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1. Introduction

Let X be a smooth complete irreducible curve of genus g defined over an
algebraically closed field, and let J be the Jacobian variety of X. The n-fold
symmetric product X(n) is a smooth variety which represents the effective
divisors of degree n on the curve. Once a reference point p € X has been fixed
there is a map ¢,: X(n) — J such that g,(np) is the identity on J, and g, is
uniquely determined up to automorphism of J. If n > 29 — 1, X(n) becomes
in this way a locally trivial projective fibred bundle over J. Both the variety
X (n) and the morphism ¢, are classical objects of study. There is also recent
work about them, for example by Mattuck [8], [9], [10], Schwarzenberger [12],
Kempf [5], Kleiman and Laksov [6], and a summary of many results in the
book of Gunning [4].

Over the complex field MacDonald [7] determined the structure of the
cohomology ring H*(X(n), Z). His formulae, suitably interpreted, say that for
every n, H*(X(n), Z) is generated via ¢, as an algebra over H*(J, Z) by a single
element z € H*(X(n), Z), and the relations that z satisfies are explicitly given.
We will prove in every characteristic a similar result for the Chow ring A(X (n))
of cycles with integer coefficients modulo rational equivalence; namely, we
show it is generated via ¢ as an algebra over A(J) by a single element z which
represents a cycle of codimension 1. We will also prove that the relations in
qX¥(A(J))[z] are analogous to the relations in g¥(H*(J, Z))[z].

MacDonald could compute H*(X(n), Z) directly, using Kunneth formulae
and a theorem of Grothendieck which relates the rational cohomology ring of
a space to the ring of the quotient space under a finite group of homeomorph-
isms. He used then the known structure of H*(J, Z) to establish the fact given
above. Now Kunneth formulae do not hold for the Chow ring and not much is
known about 4(J). Our method is therefore different; it consists in studying
the geometry of the natural inclusion i: X(» — 1) - X(») and in using the
Chern relations for the projective bundle X(2g — 1) given in [8]. The main
point is to show that the morphisms

iy: AX(@m — 1)) > A(X(m)) and i*: A(X(n) > AX(n — 1))
are respectively injective and surjective.
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We close this introduction proposing an open question. It is known [12] that
X (n) is the projective fibred variety P(F,) associated to a suitable coherent sheaf
of modules F, over J. Because of our results about 4(X'(n)) it is natural to ask,
under what conditions on a base space S and a coherent sheaf of modules Fon .S
is the extension A(P(F)) generated over A(S) by a single element? We have
some results in this direction for very special situations. Since they are quite
incomplete we will not present them here.

2. The injectivity theorem

Let X be a smooth projective curve of genus g defined over an algebraically
closed field. The symmetric group on n letters S(n) acts on X[n], the n-fold
product of X, by permuting the factors. The symmetric product X () is the
quotient variety X[n]/S(n). It is smooth and projective, the quotient map

n,: X[n] = X(n)
is a finite separable morphism of degree n! [8]. We denote by [x,,..., x,] a
point in X[x] and by (x,, ..., x,) its image in X(n), where x; € X. The point
(x4, ..., x,) may be thought of as representing the divisor 3.} x; on X.
Fix once for all a point p € X and let m < n. We have a diagram

X[m] 22 X[n]
€y S
X (m) :”‘7 X(n)
Here pr, ,, is the projection onto the first m factors, j,, , is the map which sends
a point
[X1, s Xm] tO [Xps.oos X 25 P
and i, , is the map which sends
(Xgseeus Xm) 0 (Xgyeooy Xy Dy -5 D).
We will explain g in a moment. Induced by (1) there is the diagram (2) between
the Chow groups

(Jm, n)*

A(X[m]) AX[n])

Jm,n*

()]

(im, n)*

AX (m)) AX (n))

im, n*

We drop the subscripts on maps when no confusion exists and will often
simply write X(m) for the subvariety i, ,(X(m)) of X(n). The composite
morphism pr o j is the identity, hence

(proj)« = prejsx and  (prej)* = j*pr*
are both the identity; it follows from this that j, is injective and j* surjective.
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We would like analogous results connecting X (m) and X(n). From X(n) to
X(m) there is no morphism like pr, , but there is a correspondence g =
nmprn,mnpr_19 i~e-9

(3) g(xla"'yxn) = (z;,(xila""xim)’
the sum being taken over all m-subsets of 1, ..., n. More formally, the corre-

spondence g is given by its graph I' = X(n) x X (m), where
I =[=n, x n,](I"),

I'” being the graph of the projection map pr, ,. The correspondence g gives a
morphism g,.: A(X(n)) » A(X(m)) defined on representative cycles by

g«(Z) = er(m)((Z x X(m))-T).
The key Corollary 1 below shows that the composite morphism
Galim, )it AX (M) —> A(X(m))
is “‘close” to being the identity map. We study it now.

LeMMA 1. The morphism gy(iy, )« is induced by the cycle (i, , x id)*T" on
X(m) x X(m).

Proof. We have in fact
gxisZ = prym(((ixZ) x X(m))-T)
= Prxmf(i % id)«(Z x X(m))-T)
= prxem((Z x X(m)) - (i x id)*T)
since
Prxemy © (@ X id) = prym

where the two projections are taken respectively on X(n) x X (m) and X (m) x
X(m).

Let Xo(m) = X(m) — X(m — 1) be the complement of X(m — 1) in X (m).
Let A be the diagonal subvariety of X (m) x X(m). Let A, be the diagonal sub-
variety of X,(m) x X,(m) and

a: Xo(m) x Xo(m) » X(n) x X(m)

be the embedding induced by i, , x id.
Everything follows from:

PROPOSITION 1. a*I" = A,.

The proof depends on algebraic-geometric calculations which are deferred to
Section 3.
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COROLLARY 1. Let p*: A(X(m)) —» A(Xo(m)) be the morphism induced by
restriction, then p*ggi, = p*.

Proof. We prove that the equality holds already in the group of cycles. To
begin with, note that by (3),

GiXgs ooy X)) = GXqs ooy X Dy v s D)
= ('xla""xm) +(p9x2,"-9xm)+”'

where all the points on the right except the first have some of the x;’s replaced
by p. Therefore set theoretically, by Lemma 1,

(ipw x id)™'T = A + D
where D < X(m) x X(m — 1). By Proposition 1 it follows that as cycles
(lpn x AT = A+ Y

where supp ¥ < X(m) x X(m — 1).
Now let Z be an arbitrary cycle in X(m). We have by Lemma 1,

GxixZ = pryemllim,» x id)*I" - (Z x X(m))]
= pryemlA - Z x X(m)] + pryemlY - Z x X(m)]
=Z7Z+ Z
where supp Z; < X(m — 1). Therefore
P*9uixZ = p*Z + p*Z, = p*Z
which proves the corollary.

THEOREM 1. For every m < n, the morphism

(im, ) AX (M) > AX (n))
is injective.

Proof. By induction over m. When m = 0 we interpret X(0) as a single
reduced point and have i, ,X(0) = (p,..., p). Thus the theorem is true for
m = 0 since X (n) is complete. Assume now the statement to be true for im — 1)
and for every n > (m — 1). There is a diagram, commutative except for g,,
whose rows are right-exact by [1] and exact on the left by the induction
hypothesis.

0 AX (m — 1)) S22l 4(X (m)) —L— A(Xo(m)) 0
H g H (im, n)*
0 AX (m — 1)) &2t 4(X (n)) AX(n) — X(m — 1))——0
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so if z € A(X(m)), then
(m, () = 0 => p*gy(in,n)4(z) = 0
= p*(z) = 0 by Corollary 1
=z = (ip—y,mx(2") for some z’ € A(X(m — 1)) by exactness
= (im-1,n)x(z") = 0
=z’ = 0 by induction

=z =0.

3. Proof of Proposition 1

The set-theoretical part is given by:
Lemma 2. o~ }(D) = A,.
Proof. Consider a typical point of Xy(m) x Xy(m):

(Xtseevs Xms Viseoos Vm)s Xi # D, Vi # D
then

oUx;Y) = (Xg5- s Xpus Dy - - -5 D} V1s- - - » Vi) (Which is a point of T')
< {ViseosVmt S {Xpso ooy Xy Dy -+ -5 D}
< (P15 Vas -+ Ym) = (%15 Xg5 0y X)
< (Xyy s X3 Vis - -5 Ym) € Ag.
It follows from the lemma that
@ o* = dA, for some integer d > 0.
To show d = 1 we use the diagram
Xo[m] x Xo[m]—"~ X[n] x X[m]
Xo(m) x Xo(m) — X(n) x X(m)

in which X,[m] = =, '(Xo(m)) and g = j, , x id. We will pull both sides of
(4) up via n,, X =, and for this purpose must study this map.
The group S(n) x S(m) acts on X[n] x X[m] permuting the coordinates in
each factor. The graph I'” of pr, ,, consists of all the points of the form
I = {[x1, s X3 X5 e ey X))
The isotropy groups of I', i.e., the subgroup G of S(n) x S(m) which sends I'!
into itself, is evidently given by

G={Gs1]s(G) =t@),i=1,...,m}
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We choose left coset representatives mod G, 74, ..., Ty where N = nl/(n — m)!,
taking as the first m! coset representatives the elements of the subgroup H of
S(n) x S(m) which operates only on the first m coordinates of X[n]. (This is
possible since H n G = {1}.)

Lemma 3. %) = 3 ¢,(T).

Proof. Since G is the isotropy group of I, t,(I"") # ©;(I'") if i # j and
! @@)) = 71 = Y 1,(I"). Because 1, is an automorphism of X[n] x
X[m] which commutes with 7, the coefficient with which each 7,(I"") appears in
7n*(I) is equal to the coefficient # > 1 of I'". By the projection formula,

N
n'm!' T = nn%T) = m, (hz ‘cj(l")>.
1
Since each 7(I") is, as a set, a covering of I" of degree m! (n — m)!, it follows
that n! m! > hNm! (n — m)!. Hence & = 1. This completes the proof.

Let A’ (resp. Ap) denote the diagonal subvariety in X[m] x X[m] (resp.
Xo[m] x Xo[m]). The group S(m) x S(m) acts on X[m] x X[m] and L =
{(s, t) | s(i) = (i)} is the isotropy group of A’. Choose coset representatives
Gy, Gpy ..., O, Which map to 4, 7,,..., T,, under the natural embedding of
S(m) x S(m)in S(n) x S(n) as the subgroup which leaves fixed the last (n — m)
coordinates of X[n] in X[n] x X[m].

COROLLARY 2. (7,, X T,)*(Ag) = XM 6/(Ab).

Proof. 1t is enough to show

m!

(T X T)*(A) = ¥ 6(A)

1

and this follows from Lemma 3 since we have I' = A when m = n.

LeEMMA 4. With the above notations
B I") =0 ifj > ml,
B I) = aAp) ifj < ml.
Proof. Assume first j > m!. Consider a point of Xo[m] x Xo[m]:

z = [xl""’xm;yl"",ym]’ Xi ;&p,yi 7ép
Then
ﬂ(z) = [xla'”axm’pa"-’p;yb""ym]‘
Since j > m!, it follows that 7; does not belong to the subgroup of S(n) x S(m)
which permutes the last (n — m) coordinates of X[n]; hence some p appears
among the first m coordinates of 7; '(8(z)). Now

Bz) e T(I") < (1) (B e I,
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so the first m coordinates of (t;)~ 1(B(2)) are equal to the last m if f(z) e © ;T
but the last m coordinates of (;)”'(B(z)) are just the y’s and therefore contain
no p. We have then a contradiction with the above statement, hence

B, T) = 0.
On the other hand if j < m!, then
Tj([xh vy Xy X1y e e e xm])
= [Xe 1y -+ Xeyomy3 Xase - +s X
= xdj(l)""’ xaj(m)’” s Xmt1s e Xps Xp5e ooy xm]
from which it is clear f~'(7,(I")) = 0 ,(A}).
LEMMA 5. B¥(zT") =0 ifj > ml,
B T) = o)Ay ifj < ml.

Proof. From Lemma 4 all we need to prove is that 7,(I"") intersects trans-
versally B(Xo[m] x Xo[m]) for j < m!, which is obvious since 7,(I") is the
graph of a projection from X[x] to X[m].

We now complete the proof of Proposition 1. Applying (n,, x 7,)* to the
left side of (4) we get

(n, x m)*a*C = p*n*T
N

= p* (E rj(l"’)) by Lemma 3
1

m!
= Y 0,(A}) by Lemma 5.
1

Applying (n,, x =,)* to the right side of (4) we get, by Corollary 2,

m!

(T X mu)*(dA) = d - 21: 0(Ao)-
Comparing with the above we see that d = 1, hence Proposition 1 is proved.

4. The surjectivity theorem

To prove the surjectivity of i) ,: A(X(n)) - A(X(m)) a natural approach
would be to consider the morphism

g*: AX(m)) - AX(n)

induced by the transpose of I in X (m) x X(n). However this is not convenient
to work with since there are multiplicities involved which are awkward to
compute. We therefore use a somewhat different method from the one used
for the injectivity theorem.
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We continue to let X (j) denote not only the jth symmetric product, but also
its image in X (m) via the immersion #; ,,. As before X(0) represents a point, so
that in an expression like X (k) x X(0) it can be omitted; if n < 0 we take
X(n) = 0. We define

D(m) = {(x1,..., Xn) € X(m) | x; = x; for some i # j}.

D(m) is a closed subvariety of X (m); itisempty if m < 1, otherwise dim D(m) =
m — 1. By abuse of notation we often write D(s) instead of i ,,(D(s)).

DEerFINITION 1. We say a subvariety Y of X (m) is in regular position if every
component intersects all the subvarieties X (i) and D(i) properly,i = 0, ..., m.

It follows that if Y is of codimension ¢ and in regular position, then for
i=0,...,m,

dmYnX(m—i)=m—1t—i or YnX(m—i)=20
dimYnDm —i)=m—t—i—1 or YnDm—i)=0.

Remark 1. If Y is in regular position in X(m) then ¥ n X(m — i) is in
regular position in X(m — i). This follows easily from (5) and the isomorphisms

imeim: [YNX(m = D]nX(m—-—i—j)3YnX(m—i-—j),
0<j<m-—i

im—im: [YNX(m —)]nDm —i—j)3YnDim—i—j),
0<j<m-—i

(6

where the varieties on the left are to be interpreted as lying in X(m — i) and
those on the right in X (m).

Let n),: X(m — r) x X(r) > X(m) be the finite morphism of degree
C(m, r) defined by

(xls--'a'xm—r) X (yla"'9yr)'—’(xlan‘axm—nyl"wayr)'

By our conventions, if » = 0 then n2 is the identity map.

DERINITION 2. We say a subvariety V of X(m) is of type r, if for some sub-
variety A = X(m — r),

©) V =7 (A x X(r)).

Remark 2. 1If Vis irreducible and of type r, the variety 4 in (7) can be taken
to be irreducible. Every subvariety V is of type 0, according to our conventions
with 4 = V. If V has type m, then V' = X(m) and 4 = X(0).

LEMMA 6. If V is of type r every component is of type r.
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Proof. Let A =) A, V=)V, be the decompositions in irreducible
components. Then
(A x X () = ) (4 x X(r)) = | V.
J

13

Since the 7, (4; x X(r)) are irreducible, for each j there exists an i(j) such that
V; = m (A, x X(r)). Therefore V; is of type r.

From now on ¥V denotes an equidimensional subvariety of type r and cod ¢
in X(m). We may take A equidimensional in (7), according to Remark 2. With
these assumptions we have by (7), dim V =m — tanddim 4 =m — ¢t — r.

PROPOSITION 2. V and A being as described above, V is in regular position in
X (m) if and only if A is in regular position in X(m — r).

Proof. 1If either r = m or r = 0 the assertion is trivial by Remark 2. Thus
we assume 0 < r < m and proceed in several steps.
V intersects properly all the X(m — i),0 < i < m
<> A intersects properly all the X(m — r — j),0 <j<m —r.
This is by definition equivalent to
®) dmVnXm—-i)<m—1t—i
sdmAdnXm—-—r—j)<m-r—t—j
The proof is as follows. A point y in V has the form
Y= s AQup X1,-..,%,) Wherea = (a;,...,a,_,)€A.
If ye V.n X(m — i), a subset of i p’s appears in
@1y Oy Xgy e oo X))
Say j > 0 of these p’s occur in a. Then
aeAn X(m — r — j) = (by definition) 4;.

The other i — j p’s appear in (x;,..., ), which belongs therefore to
X(r — i + j), hence

yem i(A; x X(r — i+ j)).
Conversely every point in #}, ' /(4; x X(r — i + j))isa point of ¥ n X(m — i)
so that
©) VaX(m—i)= w4, x X — i + j)).
7

Now the =’s are finite, hence
dim (V n X(m — i)) = max dim (4; x X(r — i + j)),

jsi,jsm-r
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that is,
dm (VA Xm —i) <m—1t—i
edmd; <m—-t—-i)—(@r—-i+j)=m—r—1t—j

for all j < min (i, m — r).
This proves (8).

(10) If A intersects properly D(m — r), then V intersects properly D(m).

To see this it is enough to prove ¥V ¢ D(m) because our assumptions on r
imply that D(m) has codimension 1. Since 4 ¢ D(m — r) there is a point
a=(a,...,a,,)€ Asuch that a; # a; for i # j. Fix a point

X555 %)€X(r)

so that x; # x;, x; # a for all i, j, k. Then (a, x) ¢ D(m), hence V ¢ D(m).
We may now complete the proof of the proposition. We have, according to
the hypotheses, still to show that

dm(VnDm—-i) <m-—-t—i—-1,0<i<m
sdmAnNnDy)<j-t-1,0<j<m-—r
We begin with the reverse implication. First of all, we have
VaDm—1i)=((VnX@m-—1i)n Dm — i), by(6),
dim (Vn X@m — i) <m—1t—1i by(),

hence it is enough to prove that no component, say 7, of ¥ n X(m — i) is
contained in D(m — i). Now we have from (9).

VoaXm-—i)= 4, < X —i+j),
J

therefore using the argument in Lemma 6 there is a component, S say, of some
A; such that T = #,{}J(S x X(r — i + j)). Since by hypothesis, 4 is in
regular position in X(m — r), then by Remark 1, S is in regular position in
A(m — r — j); hence by (10) taking V and A4 to be T and S respectively, T
intersects properly D(m — i) < X(m — i), thatis T ¢ D(m — i).

To prove the other implication, notice that i,_, (4 N D(j)) = V n D(j)
hence

dim (A nDG)) <dm PV nDG)<j—1t—1.

This completes the proof.

The hypotheses about ¥ and A4 continue as they were for Proposition 2. We
define W = X(m + 1) and V* <= X(m) by

W = mp(V x X) = 1,554 x X(r + 1)),
V* =" (A nX(m—r—1) x X(r + 1))

where the first factor is being viewed as a subvariety of X(m — r — 1).

(11)
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LeEMMA 7. If V is of type r and in regular position, then either V* is of type
r + 1, in regular position, and dim V* = dim V, or else V* = Q.

Proof. 1f not empty, then clearly V* is of type r + 1 and
dimV* =dim A n X@m —r — 1)) + (r + 1).

By Proposition 2, A is in regular positionin X(m — r),thus A n X(m — r — 1)
is in regular position in X(m — r — 1) and of dimension (m — r — t — 1) or
empty. This implies by Proposition 2 that either ¥* = @ or V* is in regular
position, of dim (m — t) = dim V.

ProPOSITION 3. If V is in regular position and irreducible, then W is irre-
ducible, and as cycles we have i), ...\ W = V + V; where supp V; < V*.

Proof. We have the diagram

X(m)—L> X(m) x X
Tm+1l=n

X(m + 1)

i=im, m+1

where f(x) = (x) x p, therefore i “'(W) = f~'n~ (W) and since we will show
the cycles are all defined,

(12) i*W = f*n*w.
We study first n* . Let
(13) W) =U T,

be the decomposition in irreducible components. Because V is irreducible, W is
also; n* W is defined, since = is finite, and =~ (W) is equidimensional.
We have then n*W = Y d,T;, d; > 1. We prove now that

(14) oW =Y T.

Because 7 is a finite surjective morphism between smooth varieties it is flat
[3, IV, vol. 2, 6.1.5.]. Denoting for simplicity’s sake X(m) x X =7,
X(m + 1) = Z, we have then

(15) n*W =} 1(Oy,r,/m,0Oy,1) T;

where m,, denotes the maximal ideal in the local ring O, y and / denotes the
length of an artinian module. By Proposition 2, 4 is in regular position; again
by Proposition 2 so is W. Hence W is not contained in D(m + 1), which is
easily seen to be the branch locus of 7. Because = is unramified at W we have
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therefore m, Oy, 1, = my, the maximal ideal of Oy, r,; hence

IOy, 1,/m,0Oy, 1) = 1,
which proves (14).
The next step is to show that set-theoretically

(16) iYWy =Vu

To begin with, it is easy to check that

17) n (W) = (V x X) U S,

where we put

(A8) S ={(@1s---58iye ey Quepy X1y Xpp1) X a; | (@y, ..., a,-,) € A}.

We now apply £ ~! to both sides of (17). Evidently

(19) AV xX)=17,
and also

20 f7US) = Vv,
since

S0y €S
< (Vis---sVm) X DES
S (Viseoos V) XD =0(A1,...y 8iyeenyQueoyy Xiyevvr Xpp1) X Dy
where (ay, ..., @1, D, Qjx1y-- -5 u-,) €A by (18),
S Ay ooy Qiyeesy Qs X5 ooy Xp 1) € VE
(17), (19), and (20) prove (16).
Comparing (17) with (13) we may set T; = V x X and thus T; < S for

i > 2. Now by Lemma 7, dim V* = dim V, by (11), dim W = dim V + 1;
hence f* is well defined on the cycle n* W and

i*W = f* (¥ T), by(12)and (14),
or

P*W = f*V x X) +f*(2 T)

i22

where supp f* (3;., T;) = V* by (20). Now V x X intersects X(m) x p
transversally, hence f*(V x X) = V, and therefore

i*W=Vv +f*(z T,-), where suppf*(z T,> c V-
iz2

i22

This completes the proof.
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Remark 3. With the above hypotheses and notations, if V is of type r but
not r + 1, then V ¢ V*, since V* is of type r + 1 and therefore so is every
component by Lemma 6. It follows that ¥ x X ¢ Sbecausef " (V x X) = V
while f~!(S) = V*. Hence by (17), S =|J T; for i > 2, and thus supp
S* iz T) = V™

THEOREM 2. iy @ A(X(n)) » A(X(m)) is surjective.

Proof. 1t is enough to show i} , ., surjective for every m. By Chow’s
moving lemma [1] the irreducible subvarieties ¥ in regular position generate
A(X (m)). Hence it suffices to prove that for such a V,

21) imm+1Y =V forsome cycle Y in X(m + 1).

We fix the dimension and prove (21) for all subvarieties of that dimension by
descending induction over the type r of the subvariety.

If » > dim V¥, the result is trivially true, since no such V exists.

If r < dim V, then by Proposition 3,

(22) i:‘l,m+1W = V + Vl Whel‘c Supp (Vl) < V*.

Now V* is either empty or else it is in regular position and of type r + 1 by
Lemma 7, hence all of its components V¥ are such by Lemma 6. If V* =
then (21) is proved since i*W = V. Otherwise, by the induction step,

V¥ =ik .+1(Z) forsomecycle Z, = X(m + 1).

Since supp (V;) € V* and they have the same dimension, V; = X n,V}¥, n,
integer; hence V; = Y i} ,..,(n,Z)) and therefore V = iy .. (W — n,Z;), by
(22), which proves (21).

5. The structure of A(X (n))

Let J be the Jacobian variety of X and p € X be the point fixed in Section 2.
Identifying J with the divisor classes of degree 0, there is a morphism

qp: X(n) > J
defined by
qn(xl’ cees xn) = cl (Z X; — np)
The fiber g, !(»), y € J, is therefore a projective space which represents the com-
plete linear system of effective divisors whose class is (y + n:cl(p)). The

dimension of such space is determined by Riemann-Roch theorem. For
m < n we have the diagram

X (m) 222 X (n)
&) v w
J — J
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Induced by (23) there is the corresponding diagram of Chow rings
A(X (m)) ™25 A(X (n))

qm* an*
AJ) =— AU)
which shows that i}, , is a morphism of A(J) algebras.

We want to determine the structure of A(X(n)) as an extension of A(J).

In the case n > 2g — 1 this was done by Mattuck [8] who showed that
X (n) is then a projective bundle over J and computed the Chern relations. In
order to describe his results we write W; = q(X (), U; = ©(W,) where
®:J — J is the morphism which maps y to (—y + ¢), ¢ being the canonical
point, image of the canonical divisor, and we let

u;=cU,_)ed(l) if0<i<g
24) u, =0 ifi>gori<O
L = el (fp-q,,(X(n — 1)) € A(X(n)).

On J there is a vector bundle F,, n > 2g — 1, whose associated projective
bundle is X(n). The total Chern class is given by

I

n—g+1

oF,) = % (=D,

and i,_, (X (n — 1)) is a divisor in the class of the fundamental sheaf 0(1).
We put

g .
(25) =Y (—Duz?"

0

PROPOSITION 4 (Mattuck). The structure of the extension A(X(n)) of A(J) is
given for n > 2g — 1 by the exact sequence
0 — (az""20* 1) — A()[z] 2= AX (n) — O,

where ¢, is the A(J) morphism defined by ¢,(z) = (.
We proceed now to deduce the structure of 4(X(n)) as an extension of A(J)
in the general case.

LemMma 8. In A(X(n)) we have cl (iy—p, (X (n — m)) = ().

The proof is given in [8] and consists essentially in lifting i,_, (X (n — 1))
from X (n) to X[n] and in computing the self-intersections there.

LEMMA 9. iy 0, = (e
Proof. We have
(26) (im, n)*(l:t, ncn) = C;‘t_m+19
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by the projection formula and Lemma 8; also
(27) (im,n)*Cm =cl (im—l,n(X(m - 1)) = C:'z_m+1

by Lemma 8. Comparing (26) with (27) we deduce the lemma because (i,,, ,)«
is injective by Theorem 1. Note that a different proof of Lemma 9 is given in

[12].
We can now prove our main result.

THEOREM 3. Let a be as in (25), z a variable, and let I, denote the ideal in
AWN)[z]:
I - ((@):z?7 "™ ifn<2g -1
" Warz"Y ifn > 29 — 1

Then for every n the structure of the extension A(X(n)) of A(J) is determined by
the exact sequence

0— I,— AWJ)[z] 2~ AX(n) — 0
where ¢, is the morphism of A(J) algebras defined by ¢,(z) = {,, with{, as in (24).

Proof. 1fn = 2g — 1 the theorem is given by Proposition 4. Ifn < 2g — 2
we define

(28) Gy = i:‘,Zg—ld)Zg—l'
We have then
u(z) = i:, 2g-1P24-1(2)
= iy ,,-1({3-1) by Proposition 4
= {, by Lemma 9.

The morphism iy ,,_, is surjective by Theorem 2 and ¢,,_, is surjective by

Proposition 4, hence ¢, is surjective. To finish the proof we determine the
kernel of ¢,. Let y € A(J)[z]; we have

G(y) = 0= iy 25 1025-1(y) =0 by (28)
g (in, 2g—1)*(i:, 2g—1¢2g—l(y)) =0 by Theorem 1

< 02-1(227 Nz 1(¥) = 0
by the projection formula and Lemma 9

<« 229717 Ly e (o) by Proposition 4
< yel,

In [7] MacDonald has given an analogous result for the cohomology ring
which we wish to make explicit here. There are natural maps

(29) AV) > H*J,Z), AX@) > H*XmZ), A(J)[z] - H*(J, Z)[n]
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(To conform to MacDonald’s notation we use the letter 5 in place of z.) We
continue to denote the images of u;, {,, «, I, under (29) by the same letters. Thus

u; € HZi(Ja Z)’ Cn € HZ(X(n)’ Z)’
1. = ((d): ”Zg—l—n)’ n < 29 -1
Tl nz29 -1

We set formally deg n = 2.
Then the structure of H*(X(n), Z) as an extension of H*(J, Z) is determined
by the exact sequence

(30) 0 — I, — H*(J,Z)[n] 2~ H*(X(n),Z) — 0 where ¥,(n) = L,

Actually MacDonald never states his result precisely in this form. He can
describe H*(X(n), Z) directly as follows: let &;,..., &, &), ..., ¢, be the
elements of degree 1 which generate the exterior algebra H*(J, Z) and let n
be as in (29). Define R, to be the ideal generated by the set

Ry = {(&, &85 G — ) (G, — M)}
where iy, ..., iy Jj1s---»Jp kgs---, k. are any distinct integers and a, b, ¢, ¢
are any integers such that a + b + 2c + ¢ = n + 1. Then according to
MacDonald the structure of H*(X(n), Z) is given by the exact sequence
0 — R, — H*U, Z)[n] = H*(X(n),Z) — 0

where ¥, is as in (30).
If n > 2g — 1, then [7] there is essentially only one relation, i.e.,

R, = (" 2" Tl{EE —m), n=29 — 1.

To see that R, coincides with I, for n > 2g — 1, it suffices therefore to show
that

(31) «

+ [T1E - m.

This could be done explicitly by expressing the u;’s in terms of the {,’s; however
it is clear since evidently a € R,, and both sides of (31) are monic polynomials
of degree g in .

For n < 29 — 2, one shows easily for the given generators of R, that

XeR, < xn 1 "e Ry g

it follows therefore that R, = I,, n < 2g — 2; hence the two ideals are equal
for all n.
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