ILLINOIS JOURNAL OF MATHEMATICS
Volume 31, Number 2, Summer 1987

VERTICES OF IDEALS OF A p-ADIC NUMBER FIELD

BY
YOSHIMASA MIYATA

Let k be a p-adic number field with the ring o of all integers, and K be a
finite normal extension with Galois group G. Let II denote a prime element of
the ring O of integers in K. Then, an ideal (IT') of O is an 0G-module. E.
Noether [5] showed that if K/k is tamely ramified, © is isomorphic to 0G.
S. Ullom [10] proved that (IT') has a normal basis if and only if try, Kl(H‘ ) =
(IT*y N K, where K, is the ramification subfield of K/k. A. Frohlich [3]
generalized E. Noether’s theorem as follows: O is relatively projective with
respect to a subgroup S of G if and only if S 2 G,, where G, denotes the first
ramification group of K/k. Now we define the vertex V(IT") of (IT%) as the
minimal normal subgroup S of G such that (IT%) is (G, S)-projective. Then,
the above generalization by A. Frohlich implies that V(D) = G, (cf. [6],
Theorem 3). The purpose of this paper is to study the vertex V(I1’) of (IT’). In
the first section, we shall show that G, 2 V(II') 2 G, for any i (Theorem 5)
and that if the second ramification group G, is trivial, then V(II') is either G,
or {1} (Theorem 6). The next two sections deal with the restricted case where
K/k is a wildly ramified extension of degree p2. We shall show that if i # 1
(p?), then V(II¥) = G, (Theorem 15) and we shall obtain the necessary and
sufficient conditions for V(IT%) to be equal to G, for the case where i = 1 (p?)
(Theorem 21).

Section 1

Let o be the ring of all integers of a p-adic number field k. Let S be a
subgroup of a finite group G. We begin this section with recalling the
definition of (G, S)-projectivity. An 0G-module M is (G, S)-projective if there
exists an oS-endomorphism y such that

n
(1) Y g8t =1y,

jm]

where G = Ug;S (for example, see [2], p. 449, (19.1) Definitions and (19.2)
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Theorem). Moreover, from [2], p. 452 (19.5) Proposition, there exists a unique
minimal normal subgroup S such that M is (G, S)-projective. Now let K/k
be a finite Galois extension with Galois group G, and denote by = a prime
element of K. Then, applying the above results to an 0G-module (II?), we can
define the vertex V(IT') of (IT°) stated in the introduction, i.e., V(IT’) is a
unique minimal normal subgroup ¥ of G such that (II’) is (G, V)-projective.

Remark. For an indecomposable 0G-module M, the vertex of M stated in
the above is the minimal normal subgroup containing an ordinary vertex of M
defined in the module representation theory of groups.

PROPOSITION 1. Let K/k and 11 be as in the above, and denote by G, the
first ramification group of K/k. Then, V(II') C G,.

Proof. Let 9, be the ring of all integers in K;. An element a of O,
defines an 0G,-endomorphism of (II’) given by multiplication by a. Let
G = Ug,G,. Then, for B € (IT%),

(2) Egiagi—l(ﬂ) = (E&'(“))B-

As K, /k is tamely ramified, there exists a such that ¥g,(a) = 1. Thus, by (1)
and (2), (IT?) is (G, G,)-projective, which means V(IT') € G,.

We denote by G, the i-th ramification group. From [10] Theorem 3 and its
corollary, we immediately have the following lemma.

LEMMA 2. Let K/k be as above and denote by |G,| the order of G,. Then, if
(IT%) is oG-projective, i = 1 (|G,|) and G, = {1}.

Next, let ¢(¢) be the Herbrand function for the extension K/k, and () be
the inverse function of ¢(¢). Then, the upper numbering of the ramification
groups is given by

Gt = G‘I‘(’)'

Let V be V = V(II') and ¢,(¢) be the Herbrand function for K/K,, where
K, is the subfield of K corresponding to V. Then, we have

(3) (G/V) =6v/v
(for example, see [1], p. 38).
LEMMA 3. Let K/k and {, be as above. Then, V(II') 2 G,

Proof. Let (II'), =K, N (II'). We can easily show that (II*), is
o[G/V]-projective. Then, it follows from Lemma 2 that (G/V), = {1}. Let
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¢, be the Herbrand function for K /k, so by (3),

GHOV/V = (G/V), = (1},
and hence ¥ 2 G, From y = y,{,, it follows that

2) —_
G = Gyp2) = Gy,

which establishes V' 2 G, 5.
COROLLARY 4. Let K/k be as above. If G, = G,, then V(I1') = G,.

Proof. From G, = G,, we have V, = V; (= V), so ¥,(2) = 2. Therefore,
Gy, = G2 = Gy,

and hence V(II') = G, by Lemma 3.
We can now prove one of the main results.
THEOREM 5. Let K/k and 11 be as above. Then, G, 2 V(II*) 2 G,.

Proof. At first we treat the case where G, = G,. For this case, the result
follows at once from Corollary 4. Next, we treat the case G, # G,. Suppose
G, ¢ V. Then, G, N V # G, and there exists a maximal normal subgroup H
of G, such that H 2 G, N V. Therefore,

(4) HV N G,=H.

Let G= G/H and F be the subfield of K corresponding to H. ¢; denotes
the i-th ramification number of K/k. From G, # G,, it follows that ¢, = 1.
Let ¢t =t, for brevity. Since H is the maximal subgroup of G,, we have
H=H, = --- =HD>H,, =G, By(Q),

(G), = G*»PH/H.
Since G = Gy (0. ins G), = Gyp wiyH/H. For i st, Yy, p(i) =i

and for i > ¢, ‘Px/p(/i) > t. Therefore, Gy ;) = G, for 2 i <t and G,y C
G,,, for i > t. Then, we have

(5) G, =(G)12G,=(G)= - =(G),2(G) 11 = {1}
and

(6) HY = (HV), > (HV), = {1},
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since V' C G,;. Let ¥ denote the Herbrand function for K uvr and |HV| the
order of HV. Then, by (6),

@) v(2) =1+ |H7|

By (4), HV is isomorphic to a subgroup of G,/G,, so HV is abelian. Since
H> [Gz, G,] by the definition of H, G, is also abelian, and hence by (4), G,

- HV is abelian. Let k’ be a subfield of F corresponding to G, - HV and
denote by r; the ramification number of F/k’. Then, r, = 1 and r, = ¢ again.
Since F/k’ is an abelian extension, from [4], p. 171, (V), and by (6), it follows
that

t=1 (HP)).
Therefore, by (7), ¥(2) < t, and by (5),
(8) (6)30 =G,

Since (IT) is (G, V)-projective, (Ir ) g is (G, HV)-projective and hence HV 2
(G),m) by Lemma 3. From (8), HV2 G,. Since HV 2 H and G, D H, HV D
G,, which is contrary to (4). This completes the proof of Theorem 5.

We shall conclude this section with the proof of the next theorem.

THEOREM 6. Let K/k be as above, and suppose G, = {1}.
(@) Ifi# 1(|G,|), then V(II') = G,.
() Ifi=1(G,|), then V(II') = {1}.

Now, to prove Theorem 6, we need the following lemma.

LeEMMA 7. Let V be a normal subgroup of G and tr, = L, ,,v. Let M be an
0G-module and suppose M is (G, V )-projective. Then, tr,M is (G/V )-projec-
tive.

Proof. Since M is (G, V)-projective, there exists an 0G-module N and an
oV-module L such that

M®N=0G®,L.

Let G = UgV. As is a normal subgroup of G, g,V = Vg, and tr, g, = g;itr,.
Therefore,

tr,M ® tr,N =) g ®tr,L.

Let {x,,..., x,} be a basis of tr,,L over o, and so

Yg®tr,L= Z(;Ogi) ® x
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This implies that tr,M & tr, N is an o[G/V]-free module. Hence tr, M is
(G/V)-projective.

Proof of Theorem 6. (a) Let II, be a prime element of K, and (II"™) be
the different of K/K,,. Then, since G, = {1} and V C G,, it follows that

9) m=2(V| - 1).
Let (IT%) = tr,(II%). Then, from [9] Proposition 1.1 and by (9),
(10) n=2+[(i-2)/V|].

Write i = i;| V] + i, with 0 < i, < |V|. We distinguish two cases: (i) 1 < i,
< | V| and (ii) i, = 0. We first treat case (i). By (10), n = 2 + i,. Since (IT") is
(G, V)-projective, it follows from Lemma 7 and Lemma 2 that 2 + i, =1
(I1G/ V1), so

h=1Gy/VI -1 (G/V)
and i; can be written in the form
(11) iy = |GV +|G/V] - 1.

Let (ITY), = K, N (IT) and II, be a prime element of K;. Then, (IT%), is
(G,V)-projective, ie., o[G/V]-projective. Since G,/V € G/V,(II"), is
o[G,/V}-projective. From (11), it follows that

(), = () = Mo,

where II; denotes a prime element of K;. Hence D, is o[G,/V]-projective
and trg Oy = O;. Then, from H. Yokoi [12], Theorem 1, K /K is tamely
ramified. Thus K, = K, and V = G,, which is the desired result.
In case (ii), where i, = 0, we obtain ¥ = G, in a manner similar to case (i).
(b) Applying arguments similar to the above, for i = i;| V] + 1, we have

tr,(II') = (I14*1) and i, = 0(Gy/V]).
Therefore, i = 1 (|G, |); let i = i,|G,| + 1. Then, (I') = II{2(II) and so (IT%)
is ©,G,-isomorphic to (IT). From [10], Theorem 2 and Proposition 5, (IT%) is

9,G,-projective and oG-projective. Hence V(II') = {1}, and Theorem 6 is
proved.

Section 2

Throughout the rest of this paper, we assume that K/k is a wildly ramified
extension of degree p?, and we shall calculate the vertex V(IT?). Then, if
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G, = G, or G, = {1}, V(IT") is determined by Theorems 5 and 6 in §1. Thus,
we treat the case where G, # G, and G, # {1} in the following. Since the
order |G| of G is p%, G = G, and |G,| = p.Leti = i;p?> + i, for 0 < iy < p%.
Then, (IT?) is oG-isomorphic to (II'), and there is no loss of generality in
assuming 0 < i < p%. We distinguish four cases: (i) i =0,, (ii) i = 1, (iii)
1 <i<pand(iv) p <i < p? In case (i), it follows from [6], Theorem 3, that
V(9) = G;. In the rest of this section, we treat the cases (iii) and (iv). First we
consider the case (iv).

PROPOSITION 8. Let K/k be a wildly ramified extension of degree p?, and
suppose that G, # G, and |G,| = p. Then, if p < i < p%, V(II') = G,.

Proof. Let (IT"), = (IT¥) N K, and denote by II, a prime element of K.
Then, from the assumption p < i, (IT*), = (IT{) with j > 2. Hence, Theorem
6 yields V((I1Y),) = G,/G,. Since (II'), is (G, V)-projective and ¥V 2 G, by
Theorem 5, it follows that V((II?),) € V, which implies V{II‘) = G,. The
proof is completed.

Next we consider case (iii), 1 <i < p. Let ¢ be the second ramification
number of K/k. Then, it is easily shown that ¢ = 1 (p) (for example, see [4],
p- 172); let t = pt, + 1.

PROPOSITION 9. Let K/k be as above and suppose 1 < i < p. Then, if
t#p+1(p»), VI = G,.

Proof. Since |G| = p?, it follows from Theorem 5 that V = G, or V = G,.
Assume V = G,. We use the same discussion as in the proof of Theorem 6. Let
tr, (IT") = (II%), so n=(p — 1)t, + 2 because the different of K/K, is
(I1¢?=DC+D) Then, from the (G, V)-projectivity of (II%), (p — )t; +2 =1
(p), and ¢, = 1(p). Thus we can write t; = pt’ + 1,and ¢ = p + 1 (p?). This
implies the accomplishment of the proof.

For case (iii) with ¢ # (p + 1) (p?) and case (iv), it follows from Proposi-
tions 8 and 9 that V(II') = G,. From now on we consider the remaining case
(iii) with t=(p+1) (p?). Now, let t=p*'+p+1, and let 7 be a
generator of G, and x = 7 — 1. Denote by II, and # prime elements of K,
and k, respectively. Then, we can easily prove the following lemmas.

LEMMA 10. Let val = val, denote the valuation of K (val(II) = 1). Then,
val(x™(I1211)) = val(x"(TI3I1)) (p2) forO < m,n,r,s <p

iff m=randn=s.
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LeMMA 11. Let (I1%) be an ideal of K and suppose 1 < i < p. For 0 <j, m
< p, define a; ,, as follows:
O Ifj+msp-1aq,=x(IFs7").
@) Ifj+m=pandi>j+1,a,,=x/(I070z"7").
(i) Ifj+m=pandigj+1,a;,=x/(I5Mz77""),
@) Ifj+m>p,a,=x/(I7Hr~7""").
Then, {a; ,,|0 < j, m <p} is a basis of (II') over o.

LEMMA 12. Let «; ,, be as in Lemma 10. Let L, ., be an o-submodule of
(I19) generated by @, for 0<j<p. Then, L,,, is an oGy -submodule of
(I1") and

(m)y=L,®--- oL,

Further we need two lemmas, which play the important role of the proof of

the main theorem (Theorem 15).

LEMMA 13. Let e be the absolutely ramification index of k and t = p*t’ + p
+ 1. Then,(p— Dt’' +1<e.
Proof. As is well known, 1 <t < p%/(p — 1). Then, it follows that
(p—-Dt'+1xge.
Suppose (p — 1)¢’ + 1 = e. Then, from [9], Proposition 1.1,

trg, 0 = (ng(p—l)wp),

and so trg O = (p). This means that © is not oG-indecomposable. S.V.
Vostokov [11] proved that if the ramification index p™ of an abelian p-exten-
sion L/k does not divide the different of L/k, then an ideal of L/k is
indecomposable. By his results, we have that O is indecomposable. This is a
contradiction, and the proof of Lemma 13 is completed.

LEMMA 14. Let L, and L, be as in Lemma 12. Then, L, is not 0G,-isomor-
phic to L,.

Proof. Let A; be the matrix representation afforded by the 0G-module L,
for i = 1,2. Then,

0 0 0
a1 a,
0
Al(x) = ot
0
ﬂt’ ap_'l



192 YOSHIMASA MIYATA

and
Ay(x) = 0

where
_ p —(p-j—-1)t' _ p —(p—j—-Dt' -1

Suppose L; is isomorphic to L,. Then, there exists an invertible matrix
A = (a,,,) in GL(p, o) such that

(12) AA;(x) = 4,(x)A4.
Then
a1 =0, a,m" =0,...,a, 7" =0
and
apa + -+ +aga, =0
Therefore, a;, = -+ = Apq =0y, = 0. Also, from the (2,1) entry of (12),
ayr”*t=a"ay + ba,.

Lemma 13 gives b, = 0 (7*'*!), and hence 7¥a;; = 0 (7" *1), s0 a;; = 0 (7).
This implies 4 &€ GL( p, o), which is a contradiction. The proof of Lemma 14
is completed.

We are ready to prove one of the main theorems.

THEOREM 15. Let K/k be a wildly ramified extension of degree p?, and
suppose that G, # G, and |G,| = p. Then, if i # 1 (p?), V(I') = G,.

Proof. From Propositions 8 and 9, it is sufficient to prove Theorem 15 for
case (iii) with t=p + 1 (p?),ie, 1 <i<p and t =p*’ + p + 1. By S.V.
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Vostokov’s results [11] together with Lemma 13, (IT¥) is an indecomposable
0oG-module. Suppose V(II) = G,. Then, from [2], p. 449, (19.2) Theorem,
there is an indecomposable 0G,-submodule M of (IIY) such that (II') is a
direct summand of oG ®;, M. Therefore, all indecomposable components of
0G,-module (IT%) are 1somorph1c to M. Hence L; and L, are 1somorph10

because dim L, = dim,L, = p. This is a contradiction, and Theorem 15 is
proved.

Section 3

As in §2, let K/k be a wildly ramified extension of degree p?, and assume
that G, # G, and |G,| = p. In this section, we consider case (ii), i = 1. Let ¢
be the second ramification number of K/k. Using arguments similar to the
proof of Proposition 9, we have:

PROPOSITION 16. Let K/k and t be as above. Then, if t # 1 (p?), V(II) =
G,.

We devote the remainder of this paper to the computation of V(II) with
0 < e, < p — 1, where e denotes the absolutely ramification index of k. Since
1 <t <p?%/(p —1),itis easily seen that

(13) ife; # 0, theney < ¢’ and if e; = 0,thene, — 1 < ¢'.

Since G is of order p?, G is either a cyclic group of order p? or an elementary
abelian group of type (p, p). First we treat the case where G is cyclic.

LEMMA 17. Let G be a cyclic group of order p* with a generator ¢, and let 0
be a p?-th root of 1. 0’ denotes the ring of all integers of k(8). Then, in 0’G,

p2-1 -2 2 X X
2 97’ 1-igi = tr + Z (6-1)° —1_'(0 -1)"(p(0 - 1)),
i=1 i=1

where tr = 2{’.'1 g

Proof. We have

1 -2

Y 67*-1-i! u+P2(m—n+ Y (67217 = 1) (o' - 1).

i=1 i=1
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Let y=60 — 1 and x = 0 — 1. Then,

pi-2
E:l (01’1’1"‘ -1)(¢' - 1)

ELET B

i=1 | j=1 m=1

iglz{”:é:j{méié);_w(pz —jl - i)('t"')}x"‘}yf.

From the formula

31 18 KR Y LA TN

i=m

(for example, see [8]), this becomes
pr-2 (pt-1-j pz
m\
,§1 { mgl (m +j+ l)x }y )

-2
Lo el= X yP i mxm(p(6 - 1),

m=1

Therefore,

which completes the proof of Lemma 17.

LemMMA 18. Let K/k be as above, and let M be an o-submodule of (II)
generated by o'(II) for 0 < i < p% Denote by d(M) the discriminant of M.

Then,

val, (5(M)) = 2p*((p - D’ + 1).

Proof. From [1], p. 12, Proposition 4, we have
2(M) = det(tr o’(I1)0/(II)).
Since det(tr o‘(IT)o/(I1)) is a cyclic determinant,

(14) det(tr o’(IT)6/(I1)) = Ho(pi 0’itr(Ho‘(H))),

i=0
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where the product is taken over all p-th roots 8 of 1. Then, from Lemma 17,
it follows that for some integer a of O,

pg;o 6-ite(Ilo*(I1))
=0((tr TI)* + pi (6 - l)pz'l—itr(H(o -1)'(II) + tr(pa)).

i=1
Leti=i,p+ i, with0 g i;, i; < p, and so
valg(o — 1) (I1) = 1 + iy + iy (p%’ + 1)
since 6 € G, and o” € G,(= G,). Then, from [9], Proposition 1.1, it follows
val, (tr(II(o — 1)'(I1)) 2 (p — )¢’ + iyt” + 2
and
valk((tr H)Z) =2((p- 1t +1).
By (13), we have

val((6 — 1) "'te(T1(o — 1)'(11)) - val((tr IT)?)

=(pP-1-i)e/p(p-1D) +i'—(p-t’
=eo+e(p—i)/(p—1) - (Q+i)/p)e/(p-1)
+(p—i;p—1)(eg—t').

We distinguish four cases as follows: (a) e; # 0 and iy < p—2,(b) e, # 0
andi;=p—1,(c)e;=0andi; <p—2,(d) e;=0and i; = p — 1. In case
(a)

val((8 — 1) 'tr(TI(o - 1)"(11))) — val((tr IT)?)

2e+2e/(p-1)—e/(p-1)
> 0.

In case (b), iy < p — 2 because i < p?> — 1. Then,

val((8 - 1)7" " (T (0 — 1)'(IT)) ~ val((tr TT)?)

zete/(p-1)-((p-1)/p)e/(p-1))
> 0.
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Similarly, for cases (c) and (d), we obtain
val((8 - 1) 'u(T1 (o - 1)’ (1)) - val((tr I1)%) > 0.
Therefore, from (14), we conclude
val(det(tr o’(II)o/(I1))) = 2p*((p — 1)¢’ + 1),
which is the desired result.

Next, we consider the case where G is an elementary abelian group of p2,
and we prove again two lemmas.

LEMMA 19. Let A; be a matrix of type (p,p) for 1 i < p, and let a
matrix B of type (p?, p*) be given by

4 A, ... A4,
po |42 Ay .. 4
A, 4 ... A,

Then
p-1
det B = (—1)‘P“>/’n,,(det( Y o"A,)),
i=0
where the product is taken over all p-th roots 0 of 1.

Proof. Using the same procedure as in the proof of the formula of cyclic
determinants, we can prove Lemma 19.

LeMMA 20. Let K/k be a non-cyclic extension of degree p?, and let ¢ and 7
be generators of Galois group G such that G, is generated by . M denotes an
o-submodule generated by o't/(I1) for 0 < i, j < p. Then

val, d(M) =2p%((p — )¢’ + 1).

Proof. Let a matrix A4 of type (p, p) be defined by

A4 = (o's/(I1)) for0 i, j<p,
and let

A, =" 4)(=(r""(o%/(II))) forlsm < p.
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As in Lemma 19, let

4, A, ... 4,
Bo|4 4 ... 4
A4, A, ... 4,

Then we have
(M) = (det'B - det B).
From Lemma 19, it follows that
det B = (—1)? V11, (det( L 6r'(4)).
By the formula of cyclic determinants and from [7] Lemma 5, we have

det( X 6'(4))
- pfll (pil timai( L 6'r(1D))

m=0\ j=0

=0, (e+ Y (@ m-1)7
1gi,j<p-1

x(67' = 1) (o - 1)/ (r - 1)'(ID)

+ X @ m-1)r (e - 1)’('%07")(11) +p(07' - 1)a),
1gj<p-1 i=

where a € © and { denotes a primitive p-th root of 1. Similarly as in the
proof of Lemma 18, we can obtain

val,(det B) = p*((p — )¢’ + 1)
and
val, (b(M)) =2p*((p — )¢’ + 1),
and the proof of Lemma 20 is completed.
We can now prove one of the main results.
THEOREM 21. Let K/k be a wildly ramified extension of degree p*, and

suppose G, + G, and |G,| = p. Let t denote the second ramification number of
K/k. Then, V(II') = G, fori=1(p?) ifand only if t = 1 (p?).
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Proof. As pointed out in the beginning of §2, we may set i = 1. Proposi-
tion 16 establishes the “only if” part of Theorem 21, so let us prove the
converse part. Let x =7 — 1 for a generator 7 of G, and ¢ =p%’ + 1 as
before. For 0 < j < p, define an integer a; of (II) by

a; = x/(IIz~7"),

and set L, = oag+ 0ay + :+- +oa,_ ;. Then L, is an 0G,-submodule of
(IT°). We define an o-submodule L of K by L = L#-Jlo'(L,), where G =
Ue'G,. Let M = Loc'r/(I) and M; = Xo7'(II). We calculate the module
index [L : M] (for the definition, see [1], p. 10). Clearly,

[L:M]=([L,: M])°.
Since Lox/ = 0G,, it follows easily that
val, ([Li: M) =t + - +(p - D' =p(p - 1)1'/2

and

val, ([L: M]) = p*(p - 1)1'/2.
On the other hand, we have

[(I1): M] = [©: M]/[D:(1D)],
SO

[(T1): M]* = d(M) (D) '(=72).

As is easily shown, val (d(D)) = (p — 1)(p%’ + 2) + 2p(p — 1). Then, we
obtain

val, ([(TT): M]) = p*(p — 1)1'/2 = val,([L: M])),

and hence (II) = L. Since L is isomorphic to oG ®;, L,, (II) is also isomor-
phic to oG ®, L,. Therefore, from [2], p. 449, (19.2) Theorem, it follows that
V(II) = G,. The proof of Theorem 21 is complete.

The author wishes to thank the referee for his advice.
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