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In 121, Arkowtz and Curiel estblshed cMteMon or deternng when n
ssoctve S-spce possesses only nte number o mutpcGons. That
their result cn be duzed s the subject o the present note.
An S-structure, or co-muGpcton, on spce Z s bsed mp

wch hs the property that the composGons o nd 2 o re both homo-
topic to the denttyp o , where nd 2 re the obvious proectons.

Let be CW-compex o ocHy-te type. Then, by the Hton-Mnor
Theorem, E( ) s homotopy equivalent to H2 where runs
through set o bsc products or the set , . To ech bsc product
there is ssocited positive integer (), the weight of k, nd P hs the
homotopy te of

Moreover, the homotopy equivalence is given by mp of the form g,
where g ZP Z(X X) is n iterated generalized Wtehed product
which is ssocited th the bsic product k. In prticulr P P X nd
the mps g X Z(X X) (i 1, 2) re the inclusions. All g with
(k) 2 re Whitehead products involving both the first nd second fctors
of (X X). For more details see [3] or [7].

If f X Z(X X) is ny mp, then there is mp ] X ZP
with g o ] f. Let p: P P denote the proection, nd
let " Z(X X) X (i 1, 2) denote the projections.

THEOREM 1. iofpo](i 1, 2).

Proof. By the bove, v f v g ]. Since v is homo-
morpsm, g H( g). But every bsic product k th
(k) 2 involves both 1 nd 2, thus g (i 1, 2 nd (k) 2).
Since lso g nd o g ., Theorem 1 is proved.
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COROLLARY 2. H-structures on X are in 1-1 correspondence with elements
of the group @()>_. [ZX, ZP].
As an immediate consequence we have that if G is finitely generated and

n >_ 4 then the Moore space K (G, n) has a unique H’-structure.
Let X be a finite-dimensional CW-complex and let I i, i, i} be

the set of integers for which/.(X; Q) is non-trivial (i > 0, j 1, K).
Let N be the set

/’=ci ;c integers, c >_ 0, and 2c >_ 2}.

THEOREM 3. The number of co-multiplications on X is finite if and only if
NfI=.

Proof. H’-structures on 2X are in 1-1 correspondence with the group
@(k)>_.[X, EPk]. Since X is finite-dimensional, only finitely many
[X, 22P] are non-zero. By the results of Arkowitz and Curiel [1],
@[X, t2:P] is finite if and only if p( (R)[X, t2P] p[X, ZP] 0,
where p denotes the rank in the sense of [1]. By Corollary 3.4 of [1],

p[Z, ZP] _,, fl,(X ). p(r,(P,)

where fire(X) p(Hm(X)). Theorem 3 is therefore equivalent to the
following.

LEMMA 4. (i) If rj(P has an infinite cyclic direct summand (on(k) >_ 2
then j e N.

(ii) If j e N then there exists a t ((t) >_ 2) for which rj(lZPk) has an

infinite cyclic direct summand.

The proof of 4 requires the following special case of result due to Berstein
[4]. F denotes the class of finite groups in the sense of Serre.

LEMMA 5. Let Z be a finite CW-complex and let {u r}.- be the generators of
t.i+1H+(Z; Q ). Then there exists a map f V,. -- EZ with the property that

f. H(k/k, S+) -- H(Z) (and thus f. (V,. -- r(Z)) is an
F-isomorphism for all i.

Proof of 4. (i)
r

P, =’XAXA AX"
for some r, consequently H+,(P;Q) is non-trivial only if i e N. By 5

It can be shown that II()>_P is homotopy-equivalent to (t2X) b (ft2X), the
"fiat" product of [5].

The elements of N are dual to the cup numbers of [3].
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there is a map

V,,S2+ P,

such that f, is an F-isomorphism; by the above remark the iv which appear
are all elements of N. It follows that rj(82Pk) has an infinite cyclic com-

Sin+lponent if and only if v((V . )) does. From Hilton’s result [6]
we have that

((V ,, )) o(’+);
moreover, the definition of the basic products and the fact that i e N for all
n implies that l e N for all m.. Since (S+ has an infinite cyclic compo-
nent only if l or 2. l, part (i) is proved. To prove part (ii) let
n c i and let m c. There is a basic product P such that

m

P, XAXA... AX
1 c2 CK(o(1) > 2becausem > 2). Since the elementu u ux.-in

H(P Q is non-trivial, Lemma 5 shows that v(ZP) has an infinite cyclic
direct summand. This completes the proof.
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