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ESTIMATES OF FUNCTIONS WITH VANISHING
PERIODIZATIONS

OLEG KOVRIJKINE

ABSTRACT. We prove that if a function f € LP(R%) has vanishing peri-
odizations then || f|l,» < ||fllp, provided 1 < p < 2d/(d + 2) and d > 3.

1. Introduction

Let f € L'(R?). Define a family of its periodizations with respect to a
rotated integer lattice by

(1) go(x) = > flplx —v))

vezd

for all rotations p € SO(d). We have the trivial estimate ||g,|l1 < [/ f|1,
and §,(m) = f(pm), where m = (my, ..., mg) € Z%. The author has shown
recently that g, is in L?([0,1]¢ x SO(d)) if and only if f € L*(R?), provided
d > 5. The requirement f € L'(R?) can be replaced by f € LP(R?) for a
certain range of p; for details see [6] and [7].

The main object of our research are functions f whose periodizations g,
vanish identically for a.e. rotations p € SO(d). This property is equivalent to
the statement that f vanishes on all spheres of radius |m| = (m3+4- - -+m?2)'/2,
where m € Z¢. Such functions are closely related to the Steinhaus tiling set
problem (see [4] and [5]): Does there exists a (measurable) set £ C R¢ such
that every rotation and translation of E contains exactly one integer lattice
point? M. Kolountzakis [4] showed that if f € L' and |z|*f(x) € L! for a
certain a > 0 and f has constant periodizations, then f € L' in the case of
dimension d = 2. Kolountzakis and Wolff [5, Theorem 1] proved that if the
periodizations of a function from L!'(R?) are constant, then the function is
continuous and, in fact, bounded, provided that the dimension d is at least
three. Here we generalize the latter result for functions f in L*(R%) N LP(R?):
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THEOREM 1. Letd >3 and let f € L*(RY)NLP(RY), 1 < p < 2d/(d +2),
have identically vanishing periodizations. Then f € )i (RY), and

£l < ClLFllp,
where C' depends only on d and p.

The main reason for the condition d > 3 is due to the famous result of
Lagrange stating that every positive integer can be represented as a sum of
four squares, and that every integer of the form 8k + 1 can be written as a
sum of three squares. Since relatively few integers can be represented as sums
of two squares, we will show in Section 3 that the result of Kolountzakis and
Wolff does not hold if d = 2. This is why there is no analogous theorem for
d = 2. Another reason why the dimension d has to be at least 3 is because we
consider the family of periodizations with respect to the group of rotations
SO(d). This leads to estimates involving the decay of spherical harmonics.
For d = 2 the rate of decay is not fast enough, although it is almost fast
enough. In the case d = 2 the range for p in the theorem becomes 1 <p < 1,
and hence is empty.

REMARK 1. There is no essential difference between the case of identically
vanishing periodizations and the case where the functions g, are trigonometric
polynomials of uniformly bounded degrees for all p € SO(d).

COROLLARY 1. Ifp <r <y, then under the conditions of Theorem 1 we
have

£l < Cllfllp,
where C' depends only on d and p.

We will show in Section 3 that the range of r in this result is sharp.
We will use the notation z < y if # < Cy for some constant C' > 0
independent from z and y, and we write z ~ y if z < y and y < z both hold.

2. Proof of the theorem
We define functions h, hi, by : R x RT — C by

(2) Wy, 1) = / (&)™ Eday (€)
:/ f(2)dou(y — z)dz
Rd

= | [y —a)doy(x)dz,
Rd

3) ha(y.1) = /| =)o@,
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() miy )= [ 1=

where doy is the Lebesgue surface measure on a sphere of radius ¢t. Clearly,
h = hy + ha. To proceed further we will need certain technical estimates
involving the functions hy and hso; these are given in two lemmas below. The
proof of the theorem itself begins after Remark 2 following Lemma 2. The
Fourier transforms in the two lemmas below are taken with respect to variable
t, except in the second part of the proof of Lemma 2. The L?' norms are taken
with respect to the variable y. We will use some techniques of Kolountzakis
and Wolff [5] and Kovrijkine [6], [7].

LEMMA 1. Let qg: R — R be a Schwartz function supported in [1/2,2], let
f € LP(RY), where 1 < p <2, and let b € [0,1). Define Hy x : RExXR — C
by

1 t+b
Hy n(yot) = ——hy (y, VIE D .
vlnt) = (T D (Y50
Then
) S )l < Il
1>0 v£0

where C' depends only on q and d.

Proof. Tt will be enough to show that

- C
©) S )y < Sl
v#0
We have
- C oF
) st < o [ | Stnton|a

for v # 0. Applying Minkowski’s inequality to (7) we obtain

dt.

- C oF
®) il < e [ | St
LP (dy)

We need to estimate the integrand on the right side of (8). To do so we will
first estimate the LP" norm of derivatives of hy(y,¢) when ¢ > 1. We have

StHIAll
p/

) | et
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with an implicit constant depending only on &k and d. In order to obtain (9),
we rewrite the definition (3) of hy as

MWJ)/kuﬂy@@i@Mw

= fd*l/ fly —x) 'X{I:v\gl}/ e P do (¢)da,
Ra gl=1

differentiate the last expression k times, and apply Young’s inequality.
We can easily prove by induction that

(10) f(mﬁﬂ»:iakwwﬁﬁn
dtk \/t—i——b — ! (\/t_i_—b)zlwrlﬂ

Combining (10) and (9) we obtain for ¢ ~ N2

51 <h1(y, m>>

ot Vi+b

with C' depending only on &k and d.

Since ¢((vt+b)/N) = q(v/t' + V) = ¢(t') with ¢’ = t/N? and &/ = b/N?

and ¢(t') is a Schwartz function supported in ¢’ ~ 1, we have

(11) < CNT2|If]lp

/

p

d* (Vt+b) | 4 2%
2L (VTN o2k Y < —2k
(12) k! ( N ) i) =ON

with C depending only on k and gq.
Now ¢((v/t +b)/N) is supported in t ~ N2. Hence we obtain from (11)
and (12)

w0 e <[ (T (),

< CNT2F|If]l

with C depending only on k, d and ¢. Since Hy n(y,t) is also supported in
t ~ N2, we have

(:)k
/ HWHI’N(y’t)

Substituting this estimate into (8) we obtain
CN* |l
v|*

dt < CN || flp.
L' (dy)

(14) 11, (ys )l <

for every v # 0.
Summing (14) over all v # 0 and putting k = d + 1 we obtain our desired

result Cilf
S vy < =,
v#0
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where C depends only on ¢ and d. The assertion of the lemma follows by
summing over dyadic values V. O

The next lemma will be proven using the methods of the Stein-Tomas
restriction theorem (see [1, p. 104]).

LEMMA 2. Let g : R — R be a Schwartz function supported in [1/2,2],
let f € LP(R?), where 1 < p < 2d/(d+2) and let b € [0,1). Define Ha y :
Re xR — C by

1 Vit+b
H. 1) = ho(y,Vt+b ( ) .
2,N(y ) \/H——b 2(y )q N
Then we have
(15) Z ZI:IQQZ (v, )| <Clfllp
v#0 || 1>0 ,

p

with C depending only on p, q and d.

Proof. We have
(16) ﬁgyN(y, v)= /HQ,N(y,t)e*m’”’tdt

_ 2ei27r1/b/Nq(t)hz(y’tN)e—z?m/(Nt)zdt

— 9ei2myb / Nq(t)e—i27r1/(Nt)2 / f(y _ m)(@(x)dl‘dt
|z|>1
= 2¢'2mvb / fly—x) / Ngq(t)e 2 (NO* (N4)4Ldo(Ntz)dtds
|z|>1

= (DN,V * f)(y)a
where
(17)  Du(@) = 262 x{jupy / N(t)e™ 2™ N0 (1)1 do (Nta)dt.
Set

(18) K,(z) =Y Do, (x).

1>0

We need to estimate

Zﬁz,zl )| = I1Ky = flly-

1>0 o
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If p’ = oo or p’ = 2, then
Ko * flloo < 1Ko llooll fllx
1K s fll2 < (1K llso L f[|2-

We first show that

(19) 1Ky lloo < |[D Dot ()

1>0

< C|I/|7d/2

o

To this end we need to estimate Dy, .

We will use the well-known fact that C/l(;(l‘) = Re(B(|z])) with B(r) =
a(r)e®™ and a(r) satisfying

C
K
(20) la®(r)| < EESyyEIE

with C' depending only on k and d. We now estimate the integral in (17) with
B(|z|) instead of do(x):

(21) /Nq(t)e—i%ru(Nt)? (Nt)d—la(le|t)ei27rN|a:|tdt

d+1
N™= , 1
= —ar / q(O)e PN (N et (N]a) 7 e Ny

|z =
d+1

— 2 z27r—/ N|£E|t N|1’|) td 1 —127ruN (t—;yll\]) dt
T
d+1

_ |]V|T zZ‘rr—/(z)t |.’13‘ —127ryN2(t—2VN)2dt
x| 2

where ¢(t, |z]) = q(t)a(N|z|t)(N|z|)@¢=D/2t4=1 is a Schwartz function with
respect to the variable ¢ supported in [1/2,2], which, by (20), is bounded,
together with each derivative, uniformly in ¢, || > 1, and N. Note that we
used here the fact that N|xz| > 1. We can say even more. Let || = ¢ - r,
where ¢ > 2 and r > 1/2. Then all partial derivatives of ¢(¢, c-r) with respect
to ¢t and r are also bounded uniformly in ¢, r, ¢ and N. Hence ¢(¢t,c-t) is a
Schwartz function supported in [1/2, 2] which is bounded, together with each
derivative, uniformly in ¢, ¢ and N. We will use this fact later to estimate
K,.

Fix some z with |z|] > 1. In the calculations below we will write ¢(t)
instead of ¢(t,|z|) for simplicity. From the method of stationary phase (see
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[3, Theorem 7.7.3]) it follows that if k¥ > 1 then
(22) /¢ 7z2wN2(t7—)2dt_Zc 1/N2 —j— 1/2¢(zj) ﬁ
2UN
7=0
< cp(|N?) 12

with some constants c;.
Since ¢ is supported in [1/2,2], we conclude from (22) that

2y—1/2 . 2l |o
(23) ‘/Qb(t)ei%”/NQ( {C(|UN ) / ifN e [_I |

CrlwIN?) 172 if v ¢ (12, 121
Replacing in (17) 35(95) by (B(|z|) + B(|z|))/2, it follows from (23) that

|=| )2
2vN dt S

(24)  |Dw.(x)] < N [C(vIN? Y2 N € [ .
N2 = d—1 —k— . x T
o) | Ch(lvIN?)~F-12 i N ¢ [ ).
The number of dyadic N € [%, @] is at most 3. Therefore choosing k >

(d—1)/2 and summing (24) over all dyadic N we have
D) <Y Dy (@) < Clu|~/?
1>0

with C depending only on d and ¢g. Thus we have proved (19).
We now show that

(25) 1K lloo < ||> [Datul()|| < C

1>0
oo

Since supp ¢ € [1/2,2], we can rewrite (22) using a stronger version of the
method of stationary phase (see [3, Theorems 7.6.4, 7.6.5, 7.7.3]).

k-1
71271'1/N ‘V‘ ) _ 2\—7—1/2 ,(27) |$|
‘/¢> ~n) dt ;O ¢;j(vN?)~ ) SN

- Ck(|V‘N2) k—1/2

b
max(1, 8]|\;6||y|)k

where the numbers c; are suitable constants. Therefore, for v > 0,
(26)

d+1

N—= x

Dy () = X{ja|>1} —or |x|d pi2m 5L ZC (VN?2)=i= 1/2 4(29) <2| ]|V) + ér(x),
2 j=0

where

Nd—;rl ck(‘l/|N2)_k_1/2

0] 5" max(1, gk

|9k (7)] < X{lz>1}
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If v < 0 then we simply replace ¢(*)(|z|/(2vN)) by ¢ (—|z|/(2vN)). We
further assume that v > 0. Choosing k > (d 4 2)/2 we have

@) e <lodi= [ oo+ [ leddis< T

|z|<8vN |z|>8v N
where C' depends only on d and g. We can ignore the factor x{j;/~1} in front
of the sum in (26) because if |z|/(2vN) € [1/2,2], then |z| > vN > 1. We
will only consider the term j = 0 in the sum; the other terms can be treated
similarly. The Fourier transform of

NS oy Lzl 9 ||
2T (uN —1/2
D e ) o (o)

at a point y is equal to
(28) N3 (2uN)F (uN?)~1/2 / ()2 N e 2Ny g
R4
- C(VNQ)d/Qe—iZﬂU‘y\Q/ Bl N ek
R4

where 9)(t) = é(t,2vNt)t~(4=1/2 is a Schwartz function supported in [1/2, 2]
whose derivatives and the function itself are bounded uniformly in ¢, v and
N (see the remark after (21)). The same holds for the partial derivatives of
¥(|z|). Applying the stationary phase method for R? (see [3, Theorem 7.7.3]),
we get

oy N o 2 2 2y-d/2 Iyl
(#) ’/ W (|z])em Nl %] dm’ < {O(”N ) if N €[5 2lyll,
Rd

2
Y

Cr(uN?) k=42 i N ¢ [l o)y,

Therefore the absolute value of (28) can be bounded from above by

c if N e[ 20y,
(30) = {Ck(,,m)—k if N ¢ [ 2)y)),

Similar inequalities hold for the Fourier transforms of the other terms in the
sum in (26). The number of dyadic values N € [|y|/2,2|y|] is bounded by 3.
Using (27), choosing k£ > 1 in (30), and summing over all dyadic N, we obtain

(31) Y Dy <C
1>0

with C depending only on d and ¢, provided v # 0. Thus we have proved
(25).
Using (19) and (25) and interpolating between p = 1 and p = 2, we obtain

(32) Ky * fllpr < Cll= (| flp,
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where a, = (d/2)(2 — p)/p. Note that o, > 1 if p < 2d/(d + 2). Summing
(32) over all v # 0 yields the desired inequality

Z Zﬁz,zl W, )| <Clfllp O

v#£0 |[1>0 o

REMARK 2. It is clear from the proof that we have the same inequality if
the summation over [ > 0 is replaced by a summation over any subset of the
nonnegative integers.

We are now in a position to proceed with the proof of the theorem. Let
q : R — R be a fixed nonnegative Schwartz function supported in [1/2, 2] such
that

qt) +q(t/2) =1
when t € [1,2]. It follows that

(33) > g (%) =1
when t > 1. Define
w(t)=1-> g <%>

1>0

for t > 0. Tt is clear that go(]z|) is a Schwartz function supported in |z| < 1.
Let 9(t) = go(t) + ¢(¢). Then

k

Pi(t) = <2ik> =q()+Y g (%)

1>0

and ¢(|z]) is a Schwartz function supported in |z| < 2 such that ¢ (|z|) =1 if
|z| < 1. Therefore

]

[ it (W) i =+ 5w

converges to f in L? as k — co. To prove that f € L and || f,» < |If]l, it
will be enough to show that

1f % Pillyr < Clfllps

an application of Fatou’s lemma to a subsequence of f * @ converging a.e. to
f will then yield the assertion.
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‘We have

(34)  (f*on)) = (f*@)y) +

(]~
s
8
SN—
D

(]
3
8
<
N
S
——
ISH
3)

v
<

I
—
ha

*
)
S~—
NS
S~—

+
M-
)
7 N
b2 =
~
s
e
S~—
m@
[\v]
3
<
o

W
N
—~
o

QU

S

M?r\

v
0\8 0\8

=(f*q)y) +

v
[}

By Young’s inequality we have

(35) 1F* qolly < 11

for 1 < p < 2. It thus remains to estimate the sum over [.

A well-known result in number theory due to Lagrange states that every
positive integer can be represented as a sum of four squares (see [2, p. 25]).
Moreover, there exists an infinite arithmetic progression of positive integers
(e.g., integers of the form 8n + 1) which can be represented as sums of three
squares (see [2, p. 38]). We will only use the latter result. By rescaling
we can assume that f vanishes on all spheres of radius v/n + b, where n is a
nonnegative integer and 0 < b < 1 is a fixed number. Therefore h(y, vn + b) =
0 for all 5y € R?. Making a change of variables and keeping in mind that ¢ is

supported in [1/2,2], we rewrite the terms in the sum as follows:

o[t B 1 VE+b
0/ q (—) h(y,t)dt = / ( ) h(y, V't + b)dt.

N 2\/t+bq N

An application of Poisson’s summation formula gives

0= e (V) p v

=Z( o (L) e ) o)

1 VEFb 5 .
= h(y, Vt+b)dt+ Y H ,v)+ ) H. 2 V)s
[0 (V5w i) > i) + 3 o)
where
1 VE+b
Hin(y,t) = hi(y, VE+D), i=1, 2.
N (Y1) \/H—bq< N ) (y ), i



ESTIMATES OF FUNCTIONS WITH VANISHING PERIODIZATIONS 103

Applying Lemmas 1 and 2, along with Remark 2, we can bound the sum by

> 7 o(5) o] <X Il

>0 9 1>0 v#£0

k
+ Z ZHMZ (y,v)

v£0 || 1>0
<C[fllp-

p/

Combining (34), (35), and the last inequality, we obtain the desired inequality

I1f * Pllp < Cllflps

from which the statement of the theorem follows. O

REMARK 3. We say that a function f € LP has vanishing periodizations if
there exists a sequence of Schwartz functions fj with vanishing periodizations
converging to f in LP. It follows from Theorem 1 that f € L? and the
functions fj converge to f in L ifd>3and 1< p<2d/(d+2).

3. Counterexamples and open questions

When d = 1 or d = 2, Theorem 1 does not apply. The case d = 1 is not
interesting. We can easily construct examples of functions f with vanishing
periodizations such that their LP? norms are not bounded by their L? norms,
for any given pair p # q.

We now show that, when d = 2, the assertion of Theorem 1 does not hold.
More precisely, Lemma 3 below shows that if 1 < p < 2, then the inequality

11l S 111l

does not hold for functions with vanishing periodizations. This lemma deals
with a sequence of functions f,, such that fn vanishes on all circles of radius
V12 + k2. Denote by X, the Banach space of functions from L!(R?) whose
Fourier transforms vanish on all circles of radius V12 + k2, i.e.,

Xy ={f e L'R?): f(r)=0if [r| = V12 + k2, (k,1) € Z*}.
The lemma depends in crucial way on the following fact from number theory
(see [2, p. 22]):
The number of integers in [n,2n] which can be represented as sums of two

1/2

squares is nep, where €, <1/In"/“n — 0 as n — co.

We only need that lim,, . €, = 0.
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LEMMA 3. Let1l < p < 2 and d = 2. Then there exists a sequence of
Schwartz functions f,, € Xo such that

ol

n=co | fally

Proof. Let a1 < az < ag < --- be the enumeration of the numbers a,, =
V12 4+ k? in ascending order, and set d,, = amy1 — apmy. As mentioned above,
the number of a,, in the interval [\/n,2/n] is ne,. Let an,, and a,,, denote,
respectively, the smallest and largest elements a.,, in this interval. Then

m1—1
Z Om = Qmy — Ay ~ V.
m=my
Let
(36) 5= &

with a small enough constant C' > 0 so that if
M={mo<m<my:dy, >0}

then
VS D O
meM

This is possible since m1 —mg ~ ne,. Choose coordinate axes z and y. We will
construct functions fn supported in (J,,,c s Rm, Wwhere R,, is a largest possible
rectangle inscribed between circles of radius a,, and a,,+; with sides parallel
to the coordinate axes. Then R,, is of size ~ 6, X V/Om@m = 6m X \/6y/1 2
Om % 1. We split each rectangle R, further into [d,,/d] smaller rectangles r of
the same size ~ ¢ x 1. The number of these rectangles r is

meM meM

since d,, > d for m € M. Enumerate these rectangles by rp, £k = 1,...  N.
Let ry be centered at (Ag,0). It is clear that |[A\x — N;| > § for k # [. Let
¢ be a nonnegative Schwartz function on R supported in [—1/2,1/2]. Then
$(x) > C > 0 if x is small enough. Define f, by

N
a as—)\k
(38) folz,y) =) ¢ ¢(y).
0o ()

The kth term in (38) is supported in r. Therefore, fn is a Schwartz function
supported in Ume u Bm. Hence f,, vanishes on all circles of radius a;. Taking
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the inverse Fourier transform of (38), we get

N
(39) Fa(&m) = 00(£0)d(n) Y | e™E.
k=1

Assume first that p’ < co. Then

p/
/ FulE )P dedn > |35 / Beo) ds
[£]<(100— 1) /v/n

’ ’ 1 ’
> 0P NP — ~ p-1

N
E ei/\kf
k=1

where the second step follows from the bound

N
E ei)\kf
k=1

since |Ag€| < 1/50, and the third step follows from (36) and (37). Therefore

> >N

N
Z cos (Ax€)
k=1

(40) | fallr Z (VR)VP.
If p’ = 0o we obtain in a similar way that
(41) [falle = 12 (0)] 2 Vn.

We now estimate the LP norm from above. Set

N
g(x) = Z et Ak/8)E
k=1

Since |(Ax — A\;)/0] > /5 =1 for k # I, we have

/Ig|2~N
I

for any interval I of length 47 (see [8, Theorem 9.1]). Therefore,

p/2
(42) [1op < iap-2re < / |g|2) < NP2
I I

for any interval I of length 47. Since ¢ is a Schwartz function, we have

y 1
9@ S 55




106 OLEG KOVRIJKINE

Therefore
N P
/ [ (€ m)|Pdedn = ||650"" / SO |3 e /M) dg
k=1
s (I+1)4n
—cot S [ lars
l=—c0 yir
- 1
<ot = NP2
S 2 ey
l=—00
< \/ﬁei—p/{
where the last step follows from (36) and (37). Hence
(43) [ fullp S (V)Y /PeP)/2p,
Dividing (40) by (43) we obtain the desired result
/ 1/
an”p > (\/ﬁ) p _ 1 .
falle = (m)t/pe@—P/Cr) " (2-p)/Cp) v
as n — 0o since p < 2. 0

COROLLARY 2. There exists a function f € Xo such that
||f||L°<>(D(0,1)) = 00.
Proof. It follows immediately from the lemma and (41) that if p = 1 then

sup [fllz=01) _

rex: Iflk
We claim that there exists a function f € X, such that || f||z~p(0,1)) = 0.
Suppose, to get a contradiction, that this is not true. Then the restriction
operator

T:f— flpo

maps Xy to L°°(D(0,1)). Note that if f, — f in L' and f, — g in
L*>(D(0,1)), then f = g a.e. on D(0,1). An application of the Closed Graph
Theorem shows that T is a bounded operator acting from Xs to L>(D(0, 1)).
This contradicts Corollary 2, and thus proves our claim. O

Obviously, this function f is not continuous. Therefore the theorem of
Kolountzakis and Wolff mentioned in the Introduction does not hold for di-
mension 2.

REMARK 4. It is an open problem whether, for f € X5, the inequality

[fllr < W1l
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holds when 1 <p <2andp <r <p'.

We now show that the range of r in Corollary 1 is sharp. We need to
consider two cases, 7 > p’ and r < p. In the first case the argument is similar
to the one given in the previous lemma, and we therefore give only a sketch.
We will deal with a sequence of functions f,, such that the functions fn vanish
on all circles of radius /m3? + - -- + m3. Denote by X, the Banach space of
functions from L'(R?) whose Fourier transforms vanish on all circles of radius

Vmi 4o+ mi e,

Xg={f € L'RY): f(r) = 0if [r| = \/m2 + - +m2, (my,...,my) € Z}.

We will construct a sequence of Schwartz functions f, with Fourier trans-
forms supported outside of spheres of radius /m. Therefore these functions
automatically belong to Xg.

LEMMA 4. Let1 < p < 2 and r > p'. Then there exists a sequence of
Schwartz functions f, € X such that

o Ml _

n—=oo | fallpy

Proof. A maximal rectangle inscribed between spheres of radius y/n and
v/n + 1 has dimensions ~ (1/4/n) x 1 x1x---x 1. Let ry denote parallel iden-
tical rectangles inscribed between spheres of radius vn + k and vn + k + 1,
fork=0,1,...,n—1, with dimensions ~ (1/y/n)x1x1x---x1, and centered
at (g, 0,0,...,0). It is clear that Agr1 — Ax ~ 1/4/n. Let ¢ be a nonnegative
Schwartz function on R supported in [—1/100,1/100]. We have ¢(z) > C > 0
when z is small enough. Define fn by

d

() Fulos s, va) = 3 6((en — M)V [ o(an).
k=0

=2

The kth term in (44) is supported in 7. Therefore, fn is a Schwartz function
vanishing on all spheres of radius /m. Taking the inverse Fourier transform
of (44), we get

d n—1
I I ) L - (n Z iA
(45) f’ﬂ( ’ Yty ): ¢( ) (b erYL
e . e 4 vn (\/ﬁ) P

Arguing as in the proof of Lemma 3, we obtain

I fallr 2 (V)™
and

1fally S (V)P
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Therefore,

| full > (\/ﬁ)(l/P/)—(l/T’) — 00
1 fnllp

as n — oo, since 7 > p'. O

The case when r < p is very simple. Let

f<w>=¢(x‘x0),

€

where ¢ is a Schwartz function supported in B%(0,1) so that f is supported
in a small ball B4(x,¢) placed between two fixed spheres of radius y/n and

Vn+ 1. Then f(y) = e%¢(ey) and

£l et
~ d/p/ —
Ifllp e
as € — 0, since 7 < p. Note that we did not impose any restriction on p here.
We now show that Theorem 1 does not hold if p > 2. More precisely, let
p > 2 and r # p. Then the following inequality is not true for functions with
vanishing periodizations:

£l S Nl
Since we have already dealt with the case when r < p, we only need to consider
the case r > p. The argument is almost the same as in the proof of Lemma 4.
We construct a sequence of Schwartz functions f,, with Fourier transforms
vanishing on all spheres of radius /m and such that || f,||, = (vn)""" and

”fn”p < ”fnllp’ 5 (ﬁ)l/p/~ Therefore

[ fnllr > (\/ﬁ)(l/p)—(l/ﬂ — 0.
[1fllp

REMARK 5. Since Theorem 1 trivially holds for p = 2, it is natural to
expect that it also holds for 1 < p < 2. However, the question whether the
theorem holds for 2d/(d + 2) < p < 2 is still open.

Another interesting question is whether the inequality

(46) 1 e S 111

holds for some range of p < 2 if f has vanishing periodizations. It would then
follow that

(47) 11l < 11 lp
for p < r < p'. From Theorem 1 we see that (47) holds when 2 < r < p/,
1<p<2d/(d+2)andd>3,since || fll2 S| fllp-

Our final open question is whether the following inequalities are true for
functions with not necessarily vanishing periodizations g,:
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£l S M1l + gl
and

gl < WA llp + 11f 1l
for some range of p < 2d/(d + 1), where

1/p

ol = | [ laalar
pESO(d)
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