FURTHER GAPS IN THE DIMENSIONS OF TRANSFORMATION
GROUPS

BY
L. N. Mannt

Introduction

It is well known [3] that if a compact Lie group G of homeomorphisms acts
effectively on a connected m-manifold M,

dim @ < m(m + 1)/2.

In addition, it has been observed previously [5, Chapter IV], [4] that the di-
mension of G cannot fall into the following two ranges:

(m—1m/2+1<dimG < m(m + 1)/2 (m # 4)
(m—2)(m —1)/24+ 3 <dimG < (m — 1)m/2 (m large) ,

In [2] we showed that the above two ranges of gaps in dimensions are part of
a general pattern. Specifically we established the following result [2, Theo-
rem 2].

TueoreM A. Let G be a compact Lie group acting effectively on a connected
m-manifold M. Then if the dimension of G falls into one of the following ranges:

(m —k)y(m —k+ 1) + k(k+ 1)/2
<dimG< (m—k+1)(m—k+2), k=123,

we have only three possibilities:

(i) m = 4, G is isomorphic to SU(3)/Z (Z denotes the center of the special
unitary group SU(3)), M s homeomorphic to the complex projective plane
PX(C) and G acts transitively on M.

(ii) m = 6, G is isomorphic to the exceptional Lie group G, M is homeo-
morphic to either the sphere S° or real projective space P*(R) and G acts tran-
sitiely on M.

(iiil) m = 10, G is isomorphic to SU(6)/Z, M is homeomorphic to P*(C)
and @ acts transitively on M.

In this paper we show that the pattern of gaps given by Theorem A is but
a special case of a still more general pattern of gaps. This, in effect, settles
a question which we raised at the end of [2]. Although our present result
does not exhaust all possible gaps, we have reason to believe, as will be dis-
cussed later, that it produces the most general consistent pattern of gaps.
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2. Preliminaries
The following notation will be helpful. If n is a positive integer,
n) = n(n + 1)/2.
®(n) = largest integer j such that (n — ) + (H < — 7+ 1) — 1.

In the statement of Theorem A, k runs from 1 to ®(m). The following
short table of values of ®(n) will be of future assistance:

n &(n)
3
6
10
15
21
28
36

Lemma 1. &(n) = [(\/{1 + 8n} —
ger < .

Lemma 2. Ifng 2> ne 2> u >0,
() + (n2) < {m + w) + (m2 — u).
Lemma 3. Ifn = ne 20,
(a) (1) + (m2) < (m1 + ma),
(b) {m — mg) < () — (ma).
LemMAa 4. (n+ 1) — (n) = n + 1.
Lemma 5. n — &(n) = @(n)) + 1.
LemMa 6. n < (n — ®(n)).

LemMa 7. (n —j— 1D+ G+ 1) < (n—g)+ G—2)) forj <&(n),
Jj= L

W O Ot W

) /2] where [x] denotes the largest inte-

Proof. The result of course follows immediately from the definition of
&(n) forj < ®(n) — 1. Weletj = &(n). Now

o) (n—®(n) — 1) + @(n) + 1)
= (n —&(n)) + @(n) + 1) — (n — 2(n))
by Lemma 4. Applying Lemma 5,
(n —&(n) — 1) + @) + 1)
(2) S{n—2(n)+ @n) + 1) — @n) -1
< (n —®(n)) + ®(n) (Lemma 4)
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Since by Lemma 6,
(3) ®(n) < (@(n) — (2(n)))
the result follows.

We have reduced the next lemma which will be used heavily in the sequel
to the following technical form.

Lemva 8. Let K, k, u, t; (7 = 1,2, ---,7), v, q be non-negative integers
satisfying the following conditions:

i) v=00rv >3, u>1k2>2
(i) k < @(K),
(iii) K —k —u > ¢, all g,
(iv) k—v—qg+u=0,
V) Ziati<k—v—q+u
Then
(K =k —uy+ 225ty < (K — k) + (b — ®(k)) — 20 — 4.
Proof. It could be checked directly that with the hypothesis above
(K — k) + (k — ®(k)) — 20 — ¢ > 0.

This fact, however, will of course be established indirectly through the course
of the proof.

Case I. v+ q < k 4+ 1. By repeated application of Lemma 2,
(1) (K =T —uwy+ 2 () <K =k — D+ 25 ()

where , ,
t; >0, allj,and D jyt; <k —v—gq+ 1.

Applying Lemma 3(a) and then Lemma 3(b),
K—k—uw+ 25l SK—-k—1D+&k—v—17+1)
2) SE—-FE—D+E+1) -0+
SK—-k—-1+&k+1)— 20 —q.
The last step follows since v = 0 or v > 3. Finally, applying Lemma 7,
(3) (K =k —u) + 25 () < (K — by + (b — &(k)) — 20 — g.

Casell. v+qg=>k+2. Letyn=k—v— g+ u=0. Therefore n < wu.
Now,

(K =k —uy 4+ 25 (t) S(K —k —(u — 1)) (Lemma 2)
S(K=k—=1) = (u—n-1))
(4) SEK—-k—-1—-@@—n—-1
(Lemma 3(b))
<(K—-—-k—1)—@4+qg—Fk—1).
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Subcase (). v + ¢ =2 k + 4. Now,
v+q¢q—k—12>23 and wW+qg—k—1)2>220v+qg—Fk—1).
Hence,
5) (K—-k—-1)—Q@+g—k—1
<EK-—k—1D+2k+1) —2 — 2.
Now,
(6) 2k + 1) <k + 1) fork > 2.
Combining (4), (5), and (6),
(K — & — u) + 225 (&)
(7 SEK—-—k—1)+&k+1)—20 —2
<(K—Fky+ & —®(k)) — 20 —q (Lemma?7).

Here k = 1 can also be handled by an individual check; so far we have not
had to enforce the condition that & > 2.
Subcase (b). v+ g = k + 3. From (4),

(K =k —u) + 25 ()
(8) <K-k-1)-3
<(K-—-k+ &k —®k)) —<k+1) —3 (Lemma7).
Now for k > 3, 2(k + 3) < (k + 1) + 3. Hence,
o ETE-w+ 21 () < (K — k) + (& — ®(k)) — 2(k + 3)
< (K —ky+ &k —®(k))y — 20 — q.

Here & = 2 can also be handled as a special case. The result, however, is
not valid for k = 1 in this subcase.
Subcase (¢). v+ ¢ =k + 2. From (4),

(K — & —w) + 25ty
(10) <(K-k—-—1)—1
<K -—-k+&—®k))y -+ 1) —1 (LemmaT).
For k > 3,
(11) 2(k+2) <&+ 1)+ L
Hence,
(12) (K —Fk —u) + 25 ) < (K — k) + & — ®(k)) — 2(k + 2)
< (K — k) + (& — ®(k)) — 20 — q.
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Again k = 2 can be handled by a special check, while the result is not valid
for k = 1.

3. Statement of main result

G will denote a compact Lie group acting on a connected m-manifold M.
The action of G on M is said to be almost effective if the normal subgroup K of
G formed from all elements of G which act trivially on M is finite; an almost
effective action is said to be almost free if G/K acts freely on M. Although
Theorem A was stated in [2] in terms of almost effective actions, the proof
given in [2] actually provides the statement as given here [2, p. 545 top].

A compact connected Lie group G can be expressed in the following form

G=(T"®S8 ®8:® - ®8.,)/N=G/N

where T%is a g-torus, ¢ > 0 (T is assumed to be trivial), each S; is a compact
connected, simply-connected simple Lie group and N is a finite normal sub-
group of G. If ¢ = 0, G is called semi-simple.

We use the standard notation: A, (r > 2,r # 3), B, (r 2 1), C, (r 2 3),
D, (r 2 3),G,, Fy, Es, Ey, and E; for the classification of the compact simple
Lie groups. The simply-connected representatives of the classes A, B, C and
D are SU(r + 1), Spin (2r 4+ 1), Sp(r) and Spin (2r) respectively. The
simple observation that for G of type B, C or D, the dimension of G is of
the form

dim G = () for some integer I,

will be of particular future interest. We are now able to state our main
result.

THEOREM B. Let G be a compact Lie group acting effectively on a connected
m-manifold M. Letk; (+ = 0,1, ---, s + 1) be any sequence of positive
integers satisfying the conditions:

(8‘) ko = m,
(b) ki1 < ®(k:),0<17 < s

Then if the dimension of G falls into the range:
25:3 <km - ki+1> + <ka - ks+1> + <ks+l>
< dim G < 235 (ki — kiga) + (ks — Koy + 1)

we have only three classes of possibilities.

In each case the action of G on M is transitive and G is semi-simple and locally
isomorphic to

S0 8@ - & Sen
where the S; are simple simply-connected Lie groups with, for 1 < 1 < s, S; of



GAPS IN THE DIMENSIONS OF TRANSFORMATION GROUPS 745

type B or D and dim 8; = (kiy — ki). The three classes of possibilities are:

(1) ks = 4, ka1 = 1, and S,.1 isomorphic to SU(3).
(i) ks = 6, ko1 = 2, and S,41 tsomorphic to the exceptional Lie group G .
(iii) ks = 10, kyu = 3, and S,11 isomorphic to SU(6).

Condition (b) of Theorem B assures that k; >> k;yy for0 < 7 <s Theorem
B is the appropriate generalization of Theorem A as evidenced by the fol-
lowing proposition.

ProrositioN 1. Let k; (¢ = 0, 1, ---, s + 1) be a sequence of positive
integers with

kit < ®(ki), 0<7<s.
Then for 0 < r < s,
2oieo (s — kapay < 22520 (i — Figr) + (b — Fors) + (baga)
< 2o ki = o) + (e = Fea + 1) < 2hco(bi — Fira) + ().

Proof. The first and second inequalities are clear. We prove the third
inequality.
Now

(Dt (s — kipn) ]+ 1 = Fpys — kos + 1 < Koppy
Applying Lemma 3(a),
2 imrin (s — Kiga) 4 (oo — ko + 1) < (v
from which the result follows.

4. Proof of Theorem B

The first part of the following lemma appeared as Lemma 4 in [2]. The
remaining parts are proved in an entirely analogous fashion and consequently
depend upon knowing the maximal dimensions of proper closed subgroups of
the compact simple Lie groups. This last information may be found in the
table on p. 539 of [2].

LeMMA 9. Let G be a compact connected simple Lie group acting almost
effectively on a connected m-manifold M. Then
(a) If G is of type A or exceptional type,

dim G < {m — ®&(m)) form > 17
dim G < {m — ®(m) — 1) form => 24.
(b) If G is of type C,
dim G < (m — ®&(m)) form > 8
dimG@ < {(m — ®(m) — 1) form > 12.
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Proof of Theorem B. We may suppose that G is connected for otherwise we
would consider the action of its identity component on M. As mentioned
previously G can be expressed in the form

(1) = (T" & 8)/N
where S is a direct sum of compact simply-connected simple Lie groups. Let
(2) G=T"® 8.

Now G acts almost effectively on M. Moreover it is known that G acts almost
effectively and of course transitively on a principal orbit P (see [1, Chapter
IX] for terminology) with

(3) p =dimP < m.

Consider the action of 7% on P. By [2, Lemma 3], S acts almost effectively
and transitively on the compact manifold M, = P/T* where

(4:) mo = dim M, = p—q.

We now restrict our attention to the action of S on M,. Following the
proof of [2, Theorem 1] we may decompose S as

(5) S=VoQdR
where

() V,Q and R are each direct sums of simple factor groups of S,
(8) V and R each act almost freely on M, with

dmR < dimV = v,
(v) Q acts transitively and almost effectively on M; = M,/V where
my = dim M; = my — o.
Moreover, we may express @ as

Q=8d8® - --- &8,
where

%) 8;,j=1,2,---,r, are simple factor groups of S with
dim 8; > dim 841 .
(e) 8; acts almost effectively on the compact manifold
M;=M;1/8;1 (So=17V).
Let I; be the least integer such that
(6) dim S; < {5
We consider first the sequence S;, Sa, -+, Sg where
(7) d = min (s — 1, 7).
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The case s = 1 will be handled by later considerations. Since k.41 > 1, it
follows that

ks >3, ks> 10 and k. > 66.

We show
dim S], = (m - ]C1> = <ko - IC1>

and that S; is of type B or D.

Now 8; acts almost effectively on the compact connected m-dimensional
manifold

NP = MP™ X §mmt,

(Here we agree that S° denotes a point rather than the actual 0-sphere.) Since
m = ko > 66, it follows from Lemma 9 that if S, is of type A, C or exceptional
type that

If S;is of type B or D, it follows from the form of the dimension of S; that
dim S; = {I) for some I. Moreover if dim S; > (m — k; 4+ 1) we have by
Proposition 1 that

dim G > dim Sy > (m — ky + 1) > (m — Ky + (ko)
Z Zi;}) <k1 - ki-l—l) + <k8 - ke+1 + 1)

which of course is a contradiction to our assumption concerning the range of
dim G. Hence, if S; is of type B or D,

dlIIlS), = (m - k1> or dlmS], S (m _ k], - 1).
It is sufficient therefore to eliminate the case where

dim 8; < (m — &k — 1).
Now

dim @ = dim @ = dim T? + dim S
=g+ dmV 4+ dimR+ dimQ < ¢+ 20+ 5 ().
Since Q acts almost effectively on M, , it follows from [2, Theorem 1] that

(8)

(9) Siali<m=mp—v=p—qg—0v<m—q—o.
Consequently,

(10) dimQ = dim S; + D jedim S; < (m — by — u) + 272 ()
where

i) v»=0o0rv >3, u=>1,k =10,
(i) & < ®(m),

(]11) m—'kl_u?_lj’allj227
(iv) bh—v—q+u=0,

(V) 2iali<kh—v—q+u



748 L. N. MANN

Hence we are precisely in the setting of Lemma 8. We conclude
dim @ < (m — k) + (k1 — (k1)) — 20 — ¢
<{m — k) + by — k) — 20 — q.
Combining (8) and (11) we obtain
(12) dim G < (m — k) + (k1 — k)

which is a contradiction to our assumption concerning the range of dim G.
Hence dim S; = (m — k;) and S; is of type B or D. If d > 2, we continue
with S, .

Let oy = maximal dimension of the orbits of the action of S; on M;. Then

(11)

(13) m—k1=l1S011.
Consider the almost effective action of S; on My = M,/S,. By [2, Lemma 1],
(14:) me = dim M2 =M — a1 .

We wish to show dim S, = (k; — k) and that S; is of type B or D. Now
S: acts almost effectively on the compact connected k;-dimensional manifold

N§t = Myt x 8™ K gk,

Since k; > 66 it follows from Lemma 9 that if S, is of type A, C or exceptional
type that dim S, < (ky — ks — 1). As in the previous step for S; it is again
sufficient to eliminate the case dim 8, < (ky — k. — 1). Now,

(15) dim @ < (ko — kn) + (b1 — ko — u) + Xjea (1)
where

(i) v=0o0rv >3, u>1,k > 10,

(i) ke < ®(ky),

(i) kg — ke —uw>1,allj > 3,

(iv) ke—v—gqg+u=0,

(v) 2isli<k—v—g+u
It follows from Lemma 8 that
(16)  (kr — ke — w) + 2 5a (L) < (b — KoY + (ke — ks) — 20 — ¢
and therefore

a7 dim G < (ko — k1) + (ky — ko) + (b2 — Fg)

which is a contradiction.Hence dim S; = (k; — k») and S, is of type B or D.
We continue this process until we have exhausted Sy, Sz, «++, Sa. In

general

(18) dim 8; = (kj-1 — k;)
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and Sjisof type BorD (j = 1,2, -+, d). Inthe (j + 1)™ step of the
process (1 < j < d — 1) we are concerned with
a; = maximal dimension of the orbits of S; on M; .
mjq1 = dimM,~+1 =m; — «;.
Ny = M7 XS4 X g i ki-1=hi)
Since at the ;™ stage, dim S; = (k;_1 — k) it follows that

(19) kj_1 - kj S aj .
Using induction and (19) it is easily established that
(20) M < k; —v — g

In later considerations we will be concerned with a; and N,y for j 2> d and,
in these instances, (19) and (20) will still hold true.
Suppose first that r < s — 1. Now d = r and

(21) dim Q = D120 (ki — Figa).
Moreover

(22) Db (ki — kis) = ko — by = m — &y
and by [2, Theorem 1],

(23) m—k. <dmM, =m <m—q—o.
Hence

(24) g+ < k..

Now

(25) dimG < dimQ + 20+ ¢ < 25 (ki — ki) + 20 + g.
But sincer < s — 1, k., > 10 and
(26) 20 + ¢ < 2k, < (ky — @(Kr)) < (ke — Korga).
Hence from (25) and (26),
dim G < 2550 (ks — kigr) + (b — kppr) < Doimt (s — Kiyr)

which is a contradiction.
We suppose therefore from now on that r > s and we consider two cases.
Case I. dim S; > (ksy — ko). Due to our assumption concerning the
range of dim @, S, must be of type A or exceptional type in this case. Now
S, acts almost effectively on N%*-! of dimension k,_; (N, is defined in a com-
pletely analogous fashion to N; for j < d). Hence bv Tiemma 9. k,; < 16.
Therefore

(27) 10 < ke < 16.
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However it is now easily checked (for example, by using the table on p. 539
of [2]) that S, must act transitively on N, and, hence, on M,. Therefore
r = s.

For the remainder of Case I we assume » = s. Now by (20),

(28) dim M, = m; < key — v — q.

Since S, acts almost effectively on M, with dim S, > (k.1 — ®(k,—1)) it is
easily checked that

(29) ms = kg—l
and hence
(30) v=0=q.

For example if k; 3 = 10 and m, < 9,
dim 8, < dim SU(5) = 24 < (10 — 3) < (ko1 — B(ko1)).
Consequently G = Q and
(31) dim G = D i2a (ks — ki) + dim S, .
If we consider the cases 11 < k,_; < 16 individually it is easily verified that
dim 8, < (keey — ko) + (ko — Forr) + (Kor)

which combined with (31) is a contradiction to our assumption concerning
the range of dim G. For example, if k,—y = 12, S, must be isomorphic to
SU(7) and

dim SU(7) = 48 < (12 — 3) + (3 — 1) 4 (1).

We are left with the case k,—; = 10. But here,
dim S, = dim SU(6) =35> (10 —3)+ (3 — 14+ 1)
= <ks-—l - ks) + <k8 - k8+1 + 1)-

Combining this with (31) we again reach a contradiction. (Note that we
must have &k, = 3 above for otherwise dim S, < (ks—1 — ks).)

Case II. dim S, < {k.-1 — k). Recall that I, denotes the least integer
such that dim S, < {l,).

By assumption, I, < k4 — k, . Sincek, > 3 we may use Lemma 8 in the
usual fashion to conclude

(32) I, = oy — ks .

We consider two subcases of Case II.
Subcase (a). r = s. Now

(33) dim @ < 22;3 ki — ki+1>-

Moreover since liyy = ki — kiya,7 =0, -+ ,8 — 1 weapply [2, Theorem 1]
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to conclude
(34) m —Fky = D i%5 (ki — kyps) < dimM; = my < m — q — .

Hence,

(35) g+v<k.
Now
(36) dim G < 255 (ki — ki) + 20 + ¢

Ifky > 7,20 4 q < 2k, < (ke — ®(k,)) < (ks — Kor1) and from (36),
dim G < D ico (ki — Kiga)

which is a contradiction.
We assume for the remainder of Subcase (a) that

(37) 3<k<6

and consider the individual cases. The cases k, = 4, 5 and 6 give little
difficulty. For example if k, = 5, it follows from (35) that

4+ q <8< (ke — ®(ks)) < (b — Foor)

and hence from (36), dim G < D 5_o (ki — ki)
The case ks = 3and v = 3, ¢ = 0 appears to require a more subtle argu-
ment. Suppose first that dim S; = (k..; — k). Now

(38) dim G = 255 (bs — kiys) + dim V + dim R + q.
Due to the range of dim G,
(39) 4= (ks — ksp1) + (ko) < dim V 4+ dim R + ¢ < (ks — kosr1 + 1) = 6.

Hence,

(40) dimV 4+ dim R + ¢ = 5.
ButdimV =v = 3,¢ = 0. Hence,
(41) dimR = 2

which is impossible since R is a direct sum of simple groups. We assume
therefore that dim S, < (ks_y — k). By Lemma 8,

(42) (o — ks — 1) < dim Sy < (ke — ko).

Consequently S; is of type A or exceptional type. If we consider the almost
effective action of S, on N5~ , we conclude from Lemma 9 that for &,y > 17,

dim 8, < (bous — ®(kos)) < (hos — ks — 1)

since k, = 3 < ®(k,—a) — 1. This contradicts, however, (42). We assume
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therefore

(43) 10 < key < 16.
However S, acts almost effectively on M7* with
(44) my < ko — 0 = koy — 3.

A case by case analysis for 10 < k,_y < 16 verifies the non-existence of such

an S, satisfying (42). For example, if k,—; = 10 and, consequently, m, < 7,
dim S, < dim SU(4) = 15 < (6) < (kss — ks — 1).

This concludes the case &k, = 3 and Subcase (a) of Case II.

Subcase (b). r > s+ 1. From (32) we know that l, = ks—y — k;. We
wish first to eliminate the case lyy1 < ks — keyn. If loya = ks — ks, Wwe may
apply [2, Theorem 1] to conclude

dim G < D iy (i — ki) + (ora).

Hence let us suppose ly11 < ks — koyn — 1. If by > 2, we may apply Lemma
8 directly to arrive at a contradiction. If k.4 = 1 and Lemma 8 is not ap-
plicable then we must be in Case II, Subecase (b) or (¢) of the proof of Lemma
8. Hence

(45) v+qg=kpu+3=4 or v+qg=Fkunu+2=3.
By (4) of the proof of Lemma 8,
D izmert (i) S (ke — ks — 1) — (0 + ¢ — kepa — 1)
(46) < (ks — ko) — (ke — koyr) — (0 + ¢ — 2) (Lemma 4)
< (ky — koys) + (eor) — ke — (0 + g — 2).

Now

(47) dim G < 20im8 (ks — kot) + 2 menn () + 20 + ¢
Since S,41 is a simple Lie group, ks — key1 — 1 2 L1 = 2. Hence,
(48) ks > 4.

Suppose first from (45) that v + ¢ = 4. Then 20 + ¢ < 7 and it follows
from (46) and (48) that

Zf28+1 <l1> S <ka - ks+1> + <k3+1> - k, -3
S <k3 - ks+l> + <ka+l> - 27) - q-

In light of (47) we have a contradiction. Hence we suppose v + ¢ = 3.
If k, > 5, we obtain a contradiction as above by using (46). Assume then
k, = 4 and let

(49)

ligi = ks — kopa — u, u > 1.
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Since ks = 4, k1 = 1 and ;41 = 2, it follows that w = 1. By [2, Theorem 1],
dim G < 205 (i — ko) + (be — Ko — u) + (Boyr + w)
< Dlico (ki — kipr).

Hence we reach a contradiction and therefore from now on we suppose that

(50) loy1 > ks — kypr -
At this point we have the following data:
() S:isof typeBor D and dim S; = (k;ey — ki), ¢ = 1,2, -+, s — 1.

(B) ls = ks—l - kg .
(7) dim Ss+1 > <k3 - k3+1>.

Hence S, is of type A or exceptional type and by Lemma 9
(51) 3 <k <16

Moreover S,1 acts almost effectively on the compact manifold N34 of dimen-
sion k, .

We examine the individual cases for k; . For k, > 6, it follows that k; > 28
(¢=1,2,---,s8 — 1) and by Lemma 9 and (8) above we conclude that

S, is also of type Bor D and dim S, = (ke_x — ko).
(A) k, = 16. Now dim S;y1 < dim SU(9) = 80. We may assume

ko1 = ®(16) = 4 for otherwise dim S;u < 80 < (ks — ket1). Now
loy1 = 13 = ky, — key1 + 1 and by [2, Theorem 1],

dim G < 22 (s — kiyr) + dim Spp1 + (Fogr — 1)
< Dok — ki) + 80 + (3)
< Z::a <k1 - kt’+1) + <ks - ks+l> + <ka+l>'

Hence we have eliminated the case k, = 16.
(B) k, = 15,14,13,11,9, 7, 5. In all these cases we lack the existence
of an 8,41 satisfying (y). For example, if k, = 11,

dim 8,11 < dim SU(6) = 35 < (8) = (ks — ®(k,)).

(C) ks, = 12. Now dim S;11 £ dim SU(7) = 48 and we may assume
keyy = ®(k;) = 3. Clearly l,41 = 10 = k, — kyy1 + 1 and by [2, Theorem
1],

dim G < D528 (ki — ki) + dim Seyx + ey — 1)

< D8 (s — kagr) + 48 4+ (2)
< 20550 (i — Kaga) + (oo — Koga) + (Roga).
(D) k, = 10. Here, dim S,41 < dim SU(6) = 35 and k.1 = 3. Now
(ks — Koy1) + (fora) = 34 < 35 < 86 = (ke — kora + 1).
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Hence, we have an exceptional case for dim G with S, isomorphic to SU(6).
Clearly v = 0 = ¢ and

G=Q=8®8® &S
where each S;, 7 < s, is of type B or D. Finally to show the action of G on
M is transitive we must show p = m.

We claim
mjskj—l—(m_p)7 j=1)2""y8+1

and we prove this fact by inductionon j. Now m; < p = ko — (m — D).
Suppose then m; < kg — (m — p), 1 <t <s. Weknow miyy = my — ay.
Hence from (19),

My Kmy— (bey — k) <kia— (m—p) — (ker — ki) <ki—(m — p).
Now 8,41 acts almost effectively on M, 1 with
dim Moy = mepn < ks — (m — p) =10 — (m — p).

Since 8,41 is isomorphic to SU(6) we must have p = m.
(E) ks = 8. dim Ss+1 S dim SU(5) = 24 and k3+1 = 2. Now l3+1 =7
and by [2, Theorem 1],

dim G < 2055 (ks — ki) + 24 + 1.
Since
(ks - ks+l> + <ks+l> = 24 < 24: + 1 < 28 = (ka - ks+1 + 1)

we must have ¢ = 1 for dim G to be in the correct range. But 8,11 acts
almost effectively on M, with

dim Mops = Moy < ks —v — g =7

by (20). However this directly contradicts the fact that S,1; is isomorphic
to SU(5). Hence the case k, = 8 is eliminated.

(F) ks =6. Now (ks — ker1) + (Fsr) = 13 and (ks — ksys + 1) = 15.
Hence S,11 must be isomorphic to the exceptional Lie group G2. As in (D)
we have an exceptional case for dim G with v = 0 = ¢ and

G=Q=58®8% - &8u
where each S;, 7 < s, is of type B or D. We show the transitivity of the

action by the same method which was employed in (D).
(G) k, =4. Heredim S,4; < dim SU(3) = 8 and since ;41 = 4 = k,,

dim @ < D=5 (ki — kiga) + dim S0
by [2, Theorem 1]. Since
<ks - ka+1> + <ks+l> =7<8<K10= (k, it ke-l—l —I— ]_>

we once again have an exceptional casefor dim G. Since now k, < 6 we know



GAPS IN THE DIMENSIONS OF TRANSFORMATION GROUPS 755

that S; only for ¢ < s — 11is of type B or D. It follows, however, that since
dim G = 2 = (k; — kip) + 8, we must have that dim S, = (ko—y — ko).
Since k,—y > 15, S, is not of type C by Lemma 9. Moreover for &,y > 17,
S, is not of type A or exceptional type by Lemma 9. Finally, a simple check
for k,—3 = 15, 16 verifies that S, must be of type B or D. Again as in (D)
and (F)

G=Q=8 D8 ® - ® Sena
and @ acts transitively on M.
(H) k, = 3. Now dim S,1 < (3) and since S,4; is simple,

dim Sep1 = 3 < &, — ®(k,))

which eliminates this case.
The proof is now complete with cases (G), (F), and (D) corresponding to
the three classes of possibilities, (i), (ii), and (iii) respectively of Theorem B.

5. Final remarks

There are obvious examples of the three possibilities of Theorem B. For
example, the product action of

G=80(m—Fk+1) & S8Oky — ks +1) & --- ® SO(kes — 4+ 1)
® SU(3)

on
M™ = 8" x 7R o §Pt X PR(C)

provides an example of (i).

In the statement of Theorem 1 of [2] a decomposition of G somewhat differ-
ent from that assumed in the proof of Theorem B is used. In [2, Theorem
1] pairs of simple factor groups S; isomorphic to Spin (3) in G are combined
as copies of the non-simple Lie group Spin (4). If one checks through the
proof of Theorem 1 in [2], it can be seen that this technicality does not affect
the application of Theorem 1 in the proof of Theorem B. In particular, the
above mentioned technicality does not actually arise in the consideration of
the subgroup Q of G.

Theorem B does not exhaust the total range of gaps. In particular, there
are certainly additional gaps @ where o < (m — ®(m)). For example it can
be verified that there is no effective pair (G, M™) with dim M = 20 and
dim G = (15) + 14 (note (15) + 14 < (20 — ®(20))). If we restrict our
attention to & > (m — ®(m)) it can be verified that if « is a gap not covered
by Theorem B, a must be in the range

5 — ki) < @ < 2oims (ki — Kiga) + (e — B(K))
where
(a) ko =m
(b) ki < ®(kia),t <1< L
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(Note that &y, ks, -+, k, are uniquely determined by «.) When we search
for gaps « in the above range we run into a situation comparable to that
where a < (m — ®(k,)). In the latter case Lemma 9 is not directly appli-
cable and simple factor groups of type A and exceptional type enter signifi-
cantly into the picture. In principle, the techniques of the proof of Theorem
B could be used to track down all possible gaps. However, the program
would appear hopelessly tedious, and the final listing of all possible gaps «
particularly cumbersome.
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