THE ¢-SYMBOL OF THE SINGULAR INTEGRAL
OPERATORS OF CALDERON AND ZYGMUND

BY
StuaRT M. NEWBERGER

In this paper we extend the s-symbol of [2]. Our extension is a homo-
morphism of a C*-subalgebra, @, of bounded operators on L*(R") onto the
bounded continuous functions on R” X 8" '. The kernel of this homo-
morphism is the set of all T' such that T and Ty are compact operators for
each ¥ ¢ C5 (R"). We also show that @ and ¢ are uniquely determined by
these properties.

Cordes [3] and Seeley [7] have considered ¢ on a smaller algebra than @ and
obtained a homomorphism onto the continuous functions on 8" X 8”7,
whose kernel is the compact operators. Our results, which extend theirs,
were obtained after reading their papers.

Our results are stated precisely in §1. The information used about singular
integral operators is discussed in §2. All of it is contained in [2]. The
seminar notes [1] also contain this information.

The author wishes to thank Professor J. Glimm for his help in the prepara-
tion of this article, which is part of the author’s Ph.D. thesis. He also wishes
to thank Professor W. Ambrose for his continued encouragement.

1. The statement of the main results

R" will always denote Euclidean n-space (n > 1) and 8" will be the unit

sphere in R". We use ( , ) for the usual scalar product in R" and || || for
the corresponding norm. The word function will always mean a complex-
valued function. We denote the coordinate functions on B” by uy, - - - , uy,
and if « = (eu, -, a,) where the a; are nonnegative integers, we write
6a1+...+a,,
Ue = ULt -+ up® and Dy = ——m .
duit - -+ dun”

We use the standard notation C*(R") for the set of functions defined on R",
whose partial derivatives of all orders exist and are continuous, and use
Cy = Cy(R™) for functions in C*(R™) that have compact support.

We also use the notation BC = BC(R" X 8"*) for the set of all bounded
continuous functions on R" X (R" — [0]) such that k(z, A\y) = k(zx, y) for
all A > 0. Thus BC is essentially the same as the bounded continuous func-
tions on R™ X 8™ '. If U is any open set in R", we also write

B*(U) = [feC”(U) : D.fis bounded for every of.
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We write B°C = B*C(R" X S8"") for the set
(BC)nB*(R" X [yeR": ||yl > 1]).

We consider BC as a B*-algebra with the sup-norm, and conjugation as the
*-operation, denoting the sup-norm by | |o; so B*C is a subalgebra of BC.
We introduce the following further notation:

B(L?) is the set of bounded operators on L*(R™).

We wish to remark that we write ¢ for the functions ¢ ¢ L*(R") as well as
for the corresponding multiplication operators of B(L?). Also, if f ¢ L’(R")

then || £ [lo = [|f[*;if T e B(L®) then || T || = supysyomll Tf lo. (Note that
Jg denotes the Lebesque integral of g over R").

@ is the set of B* singular integral operators; the inverse image of B”C
under the s-symbol in [2]. & : @ — B”C is the restriction of the ¢-symbol
to C.

& is the set of compact operators of B(L®).

Kle = [T e B(L?) : ¢T and Ty ¢ X for every ¢ ¢ Co (R™)].

If A is a set in a topological space, we write A~ for the closure of A.

TureoreM 1. There is a C* subalgebra of B(L*), which we shall denote by @,
and o (continuous) * homomorphism o of @ onto BC(R™ X 8"*) having the
Sollowing properties:

(a) @ contains C and JK'e.

(b) o is an extension of oo .

(¢) The kernel of o is &K'°.

(d) The pair (@, o) is mazimal with respect to (a)~(c). Precisely, if @ is
is a C* subalgebra of B(L®) and if o is a % homomorphism of @ into
BC(R™ X 8™) satisfying (a)—(c) with respect to (@', ¢'), then A" C @ and

o = 0|G;'.

This theorem, which is the main result, will be obtained by an extension
procedure that has three parts:

(1) The symbol oo extends to a continuous * homomorphism o; of the
algebra € + X onto B*C(R" X 8" ") with kernel 5k,

(2) o1 extends by continuity to a * homomorphism o3 of (€ 4 X°)” onto
(B*C)”. The kernel of a2 is &K and the range of o, is the bounded, uni-
formly continuous functions on R™ X S"".

(3) @ = [TeB(L") :¢T and Ty e (€ + K¥)~ for every ¢ ¢ C5]. The
symbol is extended to @ by the defining formula ¢(T)(z, £) = o:(¥T)(x, §)
where (z, £) e R* X 8", T € @, and ¢ is any C; function satisfying ¢(x) = 1.

The C§ operators of [2], 8 > 0, are elements of @ and o agrees with the
o-symbol of [2] on these operators. In fact the entire extension could proceed
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starting with the C§ operators (provided 8 > 1) instead of €. The same
proofs apply. The details regarding this paragraph are in Section 7.

The algebra considered by Seeley in Section II of [7], and also by Cordes
in [3], is a subalgebra of @ and o agrees with the s-symbol on these operators.
In fact, @ = [T e B(L*) : ¥T and Ty e @] where “@,” denotes the above
mentioned algebra. If one uses this as a definition of @ and applies the method

of (3) together with the results of [7] or [3], one could extend the s-symbol
from @, to @ directly.

THEOREM 2. There is a sequence of Cs functions ¢m, m = 1,2, -+, and a
sequence of real numbers 8,, T ©,m = 1,2, ---  with the following properties:
(1) flémllo = 1.

(2) support ¢ — O. .
(3) LetzeR"andteS™". IfA €@ and ¥m = ¢u(- — x)eC ™ then

| A¢m — o(A) (2, E)¥m [0 =0 as m— .
Consequently Range 0(A) C spectrum 4 for every A e Q.

(We remark that if f is a function on R", support f = [x e R" : f(x) # 0] .
If f, is a sequence of functions on R" and = ¢ R", then support f, — « if and
only if for every neighborhood N of z, there is an M ¢ R such that n > M
implies support f, < N.)

This theorem is a generalization of a lemma announced by Gohberg [4],
and proved by Seeley in [7] (see Theorem 2.2 of [6] or Theorem 9 of [7]).
Theorem 2 follows easily from the case of T €@, as shown in Section 7 of this
paper. The case of T €@ is in Proposition 2 of the next section.

2. Prerequisites and further notation
We outline the definition of € and the s-symbol. For this, let
F:L'R") — L(R")
be the Fourier transform. F is an isometry of L*(R") onto L*(R").

We are interested first in operators in B(L®) of the form F'yF, where y is
defined on B" — [0], ¥(\x) = ¢¥(x) for A > Oand z ¢ R" — [0] and

YeB ([yeR": ||yl > 1]).

In other words, consider those operators T e B(L®) for which (Tf)" = yf",
where we use f~ for Ff.

F'YF & y gives a one to one correspondence of these operators with the
above defined functions. We define oo(F'¥F) as the function in B*C given
by oo(FYF)(z, y) = ¥(y) for (x,y) e R” X 8**. The range of o, are the
functions in B*C which are independent of the first coordinate. Let us de-
note the set of such functions by B*(8™ ™) and the corresponding operators
by 3¢;. Then

(2.1) g : 3¢, — B®(8™™). o is one to one and onto B*(S"™).
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Next we wish to extend op" to a map of B*C into B(L*).
In [2], the authors use spherical harmonics as an example of a sequence
{Yd,i=0,1,2,---, Y, e B°(8"™"), having the following properties:

(22) (a) Yo(z,y) = lfor (z,y) e R" X 8"
(b) Each k ¢ B*C has a unique expansion of the form
k(z,y) = 220 ai(x)Y (0, y), (z,y) e R" X 8",

and convergence in the norm of BC' (actually better convergence than that),
where a; e B°(R").

(¢) Ifk = X i=a;Y;is such an expansion, then T = D .9 a; a0 (¥;)
defines an operator in B(L?), the sum converging with respect to the operator
norm, || ||.

From (2.2), one extends oo to a map of B*C into B(L?). Let € denote
the range of this extension. The map oo : B®C — @ turns out to be one to
one, which will be proved at the beginning of the next section (see Proposition
2 and the remarks after it). For the rest of this section we will assume this.
Consequently, oo = (o5') " is a well defined map of €, one to one and onto
B”C. The rest of this section is devoted to known properties of .

Notation. @ = [T €€ : ao(T)|(R" X 8"") has compact support.]

(23) (a) oo:€@ — B”C is linear, one to one and onto. The identity
IeCand oo(I) = 1.

(b) If SeC and ¢ e B°(R") then ¢S e and ao(¢S) = Yao(8S).

(¢) If Secand ¢ eCy then ¢S ¢,

(d) If S e, there is a € Cs such that ¢S = S.

These are easy consequences of (2.2).

We shall use the H,, spaces, for m any integer, and recall their definition:
H.,, is the set of tempered distributions T on R™ whose Fourier transform 7"
comes from a function for which

1T =+ < e

We shall use the standard properties of these Hilbert spaces. For instance, if
m > 0, then

H, = [fe*(R") : Dof e }(R™) for |a| < m]

where the D, f’s are distribution derivatives. In particular, H, = L*(R").
We will also need the following additional property of the H., spaces (see
(2.7)): if C is any compact subset of R" and H.(C) is the set of elements
of H, with support contained in C, the natural injection of H,(C) into H
is a compact operator.
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We introduce the following further notation:
H.,=0NH,,

® = [ReB(L) :R(H,) C H.,; R|H., has a bounded extension
R;, ¢ BH;, , Hy41] for every integer kJ.

As usual B(X, Y) denotes the bounded operators from X to Y where X
and Y are normed linear spaces.

If m is a positive integer,

®m = [R e B(L’) : R| Hy has a bounded extension Ry e B[H;, Hyi] for
every integer & such that —m <k < m — 1].
Clearly ® = N®.n .

We continue with known properties of o .

(24) If Si, S:e@ then 8; 8; = 8; + R where S; ¢@, R ¢ ® and 0o(,S;) =
0’0(31)00(82). Denote Sa by Sl ° Sz .

(2.5) If See then 8* = S* + R where S* is the adjoint of S, 8¥ e€ and
ao(8¥) = 0o(8)” (the complex conjugate of oo(S)). Clearly (S*)* = &S,

For (2.4) and (2.5) see [1, Theorem 4, page 71]. For the C§ operators of
[2] or [1] we have R e R if 8 > 1 ([B] is the largest integer n such that n < g).
We will use only that R ¢ ®; which is proved in [2] as well as in [1].

(26) ®F = ®, G = ®R,. This follows easily from the duality between
H,and H_, . See [6].

(2.7) If ¢ eCy , R ¢ ® then YR and Ry are compact.

Proof. By (2.6) and by taking adjoints, it suffices to show YR ¢ X. The
proof is clear from the following diagram:

H-2 m ¥  me) . m,.

Here C is the support of ¥ which is compact in R" and 7 is the injection which
is compact in B(H,(C), H,).

3. The first extension

Our first task is to prove o5 : B*C — B(L’) is one to one, and then to
show that o9 : @ — BC( is continuous. For this we need a lemma concerning
Fourier transforms. The statement is essentially Lemma 15 of [7]; the
simpler proof is due to the author.

Recall that the Schwartz Space 8 = [f e C”(R") : supgs | ua Dgf| < o
for every @ = (a1, +*, o) and 8 = (B, -+, Bs) wWhere o;, 8; > 0 are
integers]. If f €8, the Fourier transform,

() = @o [ e,
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maps 8 one-one onto 8.

If feSand 6 > 0, let fi(x) = 8™*f(8x), z e R". Also,if z e R"and r > 0
then we write B(z,r) = [yeR": ||y — z || < 7).

LemMA 1. Let € > 0. Then there is a ¢ €8 such that (a) for every § > 0,
flesP =1, (b) f E. = [yeR": ||y | > ¢] then there is a 8 > 0 such that
for every § > &, fEe ¥ | < & (c) for any £ e 8" " and 6 > 0,

support (Ya e ") < [y eR" — (0} : [|y/l ] — £ < .

Proof. Let A(() = [yeR"” — {0} : |ly/llyll — £]| < €. By uniform
continuity of the map y — y/||y||on [y eR": 3 < ||y | < 2], there is an
r > 0 such that for every £ e 8", B(%, r) < A(£). Next note that there is
a yessuch that [|y|° = [|¢"|* = 1 and support y* < B(0, r) so that
support [(¥") (- — £)] € B(§, 7).

We show that y is the desired function. Let Ts:xz — dx, x e R". For

(a)
[1wr=[s1vemp=[lyr=1

Similarly, for (b) [& |¢s[* Jage [W]F < eif 8is sufﬁmently large
For (c) first note (f3)"(y) = 6_”/2f (y/9). Therefore support (f3)"
(support (f*)). Next note that (fe’( Y = (f*)(- — £). From these
two facts we have that

i(~.5€>] i, i)]

support [Y; e = § support [Ye

= b support (¥")(- — &) C8B(§ 1) C8A(§) = A(%)-

(Of course if E C R" we are using 6F = [6z : z ¢ E].), Q.E.D.
The proofs of the following two propositions use the argument of the corre-
sponding Theorem 2.2 of [6].

Prorosition 1. Theorem 2 s valid if in (3), @ is replaced by 3¢, .

Proof. We wish to construct a sequence of C functions ¢, ,m = 1,2, - -+,
and a sequence of real numbers 8, T «,m = 1,2, --- , satisfying the proper-
ties of Theorem 2 for T € 3C, .

By Lemma 1 there is a sequence f, eS and 6, T ®,m = 1,2, --- | such
that

a) [lfml'=1,

(6) [ru|fnl’ <1/m Fu = lyeR": | y|| > 1/m] and

(c) support [fm e*1" € [y ¢ R* — 01 [ 9/l y | — £l < 1/m],
Let g = fu(+ — z)e’" ™ Since translation does not affect the support
of the Fourier transform (if fes (f(- — z))" ¢ ") we have that

support gm < [y ¢ R" — [0] ¢ || y/]| y II — &l < 1/m].
Let T e3¢,z e R"and £ e S"'. Then
(T)"(y) = oo(T)(0, y/ll v Nf" (v)
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for every f « L*(R™). Notice that oo(T) is continuous on [0] X 8" " and that
oo(T)(z, £) = oo(T)(0, £). Now, using the fact that the Fourier transform
is an isometry on L*(R") we get that

| Tgm — oo(T) (2, E)gm o =0 as m — co.

Now, there are 0,, ¢ Cg , support 6, C [yeR": | y| < 2/m], | .| < 1
and 0, = lon[yeR": | y| < 1/m)]. Let ¢m = fn On/|| fmOmllo. Then

omand 8, ,m = 1,2, --- , satisfy (1) and (2) of Theorem 2. For (3), note
that

¥ = (gn)0n(- — &)/[[ fm Omllo and || fmnlo = M >0
by (b). Then

| T¥m — oo(T) (2, £)¥m [lo
S [ Tgm — oo(T) (@, E)gm o/ (| fm Om [lo
+ T = oo(T) (@, Ol | gm — (gm)8C- = 2)lo/ || Fm Om o -
By (b) || gn — (gn)0(- — 2)|lo — 0 from which (3) follows, Q.E.D.

PropoSITION 2. If ¢m and 6m, m = 1,2, --- | are the sequences constructed
in Proposition 1, then for every k ¢ B°C, x ¢ R™ and & ¢ 8",

” Ub_l(k)‘//"‘ - k(xy E)'//m ”0 d 0 as m — OO,
where Ym = ¢pm(- — x)ed T

Proof. Properties (1) and (2) of Theorem 2 imply that || ¢m |0 = 1 and
support ¥, — x. This means that

(3.1) | a¥m — a(z)¢m o >0 as m — for every a e B*(R").
Further, if ¥ ¢ B*(8"™"), a ¢ B°(R"),
| aos (Y )¥m — a(@)Y (2, £)¥m o < [ a(os (Y) = Y(2, £)¥m [0
+ | Y (=, &) (a¥m — a(z)¥m)]o -

The first of the terms on the right side tends to zero as m — « by Proposition
1, the second by (3.1). Therefore

(3.2) | aoe” (Y)¥m — a(2)Y (2, E)¥m || >0 as m— o,

The rest follows at once by additivity and continuity using (2.2), Q.E.D.
From Proposition 2, it follows that if o5 (k) = 0, then
| k(x, &) = [[k(z, &)Ymlo—0 as m— »

so that &k = 0. Therefore o5 : B®C — € is one to one and its inverse defines
oo : C— B C.
Theorem 2 for the case A ¢ is now just a restatement of Proposition 2.
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LemMma 2. If A €@ and T e X then
o) < 14+ TJ.

Proof. Letx eR"and £ eS™'. If A ¢ we have by the part of Theorem
2 just proved, that there are ¢,,, m = 1, 2, --- | such that

| ¥mllo =1,  support ¢, < B(x, 1/m)
and
I A¥m — co(A) (@, E)Ym o >0 as m— .

If f e L’(R") and X,, is the characteristic function of B(z, 1/m) then

[oui|=| [ 507

by the dominated convergence theorem. Therefore ¢,, — 0 weakly. Let
T e %c. Then T¢, — 0 in L’, because T¥, = Tynm if ¢ ¢Cs , ¢ = 1 on
on B(z, 1) and Ty is compact. Consequently

[A4+ T2 A+ TWnllo = [o(d)(=, £) |

— 1A + T)m — o(A)(x, E)¥m o

Since || (A + T)¥m — o(A)(x, £)¥m |0 — O by the above, the result follows,
Q.E.D.

We now prove the necessary algebraic facts for the first extension. It is
convenient to introduce the following C* algebra.

DeFiNiTION. 9 = [T e B(L?) : T — Ty ek for all ¢ eChl.

LemMa 3. (a) 9N is a C* algebra and K is a closed (self adjoint) two sided
ideal in M.

(b) M = [T e B(L?) : T — Ty e K" for every y € Co .

(0) Ry C Kloe,

(d) ecoam.

Proof. (a) Let My, M;edM and ¢ Cs.
YMy My — My Moy = (YMy — Miy)My + Mi(yMs — Mo y);
(YM, — Myy)* = My — yM7.

Using these formulas, it is easy to see that 91 is a C* algebra. XKv° is
closed in B(L?) since X is closed. &' is a vector space and if T e XK' C 9N
and M e M, then TM ¢ M so that (TM) — (TM)Y eX. T e X implies
YTM e X so that TMy ¢ X. Therefore TM e X and this means X! is a
right ideal in 9. T*y = ($T)* and ¢T™ = (T¥)*; it follows, since X is a
self adjoint, that Xlc is self adjoint. Then MT = (T*M™*)* e k' e; hence
Kloc ig a two-sided ideal.

(b) Let 91, be the right side of the equality in the statement of (b).

S ”SbmHO“meHO'—)O as m — ©
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Clearly ot < 9;. Let T ¢ 9, and ¢ e Cg. There is a ¢ ¢ C7 such
that y¢ = ¢. Then ¢yT — Ty e Kl°° which implies that yT — ¢Ty e K;
¢T — T¢ e Xc implies that ¢Ty¢ — Ty e X. By addition, yT — Ty ¢ X
which means T € 9.

(¢) Thisis (2.7).

(d) Let Sec and ¢ eC;. Note that y e C; therefore

YS —¢YoSe® and SY — Soye®;
by (2.4). Since oo is one-one, ¢ o S = S oy which implies that
¥S — S e® C Ko
by addition and (c); S e 9 then follows from (b), Q.E.D.

LemMA 4 (the first extension).

(a) €n Xl = {0}.

(b) Let ® = € 4 &'° (vector space direct sum). Then ® is a self-adjoint
algebra and X*° is a closed (self-adjoint) two-sided ideal of ®.

(¢) Let a1: ® — B*C be defined by o:1(S + K) = o(8) where S e@,
K e %%, Then o1 is a continuous * algebra homomorphism of ® onto B*C
with kernel 3e,

(d) |a(4) o £ || A || for every A € ®.

Proof. (a) If A eCn X', then oo(A) = 0 by Lemma 2; 4 = 0 by
(2.3).

(b) The assertion concerning X'"° follows from Lemma 3, since also by

Lemma 3, ® € 9. That @ is an algebra now follows from (2.4), that it is
self adjoint follows from (2.5).

(¢) We now show that o, is a * homomorphism. Let B; ¢ ®; then
B, =8, + T,
where S;e@, T; eXke, ¢ =1,2. Then By B: = S;°8; + T; by (2.4) and
the fact that X'c is a two-sided ideal containing ®;. Similarly
BY = 8¢+ T,
by (2.5) where T'; e X, 2 = 3,4. Therefore

01(B1 Bz) = 0‘0(S1 ° Sz) = 00(31)00(32) = 01(31)0'1(32)
and

a1(BY) = ao(8F) = 00(81)” = ou(By)™.

g1 1s onto because gy is onto. Kernel ¢, = K because oy is one-one.
(d) |ou(8i+ M1) o =]00(S) o < || St + My| by Lemma 2. This
proves that oy is continuous, Q.E.D.

4. The second extension

LemMa 5 (the second extension). Let o2 : ® — (B*C)™ be the unique
continuous extension of oy to the C* algebra ® where (B*C)~ 1s the closure of
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B*C in BC. Then o, is a continuous * homomorphism of & onto (B*C)~ with
kernel K. | o(B) |o < || B || for every B ¢ ®™.
Let k: ® — ® /K" be defined by

k(A) = A + Ko
and v : B"/KY* — (B”C)~ defined by
Yok = oz,
Then v s an isometric * isomorphism of & /3 onto (B*C)~.

To prove Lemma 5, we shall use some facts about Bx algebras [5 p. 241
and pp. 311-314].

1. A x homomorphism of a B*-algebra into a B*-algebra is continuous and
has closed range.

2. A closed two-sided ideal of a B* algebra is self adjoint and the quotient
space is a B* algebra.

3. A x isomorphism of a B* algebra into a B* algebra is isometric.

Proof of Lemma 5. The lemma follows easily from 1, 2, and 3 above once
we prove kernel g, = Kl°. Clearly Xl°¢ C kernel o2. Let B ekernel o,
and ¢ ¢Cy. There is a sequence B, ¢ ® such that B, — B. From (2.3)
we see that ¢€ C €’; therefore

¥Be(¥(€ + X)) C (€' + X)~

is contained in the algebra considered in [3] or [7]. Since c2(¢B) = 0, it
follows from Theorem 2 of [3] or Corollary 29 of [7] that yB eX. Since
B e, we have also that By ¢ X so that B e XY For completeness, we
shall sketch a separate argument to show that yB e X. It is the argument
of the proof of Theorem 4 of [3] adapted to the algebras of this paper.

We wish to show that ¢B e X. Since there is a ¢ ¢ (g such that ¢y = ¥,
it suffices to show that yB e Xc, Thus it is enough to show that the kernel
of o (@ 4+ &loe)™ is Kloe,

We will need the one point compactification of R™ which is identified with
8. Then C(8™ X 8*') (= the continuous functions on 8" X S") is
imbedded isometrically into BC(R" X 8™ ') by restriction.

Recall that 3¢ = [T € B(L®) : (Tf)"(y) = g(y/ll y )f" (y) and if k(z, £) =
g(£), (x, &) e R* X 8", then k ¢ B*C].

Let 3¢, = [T e B(L') : T is a multiplication by ¥ + ¢, where ¢ ¢ C5 and
¢ is a constant).

Note that if T e3¢, then T ¢ and oo(T) = k; if T €3C;, then T ¢@ and
oo(T)(x, §) = ¥(x) + c. It is easily seen from the theory of multiplication
operators on B(L’) and the Stone-Weierstrass theorem that o3¢, and
o9 30z are isometries with C(8™ ") and C(8") respectively, where C'(8"")
and C(8") are imbedded in C(8” X 8"") in the obvious way. It follows
easily that y|x(3¢7) and y|x(3¢;) are isometries with C(S™™") and C(8")
also.
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Let 3C; be the algebra generated by 3¢; and 3C;. Then by using (2.2)
and (2.3)(d) it is easy to see that

(€ + Kloo)™ < (505 + K'e)™.

Therefore it is sufficient to show that kernel o2 | (3C; + &K')” is &°, By
continuity we have

k((3C + X)7) C (k(3C; + X)) = x(3),

80 it is sufficient to show that v|(x(3C;))” is one-one.

We note that ® /%l c is a commutative B* algebra with identity. For
if By, By € ®, then
B, B; — B; B; ekernel ¢; = XKloc;

and by continuity the same holds for &™.
Let £ = «k(3;)"; then £ is a commutative B* algebra with identity.
The finite sums Y, x(a;)k(T;), a; €37, T, €35 are dense in £ and so

y(€) C C(S" X 8").

Let u be a multiplicative linear functional on L. Then ul«(3C1) and
ulk(3Cz ) are multiplicative linear functionals, so by the above stated isome-
tries there is a £ e 8" and an z e 8" such that w(H;) = v(H,)(¢) and

u(Hy) = v(H,)(x)

whenever H; e k(3C; ) and H: e k(3Cz ). Since up is continuous and the finite
sums are dense, u(L) = v(L)(x, &) for all L e£. Now if y(L) = 0 then
w(L) = 0 for every multiplicative linear functional u; since £ is semisimple,
L = 0,Q.E.D.
We postpone the characterization of (B*C)™ to Section 6.
5. The third extension

In this section we define @ and extend o, to @ We then prove (d) of
Theorem 1.

DEFINITION. @ = [4 e B(L’) : yA and Ay e® for all ¢ eCpl.

We will need to know that @ C 91; this, together with several other de-
scriptions of @ is the subject of the next lemma. The definition of 9N is
given in Section 3.

LeMmMmA 6. Let
@ =[AeM:yYA e® forall ¢eCyl
@ =[AeM:AY e® forall ¢eCo)
@; = [A eB(L}) : A and Ay e (€' + K)™ forall ¢ eCy).
Then @, = @2 = @3 = Q.
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Proof. Let ¢ eCo. @ = @, follows from the fact that yA4 — Ay eX
for A e and & € ®. Next we prove that @ C 9 from which @ = @,
i =1, 2 is immediate. For this let A ¢e® There is a ¢ ¢ C; such that
oY =¢. Thenyd e®,

¢(YA) — (YA)¢ e kernel oo = Kl°°

Yv(A¢) — (A¢)Y e kernel o

so that ¥4 — Ay e Xle. Thus A ¢ 9N by Lemma 3.
Clearly @; € @. If A €@, then

VA = YA e¢® C (¢p(C + X°))” C (€' + X) .
Since yA — Ay e X, we have Ay e (¢’ + X)™ also, Q.E.D.

Lemma 7 (the third extension). @ is a C* algebra containing ®. There
is a unique continuous x homomorphism o from @ into BC(R™ X S"*) such
that a!(B_ = 0g.

and

!
x oc’

Proof. (i) @ is a C* algebra containing ®~. Clearly, @ is a linear space.
Let Ay, A; e @ and ¢ € C5 ; there is a ¢ € Cp such that ¢y = ¢. Then

(5.1) Y(A14s) = (Y41 — A1) Ay + (A16)(YAr) e X+ B C B
by Lemma, 6; therefore @ is an algebra. If A e@
(5.2) yA* = (AP * e®”

so that @ is self adjoint; @ is closed since & is closed. Clearly G contains

® .
(ii) Definition of o. Let zeR", teS"". Define

o(A)(x, £) = o2(¥A)(x, £)
where ¢ ¢ Co, ¥(x) = 1 and A ¢ Q.
Suppose ¥, ¥» eCy and ¢y(x) = yo(z) = 1. Then
oY1 A)(x, §) = ¢a(x)a(¥s A)(x, £)

= a(Ya1 A)(2, §) = (Y1 A)(2, £) = o2(¥2 4)(x, £).

Therefore ¢ is well defined. o extends . , as is easily seen from the definition.

(iii) o is a * homomorphism from @ tnto BC. Let A ¢ @. If x ¢ R” and
¥ € C3, ¥ = 1 on a neighborhood N of & in R", then ¢ (4)(y, §) = a2(¢A)(y, £)
for every (y,£) e N X 8" '. This shows that ¢(4) is a continuous function
on R* X 8*7'. Also,

|o(A)(z,8) | = |oxpd) (2, 8) [ < |04 | S|4,

where ¢ ¢ C7,0 < ¢ < 1 and ¢(x) = 1. Therefore ¢(4) ¢ BC and
[a(A) S 1A
Let e R", £ e 8" ", Let ¢(x) = 1 in (5.1); then it is easy to see that
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c(Ay As)(z, &) = o(Ar)(z, £)a(As)(x, £). Similarly, using (5.2) one sees
that o(A4*)(x, §) = o(4)(x, £)”. The simple proof is left to the reader.

If ¢’ is a homomorphism of @ into BC which extends o3 , then o/'(A4)(z, §) =
oa(YA) (z, &) if Y(x) = 1, so that ¢ is unique, Q.E.D.

LemMma 8. The kernel of o is X'°. Consequently, as in Lemma 5, o tnduces
an isometric * isomorphism of @/X° into BC' which extends .

Proof. Since o extends o¢;, kernel ¢ DO X, Suppose A4 ekernel o.
Then ¢A ekernel o¢|® = XK', Then YA = ¢PA e X where ¢p¢ = ¢, 50
that A € X, Q.E.D.

We now prove Theorem 1(d). This will follow immediately from the
following slightly more general result.

LemMa 9. Let G be a subalgebra of B(L') and let ® < Q. Also suppose
there is an algebra homomorphism o' of G into the continuous (not necessarily
bounded) functions on R" X 8™ with kernel Xl °, which is an extension of
o|®. Then G C G and ¢ = o|G.

Proof. We will need the fact that B°C” = UC (= the bounded uniformly
continuous functions on R” X 8™ ); this will be proved in the next section.
Let GeG If ¥ e Cy, then o/ (YG) = ¢o'(G) ¢ UC, so that there is
an A ¢ ® such that yG — A ekernel ¢/ = Klc, But Kle C ® so that
YE e® . Since ¢YG — GY ekernel o = XPe, Gy e ® also. Therefore

G e@.
(@) (x, &) = (Y@ (2, §) = o(G)(x, &) if yY(z) =1,
because ¢ extends ¢|®”, Q.E.D.

Proof of Theorem 1(d). Suppose (@', ¢') satisfies (a)-(¢) of Theorem 1.
Then @' D ®. ¢'|€ = go and o'|KP = 0 so that ¢/|® = o;. Since
a * homomorphism on a C* algebra is continuous ¢’|®” = 0. Now, an
application of Lemma 9 completes the proof, Q.E.D.

The proof of Theorem 1 is now complete, except for the statement about
the range of o.

6. The range of ¢

In this section we show that ¢ maps @ onto BC(R" X 8™ ') and ®” onto

the bounded uniformly continuous functions on R™ X 8™

Derintrion. Let UC(R") be the set of bounded, uniformly continuous
functions on R".

We will consider UC(R"™) as a closed subspace of the sup-normed Banach
space of bounded continuous functions on R".

Lemma 10. B*(R") is a dense subset of UC(R").

Proof. It follows from the mean value theorem on R" that if z, y ¢ R™ and



THE ¢-SYMBOL OF THE SINGULAR INTEGRAL OPERATORS 441
feB”(R"), then

[f(z) = f(y) | £ n"*(maxjam | Daf o)z — ¥ ||

where || g |l = supzs | g| for g e UC(R"). Therefore B*(R") < UC(R").

Suppose f e UC(R"). Let ¢, n = 1,2, ---, be an approximate identity
in R". That is, ¢, € Cs, support ¢, — 0 as n — ©, ¢, > 0, and f¢,. = 1.
Then f * ¢, (the convolution of f with ¢,) converges to f, uniformly on
R". Also, f*¢, eC”°(R") and D,(f *¢,) = f * Do, . Since feL” and
Do¢n e Co < L', we have that

[ Da(f *6n) e = 1 * (Dagn) o < || f laf | Dbl
This means that f * ¢, ¢ B°(R"), Q.E.D.

DeriNnitioN. UC = UC(R" X 8™') = [k e BO(R” X 8" ") 1 k is uni-
formly continuous on R™ X S"71.

UC will be considered as a closed subspace of BC; and it follows from the
mean value theorem that B*C < UC.

Lemma 11. (B”C)” = UC. Consequently o(®") = UC.

Proof. Let n1: (z, £) — x and 7. : (x, £) — £ be the coordinate functions
for R* X 8"'. Then f — f(m) for f e UC(R") is an isometry of UC(R")
into BC(R™ X 8" ). Similarly f — f(n,) for feC(S™") (the continuous
functions on 8"7") is an isometry of C(S™™") into BC(R" X S8™™).

We observe that C(8"™') € (B”C)™ by the Stone-Weierstrass theorem,
and UC(R") < (B*C)” by Lemma 10. This C symbol is meant in the
sense of the above mentioned isometries.

Let ke UC and € > 0. Then for each & e 8", there exists & > 0 such
that if | & — & || < 6 for £ e S, then | k(z, &) — k(x, &) | < & for every
zeR"

By compactness of 8", there exist £; ¢ 8" and 8; > 0,fors =1,--- ,m
such that the above holds for £; with & = 4, , and the sets

Us=[te8 | £ — & <8 t=1,-,m

are a covering for S"'. Next we observe that there exist y; e C(S"™),

1=1,.--, m such that 0 < ¢, < 1, support ¢, C U, and 1 = Z’,?'.ln/a.

Let ky = D imik(m, &)¥i(m). Then ki e(B°C)” and |ki — ko <&,
Q.E.D.

LemMa 12. o maps @ onto BC(R™ X S™7).

Proof. Let f be a Cy function on R such that 0 < f(¢) < 1 for [¢]| <
and f(t) = 0if |¢| > 4. Let g be a C5 function on R such that g(t) =
for [t|<1,0<g(t) <1lforl1<|t]| <2 and g(t) =0 for || > 1.

Let fn(t) = f(t - n)) gn(t) = g(t - n)) n = 0) 17 T and

0 = Z:—Of” > 0.

3
Py
1
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Let ¢, and ¢,, n = 0, 1, - - - | be the functions on R" defined by
(@) =Ll /62, ¢a(@) = galll 2 |").
Then (1) ¥, ¢ €Cs, (2) ¥ndn = ¥u, (3) 2n=o ¥ = 1, (4)
support ¥, n support Yui2 = ¢,

(5) Drotbn <4 (6) 0 < u, ¥ <1, (7) du(z) =0if [|[2|'>n+2.
Now let &k ¢ BC. Then ¢, k ¢ UC so by Lemmas 5 and 11 there isan A, e B~
such that ¢(A4,) = ¢, k and

N An ] < lnkfo+1< ko + 1.
If h e Co define

Bih = D =0 Yomii Aomii brmri by i=0,1;

by (7) this is a finite sum. It is easy to see that B; is linear; we now show
that B, is a bounded operator on C; in the L’ norm and therefore extends by

continuity to an element B; ¢ B(L*). By (4) we have that the terms of the
sum are orthogonal so that

| Bi b |*
= Dm0 || Yamti Asmrs Gamsi b |P< (| K o + 1) 2 om0 || Gomri b |

= ([ klo+ 1 Zimo [ | domes [ 1P
= (|klo+ 1) f D=0 | dm+i |*| B|* by the monotone convergence theorem

< (klo+1)* [Zimo (| damsa ) | P by (6)

<4(lklo+ 1| AP by (5).

If ¥ €5, there is an integer M > 0 such that YWomis = Ydomes = O for
m > M,7=0,1. Then

YB; = an‘=o Womti Asmyipoms and By = anl=0 Yomyi Aomti amyi ¥

so that ¢B; and B;¢¥ e® . Therefore B;e@,7 = 0, 1.
Let A = By+ Bie@. Let zeR"”, £e8" " and ¢(z) = 1.
Then

a(A)(x, &) = o(YBo)(x, £) + o(¥B1)(x, £)
20 Y (@)Y (2)Wam(2) (2, €)bam()

+ 20 V(@) Wamr (T )Wamir (2) (2, E)prmar ()
= k(z, &) 2= ¥m(z) = k(z, )

by (3), (2) and the fact that ¢;(x) = 0if j > 2M + 1, Q.E.D.
The proof of Theorem 1 is now complete.
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7. Concluding remarks

In this section we discuss the relation of the Cs operators of [2], 8 > 0 to
the algebra @. We will also complete the proof of Theorem 2. Notice that
e = Ns(C§ operators).

Let Cs denote the C§ operators. Then we wish to remark that

(Cs + &)™ = ® if >0

and in any case, Cs + X C @ and o|Cs is the o-symbol of [2]. This
follows from the fact (see [2]) that if H e Cs and oo denotes the s-symbol of
[2] on Cs (an extension of that on @) then H = D i a: T:, a; e Cs(R™),
T;eC and oo(H) = D im0 a;0o(T;), the first sum converging in B(L?),
the second in BC. Tt is easily seen that if ¢ is a bounded, continuous function
on R", then the corresponding multiplication ¢ € @, and o(¢) (x, £) = ¢¥(z).
Therefore H ¢ @ and

o(H) = 220 0(a)o(Ts) = 2o aioo(T:) = oo(H).
If 8> 0 then Cs(R") © UC(R") so that H e®”. Thus
=C+ XeecC(Cs+ KrC®;

this means that (Cs + XKl°)™ = ®".

Finally we finish the proof of Theorem 2. In Section 3, Proposition 2,
we proved it for the case 4 e@. We will show that the same functions ¢
and numbers 8, work for @ In the proof of Lemma 2 it is shown that
Tym — 0 if T eX'lc; this establishes the theorem for 4 e® = € 4 XK'oe.
Then an easy continuity argument proves the assertion for A e 3. Finally,
if 2eR" and £ e S8”", there is a compact neighborhood N of z such that
support ¥, C N. Also there is a ¥ ¢ Cy such that ¢ = 1 on N so that
W = ¥m. Therefore, if A ¢ @, we have Ay, = AWn and o(4dy)(z, £) =
o(A)(x, £). The theorem follows from these facts and its truth for ®™.
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