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A BOUND ON THE RANK OF

BY

PAUL SELICK

Let p be an odd prime. In [7], Toda constructs two fibrations which he uses
to give a bound on the exponent of n($"). We show here how these fibrations
can be used to give a bound on the rank of n($"). These groups are known to
be finitely generated from the work of Serre [6]. It suffices to consider odd n
since, again from Serre [5],

, (s2n )(p).L) s’"-
Although analogues of Toda’s fibrations exist for the prime 2, (James [2]), the
arguments given here fail because unlike the situation for odd primes,
n,(X; Z/2Z) fails to be a Z/2Z vector space.

Let X be a compactly generated topological space with basepoint "* ". Let
Jk(X) denote the kth stage of the James Construction on X. That is,
Jk(X) =sk/ where

(X1, Xj_ 1, *, X,j+ 1, Xk)" (X1, Xj_ 1, Xj+ 1, *, Xj+ 2, Xk)"
After localizing to p, there are fibrations up to homotopy"

and

H

jp_ 1($2n)_. ’s2n+ s2pn+

T

s2n jp_ l(S2n) ’s2pn 1.

We use mod-p homotopy in order to be able to make use of vector space
arguments. Of course,

dim n
rank (rt,(S2"+ x)) + rank(q_l(S2n+ 1)) for q > 2n + 2.

Let x be a non-zero element of nq(S2n+l; Z/pZ) with n > O. Construct a
non-zero element x’, in some mod-p homotopy group of some sphere as
follows"

If H#(x) 4: O, let x’= H,(x). If H,(x)= O, select a non-zero element,

y l"f,q_ l(Jp_ l(S2n)) q_ 2(),Jp_ l(S2n)),
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such that i#(y)= x. If T#(y)O, let x’-T,(y). If T#(y)=0, select
x’ e t_2(S2- x) such that j,(x’) y.

In this manner, construct a sequence (x, x’, x)) in which each term is a
non-zero element of some mod-p homotopy group of some sphere and is
produced from the preceding term by the above procedure. Observe that
throughout such a sequence, q never increases and must eventually decrease
since for degree reasons one cannot continue indefinitely to get non-zero ele-
ments upon applying H#. Thus the sequence must eventually reach an element
of n(S; Z/pZ) at which point it terminates.
The sequence (x, x’, x(s)) is referred to as "a sequence belonging to x".

The sequence of groups to which the terms of the sequence belong, beginning
with n(S2"+ 1; Z/pZ) and ending with nl(S1; Z/pZ), is referred to as the "trace
sequence". Note that neither the sequence nor the trace sequence is uniquely
determined by x.

THEOREM 1. There exists a basis v l, v for /tq(S2n+ 1; Z/pZ) and seq-
uences belonging to v , v, having the property that for any subset of the v.s
which have the first k terms of their trace sequences identical, the kth terms ofthe
sequences for these elements form a linearly independent set in that kth group.

Proof. Select a basis wl,..., w, for n(S2"+x; Z/pZ) and select a sequence

(w,,
for each w. Suppose by induction that the basis w 1,..., w, and the chosen
sequences have the desired property for all k < t.

Divide the w’s into sets having the first t terms of their trace sequences
identical. Renumbering, let w, w, form such a set. Suppose that the non-
zero elements of the set

are linearly dependent. Renumbering, if necessary, there is t relation of the
form

E
j=2

Replace wx in the original basis by

j=2

There is a natural choice for the first terms of the sequence for 3 using the
sequences for w, win. Choose any completion of the sequence. By the
induction hypothesis the first t terms of the trace sequence for v are identical
with those of w, w,,. However, by construction, the (t + 1)st term is differ-
ent. By continuing to change the original basis in this way, we may arrange for
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the non-zero elements of the set

(n I-I

to be linearly independent.
Forming the (t + 1)st terms of the sequences of those w’s for which

H(w) 0 involves taking inverse images under i#. Taking inverse images
always preserves linear independence, so the resulting set is linearly indepen-
dent. Proceeding as before, change, the original basis so that the non-zero
elements of the set of images under T, are linearly independent. At this point,
the remaining elements will have the (t + 1)st terms of their sequences formed
by taking inverse images underj which again preserves linear independence.
This completes the induction step.

COROLLARY 2. There is a basis for nq(S2n+ 2; Z/pZ) whose elements have
distinct trace sequences.

Proof. Select a basis having sequences as in Theorem 1. Since all sequences
terminate in zr(S; Z/pZ), which has dimension 1, the trace sequences must be
distinct.

COROLLARY 3. dim 7q(S2n+l; Z/pZ) is less than or equal to the number of
possible trace sequences be#inning7 with 7q(SEn+l; Z/pZ).
The exact number of possible trace sequences beginning with

7t(S2n+ ; Z/pZ) is not easy to compute and would not give the exact dimen-
sion of 7t(S2+ 2; Z/pZ) in any event. However, it is easy to give an upper
bound. Here is one method"
From the construction,

number of possible trace sequences _< 3(maximum length of sequence);

clearly, any trace sequence beginning with 7q(s2n+l; Z/pZ) has less than q2
terms since no sequence can go through the same group twice and there are
only q2 groups under consideration. Thus dim nq(S2"+ :; Z/pZf,)< 3’.
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