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ALMOST-ATOMIC SPACES

BY
M.L. REESE

1. Introduction

An infinite dimensional metric linear space X is atomic if every infinite
dimensional subspace has trivial dual—the most functionally bereft space
conceivable. The question of the existence of such a space was first posed by
Pelczyfiski around 1960 (cf. [6]). Although it has often appeared in the
literature during the intervening years (e.g., see [2], [3], [4], [8]), it remains
unanswered. (This question is known as the Atomic Space problem [3].)

The standard example of a space which itself has trivial dual is L,
0 < p < 1. Recently Bastero [1] showed that any subspace of L,, 0 <p <1,
contains a (further) subspace that is isomorphic to a space with many
continuous linear functionals—namely, /, for some p <g < 2. Thus no
subspace of L, is atomic. Note the resemblance of this to an alternate
version of Pelczynski’s question [8]: Must every m.ls. contain an infinite
dimensional subspace with a separating family of functionals? If there are no
atomic spaces, we can build (in any m.ls.) an appropriate subspace: In X
pick an infinite dimensional subspace §; that admits a continuous linear
functional A, with A,(x,) # 0, for some x, € S,. Then consider ker(A,). It is
not atomic so we can find an infinite dimensional subspace with a nontrivial
continuous functional. And so on. Then {A;: i € N} is a separating family for
the span of {x;: i € N}.

In [5] Kalton and Shapiro show that an F-space (a complete m.ls.)
contains a basic sequence if and only if it contains a closed infinite dimen-
sional subspace with a separating family of continuous linear functionals.
They prove that in any non-minimal space there is a basic sequence, a
minimal F-space being one that admits no weaker (Hausdorff) vector topol-
ogy; the only known example is w, the space of all sequences. A complete
atomic space would be another. Drewnowski in [2] worked with the idea of
quotient-minimal (every quotient is minimal). Again » is quotient-minimal
and so would be any complete atomic space. (See [3], Chapter 4.) It is
unknown whether or not the completion of an atomic space is atomic.
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Yet a third formulation of the concept of atomic space—a space in which
every proper closed subspace is finite dimensional—both accounts for the
name and offers another view of the structure. The equivalence is apparent.
Suppose X has only finite dimensional proper closed subspaces. Since the
kernel of a functional on any infinite dimensional subspace S of X is closed
and infinite dimensional, § has trivial dual. Conversely, if every infinite
dimensional subspace of X has trivial dual and S is any proper closed
subspace, choose x € X that is independent of S. Then A(y) :==1if y =x
and A(y) == 0if y € S defines a continuous linear functional on the span of
S U {x}. So S must be finite dimensional.

Atomicity can be extended to general (Hausdorff) topological vector spaces;
however, this leads us back to metric spaces. Recall that any t.v.s. with a
countable base of neighborhoods of 0 is metrizable. So for an atomic t.v.s.
(X, 1), we could obtain such a topology by taking 7, C = to be the topology
generated by an appropriate nested sequence of O-neighborhoods. Then
(X, 1, is the image of the continuous (identity) map from (X, 7). Thus
(X, 1) would be necessarily atomic. This suggests the (additional) metric
structure is appropriate; so with it and the third definition, we begin our
study of the problem.

Since an atomic space would be separable, it would have to contain a
sequence of independent vectors with dense linear span. Thus it would be
reasonable (in an attempt to construct an atomic space) to devise an atomic
space topology on the set V' of sequences of real numbers that are eventually
zero. If there is no such topology on V, then there are no atomic spaces. In
any infinite dimensional subspace of V' there is a sequence (xn>°,:=1 with the
property that, for each n € N, x,(i) # 0 and x,, (j) # 0 imply i <j. So we
may reduce the Atomic Space Problem to determining the existence of a
m.Ls. topology on V with the property: If {(n,)%- is an increasing sequence
of natural numbers (a blocking of N) and (x,y%-1 is a sequence of vectors
with

x,€span(e,:n, + - +n_ +1<n<n + - +n)
and nonzero for infinitely many k’s, then
span(x,: k € N) = V.

An approach to proving that atomic spaces do not exist would be to try to
show that for a given sequence of natural numbers the above property cannot
hold in V' with a m.Ls. topology. Thus we define an m.l.s. X to be almost-
atomic if it has a sequence (¥, ), - of independent subspaces with dim V,, —
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o so that for any choice of x, € V, (with infinitely many nonzero) {x,} has
dense linear span (in X). In this paper we shall prove:

THEOREM 1. There exists an almost-atomic space. Moreover, for any
increasing sequence {n,)y-1 of natural numbers, there is an almost-atomic
space with dim V,, = n,.

The kernel of any linear functional has codimension 1. So it intersects
(nontrivially) infinitely many of the subspaces V,. The subspace generated by
these intersections is dense (according to the definition). Consequently, every
almost-atomic space has trivial dual.

Theorem 1 shows that the above approach to solving the Atomic Space
Problem does not ask enough about the structure of an atomic space. Any
atomic space would necessarily be ‘almost-atomic’ for every sequence of its
(independent) finite-dimensional subspaces.

2. The construction

Since every m.ls. topology can be given by an F-norm [4], we define the
topology on V via one. If X is a (real) vector space, then a map || - |:
X — [0,%) is an F-seminorm if

(1) laxll < lxll, lel <1, xeX
(2) laxll > 0asa >0, x€X
3) lIx + yll < llxll + lyll, x,yeX
If we also have that ||lx|| = 0 implies x = 0, then || - || is an F-norm.
For an increasing sequence {n,)r-; of natural numbers, set I, =
{2,...,n} and, for N=2,3,..., set Iy={n, + - +ny_ +1,...,m

+ .-+ +ny). (This is a blocking of N into intervals.) For each N € N, let V),
be the linear span of {e,: n € I}. These will be the V,’s of the desired space
V. For each N, let

Sy = {x e Vy:lIxll;, = 1}.
The following (F-norm) construction will yield for any sequence {x,),-1
(with x, € V,, and nonzero for infinitely many n), N € N and & > 0, an
element y of the linear span of {x,: x, € N} with

lley — yll <e.

That is, each ey is in the closed span of {x,),—1. We shall recycle the
F-norm construction technique used by Roberts in his production of a rigid
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F-space. [4]
LemMma. If K C Vand w: K — [0,»), then

M
+ Y wk):M=>0,k; €K, Bl <1
Looi=1

llxll = inf(

M
X = Z Bik;
i=1

defines an F-seminorm on V.

This can (of course) be done in greater generality; however, this version
suffices for our purposes.

The elements of K will be of the form e, — y, where y is some linear
combination of elements of (distinct) §,’s. The elements of K will be called
atoms. Although an arbitrary selection will yield an F-seminorm with the
desired properties, it is necessary to have ||x|| # 0 for all x # 0 in (at least)
an infinite dimensional subspace. We shall make a selection that yields an
F-norm on V. In choosing these atoms inductively, we shall define an
increasing sequence {b, ) of natural numbers, functions o, a: N = N, and a
sequence {K,) of closed, convex sets.

Let Oy and T, be operators restricting an element of V' to I, and
{Burlu---UIly_,, respectively. Define (A,) to be an increasing se-
quence of natural numbers with A, = land A, > 4n*(1 + A, + -+ +X,_))?,
for each n. Each S, can be written as a finite union of closed, convex
sets—the faces of the unit ball in /,(I). Let b, = 0.

Let b, be the number of faces of S, and for 1 <i < b,, define

K; = \F,
where F; is the i-th face (in some ordering). Also set o; = a; = 1.
Assume by and K;, g;, a; (for 1 <i < by) have been determined. For each

i < by, write K; as a union (not necessarily disjoint) of finitely many closed,
convex subsets

K= UH,,
J

each of /,-diameter at most ey = 1/4N2. Let {(F,) be a listing of the faces
of Sy. Match triples (i, j, k) with integers starting at by + 1. If n is matched
with (i, j, k) we assign

K,=H; ;+ \,F,,
o,=0;t1,

an = ai.
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When this process is completed at some integer p, match pairs (k, m), for
1 < m < N, with integers starting at p + 1. If n is matched with (k, m), set

Kn =/\an’
o, =1,
a, =m

This ends at b, ,,. We may assume that o; is non-increasing for by < i <
by, . (Reordering may be necessary.) Note that o; and a, are less than or
equal to N on this interval.

If x €K, for by <n < by,,, then

QN (X))l = A,
TN ()l < T+ A0+ o0 +A, 4

Also if x' € K,

, 1
ITy(x) = Ty(x)lly, < ey = IN?
Define an n-atom z to be an element of the form e, — x, where x € K,,.
Assign the weight w(z) = g;,! to any n-atom. Note that if Ty(2) # 0, then it
is a k-atom, for some k < n.

For x € V, define ||x|| to be the infimum of

||x - Eozjzj”,1 + Y w(z;)

over all finite collections of atoms z; and all «; with |a;| <1

By the lemma, this defines an F-seminorm on V. However, since each K,
is convex, we can combine all n-atoms with a’s of the same sign into a scalar
(possibly greater than 1) multiple of a single n-atom. Let & be the least
integer greater than or equal to a. Then ||x|| can be calculated by minimizing
the following sum over all finite n, all ay,...,,,B,---,B, =0, and all
k-atoms z, and z} for 1 <k <n:

X = kZ (arzy = Bezi)|| + X (ak +Bk) :
-1 k=1

L

We may assume that either a, or B, is greater than 0. In what follows, we
shall show that || - || is actually an F-norm on V. For x € V| + - -+ +V,, for
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M > 3, with |lx|[;, = 1, we assert that

Il > 7.

Otherwise there would be a representation (as above) with least possible n
with sum less than 1/M. Find N € N so that by < n < by, ;. Now 0, <N,
for by < k < n, so N must be greater than M. Also @, * o; ' < 1/M; hence

aks&k<%s%sN.

Likewise B, < N.

Because of the symmetry of the /;-norm, we may assume that «, > B,. We
first consider the case 8, > 0 and show that then we can find an even smaller
sum by replacing «,z, — B,z, by Ty(yz,), where y = a, — B, = 0, and
replacing atoms z, and z} by atoms Ty(z,) and T(z}), for by <k <n — 1.
(These atoms have greater weights.) The new representation is

by n—1
X = kgl(akzk = Bizi) — Z (akTN(Zk) - ﬁkTN(z;c)) — Ty(vz,)

k=by+1 I
by R n—1 . 1 1
+ X (@ +B)o'+ X (A +Bi)(on— 1) +F(0, -1
k=1 k—by+1

Let us estimate the difference D of this and the original sum

n—1
’ A ~ 1 1
D —<-||TN(yzn) - TN(anZn - ann)”h + Z (ak + Bk)(o. —_1 0._)
k=by+1 k k

N n A\
+7(Un~1)_(an+ﬁn)o-nl

n—1
18T -l T (@B - o)

k=by+1 -1 o

N n 5\
+7(Un_1)_(an+ﬁn)gn1
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which, using the fact that o, is decreasing on I, is

1 1 LIS AN
<intg —1( L (@t Bi)or!

by+1

IA

1 S
aN Yo -1\~

n

<

o, —1) "o, -1 M

<0

for M > 2. This contradicts the minimality of »n since we have just demon-
strated a smaller sum for n — 1. Thus we may assume that 3, = 0.
In this case we write

1
a, = ' ” QN(anZn) ”11’
n

since [|Qn(z)l;, = A,. Again we replace all z, and zj by Ty(z,) and
T\(z}), for by < k <n — 1, and this time delete z,. Our result is

by n—1
X = kgl(akzk = Bizi) — > (akTN(Zk) - BkTN(Z;c))

k=by+1 L
bZN syl % N
+ &y + Br)=— + &, + B — .
k=1( ‘ k)ak k=bN+1( ¢ k)ok 1

Once more we estimate the difference:

n—1
R A 1 1 A
D <T@zl + T (6 + 8057 - o) — e

by+1

1 1
< a,| Ty (z,) Iy, + (—;n“;—l(—]q - 1)-
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The last inequality is similar to the one before. Now consider «,,.
a, = /\n_lll QN(anzn) ”11

i (“kQN(Zk) - BkQN(Z;c))

by+1

=A;1

n—1
= 2 (e On(2x) — BeQOn(21))

by+1

‘Il

n—1
Y (a,On(zx) — BeOn(2k))

by+1

<A?

n

T+
M

)

since |Qn(z I, = A, and ay, B, < N. Recalling that A, > 4n*(1 + A,
+ -+ +X,_)%, we have

n—1
s/\n‘l(l + Y. (NA, +NAk))

by+1

< N
TU2nP (LA A A,

%

Consequently,

D<a,(l+A+ - +A,4)+ 5 tl(l—l)

S L1 (1
S2N T o, —1\M '/

Therefore D < 0, for M > 3. This again contradicts the minimality of n. It
follows that || - || is indeed an F-norm on V.

Proof of Theorem 1. Suppose {xy)ny=1 is a sequence in V' with x5 € Vy
nonzero for infinitely many N’s. It suffices to show that for each m, e,
€ span(x,: N € N). Fix m € N and let ¢ > 0 be given. We may assume that
if xy # 0, then xy € Sy; that is, |lxyll;, = 1. Also assume that M is a
natural number with 1/M < e.

We claim that there exists

Y= X HnXy,
N=1
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where w, is a nonnegative integer (for each N), y € K, (for some p),
0,=M,and a, =m.

Recall that, for each N € N and by < n < by, the values of both o;, and
a,are 1,2,...,N. Let (xM> be a subsequence of {(x,) so that Xy, # 0, for
each i, and N; > m. Set u, =0, if k£ # N,, for some 1 <i <M. We must
choose BN -5 BNy,

Set py, =A,, where by <p, <by .y, a, =m, and g, =1. For j=
2,..., M, inductively set BN, = )tp),, where ij <p; < ijH, and BN XN,

+ oty xy € Kpj, a, =m, and 0, =0, 1 =j. Thus

y = Z :uNxN = /\plle + o +AprNM
N=1

is a linear combination of the x,’s, and e,, — y is a p,,atom. Therefore

le, —yll < —— = 3
[ yS;;——-M-<E.
M
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