COMPLEMENTARY CONES IN DUAL BANACH SPACES

BY
LEONARD ASIMOW!

If X is a compact convex set (in some locally convex space) and K is a
closed complemented face (also referred to as a split face) then various order
properties are preserved in extending continuous affine functions from K to X.
For example (Alfsen-Andersen {1, Thm. 3.3]),

(1) if by, by e A(X) and 0 < by(z), ba(x) for all @ & X and
0 <a@) < bi(x), b (x)

for all 2 ¢ K then there is an extension ¢ of a such that 0 < ¢ < by, b; on X.
Also [6, Thm. 3.2],
2) ifa; <b < bjonXanda; < a < b;on K then a extends to ¢ such
thata; < ¢c<bjon X =1, ---,myj=1,---,n).

If A(X) (continuous affine functions on X) is considered as an ordered
Banach space with positive cone P then X is a base for the dual cone P* and
K is a base for a weak™ closed complemented sub-cone F. Furthermore if
ifQ = {aeE :a(x) > 0 for all x¢F} then Q is a closed cone in A (X') con-
taining P and whose dual cone is F. We will refer to (E, P, Q) in this set-up
as a bi-ordered Banach space. Let M = Qn —Q. Then

M=1{aeE:a() =0 forall zeF}.

Wesay a < b(P) (resp. (Q)) ifb — aeP (resp. Q). Then (1) can be re-
formulated as

B) 0<Lby,b(P)and 0 < a < by, b:(Q) implies there is m ¢ M such that
0<a+m<b,b(P)

In the following we show that an order condition such as (3) (with a tech-
nical modification) provides a necessary and sufficient condition on a bi-
ordered Banach space for Q* to be complemented in P*. Thus in the process
we obtain generalizations of the order properties (1) and (2) to cases where
the dual cones do not have compact bages. We also apply the results to give
somewhat strengthened versions of the order properties for dual cones with
compact bases (Theorems 2.5 and 2.6). These are analogous to results of
Andersen [3] and Alfsen-Hirsberg [2, Thm. 4.5]. Our techniques are based on
methods discussed in [4] and [7].

1. Preliminaries
Our convention is that an ordered Banach space E is one whose positive
cone P is closed and convex and for which E is (i) normal and (ii) positively
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generated. This means that
(1) thereis an M; > 0 such that y < ¢ < z implies
Izl <Myl VIzlD,

and
(ii) thereis an M, > 0 such that each x = y — z with 9, z ¢ P and
lyll + 1zl £ M|

A bi-ordered Banach space (E, P, Q) is an ordered Banach space (E, P)
where @ is a closed convex cone containing P. Generally @ will not be pointed
and we shall always refer to the subspace @ n —Q as M. We shall say
a < b(P)ora < b(Q) to distinguish between the two orderings on E.

A closed subcone F of P is complemented if there is a map p of P onto F
such that

1) px+y)=pk) +»ok)
2) pCz) =rp) (r 20)
®) pr=pz<u

If F is complemented in P then F is extremal as is its complementary subcone
G ={zeP :pzr=0}}. Alsoeachz eP hasaunique representationz = y + 2
with y ¢ F and z ¢ G. Conversely if each z ¢ P has a unique representation
xz = y + z with y, z contained in the subcones F, @ respectively then F and
@ are complementary with map pz = y. We will write P = F @ G in this
case.

If F is complemented in P then p extends to a projection of E onto
N = F — F with null space M = G — G. Furthermore p is bounded since
z ¢ P implies 0 < pzr < z. By normality || px | < My||z|. If 2 ¢ E then
zr=y—zwithy,zePand ||y| + | 2z] < M:| z]|. Thus

Iozll <llpyll +lpell < Ma(lyll +zl) < MaM| 2.

In the following proposition we list without proof same facts used later con-
cerning polars of sets. All closures are in the weak, weak® topology on E, E*
respectively.

ProrostTioN 1.1. For A C Elet A" = {zeE* 1 2(a) < 1, Vaed}. If
A C E* let A® be the corresponding set in E.

(1) A% = cl-conv(4 u{0}).

2) (AuB) =AnB". Thus if A, B are closed convex sets containing 0
then

(AnB) = (4°nB*) = (A°uB")® = cl-conv(4°u B")

(8) If B is a closed subspace than B’ = B* and
(AnB) = (A" + B°)".

If B is a weak™ closed convex set in E* containing 0 let B., the asymptotic
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cone of B, be defined by B, = Ny <1 7B. Then B, is the union of rays in B
emanating from 0 and is a closed convex cone. Moreover B = B + B..

ProrosiTioN 1.2. Let A, B be weak™ closed convex sets in E* containing 0
such that A s strongly bounded. Then

w*-cl-conv (4 u B) = conv(4 + B.)u B.
In particular w*-cl-conv(4 u B) = ||-||-cl-conv (4 u B).

Proof. Let (x,) be a net in conv(4 uB) and z, - « (weak™). Then
Ta = Mala + (1 = )2y 0 < Ne < 1, ya €A, 2. € B. Since 4 is weak™
compact we can assume by passing to a sub-net that y» -y e A and A, > \.
If N < 1 then eventually A, < 1 so that

Za = (Ta — Na¥a)/ (1 — Na) > (z — Ny)/(1 — N) eB.

Thusz = Ay + (1 — A)zeconv(AuB). Ifx=11let 0 <r < 1. Even-
tually 1 — A\, < r. Then

(1 — No)2a = Ta — NayYa€Bn (1 — N\,)B C BnrB.
Thus # — y ¢ BnrB and therefore ¢ — y ¢ B.. Then
x=y+ (¢ —y)ed + B..

Since conv (A + B.) u B is the linear closure of conv (A u B) it is contained
in and hence equal to the norm closure of conv (4 u B).

We also make use of the following facts on compact convex sets and their
affine function spaces. Proposition 1.3 is essentially Lemma 9.6 of [8].
Proposition 1.4 is proved by a standard compactness argument on the graphs
of the given functions (see for example [4, Cor. 2]).

ProrosiTion 1.3. Let K be a compact convex subset of a locally convex space
and let A (K) denote the space of continuous affine functions on K. Let p be o
continuous function on K and let the lower envelope P be defined by

p) =supfa(x) :aecd(K) and a < p}.
Then

ﬁ(z) = inf{Z?=1)\,~p(z.~) o= Z?"l N; iy T4 GK,O S Ni S 1, Z?"l)‘i = 1}

ProrosiTion 1.4. Let K be compact convex and F a closed face of K. If
beA(K),aeA(F)and —u,v are concave lsc on K such that

u<b<vonK, wulp<a<vl|ponF,
then there are continuous concave functions —u', v’ such that
u<u <b<v<vomK, wulp<u|lr<a<vir<v|ronF.

ProrosiTion 1.5. Let P be a closed generating cone in the Banach space E
and let p be a weak™ continuous non-negative homogeneous function on P*.
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Define
Plx) =inf {2 lap@) iz = i e e P
and
p(x) =sup{a(z):aeE and a < ponP*.
Then:

(1) P s sub-additive homogeneous on P*.

(2) P is sub-additive homogeneous and p < p on P*.

() IfA={zxeP*:5(x) <1} thenA’ ={aeE:a<ponP¥.

4) {zeP*:p(x) <1} = w*cl-convi{zeP*:p(x) <. Inparticular
P is weak™ lIsc.

5) Ifay, -+ ,amePandp = ax A\ -+ /N amon P* then p = p.

(6) If P** has non-empty interior then p = P.

(7) Let (E, P, Q) be bi-ordered and let p be super-additive

@ +y)2pk)+p@).

Let pp, Pq be defined on P*, Q* resp. If Q* is complemented in P* then
Do = Drie*
If j is the projection of P* onto Q* then
PeoJ < Pe.
Proof. Properties (1), (2) and (3) are straightforward. From the defini-
tion of P, {z : p(z) < r} is weak™ closed and contains {z: p(z) < r}. If
a el and a(x) < r whenever p(z) < r then it follows from the homogeneity

of pthat @ < p on P*. Thus a < p and the equality in (4) follows from the
separation theorem. For (5) we note that in this case

p(x) inf Zi—l at(xt) T = Z?=l wi}-
Since E* is normal and 0 < z; < « there is a number «/m such that
l2:ll £ (@/m) || 2].

2] <ol
Let K={zeP*:||z||<1}. MzeKandz= ) myzithenz = D 1y Niy:

where
= [l 2 )/l @i llles and s = [ @ ||/ 220 | 2 .
Thus || g || = 21|l 2:]| < afl 2] £ «. Therefore
p(x) = inf{D T ai(@:) 12 = 2t ad
=inf{ D miNa:i@:) iz = 2Ny, yieaK, D madi=1}
=inf {2 aNp@:) 2 = D iaNyi, yieaK, D il =1}
supf{a(z) :aeA(@K) and a < plax},

Hence

]
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where the last equa,hty is a consequence of Proposition 1.3. Thus 5 | is
Weak Isc and since $ is homogeneous the Krein-Smulyan Theorem yields 5
weak™® lsc on P*. Ifzeconv{y:p(y) < 1} then 5(z) < 1. Hence

w*-cl-conv {y : p(y) <Y ={y:p@) <Y c{y:p@) < 1.
Thus 5 < p and equality follows.

For (6), if P** has non-empty interior then there is an o > 0 such that
e = 2tz (ieP*)then D 2| 2| < af 2.

The proof of (6) is now identical to (5).

For (7) note that if Q* is complemented in P* then it is extremal. Thus
zeQ* and x = Y1y 2, implies z; ¢ Q*. Hence fo = prige. If z ¢ P* then
0 < jz < z. Since p is super-additive it is monotonic, that is, p (jz) < p ().
Thus if = 5= 2; then

Paoj@) € 2iap(z:) £ Dl p(@s).
Therefore
Peoj(z) < pr(x).

ProposiTiON 1.6. Let (E, P, Q) be bi-ordered such that Q* is complemented
in P*. Then N = Q* — Q* is weak™ closed and N' = M = Qn —Q. Every
weak® continuous homogeneous additive function @ on Q extends to an element
ceE..

Proof. Let K = {zeQ*: 2| € 1} and X = {zeP*: | x| < 1.
Since Q* is complemented N is the range of a continuous projection and hence
norm closed. Since N n X = K the conclusions now follow from {5, Thm. 3.1].

2. Duality results

We give first an order property for (E, P, @) analogous to (3) in the intro-
duction that is necessary and sufficient for Q* to be complemented in P*.
We prove sufficiency first.

Taeorem 2.1. Let (E, P, Q) be a bi-ordered Banach space such that if

0 < by, ba(P) and 0 < a < by, by (Q) then for any & > 0 there is an
meM =Qn —Q

and ¢ with || c|| < € for which 0 < a + m < by + ¢, by + c¢(P). Then Q*
is complemented in P*.

Proof. Ifa,bePletussaya~bifandonlyifa —beM. GivenzeP*
and a ¢ P define

(px)(a) = inf{z(d) : b = a}.

G) (px)(ra) = r(pz)a (r > 0,a eP, z e P*).

i) (@z) (@ + @) = pr(a) + pz(as).

If b; & a; then by + b & a1 + b, and hence

prlon + @) < 2+ b)) = (1) + z(b.).



662 LEONARD ASIMOW

Thus px(a + a2) < pr(a) + pr(az). Ifd =~ a1 + ap then 0 < b(P),
0<a<b(Q)andsothereisabi~ a with0 < by < b+ ¢(P)and | ¢
arbitrarily small. Since (E, P) is positively generated we can assume
ceP. Now

0<b+c—b0(P) and 0 < aa=b—b<b+c—b(Q)

Thus a, R by with 0 < by < b+ ¢ — b+ ¢, || ¢ || arbitrarily small. There-
fore0 < by + b < b+ ¢+ ¢ and

z®) = x®1) + x®) — z(c) — 2(c') = pr(m) + prla) — z(c + ).
Thus (ii) follows.

(i) p(rz) (@) = r(pz)(@) (r =2 0,z eP* acP).
(Gv) If @y, 22 € P* than p(x1 4+ ) (@) = pri(a) + pxa(a) for all a € P.

Given a ¢ P and b = q,
(@ 4+ 22) () = 2:1(b) + 22:(b) = pr:(a) + pz:2(a).

Thus p(@1 + 22)(a) = pr(a) + pxa(a). Choose by, by =~ a such that
z2;(0;) < pzi(a) + /2. Now 0 < by, b2(P) and 0 < a < by, b2 (@) so that by
(1) thereisb ~ awith0 < b < b1+ ¢, b2 + c(P). Then

p(@ + 22) (@) < (x1 + 22) ()
=21(0) + 7(0)
S @) + 2202) + el (]l + | 22])
< pzi(a) +pme) +e+llcll (2l + 2.
(v) 0< (p2)(a) < z(a).

Thus for each x ¢ P*, pz is a linear form on P and hence extends to a linear
functional on E. Moreover by (v) pz is bounded and contained in P*.
Also by (ii) and (iv), p : P* - P* is positive homogeneous and additive.
Again, by (v) the canonical extension of p to an operator on E* is bounded.

(vi) p* = pon P
Forz e P*,a e P,
@*2) (@) = inf {pz(d) : b =~ a}
= inf {inf{z(c) tc = b} : b = a}
= pz(a).

Let F = {pz:zeP* and G = {x e P* : pz = 0}. Then (v) and (vi) show
that P* = F @ G. It remains to show that F = Q*. We show first that
M=MnP—MnP. LetaeM. Choosebd eP suchthatb > a(P). Then

0,a <b(P) and 0,a <0< DH@Q).
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Thus an application of the hypothesis yields m; e M and ¢, ¢ P with | ¢, || <
and —¢,a — ¢ < my < b(P). Thus
0,0,y <mi+ca(P) and 0,a,m <0< m + a(@).
Another application yields ms ¢ M, c; ¢ P with || ¢z || < % and
0,a,mi <me+ ¢ < mu+ a1+ ca(P).

Continuing by induction we obtain sequences (m.)p=i1and (ca)n=1 Wwith
mneM, |l ¢ || < 3", and

0’ a’ My S mﬂ-l—!. + 0n+1 S Mn + Cn + Cn+1(P).
It follows that

—Cat1 X Mag1 — Mn < Cn

and hence by normality || ma11 — ma || is bounded by a constant times 27".
Therefore m, »m ¢ M and ¢, — 0 so that 0, a < m (P) and hence

a=m— (m—a)eMnP — MnP.

If yeF and a e M n P then a =~ 0 and hence y(a) = py(a) = 0. Thus
yeF and a ¢ M implies y(a) = 0. If 0 < a(Q) then the hypothesis implies
there is m € M such that 0 < ¢ + m(P). Then

y() =y(a) +y(m) = yla+ m) > 0.

Thus F € Q*. On the other hand y ¢ Q* and a ¢ M implies y (@) = 0. Thus
for ae*P (py)(@) = inf{y®):db =~ a} = y(a). Hence py = yeF so
F=4@Q".

CoroLLARY. Let (E, P) be an ordered Banach space with P = F @ G and
ltQ =P + (F — F). Then (E, P, Q) is bi-ordered with Q* complemented
in P*.

Proof. If p: P - Fandgq: P — @ are extended to complementary projec-
tionson Ewith M = F — F = ¢ *(0) then @ = ¢ (0) and hence is closed.
Moreover Qn —Q = M. If aeQ then gaeP. Thus ¢ < b(Q) implies
ga < ¢b(P). Thusif 0 < by, b2(P) and 0 < a < by, b2(Q) then

0<qa=a+ (ga — a) < gby, gb:(P).
But 0 < b;(P) implies ¢gb; < b;(P) and hence 0 < a + m < by, by (P) where
m = ga — a e M. Therefore by Theorem 2.1, Q* is complemented in P*.

In the next theorem we give the converse of Theorem 1.1 with a formally
stronger conclusion.

TueorEM 2.2. Let (E, P, Q) be a bi-ordered Banach space for which Q* is

complemented in P*. Let ay, -+ , Gm, by, -+ + , b, b be elements of E and let a
be a w* continuous homogeneous additive function on Q* such that
(1) A, ", Om <b Sbli e ,b”(P).

2) ay - am < a < by oo, 0(Q)
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Then given € > 0 there is an extension ¢ ¢ E of a such that
(3) a;,---,amSCSbl+z,"',b»+z(P);||Z”<€'

Proof. We can assume by Proposition 1.6 that a ¢ E and satisfies (2).
Thus we must find ¢ satisfying (3) where¢c = a + m, meM = @n —Q.
We show first that given € > 0, § > 0 that

4) a=c+m+w;meM,|w]| <dand
aV - Van@) Lc@) b A - Aba(x) +2(x) (zeP*)
where || z || < e.
‘We assume without loss of generality that b = 0. Then let
v=b A Abyy, u=—@V -+ Van)

on P* with 5, g, @z, i defined as in Proposition 1.5. By 1.5 (5) these func-
tions are Isc on P*, Q*. Let

Ve={ceP*:|z|| <r,oe(@) <1}, Vo={2eQ": () <1},
Up={ze—P*:up(—2) <1}, Ug={2ze—Q":t(—2)<1}.
Let
Ap ={ceE:c 2>, -+, anP)}, Adgq={ceE:c > a, - -, an(Q)},
Br = {ceB:c < by -+, bu(P)}, Beg = {ceE:c < by, -+, ba(Q)}.

Each is a weakly closed convex set containing the origin and using the notation
E,={ze¢E:|z| < s} wehave

(Ve)* = cd-conv(Bpu Ey) © Bp + Eyr, (Up)’ = Ap,
Vo)’ = Ba, (Uo) = Aa
We have for N = Q* — @,
(53) [w*-cl-conv(Veu Up)ln N < w*-cl-conv(Vqu Us).

For, if z e conv (Vi u Us) and p is the projection of P* onto Q* then by 1.5(7)
pz econv (Vou Ug). Since by Proposition 1.2, w* closure is norm closure on
the left we consider z e N with z = lim 2,, (2,)n=1 € conv(Veu Up). Then
p2zn — P2 = 2z and 80 2z e w*-cl-conv (Vo u Ug). This proves (5).

By taking the polar of both sides in (5) we obtain

Bendg = (Vo)o n (Uo)o
= [w*-cl-conv (Vo u Ug)J
c {w*-cl-conv(Vru Us) + M}™ = [V n U + M)~
C [(Be + Eyp)nAp + M.

Thus, since a e Bqn Aq, (4) follows if r is chosen greater than 2/e. To es-
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tablish (3) first use (4) to find
a = cl+m1+w1, m1eM,

where (since (E, P) is positively generated) wi = wy — wie with wy; e P,
| wi | < % and

a, ---’amSCISbl"i"Zb "’,bn+z1(P); ”zlll < 8/2'
Then

a1,y ama—Wwe X S b2, e, b+ 2,0+ wa(P),

a, L, 0ma—we<a<bi+a, b+ 2,0+ wn(@).
Hence applying (4) again
a=c+ m + we; meM, wy = wn — we WueP, |wu| < 1)

and

a,  yGma— W< eS<bh+2zat+x, b+ 2+ 2, a+ wn(P).
By induction we have sequences (cx), (mz), (2x), (wx) such that

we = wa — Wir Wi e P, |wes | < ¥°)
a = ¢+ mp + wp, mpeM,
a, o ,em < <bhtat+ - Fa o, bhtat o+ o

2|l < e/2,
Gk — Wiz < et L G+ Wit + 2.

Since P is normal the last inequality shows that || cc4+1 — ¢x || ison the order
of &* and hence (cx)z=1 converges to ¢ ¢ E such that

al,---,am$c$b1+2,°“,b,.+z; "z" Sznzk” < &

Since wr — 0 we have @ = ¢ + m with m = lim m;, e M.
If Theorems 2.1 and 2.2 are combined we have a characterization of comple-
mented dual cones.

TueorEM 2.3. Let (E, P, Q) be a bi-ordered Banach space. Then Q* is
complemented in P* if and only if the order condition of Theorem 2.1 holds.

If P** has non-empty interior then making use of Proposition 1.5(6) a
stronger version of Theorem 2.2 is possible. The proof follows the same lines
as Theorem 2.2 and is omitted.

TueoreMm 2.4. Let (E, P, Q) be a bi-ordered Banach space for which P**
has non-empty interior and Q* is complemented in P*. Let —u, v be weak™
continuous homogeneous super-additive functions on P* and let a be a weak™
continuous homogeneous additive function on Q* such that

(1) thereisb e E for whichu < b < v(P),

2) u<a<v@).
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Then given € > 0 there is an extension ¢ € E of a such that
u<c<v+2zP), z¢E and |z| <e

If P has non-empty interior then P* is weak® locally compact and hence has
a compact base K. In this case the space E is isomorphic to 4 (K) and
Q* n K is a complemented or split face of K. 'We will use the convention that
a < b(P) mean b — a is in the interior of P. We can apply the technique of
Theorem 2.2 together with a modified iteration (related to Andersen’s method
[3]) to obtain a stronger version of Theorem 2.2.

TurorEM 2.5. Let (E, P, Q) be bi-ordered with Q* complemented in P* and
the interior of P non-empty. If —u, v are weak™ continuous super-additive
forms (homogeneous) on P* with

@A) uw<b<v(P)forsomebekE,

©2) u < a < v(Q) for a weak™ continuous additive form on P,*
then a extends to ¢ € E such that u < ¢ < v(P).

Proof. Assume without loss that b = 0 and that a e E. Let
Ve ={zeP* 1 0p(x) <1}, Vo=1{2eQ":0,() <1}
Up={ze—P": (—u)s(—2) <1}, Ug={xe—Q": (—u)o(—2) <1}

Let Ap = {c e E : ¢ > u(P)} with Aq, Bp, Bg defined analogously. Then by
(1), Bp has non-empty interior and hence V» = B} is bounded and therefore
weak™ compact. As in Theorem 1.2 we have

w*-cl-conv (Vou Up) n N = w*-cl-conv (Vo u Up).
The polar then becomes
BQ nAq = [Bp n Ap + M]—.

Thusgiven e > 0,a =c+m+wwithmeM, | w| < candu < ¢ < v(P).
Choose ¢ eint P such that w ¢ E and || w| < 1 implies —e < w < e. Now
assume (without loss) |[a || < 1. Then

u<0<v/2(P), u<a/2<v/2(Q).
Thus using the above we have
a/2=c+m+w, |w|] <% meM and u < e <v/2(P).
We show by induction there are sequences (¢.), (ma), (w.) such that

“ Wn ” S %"-H’ my € M’
and
A —=13"a = co + Ma + wa
with
u<e <A —=3"WwP) and —e/2" < capa — Ca < €/27.

Suppose ¢, has been chosen as required. Then
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en — /2" < ¢ + wn — e/2"!

A = 3"a — m, — e/2"
(1 — ")a + a/2""

= (1 -4"a

< ou + wa + a/2""

<+ €/2"(Q).
Sinceu < ¢, < (1 — 3" (P) we have

uV (e —e/2") <en < (1 —3"WA (e + ¢/2")(P)

IA

and

wV (ta—e2") < U =§a< @ =§"PA (@+e/2")Q).
Thus c.41 can be chosen as claimed. Thus (c.) is Cauchy and in the limit
a=c+m; u<c<oP).

Finally, again in case int P is not empty we give an extension result where
the dominating functions are only assumed to be semi-continuous.

THEOREM 2.6. Let F be a closed split face of the compact convex set K and let
—u, v be lsc concave functions on K, a ¢ A (F) and b € A (K ) such that

u<b<wvonk, u<alvonk.
Then a extends to ¢ € A (K) such that u < ¢ < ».
Proof. Extend a to a function in A (K) also referred to as a. We assume
without loss that || b — a || < 1. By Proposition 1.4 and Theorem 2.5 if
u<b<vonK and u<a<vonkF

thereisc e A(K) such thatc|r = a|[rand u < ¢ < von K. We construct a
sequence (c.) in A (K) such that

1) u<em<vonk,

@) elr=b+ A —=3)@~=Db)l|r|ra—c| <§"onkK.

Sinceu <b<vonKandu <b+ 30 — a) <vonF thereis ¢; e A(K)

satisfying (1) and (2) above. Assume ¢, has been chosen satisfying (1) and
(2). ThenonF,

=3 =b+ 1 —=3)Va—-b)+3"@—-0)
=b+ (1— 3@ —1b)
< e+ 3"
Hence
o —3YVu<e<@+3i")Av onK
and

en—3)Vu<b+ Q@ —-3MN@-b < (a+3)Av onF.
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Thus ¢s41 can be chosen as required. Let ¢ = limp.e ¢o. Then
u<c<v onK and clr=b+ (a—Db)|r =alsr
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