integer, then the resolution of I is given by the Koszul resolution
(Theorem 1.1). The reader can verify that the sets M, ;, account for the
expected Betti numbers in this case. If r = 1, and s is any integer, then I° is
principal, and the result also follows.

So, let (r,s) be a tuple with 1 < <n+ 1 and s € Nt, and assume that
the result holds for all ideals of the form (F1,... ,Frr)s/ with (r', s") <jex (1, 5)
with respect to the lexicographical ordering. Set I = (Fy,...,F,) and J =
(Fy,...,F,). The short exact sequence (1.1) of Lemma 1.4 relates I°, 15~}
and J*:

0 — J¥(=dy)—I*"Y(~dy) @& J*—I° — 0.
Let
0—-G _92—-G 3—--—=G —J =0
and
0=Kpo1 = Kpg—> > Kyg—I1 50

be the minimal free resolutions of J® and I°~!, respectively. The mapping
cone construction and the exact sequence then gives the following resolution
of I°:
(2.1) 0—Hr—1 > Hpo— - —Hy—I°—0,
where

Ho = Go ® Ko(—d1),

Hi=Gimi(—d1) ® G @ Ki(—dy) fori=1,---,r -2,

Hroy = grf2(_d1) D Icrfl(—dl).

We verify first that (2.1) is minimal. The resolution has the correct length
by Theorem 1.2. To show that the sequence does not split, it is enough to
apply induction to show that the rank of each H; equals the rank expected
by Corollary 1.3. Indeed, for i =1,...,r — 2 we get

I‘kHz = I'kgi_l + I‘kgl + rlel
r+s—2\(s+1—2 r+s—2\/s+1—1
= . . + . .
s+1—1 1 —1 s+t )
-2  — 2
e
s+i—1 7
_ r+s—1\/s—1—1
o\ s+ i '
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The proofs that Hy and H,_; have the correct ranks follow similarly, so we
have omitted them. It now follows that (2.1) is minimal.

We now compute the graded Betti numbers of I° by applying the induction
hypothesis to J° and I°~!. Due to the tedious nature of the proof, we shall
only show that H; has the correct Betti numbers for i = 2,...,r—2, and omit
the similar proofs for Hy, H1, and H,..

For i = 2, s ,T*Q we have HZ = gi_l(fdl)@g,-@ICi(fdl). The induction
hypothesis applied to G;_1(—d;) gives

r—1 [ r—1

Ga(-d)=E | P
lo=1 _l3:lg L

r—1 r—1

DD

lo=i |l3=ly

T T

D | D

lo=i+1 | lz=ly

We can write G; as

r—1 r—1

r—1 r—1

D | D

lo=r—1 |lz=ly

Because the set {(a1, ..

T T

=D | D

lo=i+1 | lz=ly

r—1

D

r—1

D

T

@ @ R(*(lldl — = ard'r)

Li=li—1 | My sti,

r—1

r—1

r—1

D

li=li—1

r

D

li=li—1

Li=li—1 | My sqi,1;41

@ R(_a2d2_"'_ardr—d1)}:|“}:|

Li=li—1 [Mr_1,s4i—1,1;

@ R(—aidy — -+ — ardy)

L and a;=1

and a;=1

e R(a2d2---ardr)H H
Lii=li—1 [ Mr—1,s44,1;

P R(-ardi—-—ard)| ||| ®

Li=li1 | My sqi;

L and a1=0

@ R(—aidi — -+ — ardy)

Mo stii;
and a1=0

Q) € My gyir | a1 = 0} is empty, G; is equal to

@ R(_aldl_"'_a'rdr) b

Mo stini;
and a;=0



POWERS OF COMPLETE INTERSECTIONS 271

™ T ™
S |d|| | ® mean—wa| [0
lo=r—1 |l3=l2 Li=li—1 | My s4i4,1;
and a;=0

s ™ ™
S| B | & | & reun—wn
lo=r [l3=ly Li=li—1 | My sti;

and a1=0

For K;(—d;), the induction hypothesis gives

o[8[ 8]0 o oweca] |

ly=i+1 | lp=lq Li=li—1 | My syiz1,

IR YR

lo=i+1 | lz=l2 Li=lj—1 rosti—1,l;

o[8[ [ ], sl ]

la=r |l3=l2 i=li—1 rosti—1,1;

We have the following identity:
@ R(—Chdl — o —apd, — dl) = @ R(—a1d1 — = ardr)@

Mo sti—1,1; Mo sti,1;
and a;>2

@ R(—a1d1 — —ardr).

Mo st +1
and a;=1

Because of this identity, we can write K;(—d;) as

s s T
Gar= ® (@ | @ | @ acadmaan| |0
log=i+1 | lg=l2 Li=li—1 | My sqi,1;
and a1 >2
T T s
O |D| | & | & reun— ]|
la=i+2 | l3=la li=li—1 | My sqi1;
L L L Land a;=1 1] 1]
s i i
DD & | & newtwi)| o
lo=i+2 [l3=l2 Li=li—1 | My st
L L L Land a1>2 11 11
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s ™ s
S|d|| & | @ rewtr-maa|| ||
lo=r | l3=l2 Li=li—1 | My s,
L Land a1=1 i i
s s ™
S| B | & | & rewn—wn
la=r |l3=l2 Li=li—1 | My sti;
L Land a1>2 B 4

As a consequence, since H; = G;_1(—d1) & G; & K;(—d1), we have

Hi=P | P || P b R(—aidy — - —ardy) || -+ | | .
li=i+1 |la=14 Li=li—1 | (a1,ar)EMp oy,

as desired. O

REMARK 2.2. The minimal resolution of I® as given in [17, Theorem 2.1]
is also graded if I is homogeneous, although it is not explicitly stated as such.
For the convenience of the reader, we sketch out how to make the resolution
graded. Let F' be a free R-module with rk F' = r. Let L F denote the image
of the map d; s : /\i F S, F — /\i_1 F @ SgF, where d; ; is defined as in
[17, Definition 1.1] and SF is the symmetric algebra on F' . The resolution of
I° = (Fy,..., F,)® then has the form

0—-LF—-L F— - = LF—-SF—-1I—0.

As explained in [17, Page 152], a basis for LYF for each i can be identified
with the standard tableau of the form

s t

D2

Ds

with 1 <t) <tg<---<t;<randt;y <p <---<ps <r. To make this
resolution graded, assign a degree to each tableau basis element as follows:

degC::dtl+dt2+"'+dti+dp2+"'+dp57

where d;; is the i;th element of (di,...,d,).

If J is a homogeneous ideal of R, then the Hilbert function of R/J is
Hpg) (i) := dim(R/J);. As a corollary of Theorem 2.1 we obtain a formula
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for the Hilbert function of R/I°. We define
Lrs:={(a1,...,a,) eN" a1 +---+a, <s—1}.

COROLLARY 2.3. With the hypotheses as in Theorem 2.1,

HR/IS(Z.): Z HR/I(ifa1d17~~—ardr),

(a17...,a7.)EE7»75
where Hpgr is the Hilbert function of R/I.

REMARK 2.4. Corollary 2.3 can also be proved directly by using Lemma
1.4 and an induction proof similar to the proof of Theorem 2.1. The fact that
Hp/rs depends only upon Hp,; was first observed in [7].

3. Application: A conjecture of Herzog, Huneke, and Srinivasan

As an application of Theorem 2.1, we can verify a special case of a conjec-
ture of Herzog, Huneke, and Srinivasan [14]. The following relation between
the multiplicity e(R/I) of R/I and the degrees of the syzygies of I is conjec-
tured to hold:

CONJECTURE 3.1. Let R/I be a Cohen-Macaulay k-algebra with resolution
of the form

b, b1
0— P R(~dyj) — - — P R(~d;) — R — R/T —0.
j=1

j=1
Set m; =min{d;; | j=1,...,b;} and M; =max{d;; | j=1,...,b;}. Then

[Ty ma [T, M;
Bt < o(nyn < et 2
By using Theorem 2.1, powers of complete intersections can be added to
the list of ideals in [11], [15] that satisfy the conjecture. The case s = 1 is also
found in [14].

PROPOSITION 3.2. Let I be a complete intersection of R of type (di,

...ydy), and let s be any positive integer. Then Conjecture 3.1 is true for
R/I®.

Proof. We can assume d; < --- < d,.. The resolution of I° given in Theorem
21 implies m; = Sd1 —+ dg + .-+ dz and Mi = dr—i+1 + -+ dr—l —+ Sdr fOI'
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i=1,...,r. Because e(R/I°) = (**""")d; ---d, and

s T .
Hz:lm S S+(7’ )dl:e(R/Is)
7l Pt i
T . T
s+(1—1 M,
= I I —( )dr—i—i-l < Ll_l' 5
, ? 7!
i=1
R/I® satisfies the conjecture. (]

4. Application: Fat points with support on a complete intersection

We apply Theorem 2.1 to the study of invariants associated to sets of fat
points in P™ whose support is a complete intersection of points. For this
section and the next, we shall assume that the field k is also algebraically
closed.

Let Py, ..., P; be s points in P" := P}. If my,...,ms are s positive integers,
then let Z = {(P,mq),...,(Ps, ms)} denote the subscheme of P™ defined by

Iz = o™ Ny NN g,

where ¢, is the defining ideal in R of P;. We call Z a fat point scheme,
or a set of fat points. If m; = --- = mg = m, then we refer to Z as a
homogeneous scheme of fat points, otherwise Z is called non-homogeneous.
The set Supp(Z) = {P1,..., P} is the support of Z.

If Z is a homogeneous fat point scheme of multiplicity m, then I, = Ig(m),
the mth symbolic power of Ix, where X = Supp(Z). For an arbitrary support,
1Y C Ig(m) = Iz since I may not be saturated.

If I = (Fy,...,F,) is a complete intersection of type (di,...,d,), and
if I = /I, then I is the defining ideal of [T, d; reduced points in P". We
denote this set by X = CI(ds,...,d,) and call X a complete intersection. For
each m € NT we write Z = {CI(dy,...,d,);m} to denote the homogeneous
fat point scheme of multiplicity m whose support is CI(dy,...,d,). When
Z = {CI(dy,...,d,);m}, we have the equality Iy = Ig(m) = I because of
the following lemma:

LEMMA 4.1 ([19, Lemma 5, Appendix 6]). If I is a complete intersection,
then I'"™ = I(™) for all positive integers m.

Since the defining ideal of {CI(dy,...,d,);m} is a power of a complete
intersection, we therefore have:

PROPOSITION 4.2.  Suppose Z = {CI(dy,...,d,);m} C P" with defining
ideal I7. Then the graded minimal free resolution of Iz is given by Theorem
2.1. The Hilbert function Hg,1, is given by Corollary 2.5.
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If Z is a fat point scheme with Supp(Z) = CI(dy,...,d,), but Z is not
homogeneous, then Proposition 4.2 can be used to obtain partial information
about the invariants associated to Z. Recall that «(Z) := min{i | (Iz); # 0}
and

ri(Z) := min {z

Hiyr, (i) = deg(2) = 3 (" 1)} .

i=1
The invariant ri(Z) is the regularity index of Z, while «(Z) is the smallest
degree of a form contained in .

PROPOSITION 4.3. Let Z = {(P1,my),...,(Ps,ms
homogeneous fat point scheme with Supp(Z) = X = CI(d;

homogeneous fat point scheme with Supp(Z) = X = CI(dy,...,d,). Set
M =max{m;};_; and m = min{m,;};_,. Then

Z Hpr (i —aydy — - —andy,) < Hgyp, (7)
Ln,m
<Y Hpyr(i—ardy — -+ — andy,).
Ln, M

In particular:
(i) md; < a(Z) < Md,.
(ii)) dy 4+ +dp1+md, —n<ri(Z)<dy+- - +dp_1+ Md, —n.

Proof. If Ix is the defining ideal of the support CI(dy,...,d,), then we
have
INCI;=pmnN---ngpm C TP
Since I and I'? define homogeneous fat point schemes on a complete inter-
section, the conclusions now follow from Proposition 4.2. O

5. Application: Fat points with support on a complete
intersection minus a point

We discuss the invariants of fat point schemes whose support is a complete
intersection minus a point. To provide some motivation, we recall that a set
of points X has the Cayley-Bacharach property (CBP) if for every P € X,
Y = X\{P} always has the same Hilbert function. It is well known (see
[10]) that a complete intersection of points satisfies the CBP because of the
following result:

THEOREM 5.1. Let X = CI(dy,...,d,) € P™ be a complete intersection.
Let P € X be any point, and set Y = X\{P}. Then

Hy (i) = min{Hx (i), |X|— 1} for alli.



276 ELENA GUARDO AND ADAM VAN TUYL

Moreover, because Hx depends only upon the type (di,...,d,), it follows
that the Hilbert function of Y = X\{P} also depends upon the type.

Since the Hilbert function of Z = {CI(dy,...,d,);m} depends upon the
type and m, it is natural to wonder if a “Cayley-Bacharach like” result holds
for Z, that is: If (P,m) is any fat point of Z, does the Hilbert function
of Y = Z\{(P,m)} depend only upon the type and m? As the next two
examples show, the answer is no since the construction of the underlying
complete intersection must be taken into account. This suggests that it may
be difficult to find general results to describe the invariants in this case.

EXAMPLE 5.2. Let X = CI(3,4) be a complete intersection in P? with
defining ideal Ix = (F,G). Set Z = {CI(3,4);3}. Take any point P € X =
Supp(Z), and set Y = Z\{(P,3)}. If F = L1LsL3 and G = L{LLLLLY are
products of linear forms, then the Hilbert function of Y is

Hy(i) : 1 3 6 10 15 21 28 36 45 54 62 65 66 —
On the other hand, if F' and G are both irreducible, then Hy is given by
Hy(i) : 1 3 6 10 15 21 28 36 45 54 62 66 —

The two Hilbert functions do not agree when ¢ = 11.

ExAMPLE 5.3. This example shows that, in some cases, the Hilbert func-
tion depends on the point that is removed from the underlying complete inter-
section. Let G1, G2 be two irreducible forms of R = k[z,y, z] with deg G; = 2
and deg Go = 3. Let L1 and Lo be two linear forms that do not pass through
the points in the complete intersection defined by (G1,Gs3). Set Fy = L1Gy
and Fy = LyGy, and let X = C1(3,4) denote the complete intersection of P2
defined by Ix = (Fy, F). Let P, denote the point of X with defining ideal
Ip, = (L1, Ls), and let P, € X be a point that lies in the complete intersection
defined by (G1,G2). Let Y1 = {X;31\{(P1,3)} and Y2 = {X;3\{(P,3)}.
We then have

Hy (i) : 1 3 6 10 15 21 28 36 45 54 62 65 66 —

Hy,(i) : 1 3 6 10 15 21 28 36 45 54 62 66 66 —

which fail to agree when ¢ = 11.

REMARK 5.4. In her Ph.D thesis [12] the first author introduced a gener-
alization of the Cayley-Bacharach property for fat points. Specifically, a ho-
mogeneous set of fat points Z C P is said to satisfy the generalized Cayley-
Bacharach property if for all fat points (P,m) € Z, the set of fat points
Y = Z\{(P,m)} has the same Hilbert function. As Example 5.3 shows, even
if the support is a complete intersection, this generalized property need not
hold.

As noted, these examples imply that extra hypotheses are needed on the
support in order to study fat points whose support is a complete intersection
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minus a point. We therefore end this paper by considering «(Y) and ri(Y)
of Y = {X;m}\{(P,m)} when the support X “splits” into smaller complete
intersections, say X = X; U Xo, with the property that the point P being
removed from X belongs to X5 and X, is contained in a hyperplane, i.e,
X, C H =P ! CP". This class of support allows us to make further use of
Theorem 2.1. We introduce some relevant terminology.

DEFINITION 5.5. The complete intersection X = CI(dy,...,d,) C P"
splits if X can be written as the disjoint union of two complete intersections:

X =CI(dy,...,di—1,d; — 1,diz1,...,dy) UCI(dy,...,di—1,1,diy1,...,dy)
for some 1 < i <n with d; > 2.

THEOREM 5.6. Let X = CI(dy,...,d,) C P" withdy < --- < d,, and
suppose that X splits as X = CI(dy,...,d, —1)UCI(dy,...,dp_1,1). Let
Z ={X;m} andY = {X;m\{(P,m)} for any P € CI(dy,...,dn—1,1) C X.

(i) If dy = d, then m(dy — 1) < a(Y) < a(Z) = md;.
(ii) If dy < dy, then a(Y) = a(Z) = md;.

Proof. The complete intersection CI(dy,...,d,—1,d, — 1) is a subset of
Supp(Y) = X\{P}. Hence Y’ = {CI(di,...,dp—1,dy,, — 1);m} is a sub-
scheme of Y. This implies Iy C Iy, and thus a(Y’) < a(Y). But since the
support of Y’ is a complete intersection, by Theorem 4.2 we have a(Y') = m -
min{dy,...,d, —1}. Because d; < --- < d,, if dy = d,, then min{dy,...,d, —
1} = d,, — 1, thus proving (i). In the case of (ii), min{ds,...,d,—1} =d;. O

If Z C P is any fat point scheme, and if Y C Z, then Lemma 1.1 of [18]
implies ri(Y) < ri(Z). Thus, if Y C Z = {CI(dy,...,d,);m}, we have by
Theorem 4.2

ri(Y)<ri(Z)=dy + - +dn_1 +md, —n.

PROPOSITION 5.7. Let X = CI(dy,...,d,) CP" with2 <d; <---<d,
and suppose X splits as X = X; U Xo = CI(dy — 1,da,...,d,) UCI(1,ds,
conydy). If Z={X;m}, and Y = Z\{(P,m)} with P € X, then

1i(Y) > di + -+ dy_y +mdy, — (n+1).

Proof. Note that Z = Zy U Zy, where Z; = {X1;m} and Z; = {X3;m}.
Hence Y = Z; UYs, where Yo = {Xo;m}\{(P,m)}. From the short exact
sequence

0— R/Iy — }B/IZ1 @R/IYZ — R/(Izl +Iy2) — 0

it follows that Hy (i) < Hz, (i)+ Hy, (i) foralli e N. Set r =dy+---+dp_1+
md, —(n+2). Then Hz, (r) < deg Z1 = (dy —1)dz - d, (™*""") by Theorem
4.2 since Z; is a homogeneous fat point scheme on a complete intersection.

Hence Hy (r) < deg Z1 + degYa = degY, and thus ri(Y) > r. O
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Under the hypotheses of the previous proposition we have
d—(n+1) <ri(Y) <d-—n,

where d = dy + -+ + dy_1 +md,. If X = CI(dy,ds) C P?, we can give an
exact formula when the support splits nicely. If X C P2 is any set of points,
following [18], we define

b(X) := min{t | I; contains a regular sequence of length two}.

A bound on the regularity index for any set of fat points in P? is then given
by the following result:

THEOREM 5.8 ([18, Theorem 3.2]). Let X = {Py,..., Ps} be a set of points

in P2 with my > --- > ms a sequence of positive integers. Fori=1,...,mq,
let Y, ={P; | m; >i}. If Z = {(P1,m1),...,(Ps,ms)}, then
my
ri(Z) <ri(X)+ Y b(Y;)
1=2

If X = CI(dy,ds), then b(X) = do. Furthermore, since (Ix): = (Iy): for
t <dj + do — 3 by Theorem 5.1, we also have b(Y') = ds.

COROLLARY 5.9. Let X = CI(dy,dy) C P? with 2 < dy < dy and suppose
X splits as X = X1 UXe = CI(dy —1,d2) UCI(1,d2). If Z = {X;m}, and
Y = Z\{(P,m)} with P € X5, then

ri(Y) = dy + mdy — 3.

Proof. For i = 1,...,m, Y; = X\{P}, and therefore b(Y;) = do. The
formula of Theorem 5.8 and the fact that ri(X\{P}) = dy1 + d2 — 3 implies
ri(Y) < dy + mds — 3. The reverse inequality is Proposition 5.7. O

REMARK 5.10. If Ix = (Fy,...,F,) is the defining ideal of the complete
intersection X = CI(dy,...,d,) C P", and if each F; is the product of d;
distinct linear forms, then the points of X form a n-dimensional “box”. For
each i =1,...,n, X splits as

X =CI(dy,...,d;—1,...,d,) UCI(dy,...,1,....dy).

Hence, the previous results about fat points on complete intersections which
split apply to these configurations.

REFERENCES

[1] C. Bivia Ausina, J.J. Nuno Ballesteros, The Hilbert series of a determinantal Ting
defined by mazimal minors, Preprint.

[2] D. A. Buchsbaum and D. Eisenbud, Generic free resolutions and a family of generically
perfect ideals, Advances in Math. 18 (1975), 245-301. MR 0396528 (53 #391)



POWERS OF COMPLETE INTERSECTIONS 279

[3] M. Buckles, E. Guardo, and A. Van Tuyl, Fat points on a grid in P2, Matematiche
(Catania) 55 (2000), 169-189 (2001). MR 1889005 (2003f:14057)

, Fat points on a generic almost complete intersection, Matematiche (Catania)
55 (2000), 191-202 (2001). MR 1889006 (2003e:14039)

[5] W. Bruns and U. Vetter, Determinantal rings, Lecture Notes in Mathematics, vol.
1327, Springer-Verlag, Berlin, 1988. MR 953963 (89i:13001)

[6] CoCoA Team, CoCoA: A system for doing computations in commutative algebra;
available at http://cocoa.dima.unige.it.

[7] A. Conca and G. Valla, Hilbert function of powers of ideals of low codimension, Math.
Z. 230 (1999), 753-784. MR 1686559 (2000e:13022)

[8] J. A. Eagon and D. G. Northcott, Ideals defined by matrices and a certain complex
associated with them., Proc. Roy. Soc. Ser. A 269 (1962), 188-204. MR 0142592 (26
#161)

[9] A. V. Geramita, A. Gimigliano, and B. Harbourne, Projectively normal but super-
abundant embeddings of rational surfaces in projective space, J. Algebra 169 (1994),
791-804. MR 1302116 (96f:14044)

[10] A. V. Geramita, M. Kreuzer, and L. Robbiano, Cayley-Bacharach schemes and their
canonical modules, Trans. Amer. Math. Soc. 339 (1993), 163-189. MR 1102886
(93k:14065)

[11] L. H. Gold, A degree bound for codimension two lattice ideals, J. Pure Appl. Algebra
182 (2003), 201-207. MR 1903053 (2004i:13023)

[12] E. Guardo, Schemi di “Fat Points”, Ph.D. Thesis, Universita di Messina, 2000.

[13] E. Guardo and A. Van Tuyl, Some results on fat points whose support is a complete
intersection minus a point, Projective varieties with unexpected properties, de Gruyter,
2005, to appear.

[14] J. Herzog and H. Srinivasan, Bounds for multiplicities, Trans. Amer. Math. Soc. 350
(1998), 2879-2902. MR 1458304 (99g:13033)

,  Multiplicities of monomial ideals, J. Algebra 274 (2004), 230-244.
MR 2040872 (2004m:13064)

[16] J. O. Kleppe, J. C. Migliore, R. Mir6-Roig, U. Nagel, and C. Peterson, Gorenstein
liaison, complete intersection liaison invariants and unobstructedness, Mem. Amer.
Math. Soc. 154 (2001), no. 732. MR 1848976 (2002¢:14083)

[17] H. Srinivasan, Algebra structures on some canonical resolutions, J. Algebra 122 (1989),
150-187. MR 994942 (90g:13028)

[18] N. V. Trung and G. Valla, Upper bounds for the regularity index of fat points, J.
Algebra 176 (1995), 182-209. MR 1345300 (96h:13043)

[19] O. Zariski and P. Samuel, Commutative algebra. Vol. II, The University Series in
Higher Mathematics, D. Van Nostrand Co., Inc., Princeton, N. J.-Toronto-London-
New York, 1960. MR 0120249 (22 #11006)

(4]

[15]

ELENA GUARDO, DIPARTIMENTO DI MATEMATICA E INFORMATICA, VIALE A. DORIA, 6 -
95100 - CATANIA, ITALY
E-mail address: guardo@dmi.unict.it

ADAM VAN TuYL, DEPARTMENT OF MATHEMATICAL SCIENCES, LAKEHEAD UNIVERSITY,
THUNDER BAy, ON P7B 5E1, CANADA
E-mail address: avantuyl@sleet.lakeheadu.ca



