THE INFLUENCE OF m(Y) ON THE HOMOLOGY OF M(X, Y)

BY
MicaeaL N. Dyer!

1. Introduction

Let M (X, Y) denote the set of all continuous functions from X to ¥ where
X is a locally finite CW complex of dimension k and Y is arc-connected. We
give M(X, Y) the compact-open topology. The purpose of this note is to
compute the first r — &k — 1 homology (and cohomology) groups of M(X, Y')
in terms of m(Y), wherer > k + 1l and my(Y) = Ofor 1 < ¢ < r. The main
tool used is the exact couple ¢(X, Y,v),v e M(X, Y), of H. Federer, defined
in [1]. We give a description of this exact couple in Section 2. In Section 3
we prove the main theorem and in Section 4 we compute the first few homology
groups of M (X, U), where U is the infinite unitary group [2], and M (X, P"),
where P" is the n-dimensional real projective space, for certain spaces X.

2. Description of e(X, Y, »)

Let X" = n-dimensional skeleton of X. Let U; = the arc-component of
M(X’, Y) containing v; = v | X’. Define the map

r. Uj% Uj_l

by r(f) = f| X7 (fe M(X’,Y)). Since X is locally finite, 7 is a fibering in
the sense of Serre (see [2]). Let

Fij=1"(0m) = (feU; [ FI X7 = ).
F; is a fiber of r.

Define
D = Zp,q@ Dp.q
where D, , = 7,( Uy, 0g) if p, ¢ > 0, Dy, = 0 otherwise, and
E = Zp,tﬂ? Es.q

where E,,, = 7p(Fq, vy) if p, ¢ > 0 and E,,, = 0 otherwise. Then the
homotopy sequence of the fibering above becomes

K ; i
+—=>FBi;j— Dij— Dija—> Eiaj— -,

where % is inclusion induced, ¢ = 74, and j = 9. This makes {D, E, i, j, k}
an exact couple, denoted by € (X, Y, ).
We state the following theorem for future reference. The proof is in [1].
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TrEOREM 2.1. If X s a locally finite CW complex and if Y s arc-connected
and simple ( = n-simple for all n > 0), then

(a) Epe =~ CUX, mpo(Y)), the group of g-dimensional cochains on X
with coefficients in wpio(Y), for p > 1. If p = 0, then Ey,q = subgroup of
CU(X, m(Y)).

(b) By~ HYX, mppo(Y)) for p > Land if p = 0, Ej 4 & subgroup of
HY(X, my(Y)).

We filter m,( M (X, Y), v) as follows:

mo(M(X, Y),0) Dapo D mp1 D +++ D app D0,
where
Tp,q = ker {i(k—Q) : Dy — Dy},

¢ <k=dimXand¢” =¢odoio---0¢(jtimes). Then the usual proposi-
tion is true (see [1]).

00
ProrosiTION 2.2. 7y 01/Tp,e R Ep g

3. The main theorem

TrEOREM 3.1. Let X be a locally finite CW complex of dimension k. Let
Y be 1-simple and arc-connected such that

m(Y) =0 1<)

where r > k 4+ 1. Let w denote mi(Y). Then there exist isomorphisms s , u*
such that for0 < p <r —k

Uyt Ho(M) =~ ng {HP(WB)}a
w* H' (M) ~ HaeA {H*(7")}a

where M = M(X,Y), A = (M), B = ny(X), and 7° = ez ()5, the
group product.

CorOLLARY 3.2. Let X and Y be as ¢n 3.1. In addition, let X be arc-
connected. Then for 0 < p < r — k,

Hy(M) = 2 g (Hy(Y)}a
H* (M) & JJaea {H(Y)}a .

Proof. We first prove 3.1 for Y simple. Let {M,|aeA} be the set of
arc-components of M (X, Y). Then foranyp > 0

Hy(M) ~ 2 g% {Hy(M,)}
and
H*(M) = JJaea {H(M,)}.

Thus we need to compute the homology and cohomology of M, for each
ain A.
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Let us pick a base point v, e M, and consider@ (X, Y, v,). For each «
in A, we will show that

(a) mp(M,v,) =0forl <p<r—~k
(b) m(M,v,) ~ =°.

By hypothesis, m(Y) = Ofor 1 < p < 7. By 2.1(a)
(1) By o X, Y,va) & CX, mpo(Y)) (p21,¢>0).

Thusif ¢ < k, Epq =0forl < p <r — k. 2.2 then implies that (M, va)
=0forl < ¢ < r — k. This proves (a) for any « in 4.
Since Eto = Ergand Ey; = 0 (0 < j < k), then 2.2 implies

(2) (M, ve) &~ H(X, m(Y)) =~ =°.

This proves (b) for any o in A.

Thus, by a well known theorem on the influence of 1(B) on the homology
of any arc-connected space B, there exists isomorphisms us, u™ (see [2,
Chapter IX]) such that

us + Hy(Ma) & Hy(n")

uw* : H(M,) ~ H*(z")

for 0 < p < r — k. This proves Theorem 3.1 for ¥ simple.

In order to prove 3.1 for Y only 1-simple we must verify (a) and (b) above
for each @ in A. However, since 7,(Y) = 0for 1 < ¢ < r, we have that Y is
t-simple forz = 1,2, --- ,r — 1. This implies that (1) holds for p 4+ ¢ < 7,
which gives (a). By looking carefully at the proof of 2.1 in [1], one sees that
1-simplicity is all that is needed to give (2), and this gives (b). This proves
3.1. The corollary follows because 1 < p < r — k < rimplies that H,(Y) ~
H,(w) = Hy(x"), since X is arc-connected.

3. Examples
(a) Let Y = U, the infinite unitary group, and
X = Via (8,

the one point union of n circles, where n < «. The dimension of X is one.
Let
M(n) = M{\Vi-(8):, U}.
It can be shown that
card {m[M(n)l} = Ny ifn < =

=c¢ ifn= oo,
where ¢ is the cardinality of the continuum. Since
w(U) = Z if 7is odd

= 0 if 71is even,
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wehaver = 3. Thusr — k = 2. Therefore
Ho(M(n)) = H(M(n)) ~ 2.6 (Z)a
H'(M(n)) =~ H(M(n)) X Jlaes (2)a
where
card A = Ny ifn <
=¢ ifn = .

(b) Let Y = P (r > 2), the r-dim real projective space, and X be any
connected finite CW complex such that X has only one vertex. Then
m(P") &~ Zyand mi(P") = 0for1 <7 <r. Supposedim X =k < r — 1.
A simple application of obstruction theory (see [2, Chapter VI]) shows that

m(M(X, P")) = X, P = Z,.
Thus
Hy(M(X, P")) &= Hy(P") @ Hy(P") (0<p<r—k).

Similarly, if B is any (r — 1)-connected space which admits free action by
a finite group = of homeomorphisms, and if

Y = B/,
we have
m(M(X, V) ~«
where X is as above such that dim X = k < r — 1. Then
Hy(M(X,Y)) ~ 2.7 (Hp(Y))a (0 p<r—1k)-
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