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ON SUMMING SEQUENCES IN R

M. ANOUSSIS AND D. GATZOURAS

ABSTRACT. We give a necessary and sufficient condition on a sequence
of convex sets in R? for the corresponding sequence of measures to be a
summing sequence.

1. Introduction

In this note we give a geometric characterization of summing sequences
consisting of convex sets in R%.

DEFINITION 1. A sequence of regular Borel probability measures {u,, } on
R? is a summing sequence if In(x) — 0 as n — oo, for every character x
of R? not identically equal to one.

Throughout, we shall restrict attention to sequences of the form

|BNG,|
1 B)i=—F—,
where {G,,} is a sequence of Borel sets in R? of positive and finite Lebesgue
measure. Here, and throughout the paper, | | denotes Lebesgue measure on
R,

In this sense, summing sequences were introduced by Blum and Eisen-
berg in [2] under the name “generalized summing sequences” and used to
produce mean ergodic theorems in locally compact abelian groups. In case
pn =010 60y, {ln} is a summing sequence means exactly that {z,} is
(Hartman) uniformly distributed. Such sequences are studied extensively in
[4] ([4, Ch. 4, Sect. 5])). Summing sequences also appear in [5], [6], [7], and
[8]. The most well-known examples of sequences of sets producing summing
sequences are Folner sequences [2, Corollary 2].

The inradius of a convex set in R is the radius of the largest ball contained
in it. For convex sets G, in R?, Day [3] has shown that if the inradii o(G,,) of
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the G, tend to infinity, then the sequence {G,} is a Fglner sequence. In fact,
it is not hard to see that a sequence of convex sets (G, is a Fglner sequence
iff o(G,) — oo.

In this note we give a necessary and sufficient condition on a sequence
of convex sets for the corresponding sequence of measures to be a summing
sequence. We also present an example of a sequence of convex sets G, in R?
which produces a summing sequence, yet o(Gp) — 0.

2. The main result
DEFINITION 2. Let G be a Borel set in R? with 0 < |G| < oo. For
u € S%1, the width of G in the direction u is the number
wg(u) :=supx-u — inf x - u.
G( ) weg zeCG

THEOREM. Let G,,, n € N, be Borel sets in R with 0 < |G| < oo for all
n and {p,} be the sequence of measures defined by pin,(B) :=|B N Gy|/|Gxl.

(1) If {pn} is a summing sequence, then
wg, (u) — oo Vu €S

(2) Assume that Gy, is convex for every n € N. Then if
wg, (u) — oo Vu €St

the sequence {p,} is a summing sequence.

Proof. (1) Suppose that for some u € S¥~!, wg, (u) does not tend to oo.
By passing to a subsequence if necessary, we may then assume that
B :=supwg, (u) < co.
neN
We shall show that, for some & # 0, 1i,(§) - 0.
Let ¢, € Gy, be such that ¢, - u = infzcq, - © (notice that the condition

SUp, ey Wa,, (U) < 0o guarantees that inc':f x-u > —00). Then
xecG,

O<u-(x—c,) < sup y-u—c, u=wg, (u)
yeGn

for all x € G,,. Choose § > 0 so that ’eis — 1’ < %7 say, for |s| < 4, and set
¢€:=06/B and £ := £u. Then it follows that

‘|Gn_1/ ei€~<m—0n>dw—1‘ < \Gn|_1/
G G

n n

/ € dx
G

n

eig-(m—cn) _ 1‘ de < %’
and hence
- -1
1in (§)] = |Gl

for all n € N.

= |Gn|71 2

1
2

efiﬁ-cn / 6i£-(mfcn) do
G

n
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(2) We shall need to consider both d-dimensional and (d — 1)-dimensional
Lebesgue measure in the following proof, so we switch to the notation | |, for
m-~dimensional Lebesgue measure.

Assume that the G,, are convex and

wg, (u) — o0 YVu e ST

We shall show that 7i,,(§) — 0 for all £ € R? \ {0}.

Fix ¢ € R? \ {0} and write £ = ¢u with ¢ > 0 and u € S?!. Using
coordinates with respect to an orthonormal basis of which w is a member, one
sees that

zu@>=ﬂ%uﬁx;e*“dw=1éé&ﬂxmdx=fu@,

n

where f,, is the probability density function on R given by

|G N (ut + zu)|
fn(m) = d717
Gl

and where u' denotes the hyperplane perpendicular to w. Thus it suffices to
show that

Ful6) —0  VEeR~{0}.

Set a, = infgeq, ® - w and b, = sup,cq, T - u, and note that a, and b,
are finite since we are assuming that the GG,, are convex and of positive and
finite measure (and hence necessarily pre-compact). Furthermore, since G, is
convex, the function f,l/ (@=1) s concave in [@n, by], by the Brunn—Minkowski
inequality; hence f,, is continuous on [ay, b,], and unimodal, i.e., there exists
¢n € [an,by] such that f, is non-decreasing on [a,, c,] and non-increasing on
[¢n, bn]. Now

~

bn bn,
nwzfcmwn@m+d’m@MMMx

n n

and, writing G (z) := ¢~ !sin(£x), integration by parts yields

/abn cos(€x) fr(x)dx = /Qin G'(z) fu(z) dz

n

b’”
= G(bn) [n(by) — G(an) fn(an) — G(x) dfn(z),
where the last integral is a Riemann—Stieltjes integral, and similarly for the
other integral (see, e.g., [1, Theorem 18.4]). It follows that
RO <3 max ful@) =S falen)
n X 7 X n = —JnlCn).
5 z€[an,bn] 5
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1/(d—1)

Finally, the concavity of the function z — |G, N (u* + zu) i1 T E
[an,bn], also implies that
wa, (W) max ’Gn N (ut + xu)‘ck1 < |Grly
< wg,, (u) max ‘Gn N (ut + xu)]kl ,
whence
o Smasfa) < 0 (n— o)
< max fp,(z) < — n — 00).
we, (w) ~ e wg, (u)
We conclude that R
ful6) — 0  VEER{0}. 0

The second assertion of the theorem is not valid if we do not assume that
the sets G, are convex. This may be easily seen by considering, for example,
the sets Gy, := [-n,n]¢ ~ [-n+ 1,n — 1]¢ in R%.

3. An example

The following is an example of a sequence {G,} of convex sets in RY, for
which the corresponding measures (1) form a summing sequence in R?, yet
o(Gr) — 0.

ExAMPLE. Consider the ellipsoids G,, := {ac eR: 2'Qx < 1} in R4
determined by

ay(n) ™2 uy(n)f
Qn = (u1(n) ... wuq(n)) : ,
aqg(n)~?/ \ua(n)’
where ai(n) > ... > aq(n) > 0 are positive numbers and w1 (n), ..., uq(n) are
unit column-vectors in R? forming an orthonormal basis and where u;(n)’, . ..
...,ugq(n) denote the corresponding row-vectors. Choose ay(n),...,aq(n)
and
ur(n) == (ui1(n), ..., uqi(n))’
so that
(2) uin(n) >0 forall 4,
(3) Wil o gl 1<k<i<d,
ug1(n)

(4) a(n) - R u;1(n) — oo,
and

(5) ai(n)---aa(n) — 0,
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as n — 00. Let also u, be the measures (1) corresponding to these G,,. If
u € S is a fixed unit vector,
(6)

wg, (u) = |ai(n)(u - ui(n)) — ar(n)(u - (—ur(n)))| = 2a1(n) |u - ui(n)],
since the vectors +aj(n)uq(n) belong to G,,. Writing w = (uy,...,uq)’, and
denoting by k the least i for which u; # 0, one has that

d
uul(n):Zuluzl(n —Uk’ll,kl 1+ Z uz UH n

UU’I’L
zk+1kk1

whence wg, (u) — oo by (3), (4) and (6). Thus the measures u,, correspond-
ing to these G,, form a summing sequence in R?. On the other hand

o(Gn) = ag(n) — 0,

by (5).
It remains to show that there exist numbers aq,...,aq(n) and uii(n),...
,ug1(n) satisfying (2)—(5). For an example let ¢4 be any positive number
satisfying cq < (d —1)71, and set

u1(n) == fil for 1<i<d
and
Cq Cd
=, J1—2_..._
u11(n) \/ - sl
then choose a1 (n),...,aq(n) accordingly.

Notice that in the above example

Gnl =74a1(n)---aq(n) — 0,
where 74 denotes the d-dimensional measure of the unit ball in R?. However,
it is not hard to see that if we assume that G,, C G,41, then the condition
|G| — |G] is necessary for the corresponding sequence of measures (1) to
be a summing sequence, in any locally compact abelian group.
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