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FUNCTIONS WHICH FOLLOW INNER FUNCTIONS

BY
KENNETH STEPHENSON'

If U denotes the unit disc and A = has (logarithmic) capacity zero,
Frostman proved that the universal covering map ¢,: U —> U\ A is an
inner function. ¢, has some very nice properties: On the one hand, any
analytic function f mapping U into U \ A is subordinate to ¢,4, that is, there
exists an analytic function g on AU so that f=¢, °g. On the other hand,
there is a group I', of Mobius transformations of U such that any function f
which is automorphic with respect to I'y can be realized as a composition
with ¢4, that is, there exists a function g on U\ A so that f =god,. In this
paper we exploit these properties to obtain results about the composition
operators C,: f — fo¢ for general inner functions ¢.

We consider these operators on the Hardy spaces, the Smirnov class, and
the space of meromorphic functions of bounded characteristic. X will denote
any one of these spaces. An obvious necessary condition for a function f in
X to be in the range of C, is that f(a)=Ff(B) whenever ¢(a)=d(B). We
describe this property by saying that f follows ¢. We prove in Section 3 that
this surprisingly simple condition is also sufficient. In Section 4 we use this
condition to characterize the range of C, as a linear submanifold of X,
extending and simplifying a characterization due to Ball [4]. We conclude
with comments and questions in Section 5.

The composition operators C, have been much studied, particularly in
relation to Toeplitz operators. For work in this direction, see Abrahamse
[1], Abrahamse and Ball [2], Ball [4], Nordgren [7], [8], and Thomson [12],
[13]. Certain properties of the inner functions ¢, were studied by the
author in [10]. We assume that the reader is familiar with the basic theory of
functions of bounded characteristic, the notion of logarithmic capacity for
plane sets, and the elementary properties of universal covering surfaces for
plane regions. Appropriate references would be Duren [5], Tsuji [14], and
Abhlfors and Sario [3], respectively.

I wish to thank J. D. Chandler and Tom Metzger for helpful discussions
on the material presented here.

1. Preliminaries

All functions have domain %, the unit disc, unless stated otherwise.
1.1. Factorization. H” denotes the space of bounded analytic functions.
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A nonconstant function ¢ in H” is an inner function if
lim | (se™)| =1

for almost all 8 e[—m, w]. We say ¢ is a factor of fe H” if f/¢p e H". An
analytic function f is an outer function if f=f,/f, where f,, f,€ H” and

1 (" ; .
tog @)l =sup>— [ toglfire®l do, j=1,2.
r<i T

—ar

A meromorphic function f is said to be of bounded characteristic (BC) if
f="filf, with f,, f,e H*. If we define

log* t=max{0,logt}, te[0,x],

then f e BC if and only if log™ |f| has a superharmonic majorant in %. If f is
analytic, this is equivalent to the condition

1 " + i0
Sl<111)21TJ- log* |f(re®®)| do <oo,

r —r

If fe BC, then f can be factored as

_LF

ey f LF,

where the factors satisfy:

(@) I, and I, are inner functions or unimodular constants. If both are
inner functions, they have no nonconstant common inner factors.
(b) F, and F, are outer functions in H” with ||F)|l.=1, |Ell.=1.

We will call (1) the canonical factorization of f because the factors are
unique up to multiplication by unimodular constants. I, is termed the inner
factor of f.

The Smirnov class Ny < BC consists of those functions f for which the
canonical factorization (1) has I, =c, |c|=1. In particular, f € N, implies f is
analytic. For 0 <p <, the Hardy Space H? < N, consists of those functions
f for which |f|° has a harmonic majorant. The following result is a synthesis
of known properties of the composition operation. See Nordgren [7] and
Stephenson [11].

1.2. TuEOREM. Let X be any one of the spaces BC, Ny, or H?, 0<p =oo,

If ¢ is an inner function and ge X, then god € X. Furthermore, if g has
canonical factorization

_LF
LE,’
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then god¢ has canonical factorization

(I,o¢)(Fio )
(I,> @) (Fyo )

1.3. Automorphic functions. M denotes the group, under composition, of
Mobius transformations of U onto U. A Fuchsian group is a subgroup I'c /(

such that for ze U the orbit {y(z): yeI} has no cluster point in U. A
function f is said to be automorphic with respect to T if foy=f for all yeT.

god):

2. The function ¢4

2.0. Frostman [6] proved that for A = AU to be the set of values omitted
by an inner function, it is necessary and sufficient that A be a closed subset
of (logarithmic) capacity zero. For the sufficiency he showed that if A is such
a set, then A is the universal covering space for U\ A and the universal
covering map ¢,: U — U\ A is an inner function. Associated with any
universal covering map is a group of covering transformations. Since U is
our covering space, this will be a Fuchsian group and we denote it I'. The
following proposition gives the essential properties of ¢, and I',. Note that
&4 is unique only up to composition with a Mobius transformation; all
statements referring to ¢,, and the associated I',, assume that some
particular choice has been made.

2.1. ProrosiTION. Let A < U be a closed set of capacity zero, let (U, d,)
be the universal covering surface of U\ A, and let T, be the associated group
of covering transformations.

(@) Iffe H” and f(U) = U\ A, then there exists g€ H”, ||g|l.=1, such that
f=dac°g fis an inner function if and only if g is an inner function.

(b) For acU, {z: ¢ps(z) =da(a)} ={y(a): yeT4}.

(c) If f is automorphic with respect to T 4, then there exists a function g on
U\ A such that f=god. If f is meromorphic or superharmonic, then g is
meromorphic or superharmonic, respectively, on U\ A.

Proof. (a) is the usual subordination property associated with conformal
maps; g is simply the “lifting” of the map f: U — U\ A to the covering
surface U. Checking radial limits, it is clear that if g is not an inner function,
then ¢, °g cannot be an inner function. Conversely, it is well known that the
composition of two inner functions is an inner function.

(b) and (c) are standard properties relating a conformal covering map to
its covering transformations (see [3]).

3. Functions in the range of C,

3.1. DerINITION.  Let ¢ and f be functions with domain G < C.f is said to
follow ¢ if, whenever a, B € G with ¢(a)= ¢d(B), then f(a) = f(B). Equival-
ently, ¢ *(d(a)) = f (f(a)) for all a € G.
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3.2. THEOREM. Let ¢ be an inner function and let X denote any one of the
spaces BC, N, or H?, 0<p=o. A function fe X follows ¢ if and only if
there exists g€ X such that f=god.

Sufficiency is clear from Theorem 1.2. To prove necessity, we shall first
show in Proposition 3.3 that if there exists a meromorphic function g on U
such that f=god@, then ge X. Thereafter, we can assume X = BC. As for
existence, we shall construct g on the range of ¢ using Lemma 3.4 and then
prove that it can be extended to be meromorphic on all of 9. For this last
step we reduce to the case that ¢ is one of our covering maps ¢,.

3.3. ProrosiTioN. Let X be any one of the spaces BC, Ng, or HP,

0<p=o. If ¢ is an inner function and g is meromorphic on U, then gop € X
implies ge X.

Proof. Using Theorem 1.2 we can make some simplifying assumptions.
First, assume ¢(0)=0; for otherwise replace ¢ by yo¢ where ye Ml is
appropriately chosen. Next, assume god¢ is analytic: For suppose A <= is
the set of poles of go@. A is closed and countable, hence of capacity zero.
Replace ¢ by the inner function y=d¢od,. Since god is in BC, go =
godod, is in BC with no poles.

Our first aim is to prove that ge BC. It is enough to show
2 sup 1 J log" |g(re®®)| d <.

r<1 27 —r

Let v be the least harmonic majorant of log*|ged|. For 0<r<1, let
D, ={w: |w|<r} and let u, be the continuous function on D, which agrees
with log™ |g| on 8D, and is harmonic in D,. (At most a countable number of
radii r will have to be avoided because log* |g| is not continuous on 4D,.) (2)
will follow if we prove u,(0)=v(0), 0<r<1.

Claim. u,(0)=(u,°3)0)=v(0), 0<r<1.

Proof of claim. Fix r and let ), be the component of ¢ '(D,) which
contains 0. Let E=0Q, N\l If z € E, then |¢(z)|=r so

(3) (u o d)(z) =log" |(g°d)(2)|=0v(2), zeE.
For each p, 0<p<1, define G, =Q, N{z:|z|<p} and split 4G, into
E,=En{z:|z|<p}, J,=0G,N{z:|z|=p}.

Let £ >0 be given. ¢ is an inner function so lim,_,, |¢(se®)|=1 for almost
all 6 e[—m, w]. By Egoroff’s theorem we can choose p =p(g) so large that

m{e®: |b(pe®)| <rt<e/B,

where m denotes Lebesgue measure on % and B =sup, 5, |4 (z)| <. In
particular,

(4) m{e®: pe® e J,}<e/B.
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Now consider the difference (u,°¢)—v. This is harmonic in G,, continuous
on G,, nonpositive on E, by (3), and

(U °od)(2)—v(2)=B, z€eG, (5)

Let h be the harmonic function in {z: |z|<p} obtained using the boundary
values (u,°¢)—v on J, and zero on {z:|z|=p, z¢ J,}. h majorizes u,°o¢—v
and by (4) and (5), h(0)<e. (This is simply the extension of domain
principle.) Therefore (u,°¢)(0)<v(0)+e. Since £>0 was arbitrary, this
proves the claim, and hence that g€ BC.

Suppose, now, that g has canonical factorization

_LF,
LFE’

By Theorem 1.2, go¢ has canonical factorization

(o) (Fio9)
(L>¢)(Fr04)

In particular, if go¢ € Ny, then Led=c, |c|=1, so I,=c, hence ge Ny. If
go¢ € H?, 0<p <o, then we may repeat the arguments used earlier, replac-
ing log* || with |- |°, to prove g€ H". The H” case is trivial. This completes
the proof of the proposition.

3.4. LemMa. Let G be a region in C with ¢ analytic on G. If f is
meromorphic on G and f follows ¢, then there exists g meromorphic on
QO =¢(G) such that f=god.

Proof. It is sufficient to prove the result on the subset of G where f is
analytic, for the same can then be done with 1/f; so without loss of
generality assume f is analytic. If ¢ is constant, the conclusion is obvious; if
¢ is not constant, let ¥ be the discrete (possibly empty) set %=
{ze G: ¢'(z) =0}. Define g first on Q' =¢(G\Z) as follows: For we )
choose z e G\ % with ¢(z) =w, ¢'(z) #0, and let ¢ be the local inverse for
¢ with Y(w) = z. Define g locally as foi. Since f follows ¢, the choice of the
local inverse makes no difference. Therefore, g is well-defined and analytic
on ' with f=go¢ on G\Z.

Now Q\Q' consists of isolated points, and it is easy to see that g is
bounded in a neighborhood of each, so g can be extended to be analytic on
all of (). Continuity implies f =go¢ on all of G.

3.5. Completion of proof of Theorem 3.2. We assume that fe BC and
that f follows the inner function ¢. By the previous lemma there is a
function g, meromorphic on ¢(U), with f=god. If ¢(U)=%U, then g is
meromorphic on all of U and Proposition 3.3 proves the result. However, in
general, ¢(U)=U\ A, A a closed set of capacity zero. We may reduce the
problem as follows: By Proposition 2.1(a), there is an inner function s such
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that ¢ = ¢, . Fortunately, we do not need to know anything about is;
what we do know is that

f=god=goda°y
Since g is meromorphic on U\ A, h=go¢, is meromorphic on all of U
with f =heoy e BC. Proposition 3.3 now implies h € BC. This puts us back in
the original situation, only with h replacing f and ¢, replacing ¢; that is,
god, € BC and we wish to show that g (more precisely, an extension of g) is
in BC. Therefore, we may assume without loss of generality that ¢ is one of
our special inner functions ¢,.

By Proposition 2.1 (b), for all a, BeU, ¢al(a)=d¢(B) if and only if
v(a)=p, some yel',. Thus, a function follows ¢, if and only if it is
automorphic with respect to I',. f € BC implies log™ |f| has a superharmonic
majorant in 9. Therefore, the function v; defined by

ve(z) = inf {v(z): v superharmonic with log™ |f|=v}

is the unique least superharmonic majorant of log" |f|. The uniqueness
implies v; is automorphic with respect to I',, hence there is a superharmonic
function u on U\A so that vy=uo¢,. Clearly u is a superharmonic
majorant of log* |g|. By a result of Parreau [9, Théoréme 20], g extends to a
meromorphic function on 9. This, along with Proposition 3.3, completes the
proof of Theorem 3.2.

4. Therange of C,

Theorem 3.2 characterizes the functions in the range of the composition
operator C, as those which follow ¢. Using this, we can characterize the
range of C, as a linear submanifold. This simplifies somewhat a characteri-
zation due to Ball [4, Theorem 1] for H?, 1=p =, Also, since the proof
does not depend on the expectation operator of Ball, it extends to HP,
0<p<1, Ny, and BC. Let g.c.d. denote greatest common divisor.

4.1. TueoreM. Let X be any one of the spaces BC, N, or H?, 0<p =0,
and let M be a linear submanifold of X which is closed under uniform
convergence on compact subsets of U. Then M = C,(X), some inner function
&, if and only if M has the following properties:

(a) M contains a nonconstant function.

(b) Iff,geMandf-geX (resp. flge X), then f - g M (resp. f/lg € M).
(¢) If feM and x is the inner factor of f, then x € M.

(d) M contains g.c.d. {B € M: B inner and B(0)=0}.

Proof. First, suppose M = C,(X), and assume without loss of generality
that ¢(0)=0. Then ¢ € M and ¢ is the g.c.d. of part (d), so properties (a)
and (d) hold. (c) and (d) are easy consequences of Theorem 2.2. Also it is
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clear that the limit of functions which follow ¢ will likewise follow ¢, so M
is closed under uniform convergence on compact subsets of 4.

For the converse, suppose M satisfies properties (a)—(d). By (a) and (b), M
contains the constant functions, and along with (c) this implies there exists
an inner function B € M with B(0)=0. Thus the inner function

¢ =g.c.d.{B e M: B inner, B(0) =0}

is well defined. We claim M = C,(X).

Clearly ¢(0)=0, and by (b) and (d) the functions {¢’: j=0,1,2,...} are
in M. These form an orthonormal set in H? under the usual inner product,
denoted (-, -). Fix an inner function B € M. Write

B=g+heoo (6)
where ge H? with (g, ¢')=0, j=0,1,2,..., and he H? is given by

h(z)= i (B, $')z'.

i=0

Suppose k=0 is the largest integer such that (g/¢*)e H>. Rewrite (6) as

k o
B-Y (B,¢)d'=g+ Y (B, ¢
j=0 j=k+1
The left side shows that ¢y =g+, (B, ¢')¢’ is in MN H™. Now, by the
definition of k, ¢* is a factor of ¢, so by (b),

oo

Wk =g/ + Y (B ¢ )
j=k+1
isin MNH”. 0=(g, $*)=(g/d*)(0) implies (y/¢*)(0) =0, so (d) implies ¢ is
a factor of y/¢*. But this means y/¢"“** € H> and hence by (7), g/¢“*'e H>.
This contradicts the definition of k. The only possible conclusion is g=0; so
by (6), he H” and B € C,(X).

Finally, fix fe M and suppose a, 8 €U with ¢(a)=¢(B). Let B be the
inner factor of f—f(a). B € M, so by the above, B follows ¢. Since B(a) =0,
we have B(B) =0, hence f(B)—f(a) =0 or f(B) = f(a). Therefore f follows ¢
and by Theorem 3.2, fe C,(X). This shows that M = C,(X). The opposite
inclusion follows from the fact that {¢': j=0,1,2,...}= M and M is closed
under uniform convergence on compact subsets of U.

5. Comments and questions

5.1. If ¢ is any nonconstant function in H” with |¢|..=1, then fe X
implies foep € X. However, if ¢ is not an inner function, the reverse
implication may fail. This is most evident when ¢ has small range; for
instance, if ||¢|l..<1, then fod € H” for any function f analytic in U. But a
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small range is not a necessity: Let Q={z:|z|<1, Rez>0} and let ¢ be a
conformal map of U onto ). ¢ is outer [5, page 51], so ¢ = is outer and
has range U\{0}. Let f(z)=1/z. Then fe BC, f¢ N, but fodp € Ny (see
Section 1.1.). Can it be the case that the conclusion of Theorem 3.2 holds
only when ¢ is an inner function?

5.2. In Theorem 4.1., condition (b) is stronger than the analogous
conditions in the theorem of Ball. However, a much weaker condition was
all that was needed in the proof, namely:

(b") Let B e M be an inner function and suppose fe MNH”. Then f- Be
M and, if B is a factor of f, f/Be M.

5.3. It is conceivable that condition (d) of Theorem 4.1 is redundant.
One might ask the following question, for example: Given fe X noncon-
stant, let M; be the smallest linear manifold of X containing f satisfying
conditions (b) and (c), and closed under uniform convergence on compact
subsets of U. If M; <X, is there necessarily an inner function ¢, not a
Mobius transformation, such that fe C,(X)?
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