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MANIFOLDS WHICH IMMERSE IN SMALL CODIMENSION

BY
R. E. StonG

1. Introduction

The purpose of this note is to examine the possible cobordism classes
of manifolds M" which immerse in R*** for small values of k, specifically
1<ks=<3.

The case k = 1 was first studied by Liulevicius [11], who analyzed the
filtration of the unoriented cobordism ring N, arising from the immer-

sion codimension. This case was separated out for special attention by
R. L. W. Brown [4] to give:

ProposITION 1. If M" immerses in R**' and is not a boundary, then M"
is cobordant to a point, RP* or RP®.

In a recent pair of papers, Kikuchi studied the case k = 2 and proved:

ProposiTION 2 [8). If M" is oriented, immerses in R"**, and is not an
unoriented boundary, then M" is unoriented cobordant to CP*~* for some
s = 1.

PROPOSITION 3 [9]. If M" immerses in R"** and n is odd then M" bounds.

This note was largely inspired by these results, and one has the following
improvements:

ProPOSITION 2'. If M" is oriented, immerses in R"*?, and n > 0, then
M" is an unoriented boundary.

ProposiTION 3'. If M" immerses in R"*? and does not bound, then M"
is cobordant to RP”"'~* X RP*" "2 for some 0 < p < q.

In later work, Kikuchi proved:

PropositionN 4 (Kikuchi [10]). If M" immerses in R"** and n is odd, then
all Stiefel-Whitney numbers of M divisible by w, are zero.
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The case of k = 3 is much harder, and one has the following partial
results:

PROPOSITION 5.  If M" immerses in R"*® with n odd and is not a boundary,

then there exist integers 0 < r < s so that M" is cobordant to the Dold
manifold

PQ — 1,22"' = 2) = §7°' x CP¥*"'"%/(—=1) x (conjugation).

PROPOSITION 6. If M" is oriented, immerses in R"*®, and n is even and
larger than 4, then M" is an unoriented boundary.

ProrosiTiION 7. If M" is a nonbounding manifold of even dimension
which immerses in R"*?, then n = (2°F*' — 2) + (279*' = 2) + ! —
D with0<ps<gqgs=<r.

ProrosITION 8. Let M" be a nonbounding manifold immersed in R"*3.

(1) Forn =3-2“"' — 6, u> 0, M" is cobordant to
RP2u+1_2 X CP2u+l_2’ RP2u+2_2 X Cqu—l_z’

or their union.
(2) For n
RP2"+1_2.
(3) Forn =3-2"' — 2, u>1, M" is cobordant to RP*""~? x
RP2u+l_2 )( RPZ'

324" — 4, u > 0, M" is cobordant to RP*"*"? x

For the remaining values of n, one has severe restrictions given for the
class of M", but there is some ambiguity. To describe the result in vague
terms, the classes possible for M" immersed in R"** with n even form a
subspace of the unoriented cobordism group N, of dimension at most the
number of s for which 0 < 2°*? — 2 < n.

In the final section, one considers the problem of finding the filtration
of indecomposable n-dimensional manifolds posed by Liulevicius [11]. In
terms of immersions, this result could be stated as follows:

ProrositioN 9. If M" is an indecomposable n-dimensional manifold, 2°
< n < 2°*!, immersing in R™, then

29*1 — 1 for n even,
M= 0at1 for n odd.

The author is indebted to the National Science Foundation for financial
support.
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2. The case k = 1: Preliminaries

If one has a manifold M" which immerses in R"*!, then the normal Stiefel-
Whitney class of Mis W = 1 + w;; i.e., w; = 0 for i > 1. The tangential
Stiefel-Whitney class of M is then

and if M" is not a boundary one must have
wilM"] = w,[M"] = x(M") #¥0 mod 2
where x is the Euler characteristic. Thus, » must be even and
WalM"] = (Un ) [M"] # 0

where
v=S8Sqg'w=1+w+w+ - +w "+

is the Wu class. In particular, n = 2(2° — 1) = 2°*! — 2 for some p =

0, and there is at most one non-zero class possible for M", characterized
by
Wi Wir[Mn] 75 0 lfll + o+ ir =n,

or, equivalently,

TE  ves I — 1’ jl='”=js=1as=n’
Wy, WilMal = {0, otherwise (j; + ** + j, = n).
For the manifold RP", n = 2°*' — 2, one has

1
1+ a

where o € H'(RP"; Z,) is the nonzero class. Since o"[RP"] # 0, this is
precisely the desired class. Thus, one has shown:

w=(0+a)"'=10+a "=

ProrosiTioN 1 (weak). If Ml" immerses in R"*' and is not a boundary,
then M" is cobordant to RP*" ~? for some p = 0.

Note. The remainder of the argument for £k = 1, to eliminate the pos-
sibilities p > 2, is quite difficult and is a facet of the nonexistence of
elements of Hopf invariant one. It is, of course, well known that a point,
RP?, and RP® immerse in codimension one, to give the cases which can
actually occur. It should be noted that the above actually determined the
classes of algebraic filtration one in the sense of Liulevicius [11].

The argument for Proposition 2 is, in fact, formally identical with the
argument just given. If M" is oriented and immerses in R"*?, then W =
1 + w,, with w; = w; = 0 by orientability and w; = 0 for i > 2 because
of the immersion. Since Sq'w, = W; + W,w, = 0, one just repeats the
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proof formally doubling the degree of every class. One also has
w(CP¥"'"?) = 1/(1 + a), where « € HXCP?"'~%; Z,) is nonzero, to
formally double the example. (Note. For details of the formal doubling,
one should recall Milnor [12].)

To improve this result enough to get Proposition 2’ requires a bit more
work. If M" immerses in R"*¥, then the immersion f : M" — R"** may be
deformed in R"***" for some large r to give an imbedding with normal
bundle v**" = v* + r having r sections. (Note. Recall Hirsch [7].) If one

applies the Pontrjagin-Thom construction to the embedding one obtains an
element

[M, f] € lim m+k+,(2'Mok>
in the cobordism group of immersions. Of course,

lim 7Tn+k+r<2rM0k> = m . (MO,) = O, (MOy)

r—oc

is the stable homotopy or framed cobordism of the Thom space MO,.
(Note. This description is due to Wells [15].)
Being given a framed manifold P"** and map

¢
Pn+k — MOk,

one can make ¢ transverse to BO, C MO, to obtain a manifold M" whose
stable normal bundle is represented by a k-plane bundle (the normal bundle
of M in P) which is immersible in R"**if k = 1.

Turning now to the situation of interest, let M" be an oriented n-manifold
with n > 0 immersed in R"*? and let

¢ : P"** - MSO, = MU, = CP*

be a map of a framed manifold into MSO, given as above so that ¢ is
transverse to BSO, with inverse image M. (The constructions above pull
back to SO, by orientability of »). One then has

W;/Z[Mn] = ¢*(Un/2+l)[Pn+2] (mOd 2)

where U € H(MSO,; Z) is the Thom class.
Now, P"*? is a stably almost complex manifold with complex structure
coming from the framing, having Chern class 1 and hence Todd class 1

= Td. Further ¢ : P — CP" gives a complex bundle ¢ over P with ¢(¢)
= ¢*(U), and one has

S*UHIP™ ] = s5,041(OIP"?]

(%n + 1)! ch(®)[P"*?]

= (%n + 1>!ch(§)Td[P"+2]-
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By the Riemann-Roch theorem [1], ch(¢)Td[P"*?] is an integer, and so the
integer ¢*(U™?*)[P"*? is divisible by (1/2 n + 1)! and, in particular, is
even (n even, n > 0). Thus, Wy’ [M"] = 0, and one has proved:

ProposITION 2'. If M" is oriented, immerses in R"**, and n > 0, then
M is an unoriented boundary.

One can, of course, go much further and actually determine the possible
classes for M” in oriented cobordism (or complex cobordism).

LeEmMMA. The image of the Hurewicz homomorphism

h : Q5,(CP") = H,,(CP"; Z)

is precisely m'H,,,(CP”; Z).

Proof. The argument above gives image (h) C m!H,,(CP”; Z) where
2m = n + 2. Taking the map

(§%)™ = CP' x -+ x CP' - CP”

m

which classifies ¢ ®Q - ® &, the tensor product of the Hopf bundles,
gives the opposite inclusion. W

PROPOSITION 2", Let M" be an oriented manifold which immerses in R"**.

(@) For n # 0 (4), M" is an oriented boundary.
(b) For n = 4k, there is an integer j so that M" is cobordant as oriented
manifold to the submanifold

N*C CP' x -+ x CP' ((2k + 1) — times),

dual to (¢,Y @ & ® -+ & &1, which does immerse in codimension 2.

Proof. The class of M is determined by Stiefel-Whitney numbers (all
of which are zero for n > 0) and Pontrjagin numbers (for n = 0 (4)). For
n = 4k, the only nonzero normal Pontrjagin number is ? {[M*], which is
divisible by (2k + 1)! by the above. For the manifold N* described,

a®) = joy + ar + 0+ e,
SO

HIN* = [ + o + - + o) TINY]
= (joy + oy + =+ + oy )*TUCPYRH
= 2k + DI(ay) * az =+ o [(CPY* ']
=j- 2k + 1),

giving representatives for every possible class. W
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Note. One should compare with the final remarks in Atiyah-Hirzebruch
[2] giving the imbedding N* C (§9)%**! C R**3 in codimension 3 with a
trivial summand in the normal bundle.

Note. In the complex case, the manifolds N* C (CP')**! dual to (¢,Y

® & ® - ® €k, with CP' = $? having the framed structure give all
possible classes.

3. The Case k = 2

If M" is a manifold which immerses in R"*?, then the normal Stiefel-
Whitney class of M is W = 1 + W; + W,; i.e., W; = 0 fori > 2.

From the previous section, one has the manifolds RP¥"'~2 x RP*"'?
withw = (1 + a)(1 + B), where a, B8 € H'(RP*"'~%; Z,) are the non-zero
classes, 0 < p < q. Provided 0 < p = g < 3, these manifolds actually
immerse in codimension 2. The goal of this section is to show that if M"
does not bound, then it is cobordant to one of these manifolds. Note. If
n=@Q"*" —2)+ (9" — 2),thenn + 4 = 2°*! + 27*! has at most two
one’s in its dyadic expansion. Thus p and g are determined uniquely by
n.

ProrositioN 3 (Kikuchi [9]). If M" does not bound, then n is even.

Proof. 1If nis odd, then
W W M) = W, - WIWH M) = Sq'WIwHIM"] = 0
where W, = w; = v, is the Wu class, and Sq'(x) = 0. Furthermore,
W W IMT = S wiIM"

= 8¢’ - WiwI)IM"]

= Wi(Sq'(Ww3)’[M"]

= 8q'([Sq'WwH))M"]

=0

where W, = v, is the second Wu class. Thus, W‘,‘sz’ M" = 0 for all a, b,
with a + 2b = n, and M bounds. W

Note. (1)
wix [M"] = x(S¢)(x)[M"] for all x € H" {(M"; Z,),

just as vx[M"] = Sq'x[M") for the Wu classes. This fact was first noted by
Brown and Peterson [3] (see §8). Here x(Sq) = Sq~';i.e., x is the canonical
anti-automorphism of the Steenrod algebra.
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(2) Kikuchi’s first proof of this fact [9] is needlessly complicated. In
[10], an easier proof, similar to the above, was given.

LemMA. If M" is nonbounding, then n = (2°*' — 2) + 27*' — 2) for
some p, q with 0 < p < q.

Proof. By the above, n is even. If Wiw5[M"] # 0, then a must be even
since a + 2b = n. However,
W MY = SqwIM']
= [Sq'@wyPIM"]
= (s + )W’ Wi M"].

Hence, if M” has any nonzero Stiefel-Whitney number, it must have a
nonzero number of the form

W IM] = Sq" (WiwHIM"] = v, - Wiws[M"],

and so v,, # 0. By the splitting principle, one may formally write
w=({+x)1 +y) withdimx = dimy = 1,

and

1
— ¢!
v =5q ((1 + 00 + y))
=Q+x+x+ = +x T+ )M +y+y 4+ YT+ )

so that v; # O only fori of the form 2" — 1) + 2° — 1),0<r <ys. In
particular, there must be integers p and g with n/2 = (2> — 1) + (27 —
),0sp=<gq N

Lemva. Ifn = @' = 2) + Q' — 2) with 0 < p = q, then M" is
cobordant to CP*"'~% ~ (RP¥"'~%)2,

Proof. If p = q =0,n =0, and M is cobordant to a point. Thus, one
may suppose p = q > 0. As above, one has

v=0+x+x+ =+ 2" NA+y+y 4+ o+ YN
=14+ )+ T Ay 4
so that
Unp = W3 ' and 0 = 8¢'(Vns2+1)
— Sq](x2q+l_l + y2q+|_]) = W21q+l

since v; = 0if i > n/2.
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Now, suppose W*ws[M"] # 0 has the largest a value among zero Stiefel-
Whitney numbers. Then 2a + 2b = n = 2972 — 4, b = 29*! — 2 — q,
and since W2 # 0,2a <2"'ora <27 - 1sob =27"" - 2 — (27 -
1) = 29 — 1. Thus

0 7& —2awb[Mn] — WZa—Wb —-(29—- 1%2‘1— 1 [Mn]
(WZa—b 9—- l))Z[ Mn]

wiws [M™].

Since a was chosen to be maximal, 4a < 2a and so a = 0. Thus, the only

nonzero Stiefel-Whitney number of M" is w3*'~"[M"] and M" is cobordant
to CP*"'72, ®

LemMMA. Ifn = (2°"' = 2) + Q9" — 2) with 0 = p < q, then M" is
cobordant to RP¥"' 2,
Proof. One has n = 2?*' — 2 and

v=(l+x+xX+ - +x N0 +y+y + - +y"h
=14+ T+ YN+ Ty + )+ + )P
Thus w3'~! = v, = 0 gives a zero Stiefel-Whitney number, and
0 =0 =27y + 057 =@+ EF+ YD) + 2 + Y,

i.e., Wiv,, + Wi = 0 and also Wv,, + Sq'v,, = 0. Then, for any x, one
has

0 = WiUn2 + Sq'v,2)x[M"]
= {8q'(x - V) + X+ Sq'v, 2} M
= (8¢'x) * v, 2[M"]
= (Sq'x)’IM".
If one has 0 # W*W5[M"], then a > 0 by the above. Then, with a, ¢t >
0,
—2a—-2r[Mn]

(WiW2)Un/2[M"]
= Wi~ ' WiW1,2)[M"]
= W2‘7+a ]—t[Mn]

and, by iteration, if there is a number W:*w5[M"] # 0 with b > 0, then there
is such a number with b odd. However,

W M = SERWHIMT = [Sq' @M = 0.
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Thus, the only nonzero number of M" is w3*~P[M"] and M" is cobordant
to RP¥*"'2. W

In order to study the remaining case, n = 2°*! — 2) + (27*! — 2) with
0 < p < g, it is convenient to consider the diagram

Mn __’;)Pn+2
v lo
RP™ x RP™ 5 BO, > MO,

which gives

H*M;Z,) < H*P;Z,)
u* T v v* T ¢
H*(RP” X RP”; Z,) < H*(BO,; Z,) <« H*(MO,; Z,)
I
Zy[x, yl

Now, u* is monic, and has image precisely the symmetric polynomials in
x and y, by the usual splitting principle. Also, v* is monic, and in strictly
positive degrees hits the multiples of w, = v*(U), so that u*v* is monic
and hits the symmetric functions in x and y which are divisible by xy.

It is also convenient to make use of the classes s,, € H***BO,; Z,)
which are characterized by

xy* + x%°, a # b,
u*(sq,p) = 1x%°% a=b,

and if a, b = 1, s, ;, actually comes from H*(MO,; Z,) with s, , = s,-1,5-U
(using s to denote the element in either space). Using the relation between
M and the framed manifold P, one has

Sa,slM"] = v*(s4,,)[M"]
*(s4,,U)P" 7]
&*(sa+ 1,b+ 1)[Pn+2]

2
sa+1,b+1[P'hL ]

if a + b = n, the homomorphisms v*, ¢* are omitted in writing charac-
teristic numbers.
Now, consider M" a nonbounding manifold immersed in R"*? with

n=@*" -2+ @ -2, 0<p<aq.
The Wu class is given by
v=0+x+ 2+ o+ +y+y 4+ e+ YT
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and

201 _ _29-1_2971 _ _
w2 =x Yy = Uyaa-1) = 0,

g+1_ q+1_
x2 1 + y2 1

I

S2a+1_1

For 0 < i=<?29%! — 1,

= Uga+i_g = 0.

0= Sq’S2q+l_1 = Soa+l_q4i

and hence 5, = 0 for 2"' — 1 <i<n. Also s,, = w§ = 0for2? — 1
< a.

Now, for a < b, a + b = n, one has

Sap = XY + xby*
(xa + ya)(xb + yb) + (xa+b + ya+b)
Sq* Syt Sa+sp

and
Sap = XYY + 0T = Wisp_g

giving 5., = 0if b > 27" — 2, or a < 2°*! — 2 (since s, = $,4p = 0),
ora=27 — 1 (since ws = 0). Note. Fora =b,n = 2a,s,, = w; =
0, and one need really only consider the case a < b.

Now, fora + b = n = 0 (2), a and b are either both even or both odd.
One has

52r+1,2s+1[M"] = 52r+2,2s+2‘[Pn+2] = Sqr“+2(sr+1,s+1)[P"+2] =0

since P is framed, and hence Steenrod operations into the top dimension
are zero (the Wu class of P is 1). To be nonzero, one must have both a
and b even.

Now consider a < b, a + b = n with s, ,[M"] # 0 and such that s, ,[M"]
= Q0 fora <a < b <b. Since a and b are even, let a = 2r, b = 2s.
Suppose that 2s = b < 29*! — 2 (equivalently 2r = a > 2°*! — 2),
Recalling that s,, = 0if « < vand u = 27 — 1, one must have 2r = a
<27 - 2.

Casel. Ifa =27 —-2,b =27+ 2" — 2 and

Sa,b[M"] = S2¢—1,20+1—1[P"+2]

2P

2p+1 n+2

= {SCI Sya-120-1 F 21 Sza—1+z,2q—1+(2p+l—r)}[P ]
t=

2P
21 szq—2+t,2q—2+2P+‘—r[Mn]’
t=

which is a sum of numbers s, ,/[M"] with a < a’ < b’ < b and hence zero.
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Case?2. Ifa = 2r <27 — 2, and, as assumed, 2s = b < 29*! — 2, 25
+ 2 — 279 < 29 then

2
sa,b[Mn] = s2r+1,2s+1[Pn+ ]’
-~ 2
= {SCIZH1 @ 1)52r+1,2q-1 + terms s2r+1+u,2‘1~1+u}[P"+ ]
= {terms 5514202+ }IM"]

which is a sum of terms s, ,[M"] with a < a' < b’ < b and hence zero.

Note. Here, 2s + 2 — 27 < 27 makes the term s5,.2,+; Occur with
nonzero coefficient in the ‘‘squared’’ term. Also, each u > 0, so that 2r +
+ u > a and, of course, 279 — 2 + v =27 — 2 > g, to guarantee a’' > a.

Thus, s,,[M"] # 0implies a = 2°*! — 2, b = 27*! — 2if a < b. Now,
consider

RP2p+l—2 X RPZq'H—Z
with the nonzero classes
a € H(RP?"'"% 2,), BE RP*'"% Z,)
giving
w=(1+ ol +p),
and s, [RP¥"'"? x RP*"'7? = oB*[RP”"'"* x RP*"'7?] if a < b (for

a® = 0), which is nonzero only for a = 2°*' — 2, b = 29*! — 2. Thus
M" is cobordant to

RPY"'-% x RP¥"'"2,

This gives the final case, and completes the proof of the following resuit.

ProrosiTioN 3'. If 11\4" immersels in R"*? and is not a boundary, then M"
is cobordant to RP”"'~% X RP* '~ for some 0 < p < q.

Note. (1) One has actually proved a bit more, in that the conclusion
of Proposition 3’ will hold if you assume only that all Stiefel-Whitney
numbers of M" divisible by classes w; with i > 2 are zero; i.e., if M" has
algebraic filtration 2 in the sense of Liulevicius [11]. Proposition 1 (weak)
actually worked for manifolds of algebraic filtration 1. To prove this is just
formalism based upon the methods of [14].

Given M" with numbers involving w; = 0 for i > k one has

v* . H*(BO; Z,) — Z, : x — x(v)[M"]

which can be realized as a homomorphism v* : H*(BO,; Z,) — Z,. One
can find a Poincaré algebra M’ in which the classes w; are actually zero
for i > k and have the same characteristic number homomorphism »*.
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Further, there is a homomorphism ¢* : H*(MOy; Z,) — Z, defined by
o*(xU) = v*(x), which is induced as the characteristic number homo-
morphism for a Poincaré algebra P’ of dimension n + k with homomorphism
H*(MO,; Z,) — P’ so that w(P') = 1. The calculations performed in H*(M;
Z,) and H*(P; Z,) could instead have been done in M’ and P’ which depend
only on the homomorphism v*.

(2) Propositions 1 (weak) and 3’ are equivalent to the assertions that
ﬁ*(MOHZz) = I-:I*(RPw§ Z,)

is generated as module over the Steenrod algebra & by the classes x1
and that H*(MO,; Z,) is generated over & by the classes

Sos_q120—1 = st_z’zr_zU, Ilss=t.

4. The Case k = 3, n Odd
ProposiTioN 4 (Kikuchi [10]). If M" immerses in R"** and n is odd, then
all Stiefel-Whitney numbers of M divisible by W, are zero.

Note. Because Kikuchi’s paper appears in a relatively inaccessible jour-
nal, a proof will be given.

Proof. Consider a Stiefel-Whitney number wiwew$[M"] with a + 2b +
3c =n=1@). Thena + ¢ =1 (2). Then

Wi WM™ = Sq' (WP WP wIM" = 0,
wIrwi W M"] = X(S¢)FP R WM™ = 0,

since Sq'(x*) = x(S¢*)(y?) = 0, so that for b even, the number is zero.
Now

—w-2lp+1w:2'q+1wgr[M] - qu{-w-l . w%p.w—nggr}[M]
= wi{Sq' Wiwiw})F'IM]
= 8q'(H[M] = 0

and so the only possibly nonzero numbers are those with a = 0, b = ¢
=1 (2). Let

w=>0+x)1 + (1 + 2)
via the splitting principle; then
v=0+x+x+ ) +y+y + )1 +z+2+ )
SO

ve = Xy + 2) + Y(x + 2) + Px + y) = Ww, + Wws.
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For p > 0, one has
WPt IR M) = W, (W Wt T Wi M
= (Wi, - Wi IWY + Sl WM"Y,
where the first term has w, to an odd power, so is zero, and
Wi Wy M
= Sq'wiw Wi’ *wi'ws HIM"]
WiwASq (Wh ' wITHYIM™] + Sq’(wiwy) - {Sq' (W Wi HIM™.

Expanding either term, {Sq¢'(w2~'wiw})}* gives a sum of monomials in
which W, appears to an even power because it is a square and w,w, and

SG(WW,) = Wi(W; + Waw,) + W,Ws
give only one term with W, to an even power; so
wirws Wy M) = wiws{Sq' W ' wiw;)FIM™]
= X(SP)W:Sq' W~ wiw} )P [M"]
= 0.
Thus the only possible Stiefel-Whitney numbers wiwiws[M"] are those for

whicha =0andb=c=12). R

Hypothesis. Let M", n odd, be a nonbounding manifold which immerses
in R"*3. Then there are integers a, b with Wiwi[M"] # 0 so that if
Wi Wi [M"] # 0, then b’ < b. By Kikuchi’s result, a is odd and may be
written as

a=2%" + @2 -1 withv=0.

Note. Using Kikuchi’s result, all numbers divisible by w, are zero, and

applying [14] one may replace M by a Poincaré algebra having w; =
—b+1
W3 = 0.

LeMMA. For all i with0 < i < a,

<a+b—i> {Omodz, i#2 -1,
i

Imod2, i=2"—-1.
Proof. One has

Sqws~WE) = (W, + W3 + W3)* (1 + Wy + w3}

I

= Wi, + W3 + W3)* (1 + Wy + W)

= Wiws (1 + W)t
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for wi*!' = 0, so
) - +b =i\ _,_
Sth(szz i b)[Mn] = ( l ) Q- an]

Now, modulo terms involving ws, w = 1 + W, and

1
= Sq~! =1+W+W+ - +w; '+ modws,
1 <1+W2> P 2 ’

SO
—b _ — — =3 — 21
U'W3—W3(1+W2+W2+"‘+W2 +)
Thus,
0 P42 -1,

Sq* w3~ WM™ = vyws~WiM"] = {-—,a——b[]u"] i=2 -1 ]

COROLLARY. b =2x + 2" — Dwithx =0

Proof. 2" — 1 <a, so

i=(a+b-@-D)_(2v+b
= 27 -1 =\l 2-1)

which implies that 2°, 2!, ..., 2" ! all appear in the 2-adic expansion of b.
Thus b = 2'x + 2" — 1) forsome x = 0. WA

Peering into the future to the cases desired, one has the following results.

CoRrOLLARY. Ifb = (2" — 1),i.e., x = 0, thena = 2°*' — 2"*1 + (2
— 1) for some s = r.

Proof. If v = 0, there is nothing to prove since one takes s = r. If v
>0, writea = 2° + 2" + -+ + 2% + 2" — ) withs > 5> - > 5, =
r + 1. Then 2° — 1 < a, and

| = a+b-02°"-1 _ a+ Q2 -1D-@2 -1
o @2 -1 2° -1
(2 2 @ - D)
2° -1
so that 2°71, 2°72 ... 2"*! must all occur in the set 2%, ..., 2%. Thus,
a=2+2""4 24 2F = 1) =2t 2t L 28 — ). [ ]

CorOLLARY. Ifa = 2w + 2" — D) withv > 0, then b = 2'x + (2
— 1) with x even.
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Proof. Sincev >0,a=2""-1=2 + (2 - 1), and
1= a+b-Q2+@2 -1)\ _ 2y + 2x =27+ (2= 1)
B T+ Q-1 - T4+ -1

and in order that 2" appear in the 2-adic expansion of 2"*'v + 2'x — 2/,
one must have 2v + x — 1 odd, so x is even. W

Throughout the remainder of the arguments, considerable use will be
made of the framed manifold P = P"*? in which M" is imbedded and which
satisfies

WWAAIM™] = wiwkw) U [P"*?] = wiwiwi*'[P]

where one considers H*(MOs; Z,) C H*(BO,; Z,) as being the multiples
of wi. In P, one may also work modulo classes which give zero in all
numbers, and hence consider w; and w5*? as being zero.

LEMMA. In the expression b = 2'x + 2" — 1), x is even.

Proof. Suppose, to the contrary, that x is odd. Then, by the previous
corollary, one has v = 0 and a = 2" — 1.
Since P is a framed manifold,
Sq" i " 'WiIP] = 0
and

Sqwd " TR = wWENL 4+ wy + wy)FEwy + wy + wi)F !

where the lowest degree term is w3*w? " ~! and one seeks the term of degree
2" above that. Since (1 + w, + w3)** = 1 + terms of degree at least 2"*!,
this reduces to

2r 2r-1
14 r+ w w
w%xW% - ]<1 + ;3 + W2> (1 + 'w—3 + Wz)
2 2

2 ¥
(1 LW WZ> =1+ (L"}_) + terms of higher degree
W, w2

where

to give

2r—1
13 r r— 13 r+1_ w3
w2 =1 4 terms in w3 w3 ‘(1 o w2>
2

2r—1

2r—1-i
Wi
= wiwi*! + termsin D, w1 + =
3 4 Wa
&

- 2 - 1 - s r_ ;i r_ i
a b+1 2 < ; W§x+2 2:W§ l+31'

I|
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27-1-i
2" =2 )

the coefficient of zZZ % in (1 + 2)¥ "' = (1 + /A + 2)*, is

i+ -2\ _ [(2r-i
-2 )~ \ i

and is nonzero mod 2 only for i = 2 with 0 < ¢ < r — 1. Noting that the
term with i = 2° = 1 gives an even power of w,, one obtains

r—1

WgW§+I[P] — Zl w%’+2’“+2‘—lwg’x+2’—2’+l[P].
t=

Now,

Notice that this implies r > 1; i.e., r = 1 is impossible.
ForO0<i<r — 1,

2 —_ r. r__
SqZ'+ (w%'+2' 1w§x+2 2’+‘)[P] - 0’

and
21 drx2r— 20+l
Sq(w3 wi” )
W 24201
r4 r r_t+1 1+ 1 3
— w%” 1w§x+2 2 4 Wy + w3)2 Cddfq 4 23 4 W, ,
w,
giving

25420t 20— 1 2rx 4+ 2r—2t+1 2r 4201, 2rx+20—1
Wi e Wi

+ terms in wj
2r 2t—1
: w w
(1+——3+w2) (1+—3+w2> :
L) L)

2"

w

(1 + ;3 + w2> = 1 + terms of degree at least 2" = 2'*%,
2

Now

while (1 + ws/w, + w,)* ! has highest term of degree 2'*! — 2 < 2/*2,
Thus one has

1 l 0 ift<r-—2,
P W L L

w w P] = r-2_ r- .

2 3 [P] {W§ 2 1wg+1+2 ][P] ift=r—2,

with the latter being zero since w5*? = 0.
Thus, in the formula for wéw%*'[P], only the term with t = r — 1 > 0
is nonzero, giving

wiws I[P = wi T WP,
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Forx > 1,

qur(w%r+‘+2'+2'-l-1W§'(x—1))[P] =0,
and
Sq(w§r+l+zr+2r-l— 1w§'(x— 1))

(x — r+1 r r—1_ r(x — w
= Wi DRI ETISN] yy, 4owy)? 1)(1 + =2+ w,

14 2r42r-1-1
Wy )

with

2r+1

(v — w

(1 + wy + wy)*® 1)<1 + ;}—3 + wz) = 1 + terms of degree at least 2"*!,
2

2r 2r
(1 + 2 w2) =1+ (&> + higher terms

L) W,
and all terms in (1 + ws/w, + wy)* ! of degree less than 2. Thus, the
only term is

r+ 1 r—1_ F(x — 4
W% +2 1w§(x 1)+2 [P] = 0.

Notice that this implies x = 1.
Now consider the numbers

wy R P

. . . r+1 r—1_ r .
for 1 < g < r, recalling r > 1. For ¢ = r, this is w3 ¥ ~'wi[P] which
is wiw8*'[P], since x = 1. For g = 1, this is zero since w, occurs to an
even power.

One has (for g = 2)
0 = Sg* W3 Wi IR
since P is framed, and

Sqwi™ T

w 2+l g 429+ 4291400 4
29-1 2r+2_9q_ -1 3
= W3 w3 2 l(l + Wy + W3)2q 1+ —=+ W»

Wy
with
(1 + w, + w3)® ' = 1 + terms of degree at least 29,
and
2r+1 4o 429+1 4291 29-1
w .
(1 TN w2) =1+ (—3) + higher terms,
W, \Z)
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to give

20-1-1
r+2 _ng_2q—1_ . -1 +2_9q_ W3
w2 o terms in wh o wy Y l(1 + =+ w2) .

w,

Now the term of degree 277! in

29-1-1 29-1-1 29-1-1—i
w. ; w.
(1+;3+w2) = > w'2<1+—3)
2

i=0 Wy

29-1-1 -1 . 29-1-2i
i 29 - 1-1 &
,.;, W2< 2071 — 2i )(w,)

27— 1 -
271~ 2i /#0 mod2

ifand only if i = 2,0 < ¢t < q — 2. Thus

is

and

0 = W HEIP] 4 R )
g
+ 2 wgr 2.29-29-149f l+2,—1W§q—z'+][P].
t=1
Note. The term with ¢t = 0 for the sum has w, occurring to an even
power and so is zero. The term ¢t = g — 2 is separately written. Further,

for small values of g, the final summation does not occur.
In order to analyze the terms

wi PTHES AT A M2 P forls<ts<gq - 3,
consider
0 = g™ (wd T H T P
One has

22292914201 29-0+1y 99 t+l gr+2_99_2a-l4or_
Sq(w; w3 ) = w3 w2

1+ w
(1 + wy + wy)? l“’"‘”(1 + ;3 + w,
2

)2'+2—2q—24-'+2'—1
and seeks the term of degree 2'*? above the initial point. Now,

(1 + wy + wy)¥7'© = 1 + w2 + higher terms
and

w 2r+2-29-29-1 w 2q-1
(1 + 24 w2> =1+ (——3) + higher terms
W, W,
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with ¢ — 1 = ¢t + 2, which contributes only for ¢ — 1 = ¢ + 2. Finally,
the term of highest degree in (1 + ws/w, + w,)* !is w3 ~!, of degree less
2'*2, Thus, the expansion gives

+2_9g+1 -2 —3_ ws
w3 TN+ owy + w3)2"<1 + =+ w, ,
w.

)2'+2—2q+l+2q-2+24-3—1
2

Now, considering
w§r+2_2q+]+2q+3_1w§q+2q—Z[P],
one has
quq—z(w%r+2_2q+l+2q+2+2q—3_1w§q)[P] - 0
and

2r+2_2a+1424-2424-3_1_ 24y __
Sq(wz wy) =

b

)2r+2—2«+'+2q-2+2ﬂ-3-1

+2_9g+1 ~2 -3_ W3
wi TSI 4 oW, + w3)2q(1 + =+ w,
w2

where

2r+2_2q+1
w
(1 + w, + W3)2q(1 + = + W2> =
W2

1 + terms of degree at least 27*',
w 29-2 w 29-2
(1 + =24 wz) =1+ (—3> + higher terms,
w; L)

and (1 + ws/wy + w,)* "~ has largest term of degree 2(277% — 1) < 2972,
Thus,

r+2_9q+1 g—3 _ q q—2
W% 29+ 142 lW% +2 [P] = 0.

Hence, the numbers
wi TR BIP) forl<gsr
are all equal, so
0 # WEwiM"] = wini*'[P] forq = r

equals the number for ¢ = 1 which is zero, since w, occurs to an even
power. This contradicts the assumption that x is odd. H

LEMMA. In the expression b = 2’x + 2" — 1), x = 0.

Proof. Assume, to the contrary, that x # 0. By the previous lemma,
one may then let x = 2u with u > 0.
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Consider the numbers
SGWEtPwEt )Pl with0<j<r.
One has

a+2/  b+1-2/ __
2 W3 ) =

Sq(w
a+2/ i
r+1 r j r r j a + 2" i 4_'
W§+ u+2 2/(1 + wy + w3)2“u+2 2/ 2 ( : > W’3(W2 + w%)a+2! i
i=0

and
(1 + wy + wy)” "“*7=? = 1 + terms of degree at least 27,

while terms in the sum with i > 2/ give powers of w; exceeding b + 1.
Now

L4+ + 27+ 274+ 2% ifj<r,
a +2j={

L+ +27+2% ifj =r,

so the coefficients

(a + 2j>
are ;

odd for i <2/ — 1;if i = 2/ the coefficient is odd only when j = r. Thus,
the Sg-expression reduces to

2! +1 it i i +1

2 wg' u+2’-—21+1wg+21—1(1 + wz)a+2’—1 + 8W§ u+2("v2 + w%)a

i=0

where ¢ = 0 forj < rand e = 1 forj = r. In this, the term of the correct
degree is

2W3 .
i=0

Zj—l a + 2" - i
2( 21‘ — ) w%’*'u+2’—2f+iw(21+21—i+(2j—i)/2 + & w? b+1

2

Here, the binomial coefficient is considered zero unless 2/ — i is even, and
then it is the same as
2a + 2j 12
27— )

Note. Forj = 0, the sum has the term i = 0 only, and j # r so the entire
expression is zero. Thus, only j = 1 actually occurs, and 2/ — i is even
only for i even. Now letting g = 2/ — i, the binomial coefficient is

(2";2(1) withl <g=<2/<?2"
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(2’+ +2+2q>
q 9

which is nonzero only when g is a power of 2; i.e., i = 2/ — 2° with
p = 1 give the only nonzero terms. Thus,

and is

ewiws T '[P]

i a+3 e 2""'u+2’ ZP[P]
s

noting that the term with p = 1 gives an even power of w,, so is zero.
Adding the above for j = randj = r — 1, one has

wiwstI[P] = wi WP
Note. Forr = 1 = j, the right side is zero, and this is just the previous
expression, with the term for j = r — 1 being identically zero. For r =

2, this is the equation for j = r, and the equation forj = r — 1 is identically
zero.

Notice that when r = 1, this gives the contradiction wiws*'[P] = 0, so
= 0. Thus, one must have r > 1.
Now, consider

0 — Sq2r(wg 42r+lgpor— 1w§r+ 1y~ Zr)[P]
with

a+2rtlg2r=1 or+ly_or
w3 )

Sq(w;

w a+2r+i42r-!

+1 e+l r—1 r+ 1y, —9r 3

= Wi EWE YT oy, 4+ wy) T 2(1 + =+ w2> )
W,

where
(1 + wy, + w3)¥"7“"% = 1 + terms of degree at least 2"*,
and
a+2"+ 2 ' =2+ D+ Q-+ 27 =
2T o+ )+ 27+ 27 =),
with

2+l w+1)
a+-=+ wz) = 1 + terms of degree at least 2",

2 2
(1 L wz) =1+ (ﬂ) + higher terms,

wy w,
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and (1 + wy/w; + w,)¥ '~! has all terms of degree less than 2. Thus
wg+2r+2r-1w§r+lu[P] = 0.

Hence, one has wewi[M] = winw{*'[P] = 0, which is a contradiction.
Thus x = 0. W

Applying the corollary which analyzed the case x = 0, one now has:

Conclusion. There are integers 0 < r < s with

a=2"-2-1 and b=2"-1.

PROPOSITION 5. If M" immerses in R"*> with n odd, and is not a boundary,

then there exist integers 0 < r < s so that M" is cobordant to the Dold
manifold

PQ — 1,221 = 2) = §77! x CP*"'"2/(—1) x (conjugation).

Proof. Recalling the facts about Dold manifolds [6], one lets
P(m, n) = §™ x CP"/(—1) X (conjugation).

H*(P(m, n); Z,) is Z,[c, d] modulo the relations ¢™*' = d"*! = 0, where
dim ¢ = 1 and dim d = 2. The Stiefel-Whitney class of P(m, n) is

1+ o"d + c + dr.
Takingm = 2" — 1, n = 2°*! — 2, with 0 < r < s, one has

w4+l +c+d)=0+*A+c+d)* " =1

so
w=(0+)l+c+d)=1+d+c)+ cd,
and the largest power of W, which is nonzero is w3 ' = ¢*~'d*~'. Multi-
plying by
wa Yl = gt =Tl 4 terms divisible by c,
one has

W%m-zr_lwgr—l[P(T - 1, 2”—l - 2)] 74 0’

and this is the nonzero number having the largest power of w;.

Now, let M" immerse in R"** with n odd and M not a boundary, and
choose a, b so that wiwi[M] # 0, with b maximal. From the conclusion
of the analysis, there are integers 0 < r < s witha = 2°*' — 2" — 1 and
b=2 —1,sothatn = 2a + 3b = 2°** + 2" - 5,
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Consider the manifold M’ = M U PQ2" — 1, 2°*' — 2). This is an odd-
dimensional manifold with all numbers divisible by w(i > 3) zero, which
was the only fact used in the analysis (note that P exists as a Poincaré

algebra with w(P) = 1). If M’ is not a boundary, there are integers a’, b’
with

Wiws [M'] # 0
and so that
wswiM'l # 0 onlyford <b'.
C—d

Since Wiwi[M'] = 0 for d = b, one has b’ < b. Now for some 0 < ' <
s,

a =2"""-2"-1 and b =2" -1,

son =2""24+2" -5 Sincen + 5 =22 + 2" = 2°*2 4+ 2" give two
2-adic expansions of n + 5, one must have r = r',sob = 2" — 1 = 2"
— 1 = b'. Thus, M' must be a boundary, and M is cobordant to P(2" —
1,2 - 2. m

Note. The Dold manifold P(m, n) is cobordant to $™ X RP" X RP"/
(—1) x twist. For m = 1 withn = 2o0r6(r = 1and s = 1 or 2) and for
m = 3 withn = 6 (r = 2 and s = 2), these manifolds actually immerse
in codimension 3, having dimensions 5, 13, and 15. To illustrate, $*> x RP®
X RP®/~ immerses in S X R’ x R’/~ which is the total space of the
bundle 7\ + 7 over RP®. This total space imbeds in that of 8\ + 7 = 15-
dimensional trivial bundle, and RP* X R" imbeds in R' by imbedding RP*

with trivial normal bundle. The composite immerses S x RP® x RP®/~
in R™.

Note. The Dold manifold P(m, n) is indecomposable in the unoriented
cobordism ring if and only if

m+n-—1
( " )(n + 1)
is odd. In particular,

(2’— 1+ 277 =2 — 1) B (2”‘ +2’~4>

2s+1 _ 2 - 2x+l _ 2
is always even if » > 1 and the manifolds P(2" — 1, 2°*! — 2) with 1 <
r < s are decomposable. They are not, however, decomposable in terms
of classes of smaller filtration in the sense of Liulevicius [11], since any
odd-dimensional manifold of lesser filtration is a boundary. This gives ad-
ditional examples for the fact that this is not a nice filtration multiplicatively

(i.e., a sum of monomials in generators has smaller filtration than any
individual monomial).
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Note. Kikuchi [10] actually contains more than Proposition 4. He shows
that if M" immerses in R"*> with n odd and Ww5[M"] # 0, thenj = 1 (mod
4)and k = 1 orj = k = 3 (mod 4). This is exactly the sort of phenomenon
exploited to completely determine a and b, where b is the maximal such
k. He also shows that for n = 1 mod 8, M bounds.

5. The Case k = 3, n even

PROPOSITION 6. If M" is oriented, immerses in R"*®, and n is even and
larger than 4, then M" is an unoriented boundary.

Proof. If wswi[M™ # 0, 2a + 3b = n, then b must be even. Now,
w3 WM = wy(wyr WM™,
= Sq°(W"w37)[P]
= {Sq'wsw))F 1M,
= Sq"{(w5 - W§) - Sq' Wswi)}M"],
=0
since Sq' into the top dimension of M is zero. Also, if ¢ > 0,
WM = W3 - s (WM,
= Sq’Sq'{w; - (Wswi ™ HM",
=0
for Sq'W’ = wyw; = 0 and Sq¢'{W5w?™ ")} = 0. Note. Xx(S¢°) = Sq*Sq;.
Thus, the only possibly nonzero Stiefel-Whitney number of M" is
Wi/ [M™. If M" is not an unoriented bf)undary, then exactly as in the case
k = 2, M" must be cobordant to CP*"'~2 for some s = 0, and in particular,
n=2(2”‘—2)=———0mod4._ . _
Letting n = 4m, one has P, reducing to w3, where ? = 1 + P, is the
Pontrjagin class of the normal bundle +*, and hence W}’ [M"] = W3"[M"] is
the mod 2 reduction of the integer ?7[M"].
The argument now proceeds following the lines of Atiyah-Hirzebruch
[2], as modified for immersions by Sanderson and Schwarzenberger [13],
Theorem 2(b). One takes X = M which has dimension 4m, and M immerses

in R"*3, hence also in R"** so that X C 4m + 2k + 1 with k = 2. Also
dm = 2(2**' — 2) so

2m + k=2"" -2 +2=2"

which is divisible by 4 if n > 4. Taking z to be the Chern character of the
trivial quaternionic line bundle over X (i.e., z = 2), one has

22m+2—1 A(X, 0, z(1/2)) e Z.
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With the given choice of z, A(X, 0, z/?) = 24(X), and so 2*"*2A (M) is
integral.
Now 2*"A,, = A,, and A,, = 2*"P7/2m + 1)! from [2, §5], so

PAM)  AM)  2PRIMT 4PTIMY
4m T 2T 200 4 )T 2m + D!

Since n > 4,2m + 1 =550 that 2m + 1)!is divisible by 5! and hence
by 8. Hence #7[M"] is even and M" is an unoriented boundary. W

22m+22(M) —

COROLLARY. If M" immerses in R"** and all Stiefel-Whitney numbers
divisible by w, are zero, then M bounds or M" is cobordant to P(2" — 1,
21 — 2) for some 0 < r < s.

Proof. For n odd, this is Proposition 5. For n even, the above argument
started by proving M bounds or M is cobordant to

CP*"'"2 = PQ° - 1,2°%1 - 2). |

ProrosiTioN 7. If M" is a nonbounding manifold of even dimension

which immerses in R"™?, thenn = 2°*' = 2) + 279*! — 2) + 2" -
Dwith0<ps<gqgs=<r.

Proof. For a nonzero characteristic number w{wsw5[M"] # 0, one has

a+2b+ 3c =mn,s0a + c=0mod 2.
With a = ¢ = 0 mod 2, one has
WIS [M"] = v, - WiwiW M,
or

WP WY IM] = Sq (i wiw)IM"]
= Uns2 * (Sq'(WiWiw3))[M"].
With a = ¢ = 1 mod 2, one has
Wi WY MY = Sq'Sq' W T WM
= Sq @ wwIM']
= U2 {Sq' W5 'Wiw)HM"],
or
WP W W M
= (Ww2){Ws - WPwrw3)HIM"]

= (W3 + Sq'W,) w1 w3 w3)HM"]
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= Wi - WPmWNIMT + S¢°Sq'{(Sq'w,) - (WP Wi wi)HM"]
= Uny2 - (WiWIW3 M7
since the other term is zero.
Since some characteristic number having one of these forms is nonzero,

one must have v,, # 0. Using the splitting principle to write w = (1 +
x)(1 + y)(1 + z), one has

v=(0+x+xX+ - +xF T+ )0 +y+yY+ )l +z+2+ )

andsov; # Oonly fori = 2> — 1) + 22 — 1) + (2" — 1), giving the
desired form for n/2. W

LEMMA. Let M" be a nonbounding even-dimensional manifold which
immerses in R"*3. There are integers a, b, ¢ with Wiwswi[M"] # 0, so that

if
wi'w W' [M"] # 0

then a' < a, and further if a' , then ¢’ < c. Then a is even and ¢

=a
2*1 — 2 for some s = 0.

Proof. That a, b, c exist follows by taking the nonzero monomial which
is largest in lexicographic order. Now let Q"~¢ C M" be the submanifold
of M dual to a copies of the line bundle det(»(M)), i.e., dual to w{, so that

*@Q" 1 = x - wilM"]
where i is the inclusion and

*w(M)
a + i*wy))*

w(Q) = or w(Q) = i*{(1 + w, + w, + w3)(1 + W)}

Now, since any number of M involving w{*' is zero, any monomial
W) (W, i* (w3 )1 0]
with x > 0 is zero. In characteristic numbers, i*(W,) is then zero, and w(Q)

behaves as if it were 1 + *(W,) + i*(W;). Q is then a manifold with w;
giving zero numbers for j > 3 orj = 1 and

wowi[Q" ] = w)(*W;P[Q] = wiwwiM"].

If a is even, one then has Q" ~* cobordant to CP*"'~2 for some s, so that
the only nonzero number of Q is w%”"Z[Q”“‘]. Thus, for a even, ¢ = 0
and b = 2°*! — 2 for some s = 0. If a is odd, one has Q" * cobordant
to PQ* — 1, 2°*' — 2) for some 0 < u < s, and thenc = 2* — 1, b =
P B

Now consider the case a = 2p + 1, b = 2°*' = 2“ — 1, ¢ = 2" — 1,
withp=0,0<u<s.



208 R. E. STONG

Claim. WPWyWwiwiM"] # 0 implies x = z = 0.

To see this, x = 0 by the choice of a and c. Since # is even, z must then
be even. For y odd, let z = 2z, y = 2y’ + 1, and then

wrws Wy T IM
= SgWPwi  F WM,
= {Sq'Wiwy T wy)PIM],
= Wil T 4 (p + 27+ 2y W W M,
= y'wirw WY T 4 (p + 27+ 2+ Y WP s T R HIM
= y'Ww W Wi M

reduces to the case y even. Now, for z > 0, z is even and 2“ is even so

wirws W M1 = WP W W T M

as in the last calculation for Proposition 7, and this last is zero by the
choice of a and c.

. — U — ] —2lU e
Claim. Ugu+tpou_g = w1w§ + W% Spu_qu—1.

To see this, 27! + 2 — 2 + 3 = 2*! + 2 + 1 and since r > 0,
2"+‘+2“—2=(2"+'—1)+(2"—1)+(2°—1)

is the unique expression as the sum of three integers of the form 2 — 1.
Then by the splitting principle

u+1 _ u__
VUpguttypqu_py = 2 x* ]}’2 '
(E xzu—xyzu—x) (2 xzu) + ¥yt

= 52" —1

< 3
= Spu_qu—1 "W + WW;

with the 2 notation indicating the sum of the distinct monomials of the
given form by permuting x, y, and z.
Now,

e (e — 1— s+l_2u+l+2u_1__2u_l
WiIwwsIM™] = Wit '3 w3 ~'[M"],
—Ju_ ___2p——2s+l_Qu+lyou_ n
= (Vpr142umy + Wi Spu g 20 )W W2 [M7],

—D e 1 —
— Sq2u+l+2u Z(W%pwgﬁ— Qu+lpou 1)[M”]

since W3 *?" is zero in numbers. Applying any Sq' to wi” will multiply by
a power of W which gives zero in numbers if i > 0 and S¢(w3 %)
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0 fori#0(2“"", so
WiwswsIM"]
— w%quZ""'l+2“—-2(w%’+1—2"+1+2"—l)[Mn]
- w%p{sq2u+|(w§s+l_2u+l)Sq2u_2w%u_1 + W§:+l_2u+lsq2u+1+2u_2w§u_1}[Mn]’

with the second summand being zero since dim w3 ™! = 2“*! — 2 < 2¢*!

+ 2% — 2 and, of course, the first summand is only present for s > u, and,
when s > u,

w%psq2u+l(w%s+l _2u+1)Sq2u_2W%u_ l[M"]

_ ==2p(— —_ 2u+l_2$+l_2u+2 Uu_2__Ju_ 1
= Wwi'(W; + w,w)” w3 Sq” ~w; T M),

W%p+2u+l —2p—2“+

. . . 1 . . . .
which is zero since and wi*w3; always give zero in characteristic
numbers.

Thus, a must be even. W

Observation. With this lemma one has a reduction of the problem to
very specific terms. For an integer n of the form 2°*' — 2) + (29*! —
2) + "' — 2),0 < p < q < r, one considers the set 2, of integers s
with0 <22 —4<npnandletsa = n — 2°7% — 4).

Let S, C 2, be the set of s for which there is a manifold M" having the
following properties:

(a) All Stiefel-Whitney numbers of M; divisible by the classes w;, i >
3, and w{*! are zero.

(b) wiwy ' TAME] # 0.

Let I, C S, be the subset of those s for which there is a manifold M}
which also immerses in R"*3.

Claim. If M" is a nonbounding manifold of even dimension which im-
merses in R"*? (or has all numbers involving W;, i > 3, zero), then M" is
cobordant to a sum of manifolds M? for s € I, (respectively s € X,).

To see this, one may induct on the integer a for which w¢*' is zero in
numbers of M" but w{ is not, assuming that any M’ with smaller a’ is
cobordant to a sum of M" with s’ € I, (or 2,) withn — (2 %2 — 4) < 4.
Then by the lemma, there is an s with a = n — (2°*? — 4), so that
wiws MM #0,and s € I, (or 2,), and M' = M" U M? has a’ < a.
Letting M’ be cobordant to Mg U -+ U Mg, one has M cobordant to
M; UM U - UM,

Thus any choice of manifolds M” with s € I, or 2, provides a base in
the unoriented cobordism ring for the set of classes one is seeking to
determine.

LemMma. If M" is an even-dimensional manifold immersing in R"** and
WiM"] # 0, then n has the form 2'*' — 2 or 2'** — 4 for some integer
t=0.
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Proof. Let x be the canonical anti-automorphism of the Steenrod al-

gebra, so that x(Sq) = Sq~' with degree i term x(Sq'). Then for dim x
= 1, one has

x(Sq')x’! = (211_:_;) xtH,
Now,
(n ’-: i>w1 M) = (2::((:_-:))) Wi =D
= x(Sq")wi~TM"]
= W}~ '[M"]
by [3], and thus

(”:’) = (n;l—z> =0mod2 fori>3,with0<i<n.

Now,
2(” N ’) =1/ + 0!
i=0 l
and, for 2’ =n + 1 > 27! this is
A+ )"/ + x) =1 + x)* Y mod terms x7,

so 2" — (n + 1) < 3, since the top degree term is x***? with 2 — (n
+ 1) <2"'<n Thus 2’ — 4 < n <2 - 1, and n being even gives the
result. W

LEMMA. (a) RP2'+22"‘ has all numbers divisible by W; zero for i > 3 and
satisfies Wi " TYRP*7 7% # 0.

(b) For M" = RPY"'"* x RP*"'"*x RP*"'" 2, 0<p<gqs=r,
W%r+l_2q+l+2p+l_2w%q+l_2[Mn] # 0

and is the largest monomial which is nonzero.

Note. RP*"’“and RP*"'"*(0 = p = g <r = t) have W;[M"] # 0 and
provide examples with wiws " [M"] as largest nonzero monomial in the
cases s = 0 completely determining when 0 € X,. For case (b), one has
examples having largest nonzero monomial w$w5 ~ *[M"] with s = g, i.e.,

qEE,,.

Proof. From w(RP*"™*) = (1 + o) ", WRP*" ™% = (1 + P =1
+ a + o2 + &, so w; = 0 for i > 3. Since W, = a,
w%l+2—4[RP2'+2—4] #0'
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For M" = RPY"'""2 x RP*"' 2 x RP*"'" 2w = (1 + o)1 + B)(1 + v),
where a, B8, vy belong to corresponding factors p, g, and r. Now w; = «
+ B+ ysothat wf =y ifr=¢t=¢q + 1, and is zero for ¢t > r. In

particular, w2 = y¥"'""*"" and taking Q C M dual to (2"*!
29*Ndet(v), or, equivalently, to y* ' ~*"', one obtains the manifold
Q = RP?"'"? x RP¥"'~? x RP¥"'~?
which is cobordant to Q' = RP¥"'~% x CP¥*"'~2, which has
w=_0+a1l+60=1+a+ 0+ af, dm6 = 2.
Then,
wiT T IM] = wii0] = wiwlQ'] = o ’lQ']

and is nonzero for x = 2°*! — 2,y = 29*! — 2 and is zero otherwise. W

LEMMA. Let M", n even, be a manifold with all numbers divisible by

W;, i > 3, equal to zero. Consider the characteristic number Wiw[M"] with
a and b even and with a having a gap at 2' in its dyadic expansion, i.e.,

a=a +2" +a

with a' = 0 (2'*?), a" < 2'. Equivalently,

_ nt
(a 2,2) =1 mod?2.

Then, Wiws[M"] = 0 provided that
(1) 2'>a" + 2b + 3,

or
2 2'>a" +2bandt > 1.

Proof. Let P"*? be the manifold associated to M" and consider

0 = Sq* (Wi~ *wiw;)[P].
One has

Sq* (Wi Wiws) = wiwhws + Wi ¥ S5q” wi wiws)
since S¢W{**) = 0fori# Omod 2. If 2" > qa" + 2b + 3 = dim
(w{ w3w;) then
Wiws[M] = wiwsws[P] = 0.
Ift> 1, and 2 > a" + 2b, then
Sq* (Wi wsws) = Sq¥wi{wh)ws + Sq* Wi w3)Sq'w;
= Sq* AW W5 )W, W,
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for " = b’ = 0 mod 2 gives Sq'W5ws) = 0 if i is odd. Then,
WIWsIM"] = wiwsws[P" "%
= Wi T WSq" T W)W P )
= Wi TS WM
= Sq'{wi 7Sq* WM
= Wi IS Sq" Wi w)IM"]

for S¢W{*?) = 0, unless i = 0 mod 2". Now Sq°Sq*~? = Sq'Sq*2Sq'
and since a" = b = 0 mod 2, Sq'W{w5) = 0. Thus Wiwi[M"] = 0. W

Note. This gives another more unpleasant proof characterizing those
n with wi[M"] # 0. Taking b = 0, one always has 2° > a¢" and son = a
cannot have a gap at any 2’ with ¢ > 1. One should also note that condition
(1) implies 2° > 3 and so really implies condition (2).

Ifn + 6 =23 ¢t=0,ie. n + 6 has only one power of 2 in its dyadic
expansion, then

1 I, =2,={ttfort =0orl,
Q {cZ, c{s|o<s<itfort>1.

Proof. 2°*? — 4 <2""® — 6 implies s <t,and n + 6 = 2'*? 4+ 2'*!
+ 2'*!is expressed in the form 2°*! + 29%!' + 2"*1 0 < p < g <, only
ifr=t+1,p=gq=thences = q = tbelongsto =,. Fort =1, n
= 2'*3 — 6 is not of the form 2°*' — 2 or 2°** — 450 0 ¢ 2,. Finally,
RP? and RP?> x RP?> X RP® immerse in codimension 3 to give I, = 2,
= {f} forn = 2and 10. W

Note. The test case for improving this result is s = 1, t = 2; i.e.,
wiwi[M*] is unsettled in dimension n = 26.

Suppose n + 6 = 2'*? + 2“*! with t = u = 0, i.e., n + 6 has precisely
two powers of 2 in its dyadic expansion.

(1) Ifu =0,then{0, } CZ,C{s|0=<s =<1}, and
|

(@ ift=0o0rl,thenl, =2, ={s|0=<x=<1t},
(b) if ¢ 2, then 212 = {S | 0ss=< 2}

Q Ift=wu>0,then>, ={t,t — 1}, andift = 1, then I, = Z,.
(3) Ift>u> 0, then

fu-1,8CcZ,Cl{slu-1<ss<t,

and if t = 2, u = 1, then
214={S|0$S$2}.
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Proof. 2°*? — 4 <ngives 272 + 2 <2 + 2"l sos <t Ifu =
0,thenn = 22 — 4,s00€ 2,,andn = 2'*"' = 2) + 2! = 2) +
(2°*! — 2) so that t = g € X,. Since a point, RP* and RP*> X RP? immerse
in codimension 3, I, = 2pand I, = 2,. For the case t = 2, 2,, C {s | 0
< s < 2} and Table 2.3 of Liulevicius [11] shows three classes of filtration
less than or equal to 3, so 2;, must contain 3 elements.

If t = u > 0, one has

n + 6 = 2t+2 + 2u+1 = 2t+1 + 21+1 + 2u+l = 2t+2 + 2(u—])+l + 2(u—1)+1

providing expansions n = (2°*! — 2) + (27! — 2) + (2"*' — 2) in which
g=tandg =u — 1.Thus {t, u — 1} C Z,.
For s < u — 1, one has

a= 21+2 + 2u+l _2 _ 25+2 = 2!+2 + (2u 4o+ 2) _ 25+2
with s + 2 = u.

Thus a has a gap at 2" with ¢t + 1 > 1, and b = 2°"! — 2 gives
2 > g+ 2b = 24T — 6,

Thus 2, C {s|u — 1 <s <1t

If t = u >0, 2, is completely determined, and if ¢ = 1, RP® and RP?
X RP?* x RP? immerse in codimension 3 giving Iy = Z¢ = {0, 1}. For the
case t = 2, u = 1, 214 C {s | 0 < s < 2} while Table 2.3 of Liulevicius
[11] shows three classes of filtration less than or equal to 3, so that =,
must contain 3 elements. W

Note. The least unsettled case is ¢t = 3, u = 0 in dimension 28.
Suppose n + 6 = 2P 4+ 29*1 4 *lwith0<p<qg<r,ie,n +
6 has precisely three powers of 2 in its dyadic expansion.

1) fr=q+1,p=0o0rl,then2, = {g},andif p = 0,q = 1,
r = 2, then Ig = 28-

@ Ifr=q+1,p=2then{gCZ, C{s|p - 1<s<gq}

3) r>qg+ l,then{gfC 2, C{s|lg=ss<r-1}

Proof. 272 — 4 < ngives 2°*2 + 2 < 2°*! 4+ 29%1 4 2l g0 s < r
— 1, and whenr = ¢ + 1, s < q. One always has {g} C Z, by considering
products of projective spaces, and since RP* X RP® immerses in codi-
mension 3, {1} C Is.

Considering b = 2°*! — 2, a = 2'*' + 297! 4 2°*1 — 2 — 2% with
s<gq,s +2<gq + 1, a will have a gap at 2" provided r > g + 1l or r
=g+ 1lands +2>p.Sincer=q+1>qgq>p=0,r>1,and

2>qg" 4+ 2b =29 2P — 2 — 4 forr>gq + 1,
while for p = 0, 1,
20+l 4 2Pt 9 4 <29 — 2 <29 ifr =g+ 1.
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Forr =q+ 1, p=2,and s <p — 1, a has a gap at 22 withg > p =
2and 27> q" + 2b = 2°*! — 6.

Note. The first cases in which X, is not determined is p = 2, ¢ = 3,
r = 4 giving n = 50 for the case r = g + 1; and for r > g + 1 one has
p=0,qg=1,r =3givingn = 16. The nextcaseis p = 0,g = 1,r =
4 for which n = 3. For n = 16, the question is whether 2 € X, i.e., the
number wiw3[M'). Having made several errors in trying to decide this
case, I believe 2 € 2,4 but would not want to swear to it.

Combining the cases in which 2, is completely determined one has the
following result.

ProPoSITION 8. Let M" be a nonbounding manifold immersed in R"*>.

(1) Ifn=3-2“""—6,u>0, M" is cobordant to
RP2u+1_2 X CP2u+l_2 or RP2u+2_2 X Cqu—l_z
or their union,

Q Ifn
RP2u+l_2,

3) Ifn =3 -2 — 2 u>1, M" is cobordant to RP*"~! x
RP*"'~% x RP.

3 .-2“" — 4 u > 0, M" is cobordant to RP*"% x

6. Immersion of Indecomposables

DeriniTION (Liulevicius [11]). A manifold M” has algebraic filtration k
if M" has some nonzero Stiefel-Whitney number divisible by w; and every
Stiefel-Whitney number involving a class w; with i > k is zero.

Note. This is equivalent to the assertion that the normal map
M" 5 BO
is cobordant to a map M’' — BO; but not to a map into BO,._,.

The major result of this section is:

ProrosiTION 9'. Let M" be an indecomposable n manifold with n =
2° + b, 0 < b < 2% Then the algebraic filtration of M" is at least n —
2b — 1. Furthermore, if n is odd, then the algebraic filtration of M" is at
least n — 2b.

Note. n — 2b = 2°! — p.
If nis even or n = 1 (mod 4) this result is best possible:
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Observation. If n = 2° + b, 0 < b < 2°, n even, the projective space
RP" has algebraic filtration n — 2b — 1. If n = 4k + 1 = 2° + b, 0 <
b < 2%, the Dold manifold P(1, 2k) has algebraic filtration n — 2b.

This verifies the conjecture of Liulevicius [11, §2].

Note. Forn =11 = 8 + 3, n — 2b = 5, and the indecomposable vy,
of [11, Table 2.3] has filtration 5. Additional remarks will give information
on the best possible filtration.

To verify the observation, one has w(RP") = (1 + &)"*', and since
a+a* =1,

WRP) = (1 + )" "' =1 +a)" " =1+ !
so that w;, = O fori > n — 2b — 1 and W,_,,_,w:""'[RP"] # 0. Also,

wP(1,2k) = (1 + o)1 + ¢ + d)y**!
with(l + ¢)*=land( + c + d)¥ =1,

since 4k < 2°*! gives 2 < 2k < 2% and so wW(P(1, 2k)) = (1 + o)1 +
c + d)¥ %**D Thus w; = 0 for

i>22° = Rk+ D +1=2"""—4k —-1=2"-b=n - 2b.
Further,

Wo_gp = cd @72 and w, =d + xc?

N wn—Zb—w-g[P(l9 2k)] # 0.
The proof of the proposition will proceed in a sequence of lemmas.

LemMa. Let M" be an indecomposable n manifold with n = 2° + b,
0 < b < 2° Then the algebraic filtration of M" is at least n — 2b — 1.

Proof. By the splitting principle, w(M") = II._(1 + x) with dim x
= 1. Lets; = ;- xbe the usual primitive class, so that M" is indecomposable
if and only if 5,[M"] # 0. Recalling that

i — 28+ T it
X(SQ)X'—<i+j>x ,

one has

i 20 +j
x(Sq )Sj = (il+ J'.I>Si+j.
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Then
Wo—2p— 1525+ 1lM"] = X(Sq" 2™ s34 [M"]
a+l __ _ _
_ (2 2 -2+ 2b 1)SH[M,,]
n
_ 2a+l _ 1 N
- ( n )S,,[M ]’

which is nonzero. W

The following makes use of certain standard characteristic classes defined
via the splitting principle. If

w=[]1 +x),dimx; =1
i=1
then

Sjtajzreds = 2 x’llxIZZ x{VS

is the symmetric function of the x; which is the sum of all distinct monomials
in the x’s. In particular, s; is the primitive class used in the previous lemma,
and w; = s, with { ones.

.....

Lemma. If M" is an n-dimensional manifold, then

—_ 17 + "
Spma[MP] = (2” J 1)s,.[M 1.

Lo n+1
n—j

In particular, if n = 2° + b, 0 < b < 2°

Sip,..alM" =0 ifj<2b + 2.

N ——

n-—j

Proof. One has

- i~ 1
§i—181,...1 = (2 x’ ><2 Xiy oos ,x,,_j+l>
e ——

n—j+1
— i—1 j
= 2 XY Xy E XX i
= Si-1,1,..0 t 851,
n—j+1 n—j
ifj — 1>1, and so
Sig, M+ 5200, [IM"] = 8520054, [M"]

e ——— [SSR—

n-j n—j+1 n—j+1

X(Sqn—jﬂ)sj—l[Mn]
_ <2n —j+ 1>s,,[M”].

n
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For the case j = n, one has
m_ (2n—n+1 "
sn[M]—< n+1 >n[M],
<

and inducting downward on j, 2 n, one has

<J
S ,[M"1={(2” ‘,{“) ( o] fl)}sn[M"]

_ zn_(.] ) n
_< n+1 >[M]’

giving the result for j — 1 > 1. For the case j = 1, s, [M"] = w,[M"]
is always zero (since M" immerses in R*"~!, for example) and

()

is even except for n = 2° — 1, and then s,[M"] = 0 since every manifold
is decomposable. Note. Forj = 0,

2n+ 1\ _(2n+1
n+1) "~ n

is also even except for n = 2° — 1, if one considers that case.
Forn = 2° + b, with b = 2 — 1, 5,[M"] = 0, and if 0 < b < 2° —

1,
2n—j+ 1) _ (2" +2b—j+ 1
n+j - 2+ b+ 1
which is odd only for 2b — j + 1 < 0. To see this, note that if 2b — j

+ 1 =0, 2° occurs in the dyadic expansion of 2 + b + 1, so must appear
in2b —j+ 1,s0b =2""+ b with0 < b' <2°' — 1; then

(2““+2b-—j+1>=<2"“+2"+2b’—j+1>

27+ b+ 1 22 427V 4 p 41
(22 -+ 1
B N T |

which has the same form. Thus s;, ,[M"] = 0if2b —j+ 1=0. B

LemMa. Ifn = 20+ Qj — 1), 0 <2 — 1 < 2% then
$2j2j1,..a[M"] = 0
[

n—4j

if M" is decomposable.

Proof. By additivity of the characteristic number, one may suppose M"
=P x Q?withn = p + ¢q, p < q (p < q by choice, but n is odd, so
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P < q). One has the general formula
solP X Q1= > s,[P]- 5410

for characteristic numbers of a product, and since

k
51,...,1[N] =0,
[——
k
one has
Szj,zj,l,...,l[M"] = s2j,1,...,1[Pp] : SZj,l,.‘.,l[Q]~
[— [S— [
n—4j p=2 q-2

for this to be nonzero, one must have p = 2j and since n = 2% + (2j —
1), ¢ < 2°. One then has g > 2°"! since ¢ > p, and so may write ¢ = 2°!
+ b with 0 < b < 27", In order that s, ,[Q] # 0, one must have 2j
< 2b + 2 by the previous lemma and hence ¢ = 2°7' + b < 2°7! ¢+ (j

— 1). But then p = n — ¢ = 2*"! + j > g, contradicting the choice p
=q. N

Lemma. If M" is indecomposable, n = 2° + (2j — 1),0<2j — 1<
2%, then

$2j2i1,.. 1 IM"] # 0.

[N

n—4j
Proof. 1t is sufficient to exhibit some »n manifold for which the given
number is nonzero, for if the number is nonzero on N” then N" must be
indecomposable, and then the number will have the same value on M" and
N" since M" — N" is decomposable.

Since M" is indecomposable, one may suppose #n is not of the form 2°
— 1. Hence one may write

2 -1 =2Qx+ 1) -1
with x = 0and 2 > 2'Q2x + 1) = 2j,and r > 0.
Consider the manifold N* = H(Q", 2* + 2"*! x) contained in RP¥ x
RP¥*¥" dual to \; ® M, i.e., to the class & + B. Then
(1 + a)2’+l(1 + B)Z"+2’”x+l
1+a+p ’

w(N) =

SO
w=(1+a+p)1+ a1+ p¥F !

and one wishes to compute the number sy+1,1 o 2r+1542r,1..[N"] With 2% —
2"*1 x — 2" — 1 ones.

Since W is already in the form II7'(1 + x;) one may compute the number
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$2j2;.1,...1 readily as the top degree term in

S {A+x) A+ x) (L +x) " (1 + x,))

P<q

where a flex denotes that the given factor is omitted. One then begins by
choosing x; from the list

{Ot + B, a, ", a, B, e, B}
| ————

-1 2a—2r+ix_1

giving the possible pairs {a, a}, {a, a + B}, {a, B}, {& + B, B}, and {8, B}.
The pair {«, a} always contributes zero. For » = 1, only one a occurs in
the list, so no such pair can be chosen. For r > 1,

2r+2x 4 or r+iyyor r+2y 4 or+1
o YT = g = 0.

For x > 0, o "**? = 0, and so the pairs {a, @ + B}, {a, B} contribute
zero if x > 0. For x = 0, the contribution is

@ - D@+ B*{1 + %1 + P}
+ Q2 = DR - DB + a+ B + ) X1 + B* %

where the integer coefficients are the number of pairs {@, « + B8} and {«,
B}, respectively. Since o *! = 0, the leading factor o Kkills all remaining
a’s to give

o - B+ BT + FBF + B+ BT,

which is zero.
Then, the remaining terms {a + B, B} and {8, B} give

(2a _ 2r+1x _ 1)(a + B)2'+lx+2’ﬁ2’“x+2’{(1- + a)2’—1(1 + B)Z“—Z’“x—Z}
a _ gr+l _ r 1 r_or+l r r a_or+l
+ (2 22 I)BZ x+ZBZ x+2{(1 + o+ B)(l + a)2—l(1 + B)Z -2'"x—

in which the coefficients are the number of pairs. Sinc? r > 0, both coef-
ficients are odd. Also, (a + B)* " **¥ = (&® + B¥) B¥" ™ since o *! = 0.
The value of this characteristic class on N" is obtained by multiplying by
(e + B) and evaluating on RP¥ x RP**¥"™; i.e., sy3.1...1[N"] is the coef-
ficient of a®B**? "™ in
(aZ' + BZ’)BZ’+ZX+2’[(1 + a)2’—l(1 + B)Z"—Z’*‘x—Z](a + B)
+ B + a4 B+ T+ BTN + ).
The term involving o is

a2’ﬁ2’+2x+2’[(1 + a)Z’—l(l + B)Z"—Z’”x—Z](a + B)

— a2'32'+2x+2'+1(1 + B)za—zrﬂx—z

in which B8 occurs only to odd powers, so contributes zero. The remainder
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is
B T a + B + ) A+ BT 4L (1 +a+ B+ )P+ B)
=B a+ B+ A+ BTN 4B+ 1+ a+ Bl
— Bzr+2x+2r+'(az + aB)1 + a)zr'l(l + B)za_2r+]x_3
in which the coefficient of o is
Bzrﬂx—zrﬂ(l + B)za—zrﬂx—s + '32'+2x+2'+’+1(1 + B)za—2'+'x—3
- B2’+2x+2'+1(1 + B)zﬂ—zmx-s(l +B)
= Bzr+2x+2r+l(1 + B)za-zrﬂx—z

Taking the coefficient of 82",

N 2a_2r+l _2 2a_2r+1 -2
s2j,2i,l,...,1[N] = <2a _ 2r+1 xx_ 2r+1) = ( 2r+1 _x2 )
Now, 27*!' — 2 =2"+ «« +2and2° —= 27" x =2 =2"" 4+ - + 2

— 2'*1 x deleting only terms 2° with b = r + 1 from 2°~' + -+ + 2, so
this binomial coefficient is odd. W

Finally, to complete the proof of the proposition one has:

LeEMMA. If M”" has filtration less than n — 2b with n = 2° + b, 0 <
b<2and b = 2j — 1, then

$252i0,..1 [M"] = 0.

[SS—
n—4j

Proof. Since M" has filtration less than n — 2b = n — 4j + 2, all
Stiefel-Whitney numbers of M" involving a class w; with i = n — 4j + 2
are zero. Then, all classes in the ideal generated by w;, i = n — 4 + 2
in H*(BO; Z,) = Z,[w;] give zero in normal characteristic numbers of M".
This ideal is, however, the kernel of the homomorphism

i* : HY(BO; Z,) > H¥(BO,,_4+1; Z,)

induced by inclusion, and that kernel contains all s;, ;, . ; with s > n —
4j + 1 (by the splitting principle w = I[[}"¥*!(1 + x;) for BO,_4+). Thus
$2j2;.1,...1 With n — 4j ones gives a zero normal Stiefel-Whitney number for
M. 1

The following provides an easy, but crude, bound on filtration.
Observation. Forn = 2'Q2s + 1) — 1, r, s > 0, the Dold manifold
PQ2" - 1,2%)

has algebraic filtration n — 2b + (2" — 2), where n = 2° + b, 0 < b <
2% i.e., the best possible filtration for an indecomposable M" lies between
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n —2band n — 2b + (2" — 2), where 2" is the power of 2 dividing n
+ 1.

Proof. Letn =2° +2*'x + 2" — 1.For P’ — 1,2 x + 271,
w=(0+01+c+d)¥' !
sow; =0fori>2"—-2%"x —1=n - 2b + (27 — 2). Finally, note
that
Wza_2r+lx_1W§r+1xW2r[P(2r - 1, 2'x + 2a—1)] # 0. n

Observation. For n = 2°*3 + 3, s = 0, the cobordism classes of

P(3, 4 + P(1,2) x RP> x RP* + P(1,2) X RP*> x RP* X RP?
(s =0
and
PG3,2°*) + P(1,2°*Y) x RP* x RP*"" + P(1, 2%
X RP* x RP*"' x RP*" (s> 0)

are indecomposables with filtration n — 2b = n — 6.

To see this, one computes the characteristic numbers involving w; with
i>n—2b = 2"~ 3. For P(3, 2°*?), the only such numbers which are
nonzero are

W2s+3_1W4 = W2s+3_2W5 = W2,+3_2W3W2 3£ 0.

For P(1, 22*') x RP?* x RP*"*, the only such numbers which are nonzero
are

W25+3_IW4 = W23+3_2W4W1 = sz+3_2W3W2 % 0.

The third summand has nonzero numbers precisely cancelling these, but
for s = 0, P(1, 2°) bounds and the third term must be chosen differently.
Finally the classes are indecomposable, so there is a nonzero number in-
volving W,_,,. W

LeMMma. Let T(M™) = S' x M" x M"/(—1) X twist.

(a) If M" is indecomposable, so is T(M"),
(b) If M" immerses in R"**, then T(M") immerses in R**'*%* for n +
k even and in R*"**** for n + k odd.

(c) If M" has algebraic filtration k, then I'(M"™) has algebraic filtration
less than or equal to 2k if n + kis even or 2k + 1if n + k is odd.

Proof. According to R. L. W. Brown [5], Proposition 4.1, I'(M") is

indecomposable since
Il+n-1) _ (n) _ 1
n n)
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is odd and M" is indecomposable, giving (a). If
L et
is an immersion,
T(H : T = ' X M" x M*/~ - §' X R"** x R"**/~ = TR"Y
induced by 1 X f X fis an immersion in the total space of the bundle
(n+ kN + (n + k)

over RP' = S'. Now, 2\ = 2, so E(rA + r) imbeds in R¥*! for r even,
orin E((r + D\ + r), hence in R**2, for r odd. Note. The normal bundle
of this immersion is I'(vy) for n + k even or A @ I'(y) for n + k odd,
where, for

¢
E—->M
a vector bundle,

re)
INE)—> T'(M)

is the corresponding bundle, and A is the line bundle over I'(M) pulled back
from RP'.

If M" has algebraic filtration k& with » : M" — BO;, the normal bundle
of an immersion, cobordant to ¢ : M’ — BOy,ie.,t0é + (j — k) : M’
— BO;, then the bundle I'(v) over I'(M) is bordant to

FIEDUG-k)=TODG-KMNDG - k)
over I'(M'). (To see this, note that E(v) X E(w) > M X M and
E¢+ (G -k)XEE+G-k)->M XM,

with each space given the twist involution, are equivariantly cobordant
bundles, since they have cobordant fixed point data. Forming the product
with S' and dividing out the involution on the cobordism gives the desired
cobordism.) With no loss, one may choose j above so that n + j is even,
so that the normal bundle of I'(M) is I'(») which is cobordant to I'(¢) @
(G — KN + (j — k) over I'(M’"). Since 2\ = 2, this bundle reduces to I'(¢)
orA@TI(¢)asj— k=n + k(mod 2)is even or odd, giving fiber dimension
2kor2k +1. W

Observation. Forn =3 mod 8 (n # 3) orforn = 7 + 2°** there is
an indecomposable n-dimensional manifold of algebraic filtration at most
n—2b+ 1.

Proof. Since (n — 1)/2 is congruent to 1 mod 4 and is not of the form
2° — 1loris 3 + 2°*3 there is an indecomposable manifold N"~"/2 of
algebraic filtration 2° — (n — 1)/2, where 2°°! < (n — 1)/2 < 2° and M"
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= T'(N"~Y7?) has algebraic filtration at most 22° — (n — 1)/2) = 2¢*!
+1—-—n=n-2b + 1.

Note. (n — 1)/2 + 2° — (n — 1)/2) = 2% is even, so I' doubles the
filtration. W

Note. One might hope that the manifold M" = T'(N®~"?) just con-
structed actually had algebraic filtration n — 2b. In fact, it has filtration
precisely n — 2b + 1 and the hope is forlorn. In fact,

S - = = -1/2
WiWy;, = Wy [M"] = W, - Wi,[N(" 7.

One may iterate this construction to obtain improved bounds for the best
possible algebraic filtration of an indecomposable. For example, if n = 7
mod 16 there is an indecomposable of algebraic filtration n — 2b + 4.
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