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ON COTYPE AND SUMMING PROPERTIES IN BANACH
SPACES

MARIUS JUNGE

Abstract. Given a complex Banach space X and 2 ≤ q <∞, we show
that X has weak cotype q if and only if there is a constant c > 0 such

that ∑
k

‖xk‖ ≤ cn1−1/q sup
εk±1

∥∥∥∥∥∑
k

εkxk

∥∥∥∥∥
holds for all n-dimensional subspaces E ⊂ X and all vectors (xk)k ⊂ E.
Moreover, these conditions are equivalent to a decrease rate of order
k−1/q for the sequence of eigenvalues of operators on `∞ factoring
through X. This is an analog of Talagrand’s theorem on the equivalence
of the cotype q property and the absolutely (q, 1)-summing property for
Banach spaces in the range q > 2. Surprisingly, this ‘weak’ analog also
extends to the case q = 2. Moreover, we show if q > 2 and X has weak
cotype q, then the cotype q constant with n vectors can be estimated by
any iterates of the function L(x) = max{1, log(x)} applied to (logn)1/q .

1. Introduction

Unconditional and absolute convergence is a classical topic in Banach space
theory; see, for example, the work of Orlicz [Or], Grothendieck [Gr], and
Lindenstrauss and Pe lczyński [LP]. In particular, by a well-known theorem
of Dvoretzky, in infinite dimensional Banach spaces unconditional conver-
gence does not imply absolute summability. However, Orlicz showed that
in the spaces Lp, 1 ≤ p ≤ 2, unconditionally convergent series are at least
2-summing. This is best possible. Indeed, the Dvoretzky-Rogers Lemma en-
sures that in every infinite dimensional Banach space X and for every δ > 0
and every n ∈ N there exist vectors x1, . . . , xn such that

n∑
k=1

‖xk‖ ≥ (1− δ)
√
n and sup

|αk|≤1

∥∥∥∥∥
n∑
k=1

αkxk

∥∥∥∥∥ ≤ 1.
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In this paper we consider Banach spaces in which the converse inequality

n∑
k=1

‖xk‖ ≤ c
√
n sup
εk=±1

∥∥∥∥∥
n∑
i=1

εkxk

∥∥∥∥∥
holds for some constant c, all n ∈ N and all vectors x1, . . . , xn ∈ X. We will
prove that this condition holds if and only if X has weak cotype 2. The notion
of weak cotype 2 was introduced by Milman and Pisier [MiP]; it is equivalent
to the existence of a constant c′ such that(

vol(BE)
vol(Emax)

)1/n

≤ c′

holds for all n ∈ N and all n-dimensional subspaces E ⊂ X with associated
ellipsoid Emax of maximal volume contained in the unit ball BE of E. The
notion of weak cotype 2, and the more general notion of weak cotype q, have
become standard tools in the local theory of Banach spaces (see [Ps1]). Our
results are motivated by the following result of Talagrand [Ta2].

Theorem 1 (Talagrand). Let 2 < q <∞ and let X be a complex Banach
space. Then the following are equivalent:

(1) The identity of X is absolutely (q, 1)-summing, i.e., there is a constant
c1 > 0 such that(∑

k

‖xk‖q
)1/q

≤ c1 sup
εk±1

∥∥∥∥∥∑
k

εkxk

∥∥∥∥∥ ,
for all (xk)k ⊂ X.

(2) X is of cotype q, i.e., there is a constant c2 such that(∑
k

‖xk‖q
)1/q

≤ c2E

∥∥∥∥∥∑
k

εkxk

∥∥∥∥∥ ,
for all (xk)k ⊂ X, where εk is a sequence of independent Bernoulli
variables and E denotes the expected value.

This result does not hold for q = 2. Indeed, Talagrand constructed a
Banach sequence space with a symmetric basis and the Orlicz property, but
without cotype 2. Nevertheless, using Talagrand’s techniques, we will extend
his result to the context of weak cotype q spaces, and show that in this setting
the result holds also for q = 2. Our main result is the following theorem.
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Theorem 2. Let 2 ≤ q <∞. For a complex Banach space X the following
properties are equivalent.

(i) There exists a constant c1 > 0 such that for all n ∈ N and all n
dimensional subspaces E ⊂ X we have∑

k

‖xk‖ ≤ c1n1−1/q sup
εk=±1

∥∥∥∥∥
n∑
k=1

εkxk

∥∥∥∥∥
for all sequences (xk)k ⊂ E.

(ii) X is of weak cotype q; equivalently, there exists a constant c2 with
0 < c2 < 1/(12e) such that for all n ∈ N and all vectors x1, . . . , xn
satisfying

n∑
k=1

|〈xk, x∗〉|2 ≤ ‖x∗‖2 for x∗ ∈ X∗

and
‖xk‖ ≥ c2 for k = 1, . . . , n

we have

E

∥∥∥∥∥
n∑
k=1

εkxk

∥∥∥∥∥ ≥ c2n1/q.

(iii) There exists a constant c3 such that for all operators T : X → X which
factor through `∞, i.e., operators of the form T = SR, where R : X →
`∞ and S : `∞ → X, the sequence of eigenvalues (λn(T )), counted
with multiplicity and arranged in non-increasing order, satisfies

sup
n∈N

n1/q|λn(T )| ≤ c3 ‖S‖ ‖R‖ .

Moreover, if q > 2 and one of the above conditions is satisfied, then there is
a constant C such that(∑

k

‖xk‖q
)1/q

≤ C1+lL(l)((1 + log2n)1/q)E

∥∥∥∥∥∑
k

εkxk

∥∥∥∥∥
holds for all n, l ∈ N and (xk)k ⊂ E, whenever E is an n-dimensional sub-
space of X. Here L is defined by L(x) = max{1, log2} and L(l) denotes the
l-th iterate of this function.

Condition (ii) is not the standard definition of weak cotype q, and for q > 2
it suffices to assume ‖xk‖ ≥ c2. For q = 2 equal norm cotype 2 is equivalent to
cotype 2. However, the technical condition (ii) allows us to apply Talagrand’s
probabilistic machinery. One of our central observations is that this condition
is indeed equivalent to the usual weak cotype q condition and that Talagrand’s
machinery works under the slightly weaker hypothesis (i). Condition (iii) does
not seem to have an analog in the classical cotype q situation.
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This paper is organized as follows. In Section 2 we introduce some basic
notation and terminology. In Section 3 we define the notion of weak cotype
and establish the equivalence of conditions (i)–(iii) of Theorem 2. In Section
4 we prove the iterated log estimate in Theorem 2. To this end we will
associate with a Banach space X the symmetric sequence spaces YC(X) and
YS(X) which encode the optimal cotype information and the optimal absolute
summing information, respectively. These spaces turn out to be ‘self-concave’,
a generalization of the well-known submultiplicativity of cotype numbers. We
will use the self-concavity property to prove the iterated log estimate. This
property might also be of independent interest in the general analysis of cotype
properties in Banach lattices or symmetric sequence spaces.

2. Preliminaries

In what follows c0, c1, . . . always denote universal constants. We denote
by [x] = max{k ∈ Z : k ≤ x} the integer part of a real number. We use
standard Banach space notation as in [Pi1], [Pi2], [Ps3], [ToJ]. In particular,
the classical spaces `q and `nq , 1 ≤ q ≤ ∞, n ∈ N , are defined in the usual
way. We will also use the Lorentz spaces `pq, 1 ≤ p, q ≤ ∞, which consist of
all sequences σ ∈ `∞ such that ‖σ‖pq <∞, where

‖σ‖pq :=

(∑
n

(
n1/p σ∗n

)q
n−1

)1/q

< ∞

if q <∞, and
‖σ‖p∞ := sup

n∈N
n1/p σ∗n <∞,

and where σ∗ = (σ∗n)n∈N denotes the non-increasing rearrangement of the
sequence (|σ|n)n∈N . More generally, for a non-decreasing sequence (g(n))n∈N
with g(1) = 1 we denote by `g,∞ the space of sequences σ such that

‖σ‖g,∞ := sup
n
g(n)σ∗n <∞.

The standard reference on operator ideals is the monograph of Pietsch [Pi1].
The ideals of linear bounded operators, finite rank operators, and integral
operators are denoted by L, F and I, respectively.

Let 1 ≤ q ≤ p ≤ ∞ and n ∈ N . For an operator T ∈ L(X,Y ) the
(p, q)-summing norm of T with respect to n vectors is defined by

πn(p,q)(T ) := sup


(

n∑
k=1

‖Txk‖p
)1/p

∣∣∣∣∣∣ sup
‖x∗‖X∗≤1

(
n∑
k=1

|〈xk, x∗〉|q
)1/q

≤ 1

 .

An operator T is said to be absolutely pq-summing (or simply pq-summing)
if

π(p,q)(T ) := sup
n
πn(p,q)(T ) <∞.
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We let Πpq(X,Y )) denote the set of such operators T . Then (Πpq, π(p,q)) is
a maximal and injective Banach ideal (in the sense of Pietsch). As usual, we
set (Πq, πq) := (Πqq, π(q,q)) and write π(n)

pq (X) and πpq(X) for π(n)
pq (idX) and

πpq(idX), respectively. We also use the standard convention that X has a
certain summing property or cotype property if idX has this property. For
further information about absolutely pq-summing operators we refer to the
monograph of Tomczak-Jaegermann [ToJ].

We let (εk)k∈N , resp. (gk)k∈N , denote sequences of independent normalized
Bernouilli, resp. Gaussian, variables. A Banach space X is of Rademacher,
resp. Gaussian, cotype q if there exists a constant c > 0 such that for all
sequences (xk)nk=1 ⊂ X we have(∑

k

‖xk‖q
)1/q

≤ cE

∥∥∥∥∥∑
k

εkxk

∥∥∥∥∥ ,
resp. (∑

k

‖xk‖q
)1/q

≤ cE

∥∥∥∥∥∑
k

gkxk

∥∥∥∥∥ ,
where E denotes the expected value. We denote the best possible constants in
these inequalities by Rcq(X) := Rcq(idX) and cq(X) := cq(IdX), respectively,
and we let Rcnq and cnq denote the corresponding constants for sequences of n
vectors (with n fixed). As usual, we will use the abbreviation

`(u) := sup
n

E ∥∥∥∥∥
n∑
k=1

gku(ek)

∥∥∥∥∥
2
1/2

for all u ∈ L(`2, X). Here and in the following (ek)k denotes the sequence
of unit vectors in `2 (or in an arbitrary sequence space). From the rotation
invariance of the Gaussian variables it follows that the `-norm is invariant
under orthogonal transformations of this basis in `2.

Finally, we recall the notions of approximation numbers and Weyl numbers.
Given an operator T ∈ L(E,F ) and n ∈ N , the n-th approximation number
is defined by

an(T ) := inf{ ‖T − S‖ | rank(S) < n },
and the n-th Weyl number is given by

xn(T ) := sup{ an(Tu) |u ∈ L(`2, E), ‖u‖ ≤ 1 }.

Let s ∈ {a, x}. By L(s)
pq and L(s)

g,∞ we denote the ideals of operators T such
that (sn(T ))n∈N ∈ `pq and (sn(T ))n∈N ∈ `g,∞, respectively, and we define
the associated quasi-norms by

`(s)pq (T ) := ‖(sn(T ))n∈N ‖`pq and `(s)g,∞(T ) := ‖(sn(T ))n∈N ‖`g,∞ .
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3. Weak cotype q

Let us recall the definition of weak cotype given in terms of approximation
numbers. A linear operator T : X → Y is of weak cotype q, if there exists a
constant C > 0 such that for all u : `n2 → X

sup
k
k1/qak(Tu) ≤ CE

∥∥∥∥∥
n∑
i=1

giTu(ei)

∥∥∥∥∥ .
The weak cotype q-norm of T is defined as wcq(T ) := inf C, where the infimum
is taken over all such constants C.

Remark 3.1. Mascioni [Ma] proved that for q > 2 an operator T is of
weak cotype q if and only if T satisfies the cotype q estimate for vectors xi
with ‖Txi‖Y = 1. An operator T has ‘equal norm cotype 2’ if and only if T
has cotype 2.

In this section, we consider a weak `q analog of absolutely q-summing
operators. More precisely, an operator T : X → Y is said to be (`q,∞, 1)-
summing if there exists a constant C > 0 such that for all x1, . . . , xn

‖(‖Txk‖)k‖q,∞ ≤ C sup
εk=±1

∥∥∥∥∥∑
k

εkxk

∥∥∥∥∥
X

.

We denote the best-possible constant in this inequality by π(q,∞),1(T ); i.e.,
π(q,∞),1(T ) = inf C, where the infimum is taken over all such constants C. A
Banach space X is said to be (`q,∞, 1)-summing if π(q,∞),1(T )(idX) <∞.

In addition to the conditions (i), (ii) and (iii) of Theorem 2, we consider
the following conditions:

(i′) π(q,∞),1(idX) <∞.
(ii′) X has weak cotype q.
(iii′) There exists a constant c3 > 0 such that every operator T : `∞ → X

satisfies
sup
k
k1/qxk(T ) ≤ c3 ‖T‖ .

We note that (iii′) also makes sense for a real Banach space X, and we will
indeed show that it is equivalent to the other conditions.

We now prove the easy implications of Theorem 2. These follow from well-
known facts in the local theory of Banach spaces and are closely related to
results in [Ma].

(i) =⇒ (i′): Indeed, if ‖x1‖ ≥ · · · ≥ ‖xk‖, then (i) implies

k1/q ‖xk‖ ≤ k1/q−1
k∑
j=1

‖xj‖ ≤ c1 sup
εi=±1

∥∥∥∥∥∑
i

εixi

∥∥∥∥∥
X

.

Taking the supremum over all k, we deduce that idX is (`q,∞, 1)-summing.
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(i′) =⇒ (i): If X is (`q,∞, 1)-summing, then for any vectors x1, . . . , xn such
that ‖x1‖ ≥ ‖x2‖ ≥ · · · ≥ ‖kk‖ we have

k∑
j=1

‖xj‖ ≤
k∑
j=1

j−1/q sup
i
i1/q ‖xi‖

≤
(

1− 1
q

)−1

k1−1/qπ(q,∞)(idX) sup
εi=±1

∥∥∥∥∥∑
i

εixi

∥∥∥∥∥
X

.

(ii′) =⇒ (iii′): First, we note that a weak cotype q space has cotype q̃
for all q̃ > q. Using Maurey’s Theorem on operators on `∞ (see [ToJ]), we
obtain a constant c(X) = c(q,X) such that for every operator S : `∞ → X
and r = 2q

πr(S) ≤ c(X) ‖S‖ .
Now let u : `2 → `∞. Then we obtain from Khintchine’s inequality for
Gaussian random variables (see [ToJ])

sup
k
k1/qak(Su) ≤ wcq(idX)`(Su)

≤ wcq(idX)

(
E

∥∥∥∥∥∑
i

giSu(ei)

∥∥∥∥∥
r)1/r

≤ wcq(idX)πr(S) sup
‖z‖`∗∞≤1

(
E

∣∣∣∣∣∑
i

gi〈z, u(ei)〉

∣∣∣∣∣
r)1/r

≤ c0
√
rwcq(idX)c(X) ‖S‖ ‖u‖ .

Taking the supremum over all u of norm less than 1 yields the assertion.

(iii′) =⇒ (iii): This follows directly from the eigenvalue behaviour of the
operator ideal L(x)

(q,∞); see [Pi1].

[(iii′) or (iii) ] =⇒ (i): Let x1, . . . , xn ∈ X and x∗1, . . . , x
∗
n ∈ X∗ be norm

one elements such that 〈x∗j , xj〉 = 1. Let us consider operators R : `n∞ → X
and S : X → `n∞ defined by R(ei) = xi and S(x) = (〈x∗i , x〉)ni=1. The classical
extreme point argument shows (see [LT])

‖R‖ ≤ 2 sup
εk=±1

∥∥∥∥∥
n∑
k=1

εkxk

∥∥∥∥∥
X

.

Then we obtain from (iii)
n∑
k=1

‖xk‖ =
n∑
k=1

〈xk, x∗k〉 = | tr(SR)| = | tr(RS)|

≤ n1−1/q sup
k
k1/qλk(RS) ≤ n1−1/qc4 ‖S‖ ‖R‖ .
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Assuming (iii′) for K = R or K = C , we have

| tr(SR)| ≤ ι1(SR)

≤ 4
n∑
k=1

xk(SR) ≤ 4n1−1/q sup
k
k1/qxk(R) ‖S‖

≤ n1−1/q4c3 ‖R‖ ‖S‖ ,

where ι1 is the integral norm, which can be estimated by the `1-norm of the
Weyl numbers using a complexification argument.

The rest of this section is devoted to establishing the crucial implication
(i′) =⇒ (ii) and the equivalence (ii)⇐⇒ (ii′). We start with the following
lemma, which is essentially known (see [Ps3]), except for the values of the
constants (and this is important for our applications).

Lemma 3.2. An operator T ∈ L(X,Y ) is of weak cotype q if and only if
there is a number δ with 0 < δ < 1 and a constant C > 0 such that for all
n ∈ N and all u ∈ L(`n2 , X) there is a natural number k ≤ max(δn, 1) such
that

n1/qak(Tu) ≤ C`(u).

Moreover, the best constant Cδ(T ) = inf C satisfies

(
δ

2

)1/q

Cδ(T ) ≤ wcq(T ) ≤ emax(δ−1/2, (1− δ)−1/2)Cδ(T ).

Proof. If T has weak cotype q and k is the integer part of max{δn, 1}, then
we have

n1/qak(Tu) ≤
(n
k

)1/q

wcq(T )`(u) ≤
(

2
δ

)1/q

wcq(T )`(u)

provided δn ≥ 1. On the other hand, for δn < 1, we certainly have

n1/qa1(Tu) ≤ δ−1/q wcq(T )`(u).

Thus Cδ(T ) ≤ (2/δ)1/q wcq(T ), which is the asserted upper bound for Cδ(T ).
In order to prove the corresponding lower bound, we fix u ∈ L(`2, X),

v ∈ Π2(Y, `2), and n ∈ N . By polar decomposition there is a subspace H ⊂ `2
with dimH = n such that an(vTu) = an(vTuιH). We set m := n − k + 1.
Using the multiplicativity of the Weyl numbers and the well-known Weyl



ON COTYPE AND SUMMING PROPERTIES IN BANACH SPACES 339

number estimate for the 2-summing norm (see [Pi1]), we obtain

an(vTu) = an−k+1+k−1(vTuιH)

≤ ak(TuιH)xm(v)

≤ Cδ(T )n−1/q`(u)m−1/2π2(v)

≤ Cδ(T )n−1/q−1/2

√
n

m
`(u)π2(v).

If δn ≤ 1, then
√
n/m ≤ δ−1/2. If δn ≥ 1, then k ≤ δn, and hence m ≥

(1− δ)n. In either case,√
n

m
≤
√

max(δ−1, (1− δ)−1),

and from [DJ1, Proposition 4.1] we deduce

wcq(T ) ≤ emax(δ−1/2, (1− δ)−1/2)Cδ(T ). �

The equivalence of (ii) and (ii′) follows from the following criterion.

Proposition 3.3. Let D ≥ 16e be fixed. An operator T is of weak cotype q
if and only if there is a constant C > 0 such that for all vectors x1, . . . , xn ∈ X
satisfying

n∑
j=1

|〈y∗, Txj〉|2 ≤ ‖y∗‖2 for all y∗ ∈ Y ∗

and

‖Txj‖ ≥
1
D

for all j = 1, . . . , n

we have E
∥∥∥∥∥∥
n∑
j=1

gjxj

∥∥∥∥∥∥
2


1/2

≥ 1
C
n1/q.

Moreover, if C(T ) denotes the infimum over all such constants C, then

1
64D2

C(T ) ≤ wcq(T ) ≤ C(T ).

Proof. In order to prove the upper bound for C(T ), we fix x1, . . . , xn as
above, and let y∗1 , . . . , y

∗
n be unit vectors in BY ∗ such that

1
D
≤ |〈y∗j , Txj〉|

for j = 1, . . . , n. We consider the contraction v : Y → `n∞ defined by v(y) =
(〈y∗j , y〉)nj=1 and note that by assumption the map w : `n2 → Y defined by
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w = Tu is also a contraction. Let k be maximal such that 64D2(k − 1) ≤ n.
Using the `(a)

2,1 estimate of the 2-summing norm (see [Pi2]), we obtain

√
n

D
≤

(
n∑
i=1

‖vw(ei)‖2∞

)1/2

≤ π2(vw)

≤ 2
n∑
i=1

ai(vw)√
i
≤ 2

k−1∑
i=1

ai(vw)√
i

+ ak(Tu)4
√
n

≤ 4
√
k − 1 + 4

√
nak(Tu) ≤

√
n

2D
+ 4
√
nak(Tu).

Hence we obtain ak(Tu) ≥ 1/(8D). By the definition of weak cotype q, it
follows that

n1/q ≤ (64D2)1/qk1/q ≤ 64D2k1/qak(Tu) ≤ 64D2 wcq(T )`(u),

which yields the desired upper bound C(T ) ≤ 64D2 wcq(T ).
We now prove the more difficult lower bound, i.e., C(T ) ≥ wcq(T ). By

restricting to a finite dimensional subspace, we may assume that T is of finite
rank. According to Lemma 3.2 there is a positive real number A with

wcq(T )
3e

< A < C1/2(T ).

By definition there exist m ∈ N and u ∈ L(`m2 , X) such that for all k ≤
max(m/2, 1)

ak(Tu) >
1

3e161/q
and `(u) ≤ m1/q

3e161/qA
.

If m ≤ 4, we set n = 1. If m > 4, we set k = [m/2] ≥ m/4 and n := [k/2] >
m/16. By the definition of weak cotype q, we have

n1/qan(Tu) ≤ wcq(T )`(u) < 3eA
m1/q

3e161/qA
≤ n1/q.

Hence there exists a subspace H ⊂ `m2 of codimension < n such that

‖Tu|H‖ ≤ 1.

On the other hand, we deduce from the elementary properties of the approx-
imation numbers that

(12e)−1 ≤ (3e161/q)−1 ≤ ak(Tu) = an+(k−n+1)−1(Tu)
≤ ak−n+1(Tu|H) ≤ an(Tu|H).

By a result of Lewis (see [Ps3]) there is an orthogonal sequence (wj)nj=1 ∈ H
such that

‖Tu(wj)‖ ≥
1

12e
for all j = 1, . . . , n.



ON COTYPE AND SUMMING PROPERTIES IN BANACH SPACES 341

We set xj := u(wj) and z :=
∑n
j=1 ej ⊗ xj : `n2 → X. Since the vectors wj

form an orthogonal basis, we have ‖Tz‖ ≤ ‖Tu|H‖ ≤ 1. Using the rotation
invariance of the `-norm, we deduce from the definition of C(T )

n1/q

C(T )
≤

E
∥∥∥∥∥∥
n∑
j=1

gjxj

∥∥∥∥∥∥
2


1/2

= `(z) ≤ `(u) ≤ m1/q

3e161/q
≤ n1/q

3eA
.

By assumption this implies wcq(T ) ≤ 3eA ≤ C(T ). �

In the following D ≥ 12e will be a fixed constant, corresponding to the first
occurrence of c2 in condition (ii). Talagrand’s proof [Ta1] of the implication
“X (q, 1)-summing =⇒ X has cotype q” yields the following result.

Proposition 3.4 (Talagrand). Let X be a (q, 1)-summing Banach space
and D a constant. Then there exist a constant c = c(q,D) > 0 such that for
all vectors x1, . . . , xn satisfying ‖xi‖ ≥ D−1 and

n∑
i=1

|〈x∗, xi〉|2 ≤ ‖x∗‖2 for all x∗ ∈ X∗

we have

E

∥∥∥∥∥
n∑
i=1

gixi

∥∥∥∥∥ ≥ 1
c
n1/q.

By replacing the assumption on X in this result by the weaker assumption
that X is (`q,∞, 1)-summing, we will be able to complete the proof of the
remaining implication (i′) =⇒ (ii). In the following, we will assume that X is a
Banach space which is (`q,∞, 1)-summing, and we denote byH = π(q,∞),1(idX)
the corresponding constant. Under these assumptions Talagrand’s proof of
[Ta2, Lemma 4.3] (used in the proof of Proposition 3.4) is still valid, and we
obtain the following result.

Lemma 3.5 (Starting Lemma, [Ta1, Lemma 4.3]). Let X satisfy the same
conditions as above. Let 8 ≤ s ≤ n be such that

s√
n
≤ 1

16HD
s1/q

and let J be a subset of {1, . . . , n} with card(J) ≥ n/2. Then there exists a
subset I ⊂ J with card(I) = s and

E

∥∥∥∥∥∑
i∈I

εixi

∥∥∥∥∥ ≥ s1/q

64HD
.
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This lemma immediately settles the case q = 2; see the proof of the im-
plication (i′) =⇒ (ii) below. However, for q > 2, we cannot apply Lemma
3.5 for values s proportional to n. Thus we continue to follow Talagrand’s
iteration procedure developed in the proof of Proposition 3.4. Indeed, we
will construct many subsets I ⊂ {1, . . . , n} for which the expectation of the
norm of

∑
i∈I gixi is large, and we will block these together to obtain a lower

bound for the norm of
∑n
i=1 gixi. The same blocking procedure is carried out

in [Ta2, Lemma 4.2].
As mentioned above, we will only assume that X is (`q,∞, 1)-summing.

Note that the proof of [Ta2, Lemma 4.2] uses the triangle inequality for `q,
which is not valid in `q,∞. However, the triangle inequality does hold up to
a constant in `q,∞, and this will be enough for the argument to carry over to
our setting. Specifically, there exists a constant S and a norm

∣∣∣∣∣∣ . ∣∣∣∣∣∣ such that

1
S
‖σ‖q,∞ ≤

∣∣∣∣∣∣σ∣∣∣∣∣∣ ≤ ‖σ‖q,∞
holds for all finite sequences σ. In the following, we will reserve the letter S
for this constant.

Lemma 3.6 (Blocking Lemma, [Ta1, Lemma 4.2]). There exists a con-
stant K > 0 with the following property. Let I1, . . . , Ik be disjoint subsets of
{1, . . . , n} having the same cardinality, and let I =

⋃k
j=1 Ij. Let α > 0 be

such that for all 1 ≤ j ≤ k

E

∥∥∥∥∥∥
∑
i∈Ij

gixi

∥∥∥∥∥∥ ≥ α and k1/2 ≤ k1/qα

2SKH
.

Then we have

E

∥∥∥∥∥∑
i∈I

gixi

∥∥∥∥∥ ≥ αk1/q

2SH
.

Proof of the implication (i′) =⇒ (ii): Let D ≥ 12e be fixed. According to
Proposition 3.3 there exist n ∈ N and vectors x1, . . . , xn ∈ X satisfying

n∑
i=1

|〈x∗, xi〉|2 ≤ ‖x∗‖2 for all x∗ ∈ X∗

and

‖xi‖ ≥
1
D

for all i = 1, . . . , n,

such that

(3.1) E

∥∥∥∥∥
n∑
i=1

gixi

∥∥∥∥∥ ≤ n1/q

wcq(idX)
.
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If q = 2, we choose s such that

s ≤ n

64H2D2
≤ 2s

and apply the Starting Lemma to obtain a subset I ⊂ {1, . . . , n} with card(I) =
s satisfying

E

∥∥∥∥∥
n∑
i=1

gixi

∥∥∥∥∥ ≥
√

2
π
E

∥∥∥∥∥∑
i∈I

εixi

∥∥∥∥∥ ≥
√

2
π

√
s

64HD
≥
√

2
π

1
(64HD)2

√
n.

By (3.1) it follows that

wc2(idX) ≤ 213D2H2,

which proves the assertion in this case.
We now assume that q > 2. We will formulate below three conditions

and first show that the result holds if these conditions are all satisfied. To
complete the proof, we then consider the case when one of these conditions
does not hold.

We choose a natural number r ∈ N such that

r ≥ 4q
(

1
2
− 1
q

)2

.

Let q′ be the conjugate index to q, defined by (1/q) + (1/q′) = 1, and set

s :=

[
nq
′/2

(16DH)q′

]
.

Our first condition is

(3.2) 8 ≤ s ≤ n

2
.

Under this assumption, we let p = [n/(2s)]. By our choice of s, we can
iteratively apply the Starting Lemma (Lemma 3.5) to obtain disjoint sets
I1, . . . , Ip of cardinality s such that

E

∥∥∥∥∥∥
∑
i∈Ij

gixi

∥∥∥∥∥∥ ≥
√

2
π
E

∥∥∥∥∥∥
∑
i∈Ij

εixi

∥∥∥∥∥∥ ≥ s1/q

100HD

holds for all j = 1, . . . , p.
Now, fix M ∈ N ∪ {0} with

2Mr ≤ p ≤ 2Mr+r

and set k = 2M .

Lemma 3.7. Suppose k satisfies

(3.3) k1/q ≥ 2SKH
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and

(3.4) k1/2−1/q ≤ s1/q

200DKSH2
.

Let T be a subset of {1, . . . , p} with card(T ) = kl, where l ∈ N ∪ {0}, such
that kl ≤ p. Then, setting IT =

⋃
t∈T It, we have

E

∥∥∥∥∥∑
i∈IT

gixi

∥∥∥∥∥ ≥ s1/q

100DH

(
k1/q

2SH

)l
.

Proof. In the case l = 0 the result follows from the choice of the sets
I1, . . . , Ip. Proceeding by induction, we assume that l ≥ 1 and that the
assertion is true for l − 1. A set T of cardinality kl can be split into k
sets Tj with cardinality kl−1. The induction hypothesis implies that for all
j = 1, . . . , k

E

∥∥∥∥∥∥
∑
i∈ITj

gixi

∥∥∥∥∥∥ ≥ s1/q

100DH

(
k1/q

2SH

)l−1

=: α,

say. Using (3.4) and (3.3) we have

√
k ≤ s1/q

100DH
· k1/q

2KSH
≤ s1/q

100DH

(
k1/q

2SH

)l−1
k1/q

2KSH
= α

k1/q

2KSH
.

Therefore, we obtain from Lemma 3.6

E

∥∥∥∥∥∑
i∈IT

gixi

∥∥∥∥∥ ≥ s1/q

100DH

(
k1/q

2SH

)l
,

which is the asserted bound and completes the induction. �

Now assume that conditions (3.2)–(3.4) are satisfied. Applying Lemma 3.7
with l = r and IT =

⋃
j≤kr Ij , we obtain

E

∥∥∥∥∥
n∑
i=1

gixi

∥∥∥∥∥ ≥ E

∥∥∥∥∥∑
i∈IT

gixi

∥∥∥∥∥
≥ s1/q

100DH

(
k1/q

2SH

)r
≥

(
2r100DSrHr+1

)−1
(skr)1/q

≥
(

2r(1+1/q)100DSrHr+1
)−1

(sp)1/q

≥
(

41/q2r(1+1/q)100DSrHr+1
)−1

n1/q.

The term inside the parentheses yields the desired estimate

wcq(idX) ≤ c(q, r,D)Hr+1.
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We now consider the situation when one of the conditions (3.2)–(3.4) does
not hold. Suppose first that (3.2) does not hold. If s > n/2, we apply Lemma
3.5 with s = n/2 and obtain from (3.1) the inequality

wcq(idX) ≤
√
π

2
21/q64DH.

If s ≤ 8, we have
√
n ≤ 9 · 16HD and the estimate

wcq(idX) ≤ Dn1/q ≤ D
√
n ≤ 144D2H.

In either case the desired estimate holds, so we can assume that (3.2) holds.
Next, suppose that (3.3) does not hold, i.e., that k1/q < 2SKH. Then(n

s

)1/q

≤ 2p1/q ≤ 21+r/qkr/q ≤ 21+r/q(2SKH)r.

By the choice of I1 and (3.1) this implies

n1/q ≤
(n
s

)1/q

s1/q ≤
(n
s

)1/q

100DHE

∥∥∥∥∥∑
i∈I1

gixi

∥∥∥∥∥
≤ c2(q, r,D)Hr+1

E

∥∥∥∥∥
n∑
i=1

gixi

∥∥∥∥∥
≤ c2(q, r,D)Hr+1 n1/q

wcq(idX)
,

and hence
wcq(idX) ≤ c2(q, r,D)Hr+1.

Finally, we consider condition (3.4). By our choice of r and the identity

1
q′
− 1

2
=

1
2
− 1
q
,

we have

k
1
2−

1
q ≤ p

1
r ( 1

2−
1
q ) ≤

( n
2s

) 1
r ( 1

2−
1
q )
≤

(
(16DH)q

′
n

n
q′
2

) 1
r ( 1

2−
1
q )

= (16DH)
q′
r ( 1

2−
1
q )nq

′ 1
r ( 1

2−
1
q )2

≤ (16DH)
q′
r ( 1

2−
1
q )n

q′
4q .

On the other hand, we have

s
1
q

200DKSH2
≥ n

q′
2q

400DKSH2(16DH)
q′
q

.

Thus if
n
q′
4q ≥ 400DKSH2(16DH)

q′
q (16DH)

q′
r ( 1

2−
1
q ),
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then (3.4) holds. Otherwise, we have

wcq(idX) ≤ Dn
1
q ≤ D(400DKS)4H8(16DH)

4
q (16DH)

4
r ( 1

2−
1
q )

≤ c3(q, r,D)H12.

If q ≤ 14/5, this estimate is far from being optimal. In this range, we
choose s = n1/2, r = 2, and k =

√
p ∼ n1/4 to get

k
1
2−

1
q ∼ n

1
4 ( 1

2−
1
q ).

Since s1/q ∼ n1/(2q), we see that (3.4) holds provided that

CH2 ≤ n
3
4

1
q−

1
8 = n

24−4q
32q .

If the latter inequality does not hold, then we deduce from our assumption
q ≤ 14/5

wcq(idX) ≤ Dn
1
q ≤ D(CH2)

32
24−4q ≤ c(q,D)H5.

The condition k1/q ≥ CH yields wcq(idX) ≤ cH4, and the condition n3/4 =
s ≤ nq

′/2(16DH)−q
′

yields wcq(idX) ≤ c(q,D)H. Thus, for 2 ≤ q ≤ 14/5 we
have

wcq(idX) ≤ c(q,D)H5.

This completes the proof of Theorem 2. �

It is very likely that for q close to 2, we have wcq(idX) ≤ c(q,D)H3.

Remark 3.8. The same proof works in the following more general set-
ting. We consider a sequence (g(n))n∈N and assume that one of the following
conditions holds:

(I) There exist numbers β and γ satisfying 0 < γ ≤ β < 1 and constants
cγ and Cβ such that for 1 ≤ k ≤ n,

cγ

(n
k

)γ
≤ g(n)
g(k)

≤ Cβ
(n
k

)β
.

(II) There exists q with 2 ≤ q <∞, a natural number r > (q/2− 1), and
a constant Mr such that
(a) lim g(n)n1/q =∞,
(b) g(k2r) ≤Mrg(kr)g(k)r for all k ∈ N .

Using condition (I), we deduce that the space `g,∞ has an equivalent norm,
with equivalence constant S, say. We assume that a Banach space satisfies
the summing condition

‖(‖xn‖X)n‖g,∞ ≤ H sup
x∗∈BX∗

∑
k

|〈x∗, xk〉| .(3.5)
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(In the terminology introduced in the next section, this is equivalent to
YS ⊂ lg,∞.) Proceeding as in the proof of Proposition 3.3, we obtain vec-
tors x1, . . . , xn ∈ X satisfying D−1 ≤ ‖xi‖ ≤ 1 and

n∑
i=1

|〈x∗, xi〉|2 ≤ ‖x∗‖2

for all x∗ ∈ X∗, and such that

E

∥∥∥∥∥
n∑
i=1

gixi

∥∥∥∥∥ ≤ cg(n)
wcg(idX)

.

Here wcg(idX) is the smallest constant c such that

sup
k
g(k)ak(u) ≤ cE

∥∥∥∥∥
n∑
i=1

giu(ei)

∥∥∥∥∥ ,
and cg(n) is a constant. Furthermore, let us assume that for some M ∈ N we
have

n = 22Mr, s = 2Mr, k = 2M .

If 8 ≤ s ≤ n and

(3.6) 16DH ≤ g(s), 2KSH ≤ g(k), k1/2 ≤ g(s)
100DH

g(k)
2KSH

,

then applying the iteration procedure of Lemma 3.7 we see that under condi-
tion (b) with s = kr we have

E

∥∥∥∥∥
n∑
i=1

gixi

∥∥∥∥∥ ≥ g(s)
100DH

(
g(k)

2KSH

)r
≥ g(n)
c(g)MrHr+1

.

Also, setting B = 200DSH2, we deduce from (a) that for k, s large enough,
with r defined as above,

g(s)g(k) ≥ Bn
1
2q k

1
q ≥ Bn

1
2r ( 1

2−
1
q )n

1
(2rq) ≥ Bn 1

4r = Bk
1
2 .

Hence (3.6) holds for k and s large enough. If k or s is small, we argue as
in the proof of Theorem 2 to obtain (relatively poor) estimates for the weak
cotype g constant. Thus, under the conditions (I) and (II), a Banach space
is (`g,∞, 1)-summing (i.e., satisfies (4)) if and only if it has weak (Gaussian)
cotype `g,∞.

If condition (b) is not satisfied, we can still obtain some information by
considering the function

g̃(n) := sup
{
g(kr)g(k)r

∣∣∣ k2r ≤ n
}
.
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If X satisfies the summing condition (4) with respect to g, we then obtain

sup
k
g̃(k)ak(u) ≤ c(H)E

∥∥∥∥∥
n∑
i=1

giu(ei)

∥∥∥∥∥ .
An interesting special case is the function g(n) = n1/q/(1 + lnn). If r >

(q/2)− 1 and X satisfies (4) with respect to g, we obtain

sup
k

k1/q

(1 + lnn)r+1
ak(u) ≤ c(H)E

∥∥∥∥∥
n∑
i=1

giu(ei)

∥∥∥∥∥ .
4. Optimal summing and cotype spaces

In this section we will define sequence spaces which are associated with the
cotype and summing properties of a Banach space X. In this setting it is
more convenient to study the Rademacher cotype. We recall that a maximal
symmetric sequence space is a sequence space Y with the following properties:

(i) ‖τ‖∞ ≤ ‖τ‖Y ≤ ‖τ‖1 for all sequences with finite support.
(ii) ‖τ∗‖ = ‖τ‖, where τ∗ denotes the non-increasing rearrangement of
|τ |.

(iii) ‖τ‖ = supn ‖Pn(τ)‖, where Pn denotes the projection onto the first n
coordinates.

An operator T ∈ L(X,Y ) is said to be (Y, 1)-summing, respectively of
Rademacher cotype Y , if there is a constant c > 0 such that for all n ∈ N
and all x1, . . . , xn we have∥∥∥∥∥

n∑
k=1

‖Txk‖ ek

∥∥∥∥∥
Y

≤ c sup
x∗∈BX∗

n∑
k=1

|〈x∗, xk〉| ,

respectively ∥∥∥∥∥
n∑
k=1

‖Txk‖ ek

∥∥∥∥∥
Y

≤ cE

∥∥∥∥∥
n∑
k=1

εkxk

∥∥∥∥∥ .
The corresponding norms are denoted by πY,1(T ) and cY (T ), respectively, and
defined as the infimum of all constants c satisfying the respective inequalities.
The properties of such spaces will be our main tool in the proof of the iterated
log estimate of Theorem 2.

Given τ = (τk)k, we define∣∣∣∣∣∣τ ∣∣∣∣∣∣
S

:= inf

{
sup
|αk|≤1

∥∥∥∥∥
n∑
k=1

τkαkxk

∥∥∥∥∥ ∣∣∣ (xk)nk=1 ⊂ X, ‖xk‖ = 1

}
and ∣∣∣∣∣∣τ ∣∣∣∣∣∣

C
:= inf

{
E

∥∥∥∥∥
n∑
k=1

εkτkxk

∥∥∥∥∥ ∣∣∣ (xk)nk=1 ⊂ X, ‖xk‖ = 1

}
.
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Clearly, the expressions
∣∣∣∣∣∣τ ∣∣∣∣∣∣

S
and

∣∣∣∣∣∣τ ∣∣∣∣∣∣
C

are homogeneous and invariant under
permutations and change of signs. In order to obtain a norm satisfying the
triangle inequality, we define for T ∈ {C,S}

‖τ‖0T := inf


m∑
1

∣∣∣∣∣∣τ j∣∣∣∣∣∣
T

∣∣∣ m ∈ N , τ j has finite support, |τ | ≤
m∑
j=1

∣∣τ j∣∣


and set
‖τ‖T := sup

n
‖Pn(τ)‖0T .

The normed spaces YS = YS(X) and YC = YC(X) defined by this norm will
be called optimal summing space and optimal cotype space, respectively. We
summarize the properties of these spaces in the following lemma.

Lemma 4.1. Let X be a Banach space, let YS and YC denote the associ-
ated optimal summing and optimal cotype spaces, respectively, and let Z be a
maximal sequence space. Then we have:

(1) The identity map of X is (YS , 1)-summing and of Rademacher cotype
YC with constant 1.

(2) The identity map of X is (Z, 1)-summing (resp. of Rademacher cotype
Z) if and only if

YS ⊂ Z (resp. YC ⊂ Z).

The norm of the inclusion is π(Z,1)(idX) (resp. CZ(idX)).
(3) For Y ∈ {YS , YC} and each finitely supported sequence (τk)nk=1 we

have ∥∥∥∥∥
n∑
k=1

∥∥τk∥∥
Y
ek

∥∥∥∥∥
Y

≤

∥∥∥∥∥
n∑
k=1

∣∣τk∣∣∥∥∥∥∥
Y

.

Proof. (1) and (2) are obvious. In (3) we will only consider the cotype case.
Let (τk) be a finite sequence of sequences with finite support. We denote their
‘sum’ by τ :=

∑
k

∣∣τk∣∣. Given δ > 0 we can find a finite sequence (xi)i ⊂ X
with ‖xi‖ = 1 such that

E

∥∥∥∥∥∑
i

εiτixi

∥∥∥∥∥ ≤ (1 + δ)
∣∣∣∣∣∣τ ∣∣∣∣∣∣

C
.

For any sequence of signs ρk, we can find a sequence (γi)i, γi ∈ [−1, 1], such
that ∑

k

ρk
∣∣τk∣∣ = γτ.

By the sign invariance of the Bernouilli variables (εi) and the fact that extreme
points in the unit ball of `n∞(R) over R are sequences of signs (see, e.g., [Pi1]),
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we have

Eε

∥∥∥∥∥∑
i

εi

(∑
k

ρk
∣∣τki ∣∣

)
xi

∥∥∥∥∥
X

= Eε

∥∥∥∥∥∑
i

εiγiτixi

∥∥∥∥∥
X

≤ Eε

∥∥∥∥∥∑
i

εiτixi

∥∥∥∥∥
X

≤ (1 + δ)
∣∣∣∣∣∣τ ∣∣∣∣∣∣

C
.

Taking expectations, we deduce from (1) and the triangle inequality in Y

(1 + δ)
∣∣∣∣∣∣τ ∣∣∣∣∣∣

C
≥ EεEρ

∥∥∥∥∥∑
i

εi

(∑
k

ρk
∣∣τki ∣∣

)
xi

∥∥∥∥∥
X

≥ Eε

∥∥∥∥∥∑
k

∥∥∥∥∥∑
i

εi
∣∣τki ∣∣xi

∥∥∥∥∥
X

ek

∥∥∥∥∥
YC

≥

∥∥∥∥∥∑
k

(
Eε

∥∥∥∥∥∑
i

εi
∣∣τki ∣∣xi

∥∥∥∥∥
X

)
ek

∥∥∥∥∥
YC

≥

∥∥∥∥∥∑
k

∣∣∣∣∣∣τk∣∣∣∣∣∣
C
ek

∥∥∥∥∥
YC

.

Letting δ → 0, we obtain

(4.1)

∥∥∥∥∥∑
k

∣∣∣∣∣∣τk∣∣∣∣∣∣
C
ek

∥∥∥∥∥
YC

≤
∣∣∣∣∣∣∣∣∣∑

k

∣∣τk∣∣ ∣∣∣∣∣∣∣∣∣
C
.

Now let τ ≤
∑
j≤m

∣∣σj∣∣. We define βk :=
∣∣τk∣∣ /τ by pointwise multipli-

cation, with the convention 0/0 = 0. The sequences σkj := βkσj clearly
satisfies ∑

k

∣∣σkj∣∣ ≤ ∣∣σj∣∣ and
∣∣τk∣∣ ≤∑

j

∣∣σkj∣∣ .
Applying (4.1) to each sequence (

∣∣σkj∣∣)k (1 ≤ j ≤ m), we deduce∥∥∥∥∥∑
k

∥∥τk∥∥
Y
ek

∥∥∥∥∥
YC

≤

∥∥∥∥∥∥
∑
k

∑
j

∣∣∣∣∣∣σkj∣∣∣∣∣∣
C

 ek

∥∥∥∥∥∥
YC

≤
∑
j

∥∥∥∥∥∑
k

∣∣∣∣∣∣σkj∣∣∣∣∣∣
C
ek

∥∥∥∥∥
YC

≤
∑
j

∣∣∣∣∣∣∣∣∣∑
k

∣∣σkj∣∣ ∣∣∣∣∣∣∣∣∣
C
≤
∑
j

∣∣∣∣∣∣σj∣∣∣∣∣∣
C
.

Taking the infimum over all τ ≤
∑
j σ

j yields the assertion. �
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We now relate this notion of Rademacher cotype `q,∞ to the notion of weak
cotype q (see also [Ma]).

Lemma 4.2. Let q > 2. A Banach space X is of weak (Gaussian) cotype
q if and only if YC ⊂ `q,∞.

Proof. Both conditions imply finite cotype, and therefore the Gaussian and
Rademacher means are comparable (see, for example, [Ps1]), i.e., we have√

2
π
E

∥∥∥∥∥∑
i

εixi

∥∥∥∥∥ ≤ E
∥∥∥∥∥∑

i

gixi

∥∥∥∥∥ ≤ c(X)E

∥∥∥∥∥∑
i

εixi

∥∥∥∥∥ .
If YC ⊂ `q,∞ with norm of the inclusion bounded by c, we obtain for any
vectors xi with ‖xi‖ ≥ D−1

n1/q

D
≤ ‖(‖xi‖)i‖q,∞ ≤ c ‖(‖xi‖)i‖YC

≤ cE

∥∥∥∥∥∑
i

εixi

∥∥∥∥∥ ≤ c
√
π

2
E

∥∥∥∥∥∑
i

gixi

∥∥∥∥∥ .
Proposition 3.3 now implies the bound wcq(X) ≤

√
π/2Dc.

Conversely, assume that X is of weak cotype q. Let x1, . . . , xn be vectors
in X with ‖xi‖ ≥ 1. Using the estimate of the 2-summing norm by the `2,1-
norm of its approximation numbers (see [Pi2]), we obtain for the operator
u : `n2 → X defined by u(ei) := xi,

n1/q ≤

(
n∑
i=1

‖xi‖2
)1/2

≤ π2(u) ≤
n∑
j=1

aj(u)√
j

≤
n∑
j=1

j−1/q−1/2 sup
k
k1/qak(u)

≤
(

1
2
− 1
q

)−1

n1/2−1/q wcq(idX)`(u)

≤
(

1
2
− 1
q

)−1

n1/2−1/q wcq(idX)C(X)E

∥∥∥∥∥∑
i

εixi

∥∥∥∥∥ .
Using the same argument as in the proof of the equivalence of (i) and (i′) and
the fact that `q,∞ admits an equivalent norm, we obtain the assertion. �

The proof of the iterated log estimate is based on the analysis of self-concave
spaces, i.e., spaces which satisfy condition (3) in Lemma 4.1. For a maximal
symmetric sequence space Y we define

fY (n) :=

∥∥∥∥∥
n∑
k=1

ek

∥∥∥∥∥
Y
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and

qY := inf
{

0 < q <∞
∣∣∣ there exists C with n1/q ≤ CfY (n)

}
.

Obviously, for all q > qY we have

Y ⊂ `fY ,∞ ⊂ `q.

For self-concave spaces, the following alternative holds.

Proposition 4.3. Let Y be a maximal symmetric sequence space which
satisfies ∥∥∥∥∥

n∑
k=1

∥∥τk∥∥
Y
ek

∥∥∥∥∥
Y

≤

∥∥∥∥∥
n∑
k=1

∣∣τk∣∣∥∥∥∥∥
Y

.

Let 1 ≤ p < ∞. Then either `p ⊂ Y with inclusion norm 1, or there exists
q < p such that Y ⊂ `q " `p. In particular,

`qY ⊂ Y.

Proof. Let τ be a sequence of finite support, τk = 0 for k ≥ n, say. For
i = 1, . . . , n we set

σi :=
n∑
j=1

τje(i−1)n+j ,

and define the product

τ ⊗ τ :=
n∑
i=1

τiσi.

Clearly, we have ‖τ ⊗ τ‖p = ‖τ‖2p. Our assumption on Y implies

(4.2) ‖τ‖2Y =

∥∥∥∥∥
n∑
i=1

τi ‖σi‖Y ei

∥∥∥∥∥
Y

≤ ‖τ ⊗ τ‖Y .

In particular, fY is submultiplicative, i.e., we have fY (n)fY (k) ≤ fY (nk).
We now consider the following two cases:

(1) There exists an n0 ∈ N such that fY (n0) > n
1/p
0 .

(2) For all n ∈ N we have fY (n) ≤ n1/p.

In the first case, we choose q < p such that fY (n0) = n
1/q
0 . For n ∈ N , let

m ∈ N with nm−1
0 ≤ n ≤ nm0 . From the submultiplicativity and the triangle

inequality we deduce

n1/q ≤ nm/q0 = fY (n0)m ≤ fY (nm0 ) ≤ n0fY (n).

This means that Y ⊂ `q,∞. Hence for all r with q < r < p we have the
inclusion Y ⊂ `r " `p.
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Now, assume that (2) holds. We will first show that `p,1 ⊂ Y . Indeed, let
τ be a non-increasing positive sequence with finite support. Then we have

‖τ‖Y ≤
∞∑
k=0

∥∥∥∥∥∥
2k+1∑
j=2k

τjej

∥∥∥∥∥∥
Y

≤
∞∑
k=0

τ2kfY (2k)

≤
∞∑
k=0

τ2k(2k)1/p ≤ 5 ‖τ‖p,1 .

Setting Cn := ‖Pn : `p → Y ‖, we thus have Cn ≤ 5(1 + lnn). We now use a
tensor trick to complete the argument. First, we show C2

n ≤ Cn2 . Indeed, let
τ be a sequence with support contained in {1, . . . n}. From (4.2) we deduce

‖τ‖2Y ≤ ‖τ ⊗ τ‖Y ≤ Cn2 ‖τ ⊗ τ‖p ≤ Cn2 ‖τ‖2p .

Hence, we get

Cn ≤ inf
k

(
Cn2k

)1/2k ≤ inf
k

(
5(1 + 2k lnn)

)1/2k
= 1.

We observe that for q < qY the inclusion Y ⊂ `q ⊂ `q,∞ is impossible. Hence
`qY ⊂ Y holds. �

As an application, we investigate cotype properties with respect to the
Lorentz space `q,w.

Proposition 4.4. Let 2 ≤ q < ∞, 1 ≤ w 6= q ≤ ∞. A Banach space X
is of cotype `q,w if and only if

X is of cotype
{
p for some p < q if w < q,
`q,∞ if w > q.

If X is of cotype `q,∞, then there exists a constant C such that

cq(idE) ≤
√
πCk+1(max{1, log2})(k)((1 + log2n)1/q)

holds for all k ∈ N and all n-dimensional subspaces E ⊂ X. In particular,

cq(idE) ≤
√
π2C1+kn ,

where kn is the smallest integer k with n ≤ 22.
.2︸︷︷︸

k times

.

Proof. If w < q and X is of cotype `q,w, we have YC ⊂ `q,w by Proposition
4.1, but certainly not `q ⊂ YC . By Proposition 4.3 there must exist p < q
such that YC ⊂ `p. Since X is of cotype YC , it is also of cotype `p. Now,
let us assume that X is of cotype `q,∞ with constant C, say. In particular,
we then have n1/q ≤ CfYC (n). Let q ≤ w < ∞ and let τ be a positive
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non-increasing sequence of finite support. For k ∈ N , we define the disjoint
elements xk := τ2k

∑2k

j=2k−1+1 ej . Then

‖τ‖q,w =

(∑
n

(τnn1/q)w
1
n

)1/w

≤

( ∞∑
k=0

(τ2k2k/q)w
)1/w

≤ ‖τ‖∞ + 21/qC

∥∥∥∥∥∑
k∈N

‖xk‖YC ek

∥∥∥∥∥
w

.

If w > q, then `q,∞ ⊂ `w with inclusion norm cqw. Using the inequality∑
k xk ≤ τ and condition (3) in Lemma 4.1, we deduce

‖τ‖q,w ≤ 21/qC

‖τ‖∞ + cqw

∥∥∥∥∥∑
k

‖xk‖YC ek

∥∥∥∥∥
q,∞


≤ 21/qC

‖τ‖YC + cqwC

∥∥∥∥∥∑
k

‖xk‖YC ek

∥∥∥∥∥
YC


≤ 21+1/qcqwC

2 ‖τ‖YC .

Hence YC ⊂ `q,w and X is of cotype `q,w. In the case q = w, we iterate this
procedure. Setting αn :=

∥∥Pn : YC → `nq
∥∥, with the convention α0 = 1, we

will show
αn ≤ 21+1/qCα[logn].

Indeed, if the support of the given sequence τ is contained in {1, . . . , n}, we
have xk = 0 whenever 2k > n. Therefore, we obtain from Lemma 4.1

‖τ‖q ≤

‖τ‖∞ + 21/qC

∥∥∥∥∥∥
[log2n]∑
k=1

‖xk‖YC ek

∥∥∥∥∥∥
q


≤

‖τ‖∞ + 21/qCα[log2n]

∥∥∥∥∥∥
[log2n]∑
k=1

‖xk‖YC ek

∥∥∥∥∥∥
YC


≤ (1 + 21/qCα[log2n]) ‖τ‖YC .

Using the trivial estimate
∥∥id : `mq,∞ → `mq

∥∥ ≤ (1 + log2m)1/q, we deduce by
induction

Rcnq (idX) ≤ (21+1/qC)k+1(max{1, log2})(k)((1 + log2n)1/q).

Note that the Gaussian cotype constant of an n dimensional space E can
be well estimated by the Gaussian cotype constant with n-vectors; see [ToJ]
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and [DJ2]. Since the Rademacher average can be estimated by the Gaussian
average, we obtain

cq(idE) ≤
√

2cnq (idE) ≤
√
πRcnq (idX)

≤
√
π(21+1/qC)k+1(max{1, log2})(k)((1 + log2n)1/q). �

Final Remark.

(1) The same argument can also be applied in the space YS , provided we
have YS ⊂ `q,∞. This is of interest in the case q = 2. Hence in a weak
cotype 2 space we have YS ⊂ `2,∞ and therefore

πn21(idX) ≤ Ck+1(max{1, log2}(k)((1 + log2n)1/2).

It is an open problem whether such an estimate holds with the cotype
2 constant.

(2) For a Banach lattice of finite cotype let YS ⊂ Z and let Z be p-convex
for some p > 2. Then we can apply the generalized Maurey theorem
to deduce YC ⊂ ZS . This might be of particular interest in order to
study the cotype properties of Orlicz spaces associated to the function

M(t) =
(

t

1 + |ln t|

)1/q

.
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et géométrie des espaces de Banach, Studia Math. 58 (1976), 45-90.

[MiP] V.D. Milman and G. Pisier, Banach spaces with a weak cotype 2 property, Israel J.
Math. 54 (1986), 139-158.
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