ON THE MULTIPLICATIVE EXTENSION PROPERTY Il

BY
R. anD S. CLEVELAND

1. Introduction

Let B be a commutative Banach algebra. A subspace M of B has the multi-
plicative extension property (m.e.p.) if every linear functional on M of norm
at most one is the restriction to M of a multiplicative linear functional on B.
(See [1], [2] and [6].) Thus a subspace with the m.e.p. has the property that
its conjugate space consists of scalar multiples of multiplicative functionals.
This suggests the following generalization.

DEerinrTioN. A subspace M of B has the generalized m.e.p. if for some
a > 0, every linear functional on M of norm at most « is the restriction to M
of a multiplicative linear functional on B. (In this case we say M has the
a-m.e.p. If « = 1, we just say M has the m.e.p.)

In [1] we considered certain examples of subspaces with the m.e.p. The
purpose of this paper is to determine circumstances under which there exist
subspaces with the generalized m.e.p. The basic general result is Theorem 2.2
which gives necessary and sufficient conditions for the existence of such a sub-
space. Theorem 2.3 gives a sufficient condition that we have found useful in
construction of examples. These conditions were inspired by the construction
in [1] of a subspace of the disc algebra with the m.e.p.

In Section 3 we investigate the generalized m.e.p. in function algebras on
compact metric spaces and in the algebras L'(G), M(G), and H*. We give
an example of such a subspace of M (@) that is different in nature from the
original example of Hewitt and Kakutani [2].

The following notation is used throughout this paper. D is the open unit
dise, © is the closed unit dise, and I is an index set. ' denotes the functions
on I into @ with the product topology, and = is the projection of Q" into its 5™
coordinate. §; is the element of @ with 6:(j) = 0if ¢ % jand 6:(¢) = 1. If
F is a subset of a Banach space E, c.l.s. F denotes the closed linear span of F.

We wish to thank the referee for pointing out an error in our original state-
ment and proof of Theorem 2.2.

2. Generalities

Throughout this section B is a commutative Banach algebra with maximal
ideal space Mz = M. We begin with a simple lemma giving conditions
under which the generalized m.e.p. is preserved under isomorphisms.
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Lemma 2.1. Suppose My has the ay-m.e.p. in By, T is a continuous linear
operator of My into B, and n 1s a homomorphism of B into By such that no T(f) = f
forallfe My. Then T(M,) has the a-m.e.p. in B, where a = on/|| T ||.

Proof. Let M = T(My)anda = ay/|| T ||. X LeM*and||L| < a, then
| T*L || < a1, so there exists ks € MM s, such that T*L(f) = f(h) forall f e M .
Let & = n*(h). Then h e M and for Tf e M,

L(Tf) = T*L(f) = f(h) = (90 Tf) (k) = (Tf)~(h).

TurEOREM 2.2. B has an infinite-dimensional subspace with the generalized
m.e.p. if and only if the following conditions hold.

(a) Thereis a subset X C 9N, an infinite set I, and a continuous map ¢ of
X onto a compact convex symmetric subset of Q' which contains the functions
0;,t€el.

(b) If M~ =cls. {mio¢: iel},theres a continuous operatorT : M~ —B
such that (Tg)~| X = g for all g e M ~.

Proof. Suppose M, is an infinite-dimensional subspace of B with the
a-m.e.p. Let

{f@ HEX: I}
be a maximal topologically free subset of M, (i.e. fi g c.ls. {f; : ¢ # j e I}) such

that || fi|| = 1/a for all ¢ eI (see [8, Propositions 1 and 2] and [9, p. 221]).
Clearly I is an infinite set. Let

M = cls. {fi:iel}
and let
X={mem:|f(m)| < al|f]| forall feMj}.

Then X is a subset of S, , the closed ball of radius « in M *.

For LeS, and zel, let ®(L)(z) = L(f;). Then ® is continuous in the
weak ™ topology of S, into @'. Hence &(S,) is compact. Let K = ®(X) and
o =o|X.

By the Hahn-Banach theorem, M has the a-m.e.p. in B. Therefore
K = ®(8.), and it is easy to check that K is compact, convex, and symmetric
in @'. Since {f; : 7 ¢ I} is topologically free, for each 7¢I there is an L e S,
such that L(f:) = a || fi|| = 1 and L(f;) = 0forj = <. Thus §; e K for all
1¢el, and (a) holds.

If fe M, we can choose zo ¢ X such that | f(zo)| = a || f||. Thus

171l < (/) F1X .

Also fi| X = miop for each ¢el. Let »(f) = f|X for feM, and let
M~ = »(M). Then » maps M bicontinuously onto M~ Taking T = » 7,
we have (b).

Conversely, suppose (a) and (b) hold. Let K = o(X) and M = T(M+).
Then M is bicontinuously isomorphic to M and is the closed linear span of the
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linearly independent family
{T(wiop) :tel}.
Write f; = T (w0 o).
Since K is a compact convex symmetric subset of the Banach space of
bounded functions on I, it follows from the result of Phelps [6] that the space
of all continuous linear functions on K has the m.e.p. in C(K). If

& =cls {m|K:7el},
then £ has the m.e.p. in C(K),and M+ = {lop:leL}. IflegL,
[l = sup {|log(z)| : zeX} = [[logp].

because ¢ maps X onto K. Thus 7 : I — [0 ¢ is an isometry of £ onto M +.
Suppose \ is a linear functional on M~with [N || < 1. Then r*\ e £*and
| 7N || < 1, so there is some k ¢ K such that (7*\)(1) = I(k) forallle£. Be-
cause ¢ is onto we can choose x ¢ X such that ¢(z) = k. Thus N(lop) =
(7*N)(1) = U(k) = loo(x) for alll e £. Hence M » has the m.e.p. in Co(X),
the bounded continuous functions on X.

Now T : M~ — B, and we have a homomorphism 5 of B into Cy(X) defined
by #n(f) = f| X,so that no Tf = fforallfe M+ Thus by Lemma 2.1, M has
the a-m.e.p. in B, where o = 1/| T'|.

To apply Theorem 2.2 to a given Banach algebra, one must not only be able
to construct the subspace M » with the m.e.p. in C(X) for some X C 9%, but
also to obtain a linear operator T' : M ~— B which is continuous. In Theorem
2.3 we have an alternative method that shifts the emphasis to a better choice
of X.

TaHEOREM 2.3. Let X C IN and suppose there is a continuous map ¢ of X onto
Q" such that for each i ¢ I there is some f; e B with i | X = mio o, and || f; || <
1/a||fi| X ||. Then cls. {fi: ieI} has the a-m.e.p. in B.

Proof. Let M = cls.{fi:ielI}. Suppose Le M*and ||L|| < a. Then
| L(f:)] < 1 for all iel. If oce Q' is such that ¢(4) = L(f:), then for
z e ({o}) we have fi(x) = o(4) = L(f:) for all teI. Since this holds for
the generators of M, L(f) = f(x) forall fe M.

It should be noted that the functions p; = m; © ¢ in the above proof have the
property that for any finite J C I and any complex numbers «; ,7 € J,

| 2seraspill = 2jer | o]

Thus the mapping p; — f; has an extension to all of M+ = c.l.s. {ps; : 7 e I} that
is still of norm at most 1/a. Thus condition (b) of Theorem 2.2 is also satis-
fied under the hypotheses of Theorem 2.3.

3. Examples

In this section we consider certain standard Banach algebras. The question
is whether or not a given algebra has a subspace with the generalized m.e.p
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Tueorem 3.1. If X is an uncountable compact metric space and A s any
uniformly closed subalgebra of C(X) that separates points and contains the con-
stants, then A contains an infinite-dimensional subspace with the m.e.p.

Proof. By Pelezyfiski [5] there exists a closed uncountable subset Sy of X
and a linear operator of extension T;: C(So) — A with || T1|| = 1 (and
(T1£)| So = f). Also Sy contains a subset P homeomorphic to the Cantor
ternary set. By the theorem of Pelezyfiski in [4], there is a linear operator of
extension T : C(P) — C(So) with | T2 || = 1. Thus T = T, T, is a linear
operator of extension of C(P) into A. Let I be any countable index set and
let ¢ be a continuous map of P onto @’. By Theorem 2.3 c¢.Ls. {mio ¢ : tel}
= M, has the m.e.p. in C(P). Since T is an isometry of M, into 4 and since
the homomorphism 7(F) = F | P, for F ¢ A, satisfies (no T)f = fforfeM,,
we see by Lemma 2.1 that T (M) has the m.e.p. in 4.

This last theorem includes Theorem 4 of [1] as a special case. This provides
subspaces of the disc algebra A(D) with the m.e.p. Evidently, these same
spaces serve as subspaces of H” (D), the bounded analytic functions in D, with
the m.e.p. One may ask whether there are any subspaces of H”(D) that are
different from these. We show next that there are such subspaces.

THEOREM 3.2. There exist infinite-dimensional subspaces M of H*(D) with
the m.e.p. such that M n A(D) = (0).

Proof. Let ¢ be the homeomorphism of D into the fiber 91; as constructed
in [3, p. 166 ff.]. The map f — f o ¢ is a homomorphism of H* onto itself that
maps A (D) into the constant functions. There is associated with ¥ a function
h € H” with the property that i o ¢(\) = X forall\ e D.

Let M, be an infinite-dimensional subspace of A(D) with the m.e.p. Let
T : My — H” be the map T(F) = Foh. Then T is an isometry of M; into
H” such that (TF)~oy = Fforall F e M;. Then, by Lemma 2.1, the space
M = T(M,) has the m.e.p. in H”. Also M n A(D) = (0) because TF is
mapped by ¢ into the non-constant F e My, if F # 0. In fact, if F ¢ My and
F # 0, there must exist for every { ¢ D a linear functional L; e M i such that
L(F) = ¢||F|,and || L| < 1. Since M, has the m.e.p. there is some z; € Q
such that F(z) = ¢ || F ||. Thus M, cannot contain any non-zero constants,
and M cannot contain any non-zero elements of A(D).

Next we apply the theorems of §2 to algebras of measures on groups.

TarorEM 3.3. Let G be a locally compact abelian group. Then a necessary
and sufficient condition that L'(@) have a subspace with the generalized m.e.p. is
that G not be compact.

Proof. Suppose G is compact and M is a subspace of L'(@) with the a-m.e.p.
LetfeM,|f|| = 1. IfTisthe dual of G, then T is discrete and f vanishes at
infinity on T'. Thus there is a finite subset F of T' such that | f(v)| < a/2 for
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v¢F. Let L be a linear functional on M with | L || = « = L(f). For each
te(3, 1), tLis a linear functional on M, a/2 < || tL|| < o, and, if & # &,
WL # t, L. Since M has the a-m.e.p. there corresponds to each te (%, 1) a
v: € I' such that tL(g) = §(v.) for g ¢ M, and this correspondenceis 1-1. In
particular, f(v,) = at > &/2, so that y.e F for all te (%, 1). But this says
that F is uncountable, which is a contradiction.

If G is not compact, then the dual, T', of G contains a perfect Helson set K
which is homeomorphic to the Cantor ternary set [7, Theorem 5.6.6]. If I is
countable, there is a continuous map ¢ of K onto @’. Because K is a Helson
set, there exists for each i eI an fie L'(G) with fi| K = miop and | fi]| <
B fi| K ||, where 8 is a constant depending only on K. By Theorem 2.3,
c.ls. {fi: 7¢I} hasthe1/8m.e.p.

Now we pose the same question for M(@). If G is discrete, then M(Q) =
L'(@), and the question of existence of subspaces with the generalized m.e.p.
is answered by Theorem 3.3. If Gis not discrete, the answer is always affirma-
tive—there always exist subspaces with the m.e.p. This is the result of Hewitt
and Kakutani [2]. A different result in the same vein is the following.

TuaEOREM 3.4. If G is a compact abelian group with an uncountable dual T,
then there exists an infinite dimensional subspace of M (G) with the a-m.e.p. for
some a > 0 and having the property that every linear functional of norm at most o
s a continuous character of G.

Proof. By modifying the procedure of [7, 5.7.6] one can obtain an uncount-
able Sidon set E in I'. Since F is discrete and uncountable, there is a con-
tinous map ¢ of E onto @', where I is countable. The functions ;o ¢ are con-
tinuous and bounded on E. Since E is a Sidon set there exists foreach 1 ¢ I a
measure u; e M (@) such that

fil E = miocp and ||pil| <B4l Elw,

where B is a constant depending only on E. By Theorem 2.3, M =
cls. {ui:iel}l has the 1/B-m.e.p. in M(G). Moreover, if LeM™* and
| L || £ 1/B, there exists a v ¢ E such that L(u) = fi(y) forall p e M.
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