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RIEMANN-LEBESGUE CENTERS OF PLANE DOMAINS

BY
J. G. CLUNIE AND L. A. RUBEL!

1. Introduction

Let G < C be a plane domain which supports nonconstant bounded analytic
functions, and let { e G. Forn =0, 1, 2, ... define

Ap= A,((, G)=sup {| ()] : f € Bu(G), | /] = 1},

where By(G) is the space of functions analytic and bounded in G, and | f||,
denotes the supremum norm. A point { € G such that for each f e B,(G),

f(")(C) 50

1 (n— ),

is called a Riemann-Lebesgue center (R.L.C.) of G. The name “Riemann-
Lebesgue center” is an allusion to the well-known Riemann-Lebesgue lemma,
which implies that 0 is a R.L.C. of the unit disc {z: |z| < 1}.

In this paper we shall be concerned with certain problems about R.L.C.’s
from the point of view of “hard” analysis. However, the idea of R.L.C. arose in
conversation with Stephen D. Fisher with reference to different topologies on
function spaces. The latter are dealt with in a paper of Rubel and Ryff [2]. A
number of particular topics are considered in greater detail in the papers listed
by Rubel and Ryff in their bibliography. The results of the present paper do
not, unfortunately, seem to have any applicability to the problem of different
topologies on function spaces, so we present them for their intrinsic interest.

2. Statement of results

THEOREM 1. Let D={z e C: |z| <1} and

A, = A,((; D) = sup {| fP()]: f€ Bu(D), | |l <1},
where 0 < |{| < 1. If f € By(D), then

1 SP0)]
lim inf Yl =0;

n—w n
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and there is an f € By(D) such that

lim sup m—)—l > 0.

n—o0 An

COROLLARY. The origin is the only R.L.C. of D.

THEOREM 2. Let f satisfy 0 < B < /2 and G be a domain satisfying
DsGsDu{zeC:|arg (—z)| < B}
Then the origin is a R.L.C. of G.
THEOREM 3. Let G = C be a bounded domain,{ € G,A < G, and 0G ~ 0A be
nonempty and finite, where A ={z € C: |z — {| < 1}. Suppose that from each

point of 0G N 0A emanates a half-line lying in the complement of G. Then { is not
a RLC. of G.

THEOREM 4. Ifn=0,1,2,..., or n =N, then there is a domain G which
contains precisely n R.L.C.’s.

3. Proof of Theorem 1

We shall indicate the idea of the proof of the first part of Theorem 1 after the
following lemma.

LEMMA 5. Suppose that 0 < B < 1 and let A, = A,(B, D). There is a constant
A > 1 such that

!
1 n <A4,<A n>1

! n!
A= pp = =N gy =D

Proof. The precise values of the 4, for odd n have been given by Macintyre
and Rogosinski [1], but for even n the precise values of the 4, do not appear to
be known.

If f € By(D) is extremal for A, consider g = (z — B)f. Then

g v(B) = (n + 1)f"(B)
and so

An+l
n+1’

1 |g(n+l)(B)|

A= SO =Nl g T

<(1+p)

If g € By(D) and is extremal for A, , consider

_g9—49(p)
r=t
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Then g®*Y(B) = (n + 1)f®(B) and so

n)
Aoy = 1" OB)] = | faln+ 1) LZOL <2y,

”f”oo —l_ﬂ
Hence
1- An+l An+1
T TR Gl e

so that from the known values of the A, for k odd one gets estimates for the A,
with k even. The lemma follows from the results of Macintyre and Rogosinski
and the preceding inequalities.

Let f € By(D) with || f||, = 1 and assume { = B, where 0 < 8 < 1. For posi-
tive integers n define

d=d(m)=min {| fYP)|/A,;v=nn+1,...,2n}
If {o, ..., {, are suitably chosen of unit modulus, then

5 L0 5 L1

n+vy

(n+1)d (3.1)

n+v

In the left hand sum of (3.1) use

(n+v) = (n + V)! f(Z)
1) =S | o
and the estimates of Lemma 5 and it follows that

AY2n Vgo (1—/3)"+V2C—7;ijlz|=l (—zjfl;)%mdzz(n+ 1)d.

Hence, since || f |, = 1,

Ll e La-py d /n
=, |5 @ | YR ATy 62)
The first part of Theorem 1 follows by finding a suitable upper estimate for the

left hand side of (3.2) and the next few lemmas contain results that are appro-
priate for such an estimate.

LEMMA 6. Given ¢ > O there is an a = a(e) > 0 so that
f do <& 1
wvasioise €0 — B" T /m (1= By

for all large n.
Proof. For |0| <,
€= BI* = (1= B)? + 4B sin® 6/2 > (1 — B)? + 4B0%/n”.
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There is a y > 0 such that

1 " 48
e (ost=r )

and so, for |0| <,
1 1 4p 6?
[ BF =B [‘Y(T—_ﬂ)"?
Therefore, given £ > 0, for all large n,
do .
L/\/n<|0|<n e — BI" ={- /3)" L/f e
and putting \/—n 0 = g we obtain

ju e T2 g < / e %2 do.
&R { y/2

Hence, given ¢ > 0, if o = a(e) > 0 is chosen so that

~(1-py

—y'92
v say.

j/_/z e dp <

the lemma follows from the above estimates by setting & = a.

LEMMA 7. Given ¢ > 0, let « = a(e) be the same as in Lemma S. For all large n,
if {05 45 .., {, are unimodular numbers then
do < 8‘/;

J - L=y
T(-pprt

el <0l <n vgo (eio - B)"+V+1
Proof. The integral on the left is bounded above by

" , do " 1
v;o -#) ja/Jﬁslolsn e — g+t = v;o a=pr \/_ n(l- )"+v+l

from Lemma 6, noting that o/./n +v + 1 < oz/\/rT (v=0,...,n).

LemMA 8. Given B (0 < B < 1) there is an n > 0 and a function y(0) analytic
for |8] < n with y(0) = ¢'(0) = O such that

1 1 —
io__ﬁ=1_ﬂexp(1 +|//(0) (|e] <n).
Proof. 1t is easily checked that y/(6) defined by

= 1-8 i0/(1 - B)
W(B) - log [eio _ B e

for small 0 satisfies the requirements of the lemma.

e
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LEMMA 9. Let {y, ..., {, be unimodular and y(0) the function of Lemma 8 and
set

= i {, exp (;—iveﬁ- + vw(é))),

G(0 = Z —lv0/(l—B)‘

Given £ > 0, for all large n
j |F(0) — G(0)| db < const. n'/*

|0l <¢&/vm
where const. denotes a constant which may depend on ¢&.

Proof. From Lemma 8 we can write y/(6) = c¢6* + A(6) (|6] < n) for some
constant ¢, where |A(6)| < const. |0]* (|0 < #/2). Consider

O _ 1 = g0 HO _ 1) 4 07 _ |, (3.3)
For ¢ > 0 given and all large n,
|e9(e"® — 1)| < const. v|0 (|0] <&\/n;v="0,1,2,...,n).

Hence

J

n

. gV
Y (eI Peet2(gvi® 1) ‘ db < const. n? J 6° d6 < const.
0

0|<&/yn | v=0
(34)
Also,
J < £, M= _ 1) | g
ol<g/vm | v=0
z Left j ¢ ke MOIA-DG2k | 4o (3.5)
=1 k! Jg<gm | VS0

Fork=1,2,... and large n,

Z C vk —iv0/(1—p) 02k de

‘[Ielsé/ﬁ

n

<(]
|6l<¢/vn | v=0
n

2k &1 -pvn o i
< const. —W f Z va o~ v
—¢/(1=pvm | v=0

vake—ivt)/(l -p)

2 1/2 1/2
d0) ( j g dO)
16| <&y

2 1/2
dd))

2k n 1/2
< const. \/F K+ 174 ( v )

2k

5 1/4
< const. 3 ns, (3.6)
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where we have assumed n large enough to ensure that &/(1 — f),/n < 7 and
used Parseval’s relation.
Noting (3.3), the lemma follows from (3.4), (3.5), and (3.6).

LemMa 10. Suppose (o, {4, ..., {, are unimodular and ¢ > 0. For all large n,
jz" i C (1 By 0 < e/n . const. n/4
= )n+v+1 ( _ﬂ)ﬂ+1 (1__ﬂ)n+1'

Proof. Choose a = a(e) so that Lemma 5 holds and assume n is large
enough to ensure that oc/\/ n < n, where 5 is the number of Lemma 7. Using
Lemma 8 we find, in the notation of Lemma 9, that

o _LU=B |1
J]msa/\m & (@ —pytt d L= py*t J-lolﬁa/ﬁ | F(6)| do
const. n1/4 1
0
ST A= s 1501 20

by the result of Lemma 9.
Using Schwarz’s inequality and then setting —6/(1 — B) = ¢ we find that

J )

|6 <a/ym
provided n is large enough to ensure that a/(1 — B)\/rT< n. This estimate
together with the preceding shows that

f & La-py

e v;) (eio — ﬁ)n+v+l

a/(1 - )i

n

Z Cveiv¢ 2 d(b

v=0

|G(6)| d6 < const. n™1/* ( |
—o/(1 = p)/n

< const. n/4

1/4

(r-py

do < const. (3.7)

for all large n.

The lemma follows from Lemma 6 and (3.7).

From Lemma 10 and (3.2) it follows at once that d = d(n) - 0 (n — c0) and
this gives the first part of Theorem 1 (and a little more).

In dealing with the second part of Theorem 1 again assume that { = f, where
0 < B < 1. If one observes from Lemma 6 that when f € By(D) the integral for
f®(B) round |z| = 1is dominated by the contribution from an arc about z = 1
that shrinks to z = 1 as n — 00, then it is not surprising that a “gliding hump”
construction leads to a function of the kind sought. We shall not go into details
of the construction apart from giving in the next lemma the basic result
required. Note that this result and its proof make it clear that one can ensure
that f € By(D) with || f|, =1 and
/@) _

A,

lim sup

n— oo
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LemMA 11. Given 6 >0,e (0<e<mn), & (0<é& <1)and N € N there is a
function f'e By(D) and é (0 < 6 < ¢) such that

(i) ”f ”oo =1,
(i) |f™(@B)| > (1 - ¢)A, for some n> N,
(i) |f(e?)| <o fore< |6] <mand for |6] <4.
Proof. We shall give a descriptive account of the construction of f(z).

If y > 0 is small then 1 — (1 — z)” will be small on |z| = 1 outside some arc
about z = 1 and near to 1 on another such arc. Now

B (Z _ ﬁ)m+ 1

h(Z) =z" (1 _ Bz)m+1
is extremal for 4,,,, , and the dominant arc of the integral for K®™* V() round
| z| = 1 will be within that where 1 — (1 — z) is near to 1 for all large m. Hence
the (2m + 1)st derivative of (1 — (1 — z)')h(z) at B will be near A,,., for y
“small” and m “large.” This leads to a function satisfying (i) and (ii).

If ¥ >0 the function (1 — (1 — z)’)(1 — z)"h(z) will have the preceding
properties and in addition will be small on |z| = 1 when z is “very near” to 1
provided y’ is sufficiently small. Hence one sees that fsatisfying (i), (ii), and (jii)
can be constructed.

4. Proof of Theorem 2
A number of lemmas are required. In what follows we assume that 0 < f <
n/2, D = {z: |z| <1} and that
O=Dv {zeC: |arg (—2)| < B}
LEMMA 12. Ifne N,k € Z such that 2n|k|/n < m/2 — Band { = ™", then
|1 <1l/e forzeO n{z:|z]| > 1}
Proof. Forz=ré®withn—B<0<m+p,
Re {z =r cos (0 + 2nk/n)
and
0+ 2nkn<m+p+2n|k|/n<n+p+n2—p=3m2,
and
0+ 2nkin>n—B—2n|k|/nzn—B—(n/2—B)=mn/2
Hence Re {z < 0in G n {z: |z| > 1}, and so the result follows.

Lemma 13. If neN, N= [\/77], M <[Nj2], and {,=e*™Nm for
v=—M,..., M, then for |z| <1,
M

Y D

v=—M

9]
< const. (= 2y e'zvz).
(4]
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Proof. For —m < ¢ <m it is easy to see that |e?’~!| = e 25" (¥ has a
maximum at ¢ = 0 and decreases as || increases from 0 to 7. Therefore for
|zl <1,

M

Z e"Gz— 1)

v=-M

il 2nivN/n — 1
Sz en(e nivN/n — 1)
x| |

M
=23 exp(—Zn sin? %)

v=0

Forv=0,..., M,

YN _MN _ [[f]m[f ] _1

n - n

N

and hence, using

sinqbz%d) (OS¢Sg),

we find that for |z| <1,

Z ez~ 1)

v=—-M

22§ oo [22Y))

V=
-~

2

v

Since N2/n = [\/n]*/n = 1/4, the lemma follows.

—8v2N2/n

e

i

We now give the proof of Theorem 2.
LetneNand N = [\/ﬂ Choose M € N as large as possible with

2nM<7t 8
Jro2ow

Then M > c\/rz_ for all large n, where ¢ =¢(8) >0 and M <[N/2]. From
Lemmas 12 and 13 it follows that

M
Y &&=V <const. (ze€G).
v=-M
If, for zin D, Y " _, &"@*~ D =% | g 2% then
e M 2M + 1 "
a, = Z (C)"—————-————( + e > const. > 0,

n! .z
from Stirling’s formula. Hence, for some o > 0, B, > a, where

B, = sup {| f*(0)|/n!: fe By(G), || f]l < 1}.
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However, by the Riemann-Lebesgue lemma, for any fe By(G), f®(0)/n! -0
(n — o0) and so the origin is a R.L.C. of G.

5. Proof of Theorem 3

The form of this theorem is to a large extent due to its use in the Proof of
Theorem 4. It will be clear from our arguments that much greater generality is
in fact possible.

LemMMA 14.  Assume the hypotheses of Theorem 3 are satisfied and define

B, = sup {| f*({)|/n!: f€ Bu(G), || /] < 1}

There are constants ¢ > 0, d > 0 such that B, > c¢/n* (n= 1,2, ...).

Proof. Suppose that 0 € 0G n 0A and the negative real axis lies in the
complement of G and that { = €%, where — 7 < ¢ < . Choose o > 0 to satisfy
a(m+ |¢|) <m/2 and then g(z) = exp {—(ze~*)} with g(e®)=e"! is in
By(G) and |g|,, = 1. We shall establish the lemma by showing that for some
constants ¢ > 0,d > 0.

Consider for n e N,

g"(e?) 1 f 9z
oa (z— €0yt

nl  2nmi
To estimate this integral we consider g restricted to A and cut the plane along
the half-ray arg z = n + ¢. We next continue the restriction of g to A into this
cut plane and distort the path of integration, dA, so that it wraps itself along
both sides of arg z = ¢ + n. Hence we find that

g"(e)  (—1ye " ;* e”"°**sin (r* sin an)
= J 1 dr
n! T 0 (r+1y
By considering [§ above as [§ + ¢ it follows easily that for some ¢ > 0,d > 0,
lg”(?)] _ ¢
s n=12..)

The following is an outline of the proof of Theorem 3.

There is a rectifiable contour I in G about { through the points of dG ~ 0A
such that any point of I apart from these latter points is at a distance greater
than 1 from (. Suppose f, € By(G), || /y |« = 1 is extremal for B, of Lemma 14

and consider
O_ L L),
r

n!  2milo(z-QpttT
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From Lemma 14 it follows that the integral on the right is dominated by the
contribution from arcs containing the points of 3G n dA which shrink to these
points as n — 0.

Hence one can use a “gliding hump” argument based on the result for the
present situation which is analogous to that of Lemma 11, with h(z) of that
lemma replaced by f,,(z) for some m. From the hypotheses that G is bounded
and complementary to half-lines emanating from 6G n 0A it follows that suit-
able factors similar to those in Lemma 11 exist in the present case.

6. Proof of Theorem 4

If n =0, take G to be the inside of a triangle and use Theorem 3.
IfneNlet N={Py,..., P} be aregular n-gon ofside landfork =1, ...,n
let

A={zeC: |z— P <1/4}

and define G = (| Ji=; Ay) v N. From Theorem 2 it follows that P, ..., P, are
R.L.C’s of G and from Theorem 3 it follows that any other point of G is not a
R.L.C.

Ifn="N,let Dy = {z: |z| <1} andlet D, D,, ..., be small discs centered on
0D, such that if G = | )¢ D, then for any point of G apart from the centers of
Dy, Dy, ... the conditions of Theorem 3 are satisfied. Since the center of each D,
is a R.L.C. of G, from Theorem 2, it follows that G has precisely ¥, R.L.C.’s.

7. Concluding remarks

The following result is perhaps true. Let G be a domain supporting noncon-
stant bounded analytic functions and suppose that no point of G is a remov-
able singularity for all functions in By(G). Let { € G and A be the largest disc
centered on { lying in G. If the linear measure of G n 0A is 0, then { is not a
R.L.C. of G.

In the above notation one might also consider whether or not { is a R.L.C. of
G when the linear measure of 0G N 0A is positive. It seems somewhat unlikely
that this condition would be sufficient to ensure that { is always a R.L.C. of G.
But it might be the case that { is a R.L.C. of Gif 3G n 0A contains an arc of A
of positive length which separates G from its complement. Perhaps the simplest
case to consider first of all would be the one similar to that of Theorem 2 when
B satisfies 7/2 < f < 7.

Finally there is the question of how many R.L.C.’s a domain can possess. Is
Theorem 4 best possible? If the answer is no, then what conditions does the set
of R.L.C’s satisfy?

Added in proof. A natural question that arises is whether, for every domain G,
every point { € G must be a weak R.L.C. in the sense that

|/"(©)]/A4, = 0.
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