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0. Let C*(R"), be the vector space of complex valued C* functions on R”.
It is well known (from the fundamental Principle of Ehrenpreis for the case
n > 1 and more easily, from the classical Euler exponential polynomial
representation of solutions of ordinary differential equations, for the case
n = 1) that if the partial differential equation

(0.1) 2(D)f=0

is such that Q € C[z,,..., z,] can be factored as Q = Q, - Q,, with Q, and
Q, relatively prime, then every C® solution of (0.1) can be written as
f=fi+f with Q(D)f;=0,i=1,2.

The natural extension of the previous result to convolution equations in
the space H(C) of entire functions was obtained by V.V. Napalkov [9]. This
last result has been successively extended by the authors [6], for a class of
spaces of which both H(C) and C*(R) are particular cases, under natural
hypotheses on the convolutors, without mentioning the Fundamental Princi-
ple, but employing specific properties of suitable spaces of entire functions
satisfying certain growth conditions.

Recent results (Berenstein-Struppa [1], Meril-Struppa [7], Morzhakov [8])
obtained for convolution operators acting on the space H(Q) of holomorphic
functions on a convex domain ) of C, now allow us to extend the result of [6]
to this space.

In Section 1, we give the basic definitions for the rest of the paper, while in
Section 2 we adapt the well known Hoérmander’s L2-theory to the spaces of
Fourier-Borel transform of analytic functionals with prescribed carrier; a
corona-like theorem is obtained (Theorem 2.1). The desired factorization
results are finally obtained in Section 3.
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1. In this section, we fix the notations that will be used in the paper.

Let H(Q)) denote the space of holomorphic functions on an open convex
set () in the complex plane C with the topology of uniform convergence on
compact subsets of ().

Let K be a convex compact set in C such that ) + K € ) and consider an
analytic functional u € H'(C) carried by K. Then it is well known that u acts
as a convolutor on H(Q + K) by defining

p*: HQ +K) - H(Q)
fo(uxf)(z) =< u, i~ f(z+¢)), z€Q, (K.

The properties of this convolution operator are reflected in the properties of
the Fourier-Borel transform fi of u, defined as

A(z) =A< p,{~exp(z-{))

We recall that, via the Fourier-Borel transform, we have the following
topological isomorphisms:

H'(Q) = f—f’(Q) = {F € H(C):34 > 0,3T < O compact convex such that
|F(Z)l < Aexp(H7(2)),Vz € C},

H(Q+K)=H(Q+K) ={FeH(C):34 > 0,
3T c Q + K compact convex such that
|F(z)| < Aexp(Hy(2)),Vz € C},
H'(K)=H'(K)={Fe€H(C):Ye >034, >0
such that |[F(z)| < A4, exp(Hg(z) + ¢lzl)}

where H,(z) = SUP; Re(z - ¢) is the supporting function of a compact
convex set M.
The adjoint map
(*): H'(Q) » H'(Q + K)
defined by
(m*)a, f) = (e, u* f)Vf € H(Q + K),Va € H'(Q),

induces, via Fourier-Borel transform, a continuous multiplication operator

T,: H(Q) > H(Q +K),
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defined by

T,(&)(z) ={(z)a(z),Vz € C.

Let us now recall the usual notion of function of completely regular growth
which will be needed in the sequel.

DeriniTion 1.1, Let f(z) be an entire function of exponential type. We
say that f is of completely regular growth if, for every & € [0, 27], the limit

i
im 2]

r—o

exists when r goes to infinity by taking on all positive values except possibly
for a set E, of zero relative measure. This set can be taken to be the same
for all values of 3.

The property of functions of completely regular growth we are interested
in, is expressed by the following theorem, due to Morzhakov, [8]:

TureoreMm 1.1. Let i be the Fourier-Borel transform of an analytic func-
tional u € H'(C) carried by a compact K and let Q) € C be open and convex
set. Then the convolution operator p *: H(Q + K) — H(Q) is surjective if and
only if i is a function of completely regular growth.

Remark 1.1. If u is slowly decreasing (in the sense of definition 1 of
Berenstein-Struppa [1]), then w * is surjective and therefore 4 is of com-
pletely regular growth. It follows, in particular, that an exponential polyno-
mial is always of completely regular growth. Another example in which the
surjectivity of u * follows, is when K = {0}, i.e., when w * is a differential
operator of infinite order. In this case (i is of infraexponential type (i.e.,

Ve > 034, > 0 such that |fi(z)| < A4, exp(elz])) and the closure of GH'(Q)
follows from a variation of Lindel6f theorem. More generally, if 4 is the
product of an exponential polynomial and of a function of infraexponential
type, then w * is surjective.

2. In this section, we adapt the well known results of Hérmander [4], to

the case of the spaces H'(K). We refer the reader to [4] for the proofs of
Lemmas 2.1, 2.2 and 2.3.

Lemma 2.1, If h belongs to H'( K), then also all of its constant coefficients
derivatives belong to H'(K).
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Lemma 2.2. Let h be a measurable function on C such that dh/dz = 0,
and let Q) € C be an open set. If there exists a compact set T C ) such that

J1n1? exp(—2Hy) dm < =,
(o]

for m the Lebesgue measure, then h € H(Q)

LemMma 2.3.  If g is a measurable function such that
flgl2 exp(—2Hy) dm < o
c

for some compact set T, then there exist a function h and a compact set T, such
that

fclhl2 exp(—2Hyp)dm < »

and oh = g.

LEMMA 24. Let g, = fi,/M?, M = (3,1* + |3,1)V?, with u, € H'(C),
w; carried by a compact set K. Suppose that there exist a compact set T C ()
and a constant A > 0 such that

lA1(2)l + 1A,(2) = Aexp(—(1/2)H(z)) foreveryz € C.

Then there exists a compact set T; C ) + K such that
fclg,«l2 exp(—2Hy,) dm < .
Proof. From the hypothesis,
M2 = 14,17 + 13,12 = 3(1] + 14,1) = $4% exp(—Hy).
Then
lg;| = 14;|/M* < b, exp(Hy + Hp ) /M* < C, exp(Hy + Hy + Hp )
from which we deduce that

lg|* < CZexp(2(Hy + Hy + Hg ),
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where B, is the ball |z| < e. Let ¢ be sufficiently small in such a way that
K+ T+ 2B, = T, is contained in ) + K. It follows that

flgil2 exp(—2Hy ) dm < sz exp(—2Hp ) dm < o.
C c

Remark 2.2. The proof of the previous lemma shows that the result is
also true if there exist a compact set 7 € ) and 4 > 0 such that 2T c Q)
and

la:(2)l + 1a,(2) ZACXP(—HT(Z))’ zeC

LEMMA 2.5. With the hypotheses of Lemma 2.4 (or Remark 2.2) let S be a
compact set in Q and h € C*(C) such that

fIhI2 exp( —2Hg) dm < .
c
Then there exists a compact set S; C ) such that
j;:lgl + hii,)? exp(—2Hg,) dm < =,
Proof. From
I2

gy + hity)® < 1gy|* + |hiyl® + 2lg ki,

it follows that
f!gl + hii,|* exp(—2H;)dm < I, + I, + I, for every S; C Q) compact,
C
where
I, = [ lg,|* exp(—2Hj,) dm,
C 1
L= fclhﬁ,zlzexp(—ZHsl) dm,
I, = 2/C|glh;22| exp(—2Hg ) dm.

Hence it is sufficient to show the convergence of integrals I, I,, I; for some
compact §; depending of S. Let us set S, =S5+ K + 2B, to show the
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convergence of I,. Indeed,

[c |hii,)? exp(—2Hg,) dm
< 42| |n)? exp(2(Hy + Hp, — Hy — Hs — 2Hj)) dm
C €
= 42 [ |h|? exp(—2H — 2Hp,) dm
C
< Azf |h|? exp( —2Hg) dm
C

< o,

Now, let §; = T, U S,, where T, is the compact set of Lemma 2.4.Then
[C |hit,)? exp(—2Hg,) dm < fc |hit,)? exp(—2Hg,) dm < o,
ngllz exp(—2Hy ) dm < fclgll2 exp(—2Hyp,) dm < .

Finally, the convergence of integral I; is assured from the Cauchy-Schwarz
formula

i, < (L) n

We can now prove a corona-like statement for H'(Q) (as Hormander
pointed out in [4], this kind of statement is, however, weaker than the corona
theorem).

Tueorem 2.1. Let T € Q be a compact set such that 2T C Q. In addition

we suppose that either
(i) 4T c Q and there exists A > 0 such that

18:1(2)l + |4,(2)l = Aexp(—Hy(z)), z€C,

or
(ii) there exists B > 0 such that

li(2)l + 14y(2)l = Bexp((—1/2)H7(2)), z € C.

Then 1 € [i,H(Q) + A,H(Q). In particular, Q contains the origin of C.
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Proof. Suppose that (i) verified (we proceed similarly if (ii) is verified).
Let g, = A;,/M?>. Then, for any & € C*(C), one has

Ii1(g1 + hllz) + (8, — hﬁl) =1
and the theorem is proved if we can find £ € C*(C) such that ‘
(g, +hi,) € H'(Q) and (g, - hit)) € H(Q).

To do this, from Lemma 2.2, it is sufficient to show that

5(g1 + hlaz) = 5(g2 — hupy) =0,

ie.,

(@) oh = —(3g))/fi; = (982)/ iy
and

®) [clg, +hi,)? exp(—2Hg) dm < =, [clg, — hi,l? exp(—2Hg ) dm < o
for some compact §; € Q. On the other hand, from Lemma 2.5, (b) is
satisfied if

() [.Ih|* exp(—2Hg) dm < » for some compact set S C Q.
The existence of ~ which satisfies (a) and (b’) follows from Lemma 2.3 once
we prove that

[I(égz)//ill2 exp(—2Hy,) dm < » for some compact set T; € Q0.
C

Now

ja. = Z?=1ﬁj(ﬁ"j iy = iy aﬁj) 121(1-213122 - fi, 6;11)
8, = M* = M s

and therefore

98,
i

|1 0i,| + 14,94,
< i :

Since dfi,, dfi, belong to H'(K) (see Lemma 2.1) and M™% < B exp(—4Hy),
for some B > 0, setting T, :== 2K + 4T + 4B, (with ¢ sufficiently small in
such a way that T, C ), we have

fc |(98,)/,41* exp(—2Hz,) dm < B' fc exp(4Hy + 4Hp + 8Hy — 2Hp ) dm

= B'[ exp(—4Hp,) dm < o n
C
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Remark 2.3. From the convexity of () and from the fact that the convex
hull of a compact set of C is also a compact set, it follows that every compact
set which appear in the previous lemmas and in Theorem 2.1 can be replaced
by a compact convex set.

The following corollary was essentially proved in [9], and is an obvious
consequence of [4], [9]. We only quote it as a motivation for our next, and
final section.

CoroLLARY 2.1. Let w,uq, u, € H'(C) be carried by the same compact
convex set K, and suppose that i = ji, - i, and that ji, and ji, do not have
common zeroes. Then the following statements are equivalent.

(1) Every solution f € H(C) of the equation w * f = 0 has the representa-

tion f = f, + f,, where f; is a solution of equation p;* f=0,i = 1,2.

(2) There exist ¢, > 0 and c, > 0 such that

lA1(2) + 14,(2)l = ciexp(—c,lzl), z € C.

(3) For every ¢ > 0 there exist a compact set T € C and A > 0 such that
|A1(2)l + 14,(2)|l = Aexp(—cHy(z)), z€C.

Proof. (1) implies (2). See [9].

(2) implies (3). Indeed (3) is satisfied with A = ¢, and T = B, .

(3) implies (1). From Theorem 2.1 we have 1 = {4, + i,d,, for some
4,,d, € H'(C), and so 8 = u,*a, + u, *a,, & being the Dirac measure.
Hence

f=f*8=fxpxa+fruxa,=fi+f,
is the desired decomposition. B

3. In this section we shall establish an analog of Corollary 2.1 in the case
in which C is replaced by an open convex set ) € C. We assume some
normalizing hypotheses as follows:

() pq, my p € H'(C) are analytic functionals whose minimal carriers
are, respectively, three compact convex sets K, K,, K.
(i) K=K, +K,.
Gi) K, K, cK.
(v) 4 =4qa; -4,
(v) 4, and i, have no common zeroes.
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It is easy to construct many examples of such a situation. Before doing so,
however, two remarks are necessary (although probably obvious):

Remark 3.1. Conditions (i) and (iv) imply that both K; and K, contain
the origin of C. Indeed if, say, 0 &€ K,, then we could find a small ball B
around the origin such that

B N K, = &, and therefore (nB) N (nK,) = < for any n.

Also, by (ii) and Gii), K, c K=K, +K,cK,+K,+K,c - cK, +
nK, for any n; if we now take n, such that

K, cnyB,
we see that
KN (K| +2n4K,) =90
which is clearly a contradiction.

Remark 3.2. The important consequence of this fact is that (keeping into
account the assumptions of section 1) we deduce that

QO+KcQcQ+K,cQ+K;

ie, Q=0+ K=Q+K, =Q+ K. Therefore, in what follows, we shall
not distinguish anymore between these sets.

Let us now provide some meaningful examples of sets (Q, K, K;, K,)
which satisfy all these conditions.

Example 3.1. Let Q be any open convex set, and take K = K, = K, = {0}.
Then all of the above conditions are trivially satisfied and the example is still
of mathematical interest, as in this case w*, u,*,u* define differential
operators of infinite order (in striking contract with what would have hap-
pened in the C* case); one can also use this example to provide factorization
of hyperfunction solutions of such operators (by taking appropriate boundary
values of holomorphic functions).

Example 3.2. Take Q =1II, to be the open upper half plane. Then

several different examples can be constructed by taking three positive num-
bers a, b, ¢, and setting

K, =[-a,b] Xi[0,c], K,=[-b,a] xi[0,c]
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and therefore
K=[—-a—-b,a+b] xi[0,2c].

It is clear that other, less regular, examples can be obtained. The reader may
notice that examples of this kind may appear when dealing with generaliza-
tions of the Fabry gap Theorem [1].

Example 3.3. In some recent generalizations of [1] to the case of faster
growths, [11], the necessity arises of considering () to be an open convex cone
with vertex the origin. So, if

Q={zeCism—-9<agz<im+d}=T,
for some ¥ € (0, 7/2), one can take, for K;, sets such as, for i = 1,2,
Ki={zeC:iir -9 <argz <im+ 9} U {0}

for any ¥;, ¥, < 4. Let us finally notice that both Examples 3.2 and 3.3 can
be easily adapted to ) =11, —i5, Q = I, — ié.

Let us now consider, under the hypotheses which we just mentioned, the
convolution equations

Ml*f=0yl"’2*f=0’#‘*f=0’

defined for f € H(Q), and denote, respectively, by W,, W,, W the closed
subspaces of their solutions in H(Q). As it is well known, W,;* c H'(Q),
i = 1,2, is the set of all functionals vanishing on W,. Since H(Q) is a Frechét
space, the space W/ is the quotient space W/ = H'(Q))/W,* (Dieudonné-
Schwartz [3]). We observe that (H'(Q)W *) is isomorphic to H'(Q)/W;*
and moreover it is straightforward to verify that

Wit=(mi*)(H'(Q)) .

It follows that if i, is of completely regular growth, then

3

= A H(0)
since in this case 4,H'({2) is closed.

Remark 3.3. 1t is easy to see that u, * is a linear and continuous operator
from W, to W,. Hence, u, * induces an operator on the quotient space
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m /W,* isomorphic to W], namely
Tﬁzz Wl’ 4
defined by
fﬁz([&]) = [ﬂz ) "A‘] .
The image of this operator is therefore
Im(7},) = W, /Wy

Then, from the definition of the topology of quotient spaces, it follows
immediately that Im(f'ﬁz) is closed in H'(Q)/W,* if and only if W,* +W,*
is closed in H'(Q).

We provide now the main results of this section.

Tueorem 3.1. Let i, be a function of completely regular growth. Then
every solution f € H(Q) of equation u * f = 0 has the representation f = f, +
f, where f, is a solution of equation w,*f=0, i =1,2 if and only if
Im(p, * lw) = W;.

Proof. Let g € W,. From the surjectivity of u, * it follows that there
exists £ € H(Q) such that u, * h = g. We see that & € W. Indeed,

prh=(mi*pmp)*h=p*(py*xh) =p,+g=0.
From the hypotheses it follows that 4 = h, + h,, h; € W,, hence
g =paxh =pyx(hy+hy) =py*hy.
Conversely, let f € W.Then u* f = 0,1i.e., (u, *pu,)* f=0.Let g == u, * f,
so that we have g € W,. Then, from the hypothesis, there exists f; € W,

such that u, * f; = g, i.e., p, *(f — f;) = 0, from which f—f, = f, € W,.
n

We now look for some alternate conditions which will improve the factor-
ization result, and which follow from functional analytic arguments.

ProposiTioN 3.1, Im(u, * |w,) = W, if and only if Im(u, *|w,) is closed
in W,.

Proof. Let Im(u, * |w,) be closed in W,. Let E be the linear span of the
space of solutions of the equation u,* f = 0 which are of the form zkeb?,
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We know [S] that E is dense in W,. By using standard arguments one can
prove that there exists a solution 4 € E of the equation u, * h = g for every
g € E. From this and from the assumption that Im(u, * |,) is closed in W,
it follows that the equation u, * # = g has a solution 4 in W, for every g in
W,. n

PROPOSITION 3.2. Im(p, * ) is closed in W, if and only if W,* +W,* is
closed in H'(Q)).

Proof. As we have outlined in Remark 3.3, W,* +W,* is closed in H'(Q)
if and only if Im(f"ﬁz) is closed in W,. Moreover, Im(Tﬁz) is closed in W, if
and only if Im((u, *)) is closed in H'(Q)/W;* since the operator T is
generated by the operator (u, *) via Fourier-Borel transform, (Dieudonné-
Schwartz, [3]). Finally, Im((x, *)) is closed in H'(Q)/W,* if and only if
Im(u, * |w,) is closed in W,. =

As it is well known, one can deduce from the Spectral Synthesis Theorem
in H'(Q), that

A H'(Q) + i,H'(Q) is closed in H'(Q)

if and only if

AH'(Q) + A,H'(Q) = H'(Q)

We therefore return to the study of the ideal generated by (i, 4,) in
H'(Q):

— | c——

ProrosiTiON 3.3.  Suppose that 0 € Q. If i, H'(Q) + a,H'(Q)= H'(Q)
then there exist a compact set T C Q) and A > 0 such that

lA(2) + |i,(2)l = Aexp(—Hy(z)) foreveryz € C.

Proof. From the hypotheses, it follows that 1 = i, f; + i, f,, for some
f1 f, € H'(Q). Hence

1< |/~”:1||f1| + 1, 1f,l < |I21|A1eXp(HTl) + 1,4, eXp(HTZ)

< max( Ay, A,)exp(Hz,uz,) (144 + 1221)

from which the proposition follows. W
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Remark 3.4. The reader will notice that this result gives a partial con-
verse of Theorem 2.1; it is however interesting to notice what happens when
Q) does not contain the origin, which is a case of frequent interest.

TueoreM 3.2. Let ) € C be an open convex set such that Q) + Q C (),
and let K C Q be a convex compact set. Let u,, u, € H'(C) be carried by K.
Then if

AH'(Q) + [,H'(Q) = H'(Q)
there exist a compact T C ), and positive constants A, B such that, on C
i)l + 1y(2)| = A exp(—Hy(z) — Blzl).
Conversely, if
l8:(2)] + |d5(2)l = A exp(~Hr(2))
then
AH(Q) + i,H(Q) = H(Q).
Proof. First we notice that if O+ Q c Q and if 0 € Q, then Q = C.

Since the situation for = C is well known, we can assume () # C and

therefore 0 & €. Let therefore g € H'({)) be a function with no zeroes.
Then, for some compact S C ), and some positive constants A4, B,

lg(2)l < Aexp(Hs(z)) < Aexp Blz].

One can therefore apply the minimum modulus theorem to prove that, for
some positive constants C, D,

lg(2)l = Cexp(—Dlzl).
By noticing that, for some f;, f, € H'({}), we have
g = fi1l1 + oy,

we immediately get the result as in Proposition 3.3. To prove the second part
of this theorem, on the other hand, it suffices to follow the arguments of the
proof of Theorem 2.1, with g, =g - i,/M%. =
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We can therefore state and prove the following conclusion.

TueoreM 3.3. Suppose (i, i, are of completely regular growth and sup-
pose that every solution f € H(Q) of the equation p * f = 0 has the representa-
tion f=f +f, with u;*f=20,i=1,2. Then:

@) If 0 € Q, there exist a compact set T C Q and A > 0 such that, on C,

lid(2)] + lix(2) = Aexp(—Hr(2));
G) If Q+QcQ,0¢&Q, there exist a compact set T € Q and A, B > 0
such that, on C,
12:(2)l + 1f,(2)l = Aexp(—Hy(z) — Blzl).

Proof. The result follows immediately from the previous propositions and
Theorems 3.1, 3.2 since from the hypothesis that fi;, i, are of completely

regular growth, we have W;* = A, H'(Q). =

As a partial converse we have:

THeOREM 3.4.  Suppose [i,, i, are of completely regular growth. Then:
G) If 0 € Q and, for some compact T C Q such that 4T C Q, and some
A>0,

lA(2)l + 18,(2)l = Aexp(—H(z)), z€C,
then every solution f € H(Q) of u* f = 0 factors as

f=fi+1, fi€eH(Q), w;*f;=0.

G) If 0&Q but Q+ Q cQ and, for some compact T C Q) and some
A,B>0,

l21(2)l + |25(2)l = Aexp(—Hy(z) — Blzl),
then every solution f € H(Q) of pu* f = 0 factors as before.

Proof. Once again, this is a consequence of the Propositions of this
section, as well as of Theorems 2.1 and 3.2. =
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