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OPERATOR-VALUED MARTINGALE TRANSFORMS AND
R-BOUNDEDNESS

MARIA GIRARDI AND LUTZ WEIS

ABSTRACT. Banach space X-valued martingale transforms by a B(X)-
valued multiplier sequence are bounded on Ly(X), where 1 < p < oo
and X is a UMD space, if and only if the multiplier sequence is pointwise
R-bounded. This is also true for unconditionally convergent martingales
in arbitrary Banach spaces.

1. Introduction

Let X be a Banach space. The martingale transform of an X-valued
martingale {f,}nen by a R-valued, predictable, uniformly bounded sequence
{vn}pen is the martingale {g, }nen where

(1.1) n 1= kadk and fn = de;
k=1 k=1

50 {dn }nen is the martingale difference sequence of { f }nen.

Burkholder [6] introduced UMD (unconditionality property for martingale
differences) Banach spaces: for 1 < p < oo, the UMD constant of X is the
smallest 5, (X) € [1,00] so that

(1.2) lerdy + -+ emdmll, 0,x) < Bp (X) ldr + -+ + dmll 1 0,x)

for each X-valued martingale difference sequence {d,}, .y with respect to
some filtration {F, }nen, choice {e,, }nen of signs from {+1}, and m € N. A
Banach space X is UMD provided that its UMD constant is finite for some
(or equivalently, by Pisier [29], for each) p € (1, 00).

In this setting, the underlying probability space (unless it is nonatomic)
and filtration must vary. Burkholder [6] showed that (1.2) holds, with the
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same constant (3,(X), if one replaces the choices {,},cy of signs by {F,}-
predictable sequences {v,}, oy of functions valued in [-1,1].

Over the years, the interplay between probability and harmonic analysis
has been very fruitful (see, e.g., [10], [11]). Indeed, the study of the martingale
transform uses, for example, Doob’s maximal function (f*(w) = sup,, |fn (W)])
and the square function (Sf = (3, cx|dn|?)'/?). Also [4], [8], X has UMD
if and only if the Hilbert transform is bounded on L,(R, X) for some (or
equivalently for each) p € (1, 00).

Martinez and Torrea [27] studied operator-valued martingale transforms
where the multiplier sequences {vn}, oy are valued in B (X,Y) instead of R.
They derived a theory that parallels the R-valued case. For example, they
obtained a martingale version of the well-known theorem of Fefferman and
Stein [17] for the Hardy-Littlewood maximal operator.

However, they did not give a criteria on a fixed B (X,Y)-valued multiplier
sequence {v,}, oy to ensure that, for some C, € R,

(13)  Joads + -+ vmdimll ) < Cpllds -+ + dull, 0,0

for each admissible X-valued martingale difference sequence {d,}, .,y and m €
N and for some (or for each) p € (1,00). This paper gives such a criteria, in
which R-bounded plays a key role. Indeed, Theorems 3.2, 3.3, and 4.1 led to
the following crystallizing corollary.

COROLLARY 1.1. Let (Q,F,u) be a probability space with filtration
{Fntnen, and p € (1,00). Let X and Y be UMD spaces. Let {v,} be
a B(X,Y)-valued {F, }-multiplier sequence.

neN

(A) For arbitrary filtrations, the following are equivalent.
(1) There exists R, € R so that R, ({v, (w) : n € N}) < R, for a.e.
w € Q.
(2) There exists C, € R so that for each (uniformly bounded) X -
valued martingale difference sequence {d,},—_, with respect to
some subfiltration {ﬁn} ) of {.7?”} . where (Qﬁ, ﬁ) s an

extension of (Q, F, u),

> Gudn <G> dn
n=1 Lp(9Y) n=1 Lp(Q,X)

(B) For atomic filtrations satisfying (4.1), the following are equivalent.
(1) There exists R, € R so that Ry, ({v, (w) : n € N}) < R, for each
(or equivalently, for a.e.) w € €.
(2) There exists Cp, € R so that for each (uniformly bounded) X -
valued martingale difference sequence {d,}""_, with respect to
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some subfiltration {F,}"_, of {Fn}
> vndy > dn
n=1 n=1
If (1) holds, then C, in (2) can be taken to be B,(X) 8,(Y) R,. If (2) holds,

then Ry, in (1) can be taken to be C,. (For the needed definitions and notation
see the following sections.)

neN’

<c,
L,(R2,Y)

L,(92,X)

R-boundedness was introduced by Berkson and Gillespie in [2]. The notion
grew out of work of J. Bourgain on vector-valued Fourier transforms [5] and
has been central to recent results on operator-valued Fourier multipliers and
singular integrals with operator-valued kernels on Bochner spaces (e.g., [1],
[20], [19], [33]). Through these tools, R-boundedness became important for
maximal regularity of parabolic differential equations (e.g., [13], [14], [25],
[33]) and the holomorphic functional calculus of sectorial operators (e.g., [21],
[22], [25]). Results of the present paper are especially useful for the theory
of stochastic integration on Banach spaces, which recently was developed in
[31] and [32]. For more information on R-boundedness and its properties, see
[12], [18], [25].

This paper is organized as follows. Section 2 collects the needed definitions
and notation. The main results are in Sections 3 and 4. Section 5 gives
further corollaries to these main theorems. Section 6 gives a technical proof
of a lemma needed in Section 4.

2. Definitions and notation

Throughout this paper, the Banach spaces that appear are over the fixed
scalar field of either the real or complex numbers. X, Y, and Z are Banach
spaces. B (X) is the closed unit ball of X while S (X) is the unit sphere of X.
The space B(X,Y) of bounded linear operators from X into Y is endowed
with the usual operator norm topology. ([0, 1], M,m) is the usual Lebesgue
measure space. (2, F, u) is an arbitrary (complete) probability measure space;
corresponding to it is the usual Bochner-Lebesgue space L, (2, X) of measur-
able functions from Q into X with finite L, (€, X)-norm where 1 < p < oo.
A sequence {dy}nen of functions from Q into X is uniformly bounded (by
M € R) provided

sup sup ||dn (w)|lx < M.
neN wef)

Following Burkholder [7], a sequence {d,}n—; of functions in L, (€2, X) is
called T-unconditional in L, (Q, X) provided

n=1 n=1

<rT

Ly (92,X) Ly (92,X)
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for each choice {&,}7_; of signs from {£1} and choice {\,}_; of scalars.

N is the set of natural numbers while Ny = N U {0}.

Let (€2, F,p) be a probability space with a filtration {F,}, oy, (e
{Fn}nen, is a nondecreasing sequence of sub-o-fields of ). Let m € NU{oo}.
A sequence {f,}, of functions from € into X is a martingale with respect
to {Fn}_, provided f, € L1 ((Q, Fpn, 1), X) and E (fr41 | Fn) = fn for each
admissible n. A sequence {d,}"_, of functions from € into X is a martingale
difference sequence with respect to {F,}_, provided d,, € Ly ((Q, F, i), X)
and E (dy4+1 | ) = 0 for each admissible n. There is a one-to-one corre-
spondence between martingales { fn}T=1 and martingale difference sequence
{d,}"_, given by

fnzzdk and dn:fn_fn—l
k=1

where fo = 0. Note that for a finite (i.e., m € N) X-valued martingale
difference sequence {d,}"_, and p € [1,00), each d, is in L, (€2, X) if and
only if Y™ | dy is in L, (€, X). A sequence {v,}, oy of functions from
into Z is predictable with respect to {Fy}, oy, (in short, {F; }-predictable)
provided v,, is F,_j-measurable for each n € N. Note that if {v,}nen is
predictable with respect to {fn}nGNo’ then it is predictable with respect to
each subfiltration (i.e., subsequence) {7}, .y, of {Fn}, cn, -

DEFINITION 2.1. To ease the statements of theorems to come, for a prob-

ability space (Q,F, ) with filtration {F,}, ¢y, , let

M ({an} ) X) = { {fn}nGN : {fn}neN is an X-valued martingale
with respect to {Fp},cx |

and

D({F,}, X) = {{dn}n_; : {dn},_; is an X-valued martingale
difference sequence with respect to some subfiltration
{Fi. 3w of {Fu},en and m € N},

DEFINITION 2.2. Let (Q,F,u) be a probability space with filtration
{fn}neNo'
(1) A B(X,Y)-valued {F,}-multiplier sequence is a sequence {vy, }, oy of
functions from  into B(X,Y) that is predictable with respect to
{Fn}nen, and is uniformly bounded by one.

(2) For such a multiplier sequence v := {v,}, oy, the martingale transform
of a martingale f := {f.},cy € M ({Fn}, X) is the martingale
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{(Tof)n}neny € M{Fn},Y) where

fo=_ds and (Tof), =Y vrdy,

k=1 k=1
for each n € N.

The dyadic sigma-fields {Dy, }nen, are given by
Dp=0c(l}:1<k<2")
and the Rademacher functions {r, }nen are given by

on

— Z<_1)k+1117§

k=1

where, for n € No, I = [ %, 5~| and

k—1 k
== =
if keNand 1<k <27,

A proof of the next fact can be found at [16, Contraction Principle 12.2].
In the special case of when the independent symmetric sequence is the Rade-
macher functions {r, }nen, it is known as Kahane’s Contraction Principle.

Fact 2.3 (Contraction Principle). Let {JZ}neN be a sequence of indepen-
dent, symmetric, R-valued random wvariables on a probability space (Q, F, ).

If {z,}_, is a sequence in any Banach space Z and {\,}™_, is a sequence
from R, then

m
g An Zn d)
n=1

for each p € [1,00).

< { max |)\n]

1<n<m
L,(22,2)

m
g Zn )
n=1

L,(Q,2)

R-boundedness is the central notion of this paper.

DEFINITION 2.4. Let 7 be a subset of B(X,Y) and p € [1,00). Let R,(7)
be the smallest constant R € [0, 00] with the property that for each n € N
and subset {T;}7_; of 7 and subset {z;}7_; of X,

> ri()Ty(;) <R ri()x
=t L, ([0.11,Y) =t L,([0,1],X)

The set 7 is R-bounded provided R,(7) is finite for some (and thus, by Ka-
hane’s inequality [16], for each) p € [1, c0).
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Thus a set 7 is R-bounded provided Kahane’s Contraction Principle holds
for operator coefficients from 7. Pisier [1] showed that X is isomorphic to
a Hilbert space if and only if each (norm) bounded subset of B (X, X) is R-
bounded. Note that if X and Y are ¢g-concave Banach lattices for some finite ¢
(eg, X =Y =L, (Q,C) where 1 < ¢ < 00) then R-boundedness is equivalent
to the square function estimate

1/2 1/2

2 2
> Tz, <RI D |zl
j=1 j=1
Y b's
known from harmonic analysis (cf. [26, Thm. I1.1.d.6]). For basic properties
of R-bounded sets and further references, see [12], [33].
All notation and terminology, not otherwise explained, are as in [9], [15],

[26].

3. Main results for arbitrary filtrations

Part (A) of Corollary 1.1 follows easily from Theorems 3.2 and 3.3.
For arbitrary filtrations, the notion of an extension (cf., e.g., [23]) of a
probability space is used.

DEFINITION 3.1. Let (Q,F, 1) and (', F’, 1) be probability spaces with
filtrations {7}, ey, and {F,}, oy, respectively. The extension of (Q,F, )
by (', F', i) is their product probability space (SA),]-A", i), along with the
filtration {F, }nen, where F,, = o(F, X F}). For h € Ly (R, Z), define h €
Lo (QZ) by

h(w,w') == h(w).
In the special case that (Q', 7', ') = ([0,1], M, m) and {F}, }, e, = {Pntpen,
one calls (Q, F, i) the dyadic extension of (S0, F, ).

Note that if h € L, (2, 2) then ||hll, ) = \|ﬁ||Lp(ﬁ z) for 1 <p <
00. Also, if {vp, tnen is a {F, }-multiplier sequence then {0, }nen is a {.7?”}—

multiplier sequence.

THEOREM  3.2. Let (Q,F,u) be a probability space with
filtration {Fy}, e, and p € [1,00). Let {vp}nen be a B(X,Y)-valued {F,}-
multiplier sequence that satisfies, for some C), € R,

R, ({vn () : n € N}) < G,

for a.e. we .
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(a) If {dn}"_y € D{Fn},X) is so that {d,}"_; is a,-unconditional in
L, (2, X) and {vnd,} 1y is Bp-unconditional in L, (Q,Y), then

m

b2

n=1

<oy B C
Ly(Q,Y)

Lp(2,X)

(b) If{d,}", €D ({.7: } ,X), for some extension (SA),]?, ) of (0, F, u),
is so that {d,}7— is ap-unconditional in L, <(AZ, X) and {Upd, }M
is Bp-unconditional in L, (@, Y), then

> Bndn

m

S,

n=1

<oy Bp C
Ly(QY)

Lp(©.X)

Proof. Part (a) follows easily from (b). Towards (b), note that for each
fixed t € [0,1]

m p m P
Y ralt)d a3 d, ,
n=1 Lp(Q,X) = Ly(9.X)
m p P
Z Updy, < ﬁp Z Tn Undnp,
n=1 Lp(9,Y) L,(Q.Y)
Thus
m p m P
> Bndn < g / Py (£) Bdly, dt
n=1 Lp(fly) (0,1] LP(Q,Y)
P
=/ Z o (6) 00 @) d (0,6 () )
+J1o,1]
Y
P
<pC / / / Z o (1) dp (W, )| dtdp/ (W) du(w)
7 J10,1] ¥
P
= gece / Zrn dy, dt
0,1] Lp(Q,X)
m P
< BEChab S dy
n=1 Lp(©,X)

This finishes the proof of (b). O
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THEOREM 3.3. Let (Q,F,u) be a probability space with filtration
{Futnen, and p € [1,00). Let {vn}nen be a B(X,Y)-valued {F,,}-multiplier
sequence that satisfies, for some C, € R:

(3.1) for each uniformly bounded {d,},_, € D ({]?n} ,X) , where
(ﬁ,.ﬁ i) is the dyadic extension of (0, F, u),

n=1 n=1

<c,

Lp(.Y)

Lp(©.X)
Then

Ry ({vn (w) : n e N}) <Gy
for a.e. we Q.

REMARK 3.4. Condition (3.1) can be replaced by the (apparently) weaker
Condition (3.1'):
(3.1')  for each R-valued finite martingale difference sequence {d,, }7"
with respect to {Fpm—_14n}my, where (2, F,[) is the dyadic

extension of (Q, F, u), of the form d,(w,t) = rm_14n (t) 14 (w),
where A € F,,_1, one has that

m m
> Onindn <G| wndn
n=1 Lp(9,Y) n=1 Lp(©.X)

for each choice {z,,}™ ; from B(X).

Thus Condition (3.1") reduces, from Condition (3.1), the class of martingale
difference sequences that one must test. Note that for such a martingale
difference sequence {d,, }"_; in Condition (3.1"), if {2, }"_; is from any Banach

space Z, then {z,d,}]_; is l-unconditional in L, (ﬁ, Z) by Fact 2.3.

Proof of Theorem 3.53. Assume condition (3.1’) of Remark 3.4 holds (but
not that condition (3.1) necessarily holds). Let {,},en be a sequence of real
numbers tending to zero.

For each n € N, since v, € Loo ((Q, Fri1, 1), B (X,Y)), there is a sequence
{vi}jen of countably-valued functions in Lo ((€2, Fr—1, 1), B(X,Y)) so that

lim; oo ||vn — "u{LHLoo = 0. Note that for any sub-o-field G/ containing o (v)
lon =E(on [ G, < lon = ECh G, + B (3 —va [ G,
< 2o =il -

So, for each j € N, there is a sequence {G} },en, of sub-o-fields of F so that

(1) ||vn - w{tHLm(QvB(va)) < ¢gj/2™ where w) =F (vn | gf’l,l) ,
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(2) inhl C Fp-1 and thl C G,
(3) G _, is generated by a partition of £ into (finitely or countably many)
sets of (strictly) positive measure,

for each n € N. So there exists G € F so that u(G) =1 and

€;
[ v (u) = w, ( HB(XY) < J
for each u € G and j,n € N.
Fix u € G. Fix {x,}I"_; from B(X). Fix j € N. It suffices to show

(3.2) <a,

Lp([0,1],Y)

+2€j.
Ly([0,1],X)

vp (U) Ty,

Find the atom A of Qﬁ;@_l so that u € A. Note that
w) (u) = wl (w) foreach we Ane{l,...,m}.

So

m

Z TrUn (W) Ty,

n=1
[/ /01]
ﬁm //01

i
Ml/p(A) I [0,1]

m
§ TnTn
n=1

+ 8]‘
Lp([0,1,Y)
1/p
dp (w)
+¢€;
1(A) !

m
Z w), (W) TnTm—14n
n=1

Lp([0,1],Y)

Z w] W) TpTm—14n (t)]| dt

p
Y
1/p

+2€j

p

Zvn ) TnTm—14n () 14 (W) dtdu(w)

1/p

—|—25j

IN

dt dp (w)

Z TnTm—14n (t) 14 (w)
n=1 X

1/p
+26j

p

= dt

anr’m 1+n t

Lp([0,1],X)

Thus (3.2) holds. O
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4. Main results for atomic filtrations

Now consider a probability space (€, F, 1) with a filtration {F,} sat-

isfying:

n€Ny

(4.1) each F, is generated by (finitely or countably many) atoms of
(strictly) positive measure and lim,, .o sup{p(B): B is an atom
of 7} = 0.

Part (B) of Corollary 1.1 follows easily from Theorems 4.1 and 3.2.

Theorem 4.1 is the atomic version of the general filtration Theorem 3.3.
Note that Theorem 4.1 reduces the test class of martingale difference se-
quences from the test class needed in Theorem 3.3 in that, for the atomic
case, one need not have to pass to extensions.

THEOREM 4.1. Let (2, F,u) be a probability space with a filtration
{Fntnen, satisfying (4.1) and p € [1,00). Let {vy}nen be a B(X,Y)-valued
{Fn}-multiplier sequence that satisfies, for some Cp, € R:

(4.2) for each uniformly bounded {d,}"_, € D ({F.},X)

Z Vndy Z d,
n=1

n=1

<q,
L,(2,Y)

L,(92,X)
Then
R, ({vn, (w) : neN}) <C,
for each w € Q.
REMARK 4.2. Condition (4.2) can be replaced by the (apparently) weaker
Condition (4.2'):

(4.2')  there exists 7 > 1 so that for each uniformly bounded {d,,}""_, €
D ({Fn},R) satisfying that

(4.3) if {z,}7—, is from any Banach space Z then
{zndy}1—q is T-unconditional in L, (2, Z)

one has that

m
E UnTndn
n=1

for each choice {z,}7" ; from X.

(4.4) <G,

L,(2,Y)

m
E Tndp
n=1

L,(22,X)

Thus Condition (4.2) reduces, from Condition (4.2), the class of martingale
difference sequences that one must test.

The proof of Theorem 4.1 uses the following lemma, whose long technical
proof is in Section 6.
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LEMMA 4.3. Let (Q,F,u) be a probability space with a filtration
{Futnen, satisfying (4.1). Let A be an atom of some F;. Let p € [1,00)
and 7,71 > 1 and € > 0 and m € N. Then there exists a uniformly bounded
R-valued martingale difference sequence {d,}"_, with respect to some subfil-
tration {F;, Y, such that

(1) jl > j7
(2) suppd, C A foreachn e {1,...,m},
(3) 1<|dp(w)]| <71 foreachne{l,...,m} and w € Gy, := suppdy,,

and furthermore, for any choice {z,}™_, from any Banach space Z,

(4) {zndn}y is T-unconditional in L, (Q, Z),
(5) if zny # 0, then

m P
/ Z dy, (W) 2nTn dp (w)
Allp=1 L,([0,1],2)
m p
< [1+eMP] / Z dn (W) ZnTn A ()
Gm ||p=1 L,([0,1],2)

where M ||znell; = 71 >oney |20l 5 -

Proof of Theorem 4.1. Assume condition (4.2") of Remark 4.2 holds (thus
giving 7 > 1) (but not that condition (4.2) necessarily holds).

Fix u € Q. Fix m € N and {z,,}"; from X. Let 71,72 > 1. It suffices to
show

(45) S T1 T2 Cp

Lp([0,1],Y)

m
Z T Up (W) Ty
n=1

m
E T'nTn
n=1

Ly([0,1],X)

Without loss of generality, there exists ng € {1,...m} so that z,, # 0.
Find the atom A of F,,_1 so that u € A. Note that

(4.6) Up (U) = vy, (W) foreach we A,ne{l,...m}.

Find € > 0 so that

(4.7) 14¢ [M]p <75.
HanHX

Apply Lemma 4.3 (with F; := F,,,—1 and other notation consistent) to find
the corresponding uniformly bounded {d,}—; € D ({F,}.R). Let G, =
supp d,,. Note that {d,}n", satisfies condition (4.3) and so (4.4) holds for
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the choice {r,, (t) z,}n; from X for each fixed ¢t € [0,1]. By Kahane’s Con-
traction Principle (Fact 2.3), for each fixed w € Gy,

(4.8) Z dp, (W) Ty, Z TpTn ,
= Ly ([0,1],X) n=1 Ly ([0,1],X)
m m
(4.9) Z Uy, (W) T < Z dy (W) v (u) TpTy ,
= L,([0,1],Y) n=1 L,([0,1],Y)
by (3) of Lemma 4.3. Thus
m p P
d
Z TrUp (W) Ty, / Z dp, (W) v, (0) Ty, 1)
—1 Gm M(Gm)
n ([0 1Y) Ly ([0,1],Y)
) [rn (t) zp) dp (w) dp () dt
[0,1] v MGm)
P
dp, (W) dp () dt
[0,1] X 1(Gm
m P
dp (w)
_ov / S dy (@) [mnrn]
P
Al = (0,1],%) 1(Gm)
P
d
S C[Z))TQ / xnrn ELCEW))
Ly(ox)
m P
< CPryty Z TnTh, ,
n=1 Ly ([0,1],X)

where the inequalities (in order) follow from: (4.9), the monotonicity of the
integral for nonnegative functions and (4.6), (4.4), Lemma 4.3 and (4.7), and
(4.8). So (4.5) holds. O

The next example shows that the condition
lim sup {u(B): B is an atom of F,} =0
of (4.1) in Theorem 4.1 is necessary.

EXAMPLE 4.4. Consider any filtration {F,}, oy, on ([0, 1], M, m) satis-

fying that (3,1] is an atom of F, for each n € Ny. Let v,,: @ — B (X, X)
have the form
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Any {d,}7, € D({F,},X) satisfies d,, (w) = 0if w € (3,1] for n > 1. So
(4.2) holds. But if X is not Hilbertian, then there is a non-R-bounded set
{T\}neny in B (X, X).

5. Corollaries to the main results

As in the scalar case, boundedness of operator-valued martingale trans-
forms in one sense is equivalent to other notions of boundedness. To be
precise, for a Z-valued martingale f := {fy}, oy, define

11z, @,2) = S‘ég 1fnllL, 0,2 for 1 < p < oo,
n
i) = sup @l forneN,
1<k<n
[ (w) ==sup || fn (W), (Doob’s maximal function).
neN
Let us keep with the notation in Definitions 2.1 and 2.2.

Fact 5.1. Let (Q,F,u) be a probability space with filtration
{Fntnen, - Let {vatnen be a B(X,Y)-valued {F, }-multiplier sequence. Then
conditions (1) through (5) are equivalent.

(1) For each (or equivalently, for some) p € (1,00) there exists C,, € R
so that

||(T'Uf)m||Lp(Q7Y) < Cp ||meLp(Q,X)

for each f:={f,} € M{F,},X) and m € N.
(2) For each (or equivalently, for some) p € (1,00) there exists C), € R
so that

||(va)*HLp(Q)R) < CP ”f”Lp(Q,X)
for each f:={f.} € M({Fn}, X).
(3) For each p € [1,00) there exists Cp, € R so that
||(va)*HLp(Q7]R) < C;D Hf*”Lp(Q,]R)
for each f:={fn} € M({Fn},X).
(4) There exists C € R so that
A [(Tof)" >N <CNIf Nz am
for each f:={fn} € M{Fo},X) and X > 0.
(5) There ezists C € R so that
Ap[(Tof) >N <Clflln,x)
for each f:={fn} € M({Fpn},X) and X\ > 0.
If, furthermore, Y has the Radon-Nikodym property, then (3) implies (6).
(6) For each f:={fn} € M({Fn},X), if |fllL,(q,x) is finite then (T:, f)

CONVETGES a.e..
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Martinez and Torrea [27] showed the equivalence of (2) through (5) and
the implication to (6) indicated above. Of course, that (1) implies (2) follows
from standard techniques (such as those found in [27, Remark 1]) while that
(2) implies (1) follows easily from the definitions.

COROLLARY 5.2. Let (Q,F,pn) be a probability space with filtration
{Futnen,- Let X and Y be UMD spaces. Let {vy}nen be a B(X,Y)-valued

{Fn}-multiplier sequence that satisfies, for some C € R,
Ry ({vn (w):neN}) <C for a.e. w e Q.

Then (1) through (6) of Fact 5.1 hold (with the constants appearing depending
also on the UMD constants of X and Y').

Proof. Let f:={fn} € M ({Fn},X) and m € N. It follows from Theorem
3.2 that

(T )l g 0,vy < B2(X) B2(Y) Cll frmll Ly, x) -
Now apply Fact 5.1. O

REMARK 5.3. Martinez and Torrea [28] showed the equivalence of (1) in
Fact 5.1 to the boundedness of the martingale transform on various Banach
space valued BMO and Hardy spaces. Thus, similar to Corollary 5.2, a point-
wise R-bounded B (X, Y)-valued multiplier sequence {v, }nen, where X and
Y are UMD spaces, yields bounded martingale transform operators between
BMO and Hardy spaces.

Burkholder [6] showed that if X is a UMD space then (1.2) holds, with
the same constant (3,(X), if one replaces the choices {€,}, y of signs by
[—1, 1]-valued {F, }-multiplier sequences {v,, } A similar result is true for
operator-valued multiplier sequences.

neN*

COROLLARY 5.4. Let (Q,F,u) be a probability space with filtration
{Fntnen, and p € [1,00). Assume that there is 7, {Fn}, X) € R so that
for each {d,}"_, € D({Fn},X)

> endny <7 ({Fad, X) | dn
n=1 L,(92,X) n=1 Lp(92,X)

for each choice {e,}.—, of signs from {£1}.
If a B(X, X)-valued {F, }-multiplier sequence {v, }nen satisfies, for some
Cp €R,
R, ({vn, (w) :neN}) <C, for a.e. we Q)

then
3 ond, <[ ({F3, X G || dn
n=1 Lp(9,X) n=1 Lp(9,X)



OPERATOR-VALUED MARTINGALE TRANSFORMS AND R-BOUNDEDNESS 501

for each {d,}"_, € D({F,},X).

Note that if {v,}nen is a [—1,1]-valued {F, }-multiplier sequence then
{vnlx}nen is a B (X, X)-valued {F, }-multiplier sequence and

R, ({vn (w)1x: n € N}) =sup {|v, (w)| : n € N}.
Proof. The result follows directly from Theorem 3.2. (]
This section closes with a special case of Theorem 4.1: note that here

one must only test condition (4.2) for translated filtration rather than for all
subfiltration.

PROPOSITION 5.5.  Consider the Lebesque measure space ([0, 1], M, m)
along with its dyadic filtration {Dn}, cy,- Let p € [1,00). Let {vn}nen be
a B(X,Y)-valued {D,, }-multiplier sequence that satisfies, for some C, € R:

(5.1) for each X -valued finite martingale difference sequence {d,}_,
with respect to {Dp—14n}—, of the form dp, = TpTm— 1+n1]7n 1
for some {z,}" | C B(X) and k € {1,...,2m7 1},

m
E Undp,
n=1

m

c, Zdn

Lp([0,1],Y)

R, ({vn (u) : meN}) <C,

Ly ([0,1],X)
Then

for each u € [0,1].

Note that any martingale difference sequence of the above form is 1-uncon-
ditional in L, ([0, 1], X).

Proof. Fix u € [0,1].

Fix m € N and {z,}", from B(X). Find k € {1,...,2™7'} so that
u € I,Q”fl. Note that, for n € {1,...,m}, each v, is constant on I,i”fl. Thus,
by changes of variables and (5.1),

p
/ Zrn vn () 2| dt
[0,1] v
p
=2m! / Zvn [@arn (27— K+ 1)]|| dt
I | b v
P
__ om—1
—2 / Zvn [xnrm,m (1) 1y (t)] dt
[0,1] v
p
Smel Cg /0 N anTm 1+n ll;nfl (t) dt

X
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m p
zgw4c§/;4 S warn ("M —k+ 1)) dt
Iy n=1 X
m P
=Cy / Tty ()| dt.
0.1 |52 <
Thus R, ({v, (u) : n € N}) < C,. O

6. Proof of Lemma 4.3

A tree-structured sequence {I';,}, -y ~of indexing sets is needed. Let T'§ :=

{0} and, for n € N,
Y =((0,41) x Ng)".
There is a natural identification of I}, with I'}_; x ((0,£1) x Np) and so one
can express '} as
F:L = {(((51,]{31) . (§n7kn)) : (5] S {O + 1}
and k; € Ny for each j € {1,...,n}}
= {(ryv (6a k)) Y€ F:L—l?a € {Oa:l:l} ) ke NO}
for n € N. The notation
AwB=C

indicates that C' is the disjoint union of A and B.

LEMMA 6.1. Let (,F,u) be a probability space with a filtration
{Fntnen, satisfying (4.1). Let A be an atom of some F; and 0 < § < 1
Let n € N satisfy

(6.1) sup{p(B): B C A, B is an atom of Fp,} < dp(A).
(Note n > j.) Then there exists Ay and A_q in F, so that, for e = £1,
(1) AW A_| C A,
(2) Ac is a FINITE union of atoms of Fp,
Ac
3) 1-d< ’L((A)) <1
and so
(4) (1-28)u(A) < (A1 UAy),

(4)
(5) 1< 5555 < =557
(6)

epu(A) 26
2u(AL) g’ <13 -

Proof. One can express A as

A:@&W
k=1
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where the A 1)’s are (disjoint) atoms of F,, and m € NU {oo}. Note that

p(Aww) 1
— < =
1 (A) 2

and so m > 3.
So there exists I; € N (with 1+ 1; < m) so that

o (Aew) 1 E p(Aew)
VR ED DTy

k=1 k=1
Let
5
A= Ao
k=1
Note
1_6 ) l - 141 ,U(A(ka)) B M(A(O k))
2 2 &= ow) = op(4)
l1
oy ildon) _p(A) L
— (4 p(A4) 2
and

DN | =

So there exists [_; € N (with 1 +17_1 +{; < m) so that

Lill 1 (Awr) Ll 1+l§:+h 1 (Aww)
k=1+11 M(A) 2" k=1+1, M(A)
Let
[
Acri=J Aok
k=1
Note

k=1+11 k=1+14 ( )
11+l
— F(Aek) _pAo) 1
2 LA T a@ 3

Thus (1), (2), and (3) hold, from which (4), (5), and (6) follow easily. O
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The ultimate goal of (the long) Lemma 6.2 is to find the functions men-

tioned in Remark 6.3 along with some sets {G,}

neN?
conditions (F7) through (F11) of Lemma 6.2.

all of which satisfy

LEMMA 6.2. Let (Q,F,u) be a probability space with a filtration
{Fntnen, satisfying (4.1). Let A be an atom of F; and A° € M be so that

1(A) = m(A°). Let {6, }nen be a sequence from (0,1).
Then there exists, for n € Ny,

El) good sets TS C T,

) bad sets T2 c T,

) subsets {ZW}WEFS of N

) expansions of the good sets T, C | Rt
) jn €N

) subsets {A'Y}'yel"f of Fj,

) atoms {Ay} (g of Fj,

)

subsets {Ag}yerfjufn and {Bs}yergurf of M
where the items in (E1) through (E8) corresponding to n =0 are

(21) FS’ = {0}

(Z2) FO =0

(Z3) =1 foryeT§

(z4) T {( (0,1))} Iy

(45) j

(Z6) 1 fwel"o, then Ay =0 and AS =0 = BY
)

(Z7) ify € Lo, then A, = A and AO A°
and the indexing sets take the form, for n €N,

d
(I1) TS = {(v, (e, k)) GF*'WGF,L 1,5_11,1gk§l7}
(

12) TE = {(v,(¢,0)) e: vy €TS_ UTE_| e = £1} (the zero is a no-

tationally convenient way to ensure TS NTE =)

(I13) Ty = {(7,(0,0)) €T; i v €S, 1<1<1,} (which also holds for
n—O)
and so one can write

(13) T = {(1(&1),(0.0) € Thyusy € T pe = #1,1 < k < Ly,

1< U<y (e
and it easily follows that
(11') TS = {(% (e,k)) €% e = +1,(7, (0,k)) € ﬁn,l}
so that, forn € N,

(C0) TY, TE and T, each have finitely many elements
(Cl) ]n > ]n—l R
(C2) if y1,72 € Ty and 1 # 2, then Ay, NA,, =0 and A5 NAS, =0
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(C3) if y € TS then

A= U Apon  ad A= AL o)
(7,(0,0))€l’, (7,(0,0))€l’,

(C4) if (v, (£1,k)) € TG then for e = +1

1 (A, (1))

1 1
Ay, (1,0 W Ay, (-1,8)) C Ay, (0,)) and 5 —on < <3
! ! ! 2 p(An k) 2

(C5) if v €Ty then m(AS) = p(Ay)
(C6) if (7, (£1,k)) € TG then for e = +1

{Ai’v,u,k)) o A?v,(—l,k»} o [B?m,k)) o B(O%(—Lk))} = Al 0.0
o o 1 o
m (Am(a,k)) U B(v,(ak») =3m (A(%(&k)))
(C7) if (7, (£1,0)) €T3 then
Bl 1.0y ¥ Bl (~1,00) = By and m (B(O%(LO))) =m (Bfm(fl,o»)
(C8) the family M,, := {Ag}'yerg U {Bff}’yEFSUFE is pairwise disjoint

(©9) [Uyerg 4] U [Usergurg BY] =47

Furthermore, if for n € N one defines

L e 1(Ag,0,k))) .
(D1) dy = Z(%(Eyk))eFf 2 u(Am,(s,k)))) LAG eyt 2= R
o . = m(A% o, .
(D2) dy =3y (e k))ere - A;: Z” :’) lae 0,1 =R

(D3) 7, =Yy e pyerg € 147, iy UBE, ey
+ Z(W,(E,O))EFE €lpe ¢ 0,1] - R

(D4) 77 = ({4357 €T }) and 73, = o ({4357 € To })

(D5) Gy = UVGFS A,y
then for each n € N

(F1) dy is Fj,-measurable
if B is an atom of F;
dy, is F§ -measurable

) then [5dndp =0
)

F4) if B is an atom of FY, _, then [y, dpdm =0
)

n—17
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(F6) for each choice {e/},—, of signs there exists IS cr¢ and TB c 1B
such that

IDE

=== U alvl U B

1 velg yelGUTE

e m (ﬂ [Jf =51}> = (%) m (A%)
=1
n C Gp_1 where Gg .= A

<|dn(w)|<ﬁ ifwe Gy and dy, (W) =0 ifwe Q\ Gy

(Gn) > [[Tzy (1 —20k)] p(A)
1 <p<oo and {z,},_, are from any Banach space Z then

Z 2k dy; Z zdy,
k=1

k=1
(F11) if 1 < p < oo then

p 20, P -
n 1— 1-—26
‘ L0 l(l - 25n) * ( kl;[l( k)>

REMARK 6.3. Note that, in Lemma 6.2,
(1) {dn},cy is a martingale difference sequence with respect to the filtra-
tion {fjn}neN’
(2) {d}, cn is a martingale difference sequence with respect to the filtra-

tion {f" }

InJtneN’

l

g
cexrd
T P Q

<

LP(QvZ) LP([Ovl]vz)

d° — d°

n n

1 (A).

(3) {Jfl 1 Ao} , is an independent sequence of {£1}-valued symmetric
ne

random variables on the probability space

(AO,{BEM: BCA"},mm(ZZ))

Proof of Lemma 6.2. Let the desired items in (E1) through (E8) corre-
sponding to n = 0 be as in (Z1) through (Z7). The proof now continues by
induction on n.

Let n =1. Let

¢ = {(0,(,1) €T e =+1} ={(¢,1) € T}: e = 1},
TP .= {(0,(,0)) €T5: e = +1} = {(,0) € T}: ¢ = +1}.

Recall Ty = {(0, (0,1))} c T3.
Since A = A (0,1)) is an atom of Fj,, there exists j; > jo so that

sup {,LL (B) : B C A((B,(O,l))vB is an atom of fjl} <& M (A(@7(0)1))) .
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By Lemma 6.1, there are sets A (+1,1)) € Fj, so that
(6.2) Aw,1,1) ¥ A, (-1,1)) € A@,0,1))
and, for e = £1, each A(p (.1)) is a finite union of atoms of Fj,, say

Lg.(c.1))

(6.3) A (en)) = H‘J A,(2,1),(0,))
=1
and
1 A 1
(6.4) S5 < (Ao e) <.
2 1 (Ap 1)) 2
Let

fl = {(@, (E, 1) s (O,Z)) S F;: £ = il, 1< l < l(@,(e,l))} .

This completes the construction of the desired items in (E1) through (ET7)
that satisfy their conditions in (C0) through (C4).

Since Ag,0,1)) = A and Afy o)) = A? and w(A) = m(A°), by (6.2), for
¢ = =£1, there exists A?@,( ) € M so that

g1

Afp,1,1) ¥ Ay, (—1,1)) € A, 0,1))
(6.5) m (AE’@,<5,1))) = 1 (A@, ) -

So by (6.4), for e = +1,

1y ) 1
2 m (A?wo,l))) 2

So, for e = £1, there exists Bfj, . ;)) € M so that (C6) holds. It follows from
(6.3) and (6.5) that, for e = &1, there exists Afy _ ) y) € M so that

Lo.(c,1))

Apen = B Ao
=1

m (AE’@,<E,1>,<0,Z))) = 1 (A.0.0)) -

If y € T8 let BS = (). This completes the construction of the desired items
in (E8) that satisfy their conditions in (C2), (C3), and (C5) through (C9).
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Note that
o= oon), o pleon)
20 (A aay) O T 20 (A1) OO
9 = wlm m (A&?J,(O,l))) ) |
Zm (Afw,(l,l))) @ 2m (Afw,(—l,n)) (0,(=1,1))
671) = 1A?®1<1,1))UBE)®1(1’1)) — 1Af@)<,1,1>>UBE’m’(71’1)).

So, clearly, (F1) through (F7) along with (F10) hold. A quick look at Lemma
6.1 gives (F8) and (F9) and also that

p 251 p . .
’ L0118 g;c <1 - 251> m(A9)+ > m(BY)

yerg

g —d§

:(13‘5;51) 1 (Gr)+ (AN Gy).

So (F11) now follows from (F9).
This completes the n = 1 base step.
Fix n € N with n > 2 and assume that the desired items in (E1) through
(E8) have been found for k € {0,1,...,n —1}. Let
TS = {(7, (e k))EF*:yeFf_l,s:il,lgkglv},
5 :={(7,(,0) €elf:velS UL | e =+1}.

If (v,(0,k)) € T,_1, then A(y,(0,k)) is an atom of F;
that

find j, > jn_1 so

nl’

sup {p (B) : B C A(y,(0,1)), B is an atom of F;, } < 6, 11 (Ay,0,8)))

for each (v, (0,k)) € Tp_1.

Fix (v, (0,k)) € T,_; (and so y € T¢ | and 1 < k < ly). By Lemma 6.1,
there are sets A(y (+1,x)) € Fj, so that

(6.6) A, Y AG-18) € A, 0.0)
and, for ¢ = £1, each A(, (. 1)) is a finite union of atoms of Fj , say

Uy, (2.k))

(6.7) A = B Anem.on)
=1
and
1 Ay (o 1
(6.8) Lo, < MAaem) L
2 1 (An, k) 2
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Let
Foi= {7 (k) (0,0) € Tppyi v €TG e = 1,
1<k <11 << G e |-

Towards (C2), note that for distinct elements (1, (e1,k1),(0,01)) and
(72, (€2, k2), (0,12)) from T,

(6.9) Ak, 0,1)) VA, (e2.k2),0,2)) = b
indeed, it follows from (6.6) and (6.7) that, for ¢ € {1, 2},

Ay (e k), 00)) C Ay (ei k) € A(mi,(0,8:))

and so if 1 # v2 or k1 # ko then (6.9) follows from the inductive hypothesis
(specifically (C2)) while if v1 = 72 and ky = ko then (6.9) follows from (6.6)
if &1 # &9 and from (6.7) if &7 = e2. This completes the construction of
the desired items in (E1) through (E7) that satisfy their conditions in (CO0)
through (C4).

Towards (E8), fix (v,(0,%k)) € T',—1. Thus m (A‘(’%(ka))) = u(Aq 04))-
By (6.6), for ¢ = %1, there exists A? (k) € M so that

(s
(6.6) Al ) WAL —1k) € Al 0.0)
(6.10) m (A?7,<E,k))) = 1 (Ap o) -
So by (6.8), for e = +1,
1 m (AO ek ) 1
m (Aw,(o,k)))
So, for & = £1, there exists BY, . ;) € M so that (C6) holds. It follows from
(6.7) and (6.10) that, for ¢ = +1, there exists A(()'y,(s,k),(o,l)) € M so that
UCHERO))
(6.7') AL ey = B AL o
I=1

m (A8 e o) = # (A, 00) -

Fix (v, (£1,0)) € TE. Thus v e ¢, UTZ ,. Find Bl 11,0y € M so that
(C7) holds. This completes the construction of the items in (E8). Clearly,
their conditions in (C3), (C5), (C6) and (C7) hold. As (C2) holds for the
A,’s follows from the inductive hypothesis, (6.6), and (6.7), that (C2) holds
for the A2’s follows from the inductive hypothesis, (6.6"), and (6.7").
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Towards (C9), note that by (C6) and (C3)

U @us)= U U [48ean U B )

verg (7,(0,k))el,_; e=F1

= U Al 0.1
(Aﬁ(ovk))Eﬁnfl

= U U A= U 4

VETT 1 (1,(0,k)) €T vErT_,
and by (C7)
U s-= U [BE)%(LO))UB(O%(*LO))}
'YGFE (7:(1’0))€FE
= U B=|U Bylu| U B
(7,(1,0)€r? verg_, VETT_y

So (C9) holds by the inductive hypothesis.
Now we show (C8). Note that the family

(6.11) M = {Af;}»yerc' U {B;}WEFG is pairwise disjoint.

Indeed, if v € TS then AN BS = 0. So fix 3 = (v, (gi, ki) € ¢ with
31 # 2 and consider C.,, € M. If 74 = 2 and ky = ko, then (6.11) follows
from (C6). If 1 # v2 or ki # ko, then (6.11) follows from (C2) since

Clrienk)) C A(()%,(O,ki))'
and (7;, (0,k;)) € T'n_1. Next note that the family

(6.12) M, = {BJ}

is pairwise disjoint.
yers p ]

Indeed, if 5; = (v, (€4,0)) € T2 then
B(O’Ym(fivo)) C B’zz"

If 41 = 79, then (6.12) follows from (C7). If 1 # 9, then (6.12) follows by
the inductive hypothesis (specifically, (C8)) since 7; € I'¢_; UTE |. Now if

Clpfern) €My and  BY (., 0 € M},

then C(Vl’(gl’kl)) C Agl with v € Fgfl and Bé)'yg,(sz,o)) C Bsz with vy €

I'$_,ur'Z ;. So by the inductive hypothesis on (C8), C(4, (c,,k:)) B
(. So (C8) holds.

Cyan(e2,0)) =
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Now we show that (F1) through (F11) hold. (F1) follows from (E6). To-
wards (F2), rewrite d,, as

we ¥

(7,(0,k)) €T 1
and note that, by (C4) and (E7)
A('y,(l,k)) W A(%(,Lk)) C A(%(Qk)) € {B: B is an atom of an,—l} .
So (F2) holds. (F3) follows from (C3). Note that

nAaom) | #Agem)
20 (A ) " 20 (A ) T

. m (A?%(O,k))) m (AE)%(&k)))
o=y | MVeem) y
. 2m (AO ) @Ry (AO ) (v, (=1,k)
(7:(0,k))ETn 1 (7,(1,k)) (v:(=1,k))
and by (C6) and the definition of F7 |

A k) WAL~k C Al o) € {B: B is an atom of f;’n_l} .
So (F4) holds. Towards (F5), note that by (C8), (C9), (C6), and (C7)

m [di — 1] = > m (A€7,(1,k)) U Bf)v,(Lk)))
(7,(1,k))erg

+ m(Bf’v,a,o»)

(v,(1,0)eTy

= > m (A?w—l,k)) U B?mm,k»)
(77(_1)k))erg

o), om (B?wfl,o»)
(v:(=1,0))eT?
=m {CT‘T’L = —1} .
So (F5) holds (again by using (C8) and (C9)).

Towards (F6), fix a choice {¢;};_; of signs. Find ¢, cré  andlB | c
I'B_ | such that

1[8?:51}: U vl U B

1 ~€ELG

n

l

Let
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It follows from (C3), (C6), and (C7) that

[=eln| U 23] = U (aguB).

'yef‘f_l ~el'&
(& =ea] 0 U B|=U B
yelS_ urB_, yel'B
Thus
(6.13) M |dr === U (48w UBLem)
I=1 (V+(2n,k))ETS
'Yef‘g—l
U U Bl
(’y,(En,O))EFE
761:571Uf‘571

By (C6) and (CT7), for the set on the right-hand side of (6.13), replacing &,
by —e,, does not change its measure. So (F6) holds.
(F7) follows from (C3) and (C4) while (F8) follows from (C4).
FixyeT¢ |, and 1 <k <l,. So (v,(0,k)) € T,,_1 and (v, (+1,k)) € TC.
It follows from (C4) that
(1=200) 1 (Aiy009) <1 (A ) 8 Ay -107) -

Taking the double sum ZVGFG,l >_1<k<i, of both sides gives (via (C3))

(1—26n) p(Gn-1) <p(Gn).
So (F9) holds. (F10) is clear. Since

o 70 P 25” P o o
’d” ~ o < 2 (1 - 26n> ma)+ 2 m(B)
~eTS YETGUIY
= (2 ) @ a6
“\i-g,) T n)
(F11) now follows from (F9). O

The next lemma follows easily from the Contraction Principle (Fact 2.3)
and a standard perturbation argument [3], [24]. A proof is included for com-
pleteness sake.
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LEMMA 6.4. Letp € [1,00) and 0 < & < 1. Let {d2}™_, be a sequence of

independent, symmetric, {£1}-valued random variables on a probability space
(Q,F, 1) and {d5}m_, be a sequence in L, (,R). If

)
< —
QR) ~ 2

then for any choice {x,}™_ from a Banach space X, {x,d2}"_, is a (%) -

unconditional sequence in Ly, (2, X).

Proof. Fix {z,}"_; from some Banach space X, a choice {e,, }"_; of signs
from {£1}, and scalars {\,}" ;. It needs to be shown that

S ey <<1+5> Z)\ T
n=1

Ly(2,X)
Find {Z,,}" ; from S(X) and {Xn};nzl from R so that A\, z,, = Xn%n for each
ne{l,...,m}.
It follows from Fact 2.3 that {Z,d%}™

(6.14)

Ly (9,X)

is a (normalized) 1-unconditional

n=1
basic sequence in L, (€2, X). Since >, Tndd — End%H @) < &, for any
Ly(2,X
choice {a, } of scalars
- m
T, > onind;,
Ly(@,x) lln=1 Lp(9,X)
(149) xndo
Lp(€,X)

(cf., e.g., [26, Prop. 1.1.a.9)). Thus {Z,d3}", is a (3£2)-unconditional basic
sequence. So (6.14) holds. O

Proof of Lemma 4.3. Let us keep with the notation in Lemma 6.2.
Pick {6,}"_; so that

()0<§< foreachne{l .,m},

(b) = 26 <7 foreach n € {1,...,m},

1/p
(@ Lo [(22) +a-T -200)] - <22,
(@) TTe, (1=26,)" < 1+e.
Apply Lemma 6.2 to find {d,}"_; € L, (Q2,R), along with everything else.
Thus (1) of Lemma 4.3 holds.
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Condition (b) above along with (F7) and (F8) of Lemma 6.2 imply (2) and
(3) of Lemma 4.3. By (c) above and (F11) of Lemma 6.2,

A

~ 2 dm 1/p m
do — 2 —] =3 [de -
ntan] =

1 /-1
< — .
2 \7+1
So (4) of Lemma 4.3 holds by Lemma 6.4, Remark 6.3, and (F10) of Lemma
6.2.
Towards (5) of Lemma 4.3, let z,,, # 0. Then for each w € G,,,, by Kahane’s
Contraction Principle (Fact 2.3) and (3) of Lemma 4.3

i dp, (W) 2T
n=1

Thus, by (b)

.

[ (A)] 7

Lp([0,1],R)

2 |ldn, (w) Znorno”Lp([o,u,Z) 2 llznoll 7 -
Lp((0,1],2)

(F8), along with (d) and (F9)

m p

dp (w)
L,([0,1,2)

n P
= dn (@) ZnTn dp (w
/A\Gm [Z ” ( ) |Lm([0,1],Z>] ( )

n=1
</
A\G,

m p
S ng] G )
n=1

_ 1(A\Gp) [n 2 onet l7nll 2

and
dy (W) ZnTn
1

n=

P
} 1 (Go) Nzms I

1 (Gm) 200l 2
m P

< { nid) 1] MP / Z dp (W) 2T dp (w)

#(Gom) G lln=2 L,(0.1.2)

m P
<eMP / Zd" (W) Znn dp (w).
G Jln=1 L,(0,11.2)
So (5) of Lemma 4.3 holds. O
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