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PSEUDODIFFERENTIAL OPERATORS ASSOCIATED TO
LINEAR ORDINARY DIFFERENTIAL EQUATIONS

MIN HO LEE

ABsTRACT. We investigate connections between pseudodifferential op-
erators and linear ordinary differential equations via their respective
links to automorphic forms. We also introduce Hecke operators on the
space of pseudodifferential operators as well as on the space of certain
meromorphic functions associated to ordinary differential equations and
prove that the actions of those Hecke operators are compatible with the
correspondence between pseudodifferential operators and linear ordinary
differential equations.

1. Introduction

Automorphic forms for discrete subgroups of SL(2,R) or for those of more
general semisimple Lie groups play an important role in modern number the-
ory, and they are closely linked to various other areas of pure and applied
mathematics. One of the examples of such links can be found in the the-
ory of linear ordinary differential equations. Indeed, certain types of second
order linear ordinary differential equations with regular singular points on a
Riemann surface determine meromorphic automorphic forms of weight three
for the monodromy groups of the given equations. Meromorphic automorphic
forms of weight & > 3 can also be obtained from differential equations of order
k — 1 associated to such second order equations.

Pseudodifferential operators are formal Laurent series in the formal inverse
07! of the differential operator & = d/dz on the complex plane C. One
of the most widely known applications of such operators can be found in
the theory of integrable nonlinear partial differential equations, also known
as soliton equations. Soliton equations have been the subject of numerous
studies for the past few decades, and they include many well-known equations
in mathematical physics such as the nonlinear Schrodinger equation, the Sine-
Gordon equation, the Korteweg-de Vries (KdV) equation, and the Katomtsev-
Petviashvili (KP) equation (see e.g. [3], [4]).
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In a recent paper [2], Cohen, Manin and Zagier studied relations between
pseudodifferential operators and automorphic forms. Given a discrete sub-
group I' of SL(2,R), they constructed a I'-invariant pseudodifferential oper-
ator associated to an automorphic form for I'; which determines a lifting for
the symbol map of pseudodifferential operators.

Hecke operators are an important tool for the study of automorphic forms,
and the connections between automorphic forms and differential equations
allow us to consider Hecke operators for differential equations (see [5]). The
goal of this paper is to investigate connections between pseudodifferential op-
erators and linear ordinary differential equations via their respective links to
automorphic forms. We also introduce Hecke operators on the space of pseu-
dodifferential operators as well as on the space of certain meromorphic func-
tions associated to ordinary differential equations and prove that the actions
of those Hecke operators are compatible with the correspondence between
pseudodifferential operators and linear ordinary differential equations.

2. Differential equations and automorphic forms

In this section we review connections between meromorphic automorphic
forms of one variable and a certain class of linear ordinary differential equa-
tions, following closely the work of Stiller in [6].

Let H={z € C|Imz > 0} be the Poincaré upper half plane on which the
group SL(2,R) acts by linear fractional transformations. Thus we have

az+b
2.1 =
(2.1) VE=
for all z € H and v = (¢4) € SL(2,R). Given such a matrix v, a function
h:H — C, and an integer ¢, we set
(2.2) (Plev)(2) = (cz + d)~"h(72)
for all z € H. Let T’ € SL(2,R) be a Fuchsian group of the first kind, that is,

a discrete subgroup such that the quotient space I'\H* is compact, where H*
denotes the union of H and the set of cusps of I.

eH

DEFINITION 2.1. A meromorphic automorphic form of weight k for T' is
a meromorphic function f : H — C which is meromorphic at the cusps of "
and satisfies
fliv=1r
for all v = (‘; g) € I'. We denote by M (I") the space of all meromorphic
automorphic forms of weight & for T

Throughout the rest of this paper we fix a meromorphic automorphic form
¢ € Mi(T') of weight one for the Fuchsian group T' of the first kind. Then
the associated compact Riemann surface X = I'\'H* may be considered as an
algebraic curve over C. We denote by K (X) the function field of the algebraic
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curve X, and choose a nonconstant element x of K(X). If the functions ¢(z)
and zp(z) on H are regarded as functions on X, they satisfy a second order
homogeneous linear ordinary differential equation D, x f = 0 on X with

2

d d
(2.3) Dpx = o5 + Px(z) o + Qx(2)

that has regular singular points, where Px(z) and Qx(z) are elements of
K(X). Given an element f € K(X), we have df /dz = (df /dz)(dz/dx) and

2 2 —
R e =R (I

_rdf  df gdaNTl dPz dz\2
B [dz2 dz'<dz> . sz} (dx)
d’f df d dx dz\?2
(L ) (),
dz?2 dz dz dz dx
where z is the standard coordinate in C. Using this, we can pull the differential
operator (2.3) back via the natural projection H* — X = I'\H*. Thus the
homogeneous equation D, x f = 0 on X is equivalent to the equation D, f = 0
on H with

24 p,= T ireva
' Y de2 e 2
where P(z) and Q(z) are meromorphic functions on H given by
de d dx dzx\ 2
P(2) = Px(a(2) 5. — log 50, Q(2) = Qx(a(2)(57)

(cf. [6, p. 63]). Thus the functions z¢(z) and ¢(z) for z € H are linearly
independent solutions of the associated homogeneous equation D, f = 0, and
the regular singular points of D, coincide with the cusps of I' (see [6] for
details).

Given a positive integer m, let S™D, be the linear ordinary differential
operator of order m + 1 such that the solutions of the corresponding homoge-
neous equation S™D, f = 0 are of the form

(2.5) Y Cilze(2))"(pl2)' = Y Ciz™ ()™
i=0 i=0

for some constants C; € C.
We now consider a more general ordinary differential operator of order n

of the form
d" dar—1 d
p=24+p L .. iP%yp,
dxm * Y dgn—1 Tt Yz + o
where P; € K(X) for 0 <i<n—1. Let S C X be the set of singular points
of Py,...,P,_1, and let Xo = X — 5. We choose a base point xy € Xy and
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let wy,...,w, be a basis for the space of local solutions of Df = 0 near xy.
Then the Wronskian

(2.6) Wp = det Mp

is the determinant of the n x n matrix Mp = (d’~‘w;/dx’~1) whose (i, j)
entry is d’ ~tw;/dax’ ™ for 1 <i,5 <mn. Given z € X, let n = {n1,...,7n_1}
be the set of n — 1 local solutions of Df = 0 near z, and let A, be the
(n—1) x (n—1) matrix whose (i, j) entry is d’~1n; /dx? =1 for 1 <i,j <n—1.
Then a function ¢ € K(X) is said to satisfy the residue conditions with respect
to D if the differential (A, /W )dx has zero residue at every x € Xg = X — 8
for each set 1 of n — 1 local solutions of Df = 0 near z.

DEFINITION 2.2. An element ¢ € K(X) is said to satisfy the parabolic
residue conditions with respect to D if it satisfies the residue conditions and
if for each n the differential (A, /W )dx has zero residue at every singular
point = € S whenever A, is single-valued.

Let v be a positive integer, and let 5, , be the set of meromorphic functions
1 on 'H whose associated elements ¢ x in K(X) satisfy the parabolic residue
conditions with respect to S?*D,. Given ¢ € B,.,, we denote by S(¢) a
solution of the differential equation S?*D,, f = 9, and set

(2.7) Prp(¥) = j;: (G:p(;é))'

Note that p, (1)) is independent of the choice of the solution &(z)) because
we have

J2v+1 1 & i Jv+r 2 oot
d2v i1 (@ > CiE e ) = o2t (Z Ciz ) =0
i=0 =0

for any constants C; € C.

LEMMA 2.3.  The function p, ,(¢) on H given by (2.7) is a meromorphic
automorphic form for I' of weight 2v+2, and the associated map py., = Pu,, —
Mo, +2(T) is a one-to-one linear map of complex vector spaces.

Proof. The fact that p, (1) is an element of My, 1o(T') follows from results
in [6, p. 32]. Since the map p, , is clearly complex linear, it suffices to show
that its kernel is zero. Suppose p, ,(¢) = 0 for some ¢ € B, ,. Then by (2.7)
we see that

2v
S) = p(2)* ) Ci'
=0
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for some constants C; € C. Since &(¢) is a solution of the differential equation
S%D, f =1, we have

2v
) = S?D,&(p) = S¥D, (@(2)2” 3 Cz)
i=0

However, by (2.5) the functions ¢(2)? $°2% C;z* are solutions of the homo-
geneous equation S* D, f = 0, and therefore it follows that ¢ = 0. O

3. Pseudodifferential operators

In this section we review pseudodifferential operators with coefficients in
the space of meromorphic functions on the Poincaré upper half plane H C C
and discuss their connections with meromorphic automorphic forms.

Let z be the standard coordinate for C, and let 0 be the differential op-
erator d/dz. We denote by F the ring of meromorphic functions on H. A
pseudodifferential operator L over F is a formal Laurent series in the formal
inverse 01 of @ with coefficients in F, that is, a formal series of the form

(3.1) L= 2o

n—=—oo

for some ng € Z with &, € F for each n. We denote by ¥ DO = ¥ DO(F)
the set of all pseudodifferential operators over F. Then ¥ DO is a ring whose
multiplication operation is given by

(Y a@om) (Yo m=om) = 33" (") Enl2)nly) ()0,

n,m r>0

(g> . (Z) _n(n- 1)~7~a!(n—r+1)

forn € Z and r > 1.
Let I' C SL(2,R) be a Fuchsian group of the first kind. Then I'" acts on
¥ DO by

where

v-L= i fn(w)(dzz)a)n

n—=—oo

for each v € T if L is given by (3.1).

PROPOSITION 3.1. An element

o0

O(z) =D (1" Kk — 1)lgy(2)0~*

k=1
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of WDO is I'-invariant if and only if there is a meromorphic automorphic
form h; € My;(T') for T for each j > 1 such that

k—1

(32) 52 = Y i
r=0 " :

for all z € H and k > 1. Furthermore, the formula (3.2) is equivalent to the
relation

m— 1
2 —r—2
hm(2) = (2m — 1) Z mor=25 )
r=0
for each m > 1.

Proof. This follows from Proposition 2 in [2]. O

Let TI02, B, be the set of sequences (1,,)32; of meromorphic functions
on H, which has the natural structure of a complex vector space. Given

P = (wv(z))gozl € Hzozl g‘pu,apa we set
_ KL (C)RRI(E — 1) S (1) @E-T—1)
(33) =e(¥) = Z Z (r'(2)k —(r - 1)) ( 90(2wkk2r2)> o
k=2 r=0

THEOREM 3.2. The formula (3.3) determines a linear map

E,: ﬁ PB,., — ¥DO"

v=1
of complex vector spaces, where U DOL denotes the space of T'-invariant ele-
ments of ¥ DO.

Proof. Given a sequence ¥ = (¢,)52; € [ Bu.e, we set & = 0 and
~(S(he_1)\ 2D
(3.4) &= (")

for integers £ > 2. Then by Lemma 2.3 we see that § € Mao,(T) for all £ > 1.
Thus by Proposition 3.1 the pseudodifferential operator

ookl

DKk =)
;gmf T

:ikq( 1)kl (k — 1)1 (ka#fl))(zkﬂ-—naik

rI(2k —r — 1)1 \ @2k—2r—2

k=2 r=0
is T-invariant, where we used (3.4) and the fact that £ = 0. Hence we have
E,(¢) € DO, Since the linearity of =, is clear, the proof of the theorem
is complete. O
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Given a positive integer v, we define the linear map
7:/ : s:pv,zp - \I/DO,V,1
of complex vector spaces by

(3.5) 7;(1/)) — Z (71)nn!(n — 1)') < (wu))(nw g-n

S m—v—=Dln+v)I\ ¥

for all ¢ € Py -

THEOREM 3.3. For each v € B, , the pseudodifferential operator T, () €
U DO_,_; is invariant under the action of T', and it can be written in the form

B 0o (_1)n+1n!(n_ 1)[ (p2u+2w (n—v—1) .
(3.6) ,Z/("/}) - n;ﬂ (n — v — 1)!(71 + I/) (W%1;+1 ) o ",

where /pr(z) is the pullback of the Wronskian Wp,_(x) defined as in (2.6)
via the natural projection map H — Xo = T'\'H.

Proof. Given ¢ € P, o, let ¥ = (¢,)22; € [[2, PBu, be a sequence

defined by
if r=v,
1/}7" = /(/) .
0 ifr#uv,
and let =, be the map given by (3.3). Using (3.3) and (3.5), we obtain
= Z kz_:l (=D)kE!(k — 1)! (G(Qbk_r_l))@kfrfl)a_k
= rl(2k —r — 1)1 \ p2h—2r—2
 CDMRIE DY S()\ )y
= - 7-;/ *
; il e M

Hence by Theorem 3.2 it follows that the pseudodifferential operator 7,,(v) =
E, (1) is T-invariant. On the other hand, using [6, Theorem 3 bis. 5], we see
that

S » (2v+1) 2v+4-2 2v4-2
(3.7) ( (12/}1/ )) = (=™ ﬁQu—&}f - —&21/:1/}.
¥ WDV) WDq’
Therefore (3.6) follows from this and (3.5). O

4. Hecke operators

In this section we consider Hecke operators on the spaces B, [[ o, PLIRR
and ¥ DO" and discuss the compatibility of such operators with the usual
Hecke operators on the spaces of automorphic forms.

We first extend the action of SL(2,R) on the Poincaré upper half plane H
given by (2.1) to an action of the multiplicative group GL*(2,R) of 2 x 2 real
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matrices of positive determinant. Given an integer ¢, if f is a function on H
and if y = (24) € GLT(2,R), we set

(4.1) (f1en)(2) = (det7)"2(cz +d) " f(72)

for all z € H. This definition reduces to (2.2) if v € SL(2,R).

Two subgroups I'; and T's of GLT(2,R) are said to be commensurable if
I'y Ny has finite index in both I'y and I'y, in which case we erite 'y ~Ts.
Let ' € SL(2,R) be a Fuchsian group of the first kind, and let ' € GLT (2, R)
be its commensurator, that is, the set of elements of g € GL(2,R) such that
¢Tg~! and T' are commensurable. Let Iy be another Fuchsian group of the
first kind, and such that its commensurator coincides with . Then for each
a € T the double coset I'al'y has a decomposition of the form

d
(4.2) Falo =[] Ta
=1
for some ay,...,aq € GLT(2,R). The Hecke operator on Mj(I") associated
to the double coset T'al'y is the linear map T («) : My (T') — My (Ty) defined
by

d
(4.3) Ti(a)f = det(a)> ) "(fluc)
=1

for all f € My(T'), where f|rap is as in (4.1). In particular, if Ty = T', then
Tk () is a linear endomorphism of My (T).

Let T',Ty C SL(2,R) be as above with I' ~ Ty, and let ¢ € M;(T") and
S™D, be as in Section 2. Let ¢g : H — C be a nonzero meromorphic
automorphic form of weight one for T'y. Then, as in (2.4), we can consider the
associated differential operator

d? d

Dwo = a2 + PO(Z)E + Qo(z),

where Py(z) and Qo(z) are meromorphic functions on H, the functions zpg(z)
and ¢o(z) are linearly independent solutions of the associated homogeneous
equation Dy, f = 0, and the regular singular points of D, coincide with the
cusps of I'g. Thus S™D,, is the differential operator such that {z™ g (2)™ |
0 < i < m} is the set of linearly independent solutions of the homogeneous
equation S™D,, f = 0. We also consider the associated space B, ,, and the
complex linear map

Pr,po - Y'Bwpo - M2V+2(F0)
using (2.7) with ¢ replaced with ¢g.
Let o be an element of the commensurator I' of T' such that Tal'y is as
in (4.2), and let T, 42(a) : May12(T) — Ma,12(Tp) be the associated Hecke
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operator in (4.3) with £ = 2v 4+ 2. Given ¢ € B, ,,, we set

WD) Bl =02 [ [ Taa@)puow)) o d

et(a)" T (ayz)

¢ det
@5) (@R =dea) Y TR0
(=

() ()

for all z € H, where p, ,(¢) is as in (2.7) and [--- [dz---dz denotes the
(2v + 1)-fold indefinite integral with respect to z.

THEOREM 4.1.  The formula (4.5) determines a linear operator
T;B(a) “PBue = Prgo

on the space B, , satisfying
(4.6) TF () (¥) = S* Dy (Fi )
for all ) € P, where S** Dy, (F,.q) is the function obtained by applying the
differential operator S* Dy, to the function F, . given by (4.4).

Proof. Given ¢ € B, o, by (3.7) and Lemma 2.3 the function
(p2v+2w

Puv, (w) =T =
¥ W%I;-H

on H is an element of My, 12(T"). Thus, using (4.3) and (4.5), we obtain

d v 2042 (0 Vb (i
(4.7)  Topga(a)(pu,e(¥))(2) = —det(a)"zdet(aé) T2 T2 (apz) ()

S a2 W (ag2)

= ——C‘OO(Z)QUJFQ T®(a z
e (T (@)9)(2)

= Puoo (TF (@) (1)) (2)

for all z € H. On the other hand, since F) , is a solution of the differential
equation S* Dy, f = S?* Dy, (F, q), it follows from (2.7), (4.4) and (4.7) that

d21/+1 G(SQV'D (F )) d2u+1 F
2v _ ©wo v, o v,x
Prpo (ST Dy (Fua)) = dz2v 1 ( o2 ) T gzl ( o2 )

=Tay 4o (O‘) (pu,tp("/))) = Pu,po (Tz‘/B (a) (w))

Since py,,, is injective by Lemma 2.3, we obtain (4.6), and therefore the proof
of the theorem is complete. O
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The linear map TF () in Theorem 4.1 may be regarded as the Hecke
operator on ‘B, , associated to «, and such operators allow us to define the

Hecke operator
o0 oo
@) [ Boe = T Brwo
v=1 v=1
on [[02, B, associated to a by setting

() = (TF () ()
for each sequence 1 = (¢,)22, € [[02; B,

We now discuss Hecke operators TY () on the space ¥ DO of T-invariant
pseudodifferential operators (see [1] for another description of Hecke operators
on pseudodifferential operators). Given an element ®(z) = > ;2 ¢¢(2)0~¢ of
U DO and a positive integer k, we set

k_l _ k _ 7-» o !
(48) A®)(z) = > rl((klz 75)2']:13 —r —2)1')| r—r(2)
2yl . .

for all z € H.

LEMMA 4.2. If ® € WDO", then for each positive integer k, the function
A(®) : H — C is a meromorphic automorphic form of weight 2k for I.

Proof. Since ® is I'-invariant, using Proposition 3.1, we have

(1o 1 (r)
J1G -1 z::O rl(2) —r — 1)!hjﬂ“

j—1

for each j > 1, where, for each k > 1, hy is a meromorphic automorphic form
of weight 2k for ' given by

Al Zk (=2 (—1)F gy
hi = ( 2k71§ (k;_g)!(k—;—el)!
k—1
B (—1)*(2k — £ — 2)!
Sy S (k= Ok — £ — i

Thus we see that A(®) = (2k —1) 1Ay, and therefore the lemma follows. O
Given a € I and ® € U DO, we set

oo k—1

X (Top—or (@) A(®) )W OF.

We note that
Tow () A(®)), € Moy(To)
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for each k > 1, since A(®)) € Msy(T') by Lemma 4.2. The following theorem
shows that Thy(cv) is an operator on W DO, which we call the Hecke operator
on W DO associated to a, and that it is compatible with the Hecke operator

% () on Py,

THEOREM 4.3. For each ® € ¥DOY, the pseudodifferential operator
TY(a)® given by (4.9) is T-invariant, and the diagram

e, %, — wvbDO"

T%)l JT%)

Hu 1 Brwo —— ¥DO"

s commutative.

Proof. Let ¢ = (¢,)22, € [, Bu.,.- Then by (2.7) and (3.3) we have

(4.10) Ep(9h) = > _(~DFkI(k —1)!g0F
k=1
with 51 =0 and
k-l 1
(4~11) Or = Z m(pk—r—l,cp(wk—r—l))(r)
= ! !

for k > 2 with 19 = 0. Using Proposition 3.1, we see that (4.11) is equivalent
to the relation

1
2k—r—2
Pr—1,6(Vr-1) = (2k — 1 Z )(bkfr-

r=

On the other hand, by (4.8) and (4.10) we have

k—1

-y L 2k—r—2) (DR = ) (k= = D)l

= ri(k kE—r—1)!

Thus we obtain

Pr—1,0(Vr-1) = (2k — D A(ZE, () -
Hence by (4.9) we have

o = KI(k — 1)!
IR ) B LR

X (T —p () (P10 (V1)) 0.
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On the other hand, since T% () = (T}F (a)(1),.)), by (4.10) we obtain

_ oo k— 1 kk' )'
Zeo (TP kz:lqz rl( 2k—r—1)

0
X (ph—r—1.00 (T3 (@) (Wr—r—1))) VO,
However, by (4.7) we have

Pro—r—1,00 (T 1 (@) (Wh—r—1)) = To—20- (@) (P—r—1,6 (Vr—r—1))-
Hence we see that

T%(0)(Z4 (1)) = By (T¥ (a)¥),

and therefore the theorem follows. O
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