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COMODULE AND COPRODUCT STRUCTURES FOR H MU

BY
STANLEY O. KocHMAN!

1. Introduction

We observed in [4] that when H, X is torsion free, there is a natural
coaction

W H X - H.H® HX

where H is the integral Eilenberg-MacLane spectrum. In this paper we
study ¢ in the case X = MU. We begin in §2 by deriving the basic properties
of this coaction in terms of the canonical polynomial generators of H, MU.
In §3 we define a coproduct on H, MU which is a natural one for algebraic
reasons. In addition we observe in §4 that this coproduct makes H*MU
isomorphic to the Landweber-Novikov algebra. In §3, use the conjugation
of H,MU to derive the coaction and coproduct on the polynomial generators

1 n
my = CP

of H .MU, and then in §4 we compute the Hopf algebras H*MU and
H*(MU,; Q). In §5 we give explicit formulas for three sequences of alge-
braically independent elements of PH, MU, the H,H primitives of H,MU.
The methods are analogous to those applied to H,(MO:Z,) in [3]. In §6,
we compute PH, MU in terms of the elements of §5. We compare PH, MU
with the image of the Hurewicz homomorphism 4 in §7. We find that Image
h C, PH,MU; i.e., the algebraic structures of H,MU contain less infor-
mation than is required to understand the ring 7, MU = Q% of geometrical
origin. We show that none of the sequences of §5 are in the image of the
Hurewicz homomorphism, and we compare one of them with the Haze-
winkel generators.

All the results of this paper except §7 have analogues for H,MSp. There
is also an analogous theory for H,(MO; Z,). In this case the analogous
coaction is the A, -coaction ¢ and the analogous coproduct is given by

H,MO;Z))=A,® Z[V,|n # 2" - 1]
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32 STANLEY O. KOCHMAN

with all the V, primitive. Thus in this case Image h = P,H (MO; Z,).

Throughout this paper ¢, A will always denote a coaction, coproduct
respectively, and PH, MU will always denote the primitive elements under
the H, H-comodule structure on H,MU.

2. The Coaction on H MU
Recall that H MU = Z[b,, ..., b,, ...] where
H.MU(1) = H,CP” = Z{1, b, ..., b,, ...}

and b, € H,,.,MU(1) determines an element of H,,MU. We will use the
following three nontrivial properties of y: H MU — H, H @ H,MU from
[4]. First, H, H is a ‘““Hopf algebra’’ and i is coassociative. (The coproduct
A of H,H is defined on a subalgebra of H,H such that (A @ 1) ° ¢ is
defined.) Second, H, H has no p® torsion for any prime p. Third, § is an
algebra homomorphism because MU is a ring spectrum. Thus the coaction

on H MU is determined by y(b,), n = 1. We begin by determining the
coaction on the b,.

LemMa 2.1. (@) @®r-o Zb, is a subcomodule of H . MU. Thus write
W(b,) = D 0,k @ by with 0, € Hy,_2H.
k=0

(b) On,k = (1 + 01,0 + 62,0 + -+ 0,,0 + "')g:lzk where Xz means the
component of the nonhomogeneous element X* in degree h.
(C) A(on,k) = 2?=k 0n,i ® oi,k in H*H

Proof. (a) This fact follows from the naturality of ¢ applied to the
canonical map SCP” — MU.

(b) Let p be a prime. Let y: H — HZ, be the canonical map to the
mod p Eilenberg-MacLane spectrum. Then the following diagram commutes:

[}
H,CP” - H,H ® H,CP”
(*) X Ve @ 74

v
H,(CP*;Z,) > A, ® H(CP";Z,)

Note that we have identified H (HZ,; Z,) with A,, the dual of the mod
p Steenrod algebra. Write

H,CP";Z,) = Z,{1, b}, ..., b}, ...}

It is well known that

W'(by) = kzo 01 ® bi
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where
mie = (L + 010 + 059 + =+ + 610 + = sals
Thus 6,, and (I + 6,9 + - + 6,0 + ---)%*1, have the same mod
p reductions for all primes p. Since H,,_,H is a finite group with
no p*torsion for any prime p, it follows that 6,, and (1 + 6,0 + -+ +
0,0 + )51, are equal.
(c) This formula follows from the coassociativity formula
A@Dedb,) =10 e P(bn)
because

A® Doilb,) = kgo A(9,.1) ® by

while .
(1@ ) o P(b,) = 20 kgo 0, ® 0:x ® by.

The argument used in [3] to construct primitive elements requires ana-
logues ¢, in H,MU of the 6,, in H H.

LemMma 2.2. Define ¢, € HyyyMU by ébpp = (1 + by + -+ +
b, + - )kr,.. These elements have the following properties:

(2) WD) = 2 001 ® bk,

(b) Gn i1 = Pbh i1 whenn# —1mod p*,

() Gupi_1 = Py + bP, whenn = tp* — 1.
Proof. (a)

U, i) = [1 + P(by) + -+ + P(b) + - Stk

ot k+1
= (2 2 0., ® bj)
1=0j= 2n—2k
k+1

© t
= (2 > AL ®bj) where A = 1 4 0,9 + =+ + 0,0 + =

2n—2k

(=]

o k+1
:2 Aj+1C)lU>

2n—-2k

Ji+ ket k+1 vee
A ’ ® bjl bjk+1)

2n—-2k

s+k+1

—k
= > A, ®Bs' whereB =1+ b, + - + b, + -

= Onicrs @ brvske
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(b) and (c) These formulas follow from applying the multinomial ex-
pansion to the definition of ¢, .. Observe that the ¢, ,«_, are uniquely
determined by (b) and (c) because H, MU is a free abelian group.

Before deriving the analogues of Lemma 2.2 (b), (c) for the 6, ,«_; we
investigate the 6, 4.

LemMma 2.3. (@) Ifn + 1 is not a power of a prime then 6,, = 0.
(b) If p is prime then 6,._,0 # 0 and p6,._1o = 0.

Proof. Fix a prime p and use the notation of the proof of Lemma
2.1 (b). It follows from [6] that 6, is zero for n # p’ — 1. Thus we see
from the diagram (*) in Lemma 2.1 that y,(6,,) = 0 if and only if n #
p' — 1. Therefore p does not divide the order of 6, , or p divides 6, , when
n # p' — 1. Since H,,H is a finite abelian group with no ¢’ torsion it
follows that 6,, = 0if n # g¢° — 1 for all primes g and positive integers
s. In addition for g prime, 6 ,,_; must be nonzero and must have order q.

We can expand the expression for 6, ; in Lemma 2.1 (b) by the multinomial
expansion where we remove the terms which are zero by Lemma 2.3. We
thus obtain an analogue of Lemma 2.2 (b), (c).

LEmMMA 2.4. (@) 0, ,c—1 = pO, ,x—; when n is not of the form p' —1 with
p prime and t = k.

() Opr_v,pio1 = POp_y pi_q + 0§f-k_.,o where p is prime and t = k.

Observe that since H, H has torsion, the 6, ,«_, are not uniquely deter-
mined by the formulas of Lemma 2.4.

3. A Hopf Algebra Structure on H MU

In Section 2 we defined analogues ¢, . in H,MU of the 6, , in H, H. We
proved that

'J’(d’n,k) = 1=Ek 0n,i ® ¢i,k-

To imitate the methods of [3] for constructing elements of PH MU we
require a coproduct A on H,MU which is an analogue of ¢ in the sense
that A(¢, ) is obtained from the formula for y(¢, ) above by replacing
each 6,; by ¢,;. Clearly there is at most one such coproduct A, and the
following theorem shows that such a A exists. We then study the conjugation
on H,MU in Theorem 3.2 and determine y(m,), A(m,) in Theorem 3.4. In
Theorem 4.1 we will show that H, MU with the coproduct A is isomorphic
as a Hopf algebra to the dual S, of the Landweber-Novikov algebra
S. Thus some of the results of this section such as Theorems 3.2(a) and

3.4(a) are what one expects from the known Hopf algebra structure of
S, [1, Theorem 11.3].



COMODULE AND COPRODUCT STRUCTURES FOR H, MU 35

For K = (k, ..., k,) define
bx = b .- b and 6k = 0% - 0%,
Let 0?’0 = 1.

THEOREM 3.1. Let H MU have the Hopf algebra structure induced by
defining

Ab,) = kE Gui @ by

Then A has the following properties:

@ Aldni) = Z?=k bni @ biks
b) If X € HMU and AX) = 2,015 by @ by for integers oy, then

l!’(X) = 121 arg 9‘1@ b,.

Proof. (a) The proof of this fact is analogous to the proof of Lemma
2.2 (a).

(b) If A(X,) = 21,1 a?,?l b] ® bj fori = 1 2 then
AKX, X;) = 2 Ot(ll,) e aIz Ja b1,+12 ® bJ, +J.

I,I,Jy,J2

If (b) is true for X; and X, then
l’l(Xle) = ¢(Xl)¢(X2)

(2 aﬂfll 0, ® bh) ( 2 ag),lz 0r, ® bh)

I,J1 I2,J2

(1
all Ji aIz J2 01|+Iz ® bJ[ +Jy
I1,13,J1,J>

Thus (b) is true for X, X,. Therefore it suffices to prove that (b) is true for
X = b,. This follows from the definition of A and Lemma 2.1.

Since H,MU is now a Hopf algebra we study its conjugation x. Recall
from (1, p. 64] that H MU = Z[m,, ..., m,, ..] where f(t) =
t + mt* + -+ + mg"t' + - is the inverse power series of g(f) =
t+ byt? 4+ o+ bttt +

THEOREM 3.2. The conjugation x of H, MU has the following properties:

@ xb,) = my;

(1) X(Pnik) = Mk where o = (1 + my + = + m; + )55

Proof. Note that b, = ¢, and m, = u,o. We prove that x(¢,,) =

M.« by induction on deg ¢, , = 2n — 2k: Now x(b,) = —b, = m,. Assume
that the theorem is true in degrees less than 2s. If n — k = s, and for
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fixed 2n — 2k we use induction on k, then

X(¢s,0) = X(bs)
s=1
= —bs — Zl X(¢s,i)bi from A(bs)

s—1

= —b, — > m,b; by induction
i=1

= m,.

The last step follows from the observation that the coefficient of #**! in

g(f(®) = tis

K s—1
2 bj(l + my + e+ m, + "')J;:lzj = mg + Z M’s,jbj + bs
j=0 i=1
which must be zero.

If £k > 0 then

X(bni) = X[(L + by + = + b, + )il
(1 + x(by) + = + x(b) + ~)swln

=1+ m + - + my)s!, byinduction

= Mn,k-
COROLLARY 3.3.
s—1
(a) mg = _bs - 21 M’s,jbj;
j<
(b) bs = —-m; — 21 d’s,jmj-
=

Proof. The formula in (a) was derived in the proof of Theorem 3.2.
Now (b) follows from (a) by Cramer’s rule as in [3, Lemma 2.2].

THEOREM 3.4 (a) A(m,) = Zi_o M @ Mnk.
(b) There are nonzero elements o, , € Hy -1y H for p prime, t > 0, such
that
pa,, =0 and Y(m,) =1Q@m, + >  a,, @m’.
n=pi(s+1)-1
Proof. (a) By Theorem 3.2 and [7; Prop. 8.6],
A(m,) = Ax(b,)

= (X®x)°TeAb,)
=x® X)<k20 b ® ¢n,k)
= i My @ Mo,k -

£=0



COMODULE AND COPRODUCT STRUCTURES FOR H MU 37

(b) By Corollary 3.3 (a),

n k—1
A(mn) = kzo(-bk - JZI /'Lk,ibf> ® Monk

Let
1,0 j+1
vy = (L + v+ o v+ )5l
t—1
where v, = —0,p — Z v,,i0i0-
i=1

By Lemma 2.3, v, is zero unless t = p” — 1 for some prime p and
pvyr—10 = 0. By Theorem 3.1 (b),

n

k-1
Y(m,) = (—ok,o - 21 vk,ﬂj,o> ® k-

If s # p* — 1 for some prime p then 6, = 0 by Lemma 2.3 (a). In addition
Vipi—10pi—10 = (1 + o + o+ V'r’,to + o Dak—2pr+20p-1,0

which is zero unless £ = p“ — 1 with ¥ = ¢. Thus, in the above formula
for yi(m,,) the summands with k # p’ — 1 for some prime p are zero. Hence

-1
Y(m,) = ‘21 (_op‘—l,o - E:I Vp'-l,p’—lopf—1.0> ® Men, pr—1
p'=1=n i=
-1
J 1
= 2 (‘ Op10 =~ 2 Vﬁr—f_l,()@,,j_],o) @ M- prs1y/p
p'—1=n Jj=1

where m, is zero when k is not an integer. Thus define

t—1
= _ _ pi )
Qp,t = 017'-1,0 2 Vp"f—l,Oopf—l,O'
Jj=1

Observe that «,, is nonzero because «,, reduces modulo p and decom-
posables to —¢&, when p is odd and to £ when p = 2.

4. The Hopf Algebras H*MU and H*(MU;Q)

We begin in Theorem 4.1 by showing that H*MU is isomorphic as a
Hopf algebra to the Landweber-Novikov algebra. We then give a novel
explicit computation of the Landweber-Novikov algebra H*MU in Theorem
4.2. The usual description of H*MU in terms of Landweber-Novikov op-
erations is analogous to describing the Steenrod algebra in terms of the
Milnor basis. (See [1; Part I, §6].) The description of H*MU in Theorem
4.2 is analogous to describing the Steenrod algebra in terms of admissable
monomials and Adem relations. As a corollary of our computation, we
determine H*(MU,;Q) in Corollary 4.3.

Recall from [1] that MU MU = MU,[B,, ..., B,, ...] with coproduct
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induced by

AB,) = ;0(1 + B+ -+ B, + )5 ® By,

B, € MU,,MU is determined by B, = (w"*")* € MU****CP~ where
MU*CP> = MU*[[w]]. The Landweber-Novikov algebra S is the Hopf
algebra which is generated as an abelian group by all dual basis elements
of monomials in the B,. The canonical map

fiMU - H
induces

fu: MU.MU — H MU

with f, | MU, the augmentation and f,(B,) = b,. The map f,: MU*MU
— H*MU restricts to a coalgebra isomorphism on S.

THEOREM 4.1. (2) f,: MUMU —- H .MU and f,: MU*MU — H*MU
are maps of Hopf algebras.
b) f.|S: S —> H*MU is an isomorphism of Hopf algebras.

Proof. Observe that (f, ® f,) ° AB,)

= (f ®f*)|:k20(1 + B+ + B + '“)12‘:12k®Bk:|

M=

AM+b+ - +b+ Nl ® by

P
]

0

= 2 bk ® by
k=0

= A(b,)

=A °f*(Bn)-

Since A and f, are algebra homomorphisms it follows that (f, & f,) °

A = A o f, which proves (a). Now (b) follows from the remarks preceding
the theorem.

Warning. Do not be misled by the following commutative diagram:
MUAMU 5> MUASAMU 5 MUAMUAMU
VA VININL S ZAN VAN |
1/An/\1

HAMU — HASAMU 5  HAMUAMU.

The top row induces the coproduct on MU, MU while the bottom row
induces a coproduct A’ on H,MU. However, f,: MU MU — [H ,MU,A']
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is not a map of Hopf algebras because the following diagram does not
commute:

MU (MUAMU) — MU, MU @, MU,MU
H MUAMU) — H,MU ®, H,MU.

In fact A’ is the trivial coproduct A'(Y) = 1 @ Y forall Y € H MU.
Since H,MU is commutative and highly noncocommutative it follows
that H*MU is cocommutative and highly noncommutative. We take ad-

vantage of the noncommutativity in the following description of H*MU.
We use the notation

ad(x)(y) = [x,y] = xy — (—1)%8d®yx
and
ad"(x)(y) = [x, ad" " '(x)(y)] forn=2.

THEOREM 4.2. Let o = b} € H*MU and let B = bf € H*MU. Define
P, € H"MU by P, = a, P, = B and

1
P, = T ad" " %(a)(B) forn=3.

Then the Hopf algebra structure of H*MU is determined by the following
results.

n-2 1
(a) P, = ;::0(—1)k+"mak,3a"_k_2 forn=2,

(b) PH*MU = @ ZP,.
n=1

© 2,2,— P,Pn=m0-mP,., form,n>0.
(d) H*MU is a free abelian group with basis

1 .
_ e €r
{el! o !@”l @n,

€;

0<n< ---<n,and0<e,~foralli}.

Proof. Observe that we can use induction on n to prove that " is
divisible by n!. We have

<an, bn> = (a ® an—l’ A(bn)) = n(ayblxan—], bn—l)
which by the induction hypothesis is divisible by n - (n — 1)! = n!l. If
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b; = bpby with deg by = a > 0 and deg b = n — a > 0 then
(@, b)) = (A(a"), by @ bp)

= ;0(;)@‘](, bI')(an_k, by)

= (@)X, brXa" ™4, byr)
which by the induction hypothesis is divisible by
Bal(n — a)! = nl.

Thus 2, is defined in H*MU by the formula in (a).
We prove that all the 2, are primitive. Let n = 3. Then

n—=2
— _ k+n__L___ kp n—k—2
AP = B (=D e Al )

k ko2 1 K\(n -k -2
_ _I\+m o~
=22 2D k!(n—k—z)!<s>< t )

[as o an—s—t—-Z + an—s—t—2®asﬁat]

n—-2n—s-2 1

0 slt'(n — s — t — 2)!

I ]
[asBat® an——s—t—Z + an—s—t—2® asﬁa’].
Ifs + t<n — 2then
" kesfn —s —t—2 o wWfn—s—1t—2
2 (IR ()
=1 -1 =0.

Thus the nonzero terms in A(?,) have t = n — s — 2 and A(P,) =
2,¥01 +1® 2,.
Next we use induction on » to prove that (#?,, b,) = 1. Observe that
Pascal’s formula implies that
nhn=-D!?2,= - —-3WNP,_1a+ (n— 3Na?,_,.
Thus,

(@asb) = — (=P, @+ a® Py, AB)

1
—m(—2+n)— 1.

This proves (b) because QH MU = @,-1 Zb,. Observe that #, = b}.
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To prove (¢) observe that #,,?, — P,%,, is primitive and hence must
be £, 2P +n for some ¢, , € Z. Moreover,

sm,n=<@mg)n— @n@m’bm+n)=<g)m®g)n'— g’n®gjm:A(bm+n»
=n+1D)-(m+1D=n-m.

To prove (d) we show by induction on degree that

Pt Po = ey o e,![(bf,‘, bf;,>* + Z A,b;"] where
M€ Z, bf = (b, - b )
and the sum is taken over all b} with f; + - + f; < e; + - + ¢,. Let
N =en + -+ + em,.
We have
(Pri -+ Pry ba) = e (Pt P @ P, Alb))
=e (Pt P (L + by + -+ + by + NI
=e, el e_1le, — DI
= ¢! e\
Letf, + -+ + f,=2andlet 0 < m; < -- < m,. Then
(Po o P, by bR) = (APL - P1), bl - b7 @ b,)

t e;
=2 2(6') (3)@:':" e PR bl BETINPR e Ph b

i=1 g=0

t ej
= el! e e,![z 2 Ae[ ..... tyILBI ..... 8,]'

If pe,.. .. # 0then g + -+ + ¢ = 1. Hence by the induction hypothesis
if
B, b, # b by and N, oMe..e # 0
then
es+ - te>ei—e+ o te—e>fit o+ fi— L
Thus

ey +  +e>fi+ o+ £
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If
b e bl = be e b
then
Moy, = 0 for (e, ..., &) # (0, ..., 1) and uo_.01 = Ao,..01 = 1
Since we defined the 2, by the formula in (a), we must prove that
Pn = En_—l_Z)' ad" " *(a)(B) for n=3.

We use induction on n. We have 3 = —Ba + a8 = ad(a)(B). Inductively,

1 1 1 n—
P, = ;—_—2[9’1, Pul = p— z[a, =3 ad 3(01)(3)]

- 1 57 84" @B,

CoROLLARY 4.3. Lety, = a,y, = Bandy, = ad" *(a)(B) = (n — 2!?,
for n = 3. Then H*(MU;Q) has the following Hopf algebra structure.

(@) H*(MU;Q) is a primitively generated Hopf algebra which is gen-
erated as an algebra by a and B.

(b) PH*(MU;Q) has {y, | n = 1} as a Q-basis.
(¢ Form,n=1,

_ _ n—-—m
YmYn = Y = o = D = Dm — Ln— 1)

(d) H*(MU;Q) has a Q-basis {yn, " yn, | 0 < ny < +++ < n,}.

5. Polynomial Subalgebras of PH MU

We can not apply [3, Theorem 2.1] to H,MU using the b, or the m,
because all the 6,_, and o, , are nonzero, However p6,._1o = pa,, = 0.

We will therefore modify the argument of [3, Theorem 2.1] as follows.
Instead of converting

{b,|n=1 and {m,|n =1}
into primitive elements we will convert
{bnln #p' = 13U{pb,-} and {m,|n # p' — 1}U{pm,-1}
into primitive elements. We will thus obtain two polynomial subalgebras

of PH MU.

THEOREM 5.1. Choose integers Ne, p) for all positive integers e and
primes p with p < e such that:



COMODULE AND COPRODUCT STRUCTURES FOR H,MU 43
() If q is prime, q # p and q < e then q divides \(e, p).
@ii)) A(e, p) = 1 mod p.
The following recursive formula defines V,[e] € H,,MU for e = n + 1.
n—1
Vilel = by = 3 dux Vilel + 3 Me, pIbY Vyeoilel

n=pfs+1)—1

Define

pVun + 11 ifn =p' — 1, p prime
Vo = {V,,[n + 11  otherwise.
Then Z[V,, ..., V,, ...] C PH,MU.

Proof. We can choose the A(e, p) as follows. Let m be the product of
all the primes g with g < e and q # p. Then (p, m) = 1 so we can find
integers s, t with sm + tp = 1. Choose A(e, p) to be sm.

Since ¢ is an algebra homomorphism, PH, MU is a subalgebra of H, MU.
Thus it suffices to show that the V,, are primitive. By Lemma 2.3, it suffices
to show that

ll’(vn[e]) = 0n,0 ® 1 + 1 ® Vn[e]
by induction on n. If n = p“(s + 1) — 1 then

W\(e, PBE'V i_,[e])

Me, P)(izo 0s,; @ b:) (1 ® Vprile] + 010 @ 1)

e, p)(;0 0%: ® bf"k>(1 ® Vir-ile]l + Opr_10@ 1)

(because pA(e, p)lg, = Ofor0 < a < B =<y)

)\(e,P)<2 O pri+1y-1 X bf"k) 1® Vyolel + 010 @ 1)
i=0

because
k ; k k(i
02 = [(1 + 60 + .05 0007 = (1 + 030 + ..)5500,,
= 0p"(s+1)—1,p"(i+l)—l = 0n,p"(i+l)—1
Thus,
k
Y(A(e, p)bY Vye_ile])

S s
k
= 2) N, P)Onpriv1y @ b Vpi_yle] + 2) O prii+ 1Bpk—1,0 @ D+ Dpk—1,pk -1
i= i=
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Now,
n n-1 n
Y(V,lel) = ;0 0ns @ by — ’;l ‘Zk 0 ® dii Vilel

n
= 2 2 0nibp10® bik
0<k=n i=k
k=p'—1

+ 2 2 )\(e’ p)on,p"(i+1) ® bfk Vp"—l [e]

n=pkKs+1)—1i=0

s
+ 2 2 O, prci+ 100k 1,0 X D ypk—1, pr—1

n=pk(s+1)—1i=0

=1®@ Vel + 6,01
n_t k=1
+ ,;1 0k @ (bk = Vile] - h§=:1 dinVilel
+ 2 MepbiV,, [e])

k=pu+1)—1
because 0, ,0,_10 ® ¢, with k = p’ — 1 is zero by Lemmas 2.2 (c) and
2.3 (b) unless i = —1 mod p’. Thus Y(V,[e]) = 1 ® V,le]l + 6,0 ® 1, as
asserted.

We now perform the analogous construction with the m, replacing the
b,.

THEOREM 5.2. There are elements u,le] € H,,MU for n = 1 which are
defined by the following recursive formula:

ulel =m, — > Me, p)mp_yufel”.
n=pi(s+1)—-1
Define
puyn + 11 ifn = p' — 1, p prime
| A—
Un un + 11 otherwise.
Define
@lel = m, + X Me, p)§, md
n=pis+1)—1
where
= b —q + V,i_ b
fp,t p'—1 k<p‘—1,2k%p’—l p'—1,kYk
and v, =1+ my_y + mpe_y + =+ my_y + ) 0.
Define

pudn + 11 ifn =p' — 1, p prime
Un = U,ln + 11  otherwise.
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Then
(@) u,lel = w,[f] mod p for all primes p < min(e, f):
®) Zlw,...,u,,..1] C PH .MU,
© Zlu, ..., u,, ...] C PH . MU.

Proof. By induction on n = 1, we show that Y(u,le]) = Y(u,le]) —
1 ® u,le] is p-torsion when n = p* — 1 and P(u,[e]) = 1 ® u,[e] otherwise.
We have u;[e] = my, so P(u,[e]) is 2-torsion. Assume this assertion is true
in degrees less than 2n. If n # p” — 1 then

t

t i t
a,, ®mi — 2 2 a,; ® mg:"‘—lus[e]p
n=pis+1)-1 n=pi(s+1)—1i=1

Plu,lel)

(because s + 1 cannot be a power of p)

=1Q u,le] + 2 ap,

n=pi(s+1)—1

® [ms — u,e] —

pt
J
myi—ulel” ]
s=pik+1)—1

(because the o, , are p-torsion)

= 1Q u,lel].

When n = p" — 1 then Y(u,[e]) contains the above terms and in addition
contains

~

Jj pri-2 .

1 ']
24 &4 hZO ,,iBpr-i—1,nle]” & mpi-i_ymilel”
e e

where
)4
Y(Ups—y [e]) = 1 @ upe_y [e] + ,Zo Bos—1,1 [e] ® Tilel,

Bps-1,n le]l € Hyps_py_yy H, T4le]l € Hy MU and  pB,._,,le]l = 0.

These additional terms are clearly p-torsion. Hence $i(u,-_, [e]) is p-torsion.
Thus all the u, are primitive which proves (b). To prove (a) we consider
the following set of simultaneous linear equations in H, (MU; Z,) when
n=p(s+ 1 — 1and p does not divide s + 1:

k

t—k 1—k t—k Jj+t—k
Mok r1y-1 = Upksrn—1 [€]”  + zn mhi_yupk-is+y-1 [€]7 T, 0<k=t.
=

Consider these equations as ¢t + 1 linear equations in the ¢+ + 1 unknowns
Upk(s +1)—1 e}, 0<k<t.

The coefficient matrix (a;) is lower triangular with ones on the diagonal



46 STANLEY O. KOCHMAN

and a; = mﬁ?I}_,. Give H, (MU, Z,) the coproduct A’ of [3, §3]. Recall
that there are

Cn € H2(p"—1) (MU; Zp)

which have A’-coproduct corresponding to the coproduct of &, (p odd) or
£ (p = 2) in the dual of the Steenrod algebra. In addition x(m,»_;) = ¢,
using the A’-coproduct. Then

A'(ay) = A'x(&i-)™
=(X®x) °TeA G- )"

i j p'i

= x®x° T(Z 0 ® a)

it t—i +1—i
= > mp i @mbilin

r=0

i-j
= 2 Giier @ Giy,j

r=0

J
= Z ain ® Qap,j

h=i

where h = i — r. Thus [3, Lemma 2.2] applies to this system of linear
equations to give

+t-k

k
t—k t—k J
Mpks+n-1 + 2:1 X(Mps— )Mpi-iis 411
f=

-k
Upks+1)—1 [e]p

k

_ pl—k pl—k pj+r—k

= Mpks+n-1 + Z] 8 mpi-isen-1.
j=

Taking t = k,

t
J
Upis+1y+pt—1 = Mpisey+pi—1 + 21 & mfa'-f(s+1)—1~
j=
By [3, Theorem 2.1],

{i=b,_, + V,i_1x by where
/ P k<pf~§¢p’—l i

Vo k = (1 + mp_ + -+ mpn_y + "‘)’5;_12](.
Thus ¢, reduces to {, mod p which proves (a).
To prove (c) observe that

-ﬂn[e] - un[e] =p1* pN(e)Wn,e
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where

{p|pprime,p < e} = {py, ..., Pne}-

The element of lowest degree whose y-coproduct has a p-torsion summand

is b,_;. Thus, if e = n + 1 then p; --* pneWa,. is primitive and hence u,
is primitive by (b).

6. The Primitive Elements of H MU

In Section 5 we determined various polynomial subalgebras of PH, MU.
However, PH,MU is larger than a polynomial algebra. The underlying
reason is that H, H has no p*-torsion. For example, $(V,_[p]) is p-torsion,
so V,_, = pV,_,[p] is primitive. However $(V,_,[p]®) is p-torsion, not p*
torsion, so

1
pr—l[p]Z = ; V12;—1

is primitive.
The following theorems require elements V, € H,MU. These elements
can be chosen in any one of the following ways:

(1) Vv, = V,[e] from Theorem 5.1;
(2) V), = u,le] from Theorem 5.2;
(3) V., = u,le] from Theorem 5.2;
4 V, = h(y,) where # , MU = Z[y;, ..., Yn, ...].

THEOREM 6.1. Let V), € H.MU for n = 1. Define

pV, ifn + lis apower of a prime p
Vn = {Vl, otherwise.

Assume that V, € PH .MU and V, = b, modulo decomposables for all n.
I.ot

m H MU - H,(MU; Z,)
be the mod p reduction. Then under the A,-coaction,

PH,MU;Z,) = Z[a(V)) |n # p' — 11.

Proof. The following commutative diagram shows that w(PH, MU) C
PH (MU, Z,).

7 (HAMU) — w (HASAMU) — m (H\NH/\MU)

l | l
7 (HZ,AMU) > 7 (HZ,\SAMU) —  (HZ,/\HZ,\MU).



48 STANLEY O. KOCHMAN

If n + 1 # ¢°, q prime, then V, € PH,MU while y(V}._,) is g-torsion.
Thus,

Z,n(V})) | n # p' — 11 C a(PH,MU) C PH (MU; Z,).

By [5], PH, (MU, Z,) is a polynomial algebra with one generator in each
degree m with m # p' — 1. Since V, = b, modulo decomposables, the
w(V,) are algebraically independent. Thus

Z[w(V))|n # p' — 1] = PH .MU, Z,).

THEOREM 6.2. Let V), and V, be as in Theorem 6.1. For I = (e, ..., e,)
define

= V{ Ve and V)= Vi Ve

Let o, p) = 21 ep—1, and let P(I) be the set of primes p with
o(l, p) > 0. Define

‘7 ( I l Ul—a’tl,p))‘r — ( I I p) V.
! PEPW) ! PEP) !
Then:

(@) The set of all V, is a basis for the free abelian group PH MU,
(b) The V, generate PH, MU as an algebra with the relattons

Vlv‘] = ( l—[ p)VI+J.
PEP)NPU)
Proof. Clearly all the V; are in PH ,MU. Any Y € H MU can be written
as a polynomial in the V,,: Y = S o;V] witho; € Z. If p € P(I) and p | o,
then

w(Y) € PH,(MU; Z,)

by Theorem 6.1. Thus if ¥ € PH MU then each o is divisible by
II,epqy p With quotient @;. Hence ¥ = Z @ V,. This completes the proof
of (a). Now (b) follows easily.

Observe that when we localize at a prime p, $(H,(MU; Z,, and y(H,BP)
are contained in direct sums of copies of H,H ® Z,. However,
H.H ® Z,is a Z,-vector space. We thus deduce the following two results.

CoROLLARY 6.3. Let V, and V, be as in Theorem 6.1. Then

PH,(MU; Z )
is the free abelian group with basis the set of all monomials:
@ Vi Vi, wheree,_, = 0 foralls =1, and

(b) pVie, - Vi, where e,s_y # 0 for some s = 1.
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CoroLLARY 6.4. PH,BP = pH,BP.

7. The Image of the Hurewicz Homomorphism

Write 7, (MU) = Z[y:, ..., ¥n, ...]. Then the image of the Hurewicz
homomorphism # is

Z[h(y1), ..., K(y,), ...]1 C PH ,MU.
From the description of PH, MU in Section 6 we see that PH, MU is strictly
larger than Image 4. In particular we have the following theorem.
THEOREM 7.1. (a)
Image h C PH,MU and rank Image h = rank PH MU.

(b) In the notation of Section 6,

PH*MU/Image h = @ ZN(I)V1 where N(I) = l—[ p"u’p)_l_
1

PEPU)

Proof. Image h C PH, MU follows from the definition of 4 and the
naturality of . Consider Theorem 6.2 with V, = h(y,). Then V, =
h(y)® -+ h(y,)” is a basis element for Image k. If we divide V; by N(I)
then we obtain the corresponding basis element of PH,MU. This is a
restatement of (b).

We show next that none of the families of primitive elements of Section
5 give a set of polynomial generators for Image h.

Example 7.2. Consider the V, of Theorem 5.1:
Vilel] = by and YV, = 2b, € Image h,
Vel = b, — 2b* and V, = 3b, — 6b} € Image h,
Vilel = by — 5byb, + [5 + Me, 2)1b; with Ae, 2) odd
and
Vs = 2b; — 10b,b, + [10 + 2\(e, 2)1b}.

By [1, p. 63], V3 - 2V1V2 + h(a13) - h(an) = [—12 + 2)\(6, 2)]b% which
is not in Image h because —12 + 2A(e, 2) is not divisible by 8. Thus
V3 & Image h.

Example 7.3. Consider the u, of Theorem 5.2:
uilel = my = —b, and wu; = —2b, € Image h,
ule] = my = —b, + 2b% and ub = —3b, + 6b7 € Image h,
usle]l = my — NMe, 2)mi = —bs + Sbib, + [—=5 + Me, 2)1b3
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and
uy = —2by + 10b,b, + [—10 + 2)\(e, 2)]b] with \(e, 2) odd.
As in Example 7.2, u; ¢ Image h.
Example 7.4. Consider the u, of Theorem 5.2:

'ﬁl[e] = m and u

u; € Image h,

T,lel = m, and u, = u; € Image h,

Tsle] = ms + e, 2)é,.:mi = my + N e, 2)bym? = use]
and u; = u} & Image h.

Observe that the generators u, of PH, MU and the Hazewinkel generators
H, of Image h are defined recursively from similar formulas:

v(in + DA(n + l,p)m 1pt
s + 17 e

where the summation is taken so that p'| (n + 1), p' # 1, n + 1; p prime;
n+1=pis+ 1);

H, = v(n + Dm,

u, = vin + )m, — Z

vin + Dun +1,d + 1)
d+1n+1; d#1,n+1 vd + 1)

+1)/(d+1
m[(n+l)/(d+n—qui" arn,

(See [2] for the derivation of the second formula and for an explanation
of the notation.) The formulas for the u, and H, differ in two ways. First,
to define H, we sum over all divisors d + 1 of n + 1 while to define u,
we only sum over those divisors with d a prime power. Second, if p, g
are primes (not necessarily distinct) then

v(p'q"IMP'q’, p) -
V(qr)p' My uq‘,’_l

is not divisible by g* while
v(p'q")n'q’, q")
(q")

mp: 1H z:_ 1
is divisible by g”".

If we project the uy., to &, in H,BP then they satisfy a recursion formula
similar to that of the Hazewinkel generators H, of Image A:

n—1
P 1-p! 7P .
f, = pMpn_y — 2 P "7 My W5,
t=1

n—1
H, = pmy._, — 121 my_y HZ_, (see [2].)
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These formulas differ in that p'~* m,._, @,_, is not divisible by p* while
m,._, H5_, is divisible by p”"
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