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RATIONAL PERIOD FUNCTIONS

BY

Joun H. HAwkiNs AND MAarvIN 1. Knopp!

I. Introduction

1. Following Riemann, Hecke in his celebrated work [4], [5] uncovered—
using the Mellin transform and its inverse—the systematic theory relating
automorphic (in particular, modular) forms to Dirichlet series satisfying a
functional equation invariant under a transformation of the form s - a — s,
with « real. Knopp, in [9], demonstrated that the Mellin transform of a
modular integral, with rational period function, on the full modular group
I'(1) = S1(2, Z) satisfies precisely the same functional equation occurring in
Hecke, provided that the poles of the period function in question lie in Q.
(By Theorem 1 of [9], this means the poles are either 0 or «.) Moreover, he
proved a converse theorem, as in Hecke, whence the simple functional
equation discovered by Riemann and Hecke can no longer obtain when the
period function has poles outside of Q. Nevertheless, Theorem 2 in Knopp’s
earlier article [8] suggests the possibility, in the latter case, of a functional
equation with a more complex structure (but still under a transformation of
the form s —» a — s, « real).

We have discovered just such a functional equation for the Mellin trans-
form of a modular integral, with arbitrary rational period function, of any
(integral) weight; this is the main object of the present article. Theorem 2
(8$I1II) describes this result and Theorem 4 (§1V) the expected converse; these
results include as special cases Theorem 3 of [9] and its converse, Theorem 4
of [9], when the poles of the rational period function are 0 or o. It is curious
that while the ordinary hypergeometric functions figure prominently in the
proof of Theorem 2, they drop out in the calculation of the functional
equation (and hence do not appear in the statement of Theorem 4).

It is essential to emphasize that we formulate the results of §§III, IV not
for the full modular group I'(1), but instead for the subgroup I}y, of index 3 in
I'(1). This choice is not merely a matter of convenience or a desire for
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A HECKE CORRESPONDENCE THEOREM 179

generality; it goes to the heart of our method of proof. We began this work
with entire modular integrals (with rational period functions) on the full
modular group explicitly in mind, but we found that the much larger class of
entire modular integrals on I, is the appropriate context for our results. For,
as we gradually realized, the methods we employ in no way depend upon the
stringent conditions met by rational period functions on I'(1). On the
contrary, it suffices to invoke the much weaker restrictions satisfied by
rational period functions for I;. Presumably, there is an alternative approach
that exploits these stricter conditions to obtain a form of the functional
equation that reflects the extra structure imposed by the relations in I'(1).
(See the speculation of §V).

We thank Dr. Richard Cavaliere for a number of stimulating conversations
at the beginning of our work on this article.

2. Definitions and notations. T'(1), the full modular group, is the set of
matrices

with a,b,c,d € Z and ad — bc = 1. For the most part, we shall consider
I'(1) as a group of linear fractional transformations acting on the Riemann
sphere:

az +b
cz+d-

Mz =

While this interpretation negates the distinction between M and —M, we
must maintain this distinction in the discussion of multiplier systems below.
Similarly for subgroups of I'(1).

I'(1) is generated by the two transformations

(1.1) s=((1) }) T=((1’ _é);

as matrices, T2 = (ST)? = —1, but in keeping with the identification of M
and —M in T'(1) we write

(1.2) T2 = (ST)’ = 1.

In fact, these are the only relations in the generators S, T of I'(1). (See, for
example, [7, Chapter 1] for these and the following facts about T}).
The theta-subgroup T, is the subgroup of I'(1) generated by S 2and T

(where S? = (‘ 2) of course). By the remark following (1.2), T2 = I is the

0o 1)



180 JOHN H. HAWKINS AND MARVIN I. KNOPP

only relation in the generators S2,T of I,, for our purposes, the crucial
difference between T, and I'(1).

Generalizing the definition of I'(1), Hecke [4], [5] considered the class of
groups G(A,)—now called the Hecke groups—where A, = 2cos(m/n), n €
Z,n >3 and G(A,) is generated by §, = (3 *) and T; with the identifica-
tion of +1, the relations in this case are

(1.3) T? = (S,T)" =1

Note that in the Hecke notation I'(1) = G(A;), while T, may be written
G(A,), since A, = 2cos0 = 2. (Hecke also considered the discrete groups
G(A), generated by ((1] 2) and T, for arbitrary A > 2; for A < 2 he restricted
himself to A = 2 cos(a/n), since these are the only A < 2 for which G(Q) is
discrete [4, Chapter 3], [5, §5].)

Suppose 2k is an integer (not necessarily even) and F # 0 is a function
meromorphic in &%, the upper half-plane, such that

(14) 3(M)(cz +d) *F(Mz) = F(z), ze€ ¥, M=(: 2)

for all M €T, a discrete subgroup of SL(2,R), where (M) is a complex
number depending upon M (not upon z) and |2(M)| =1, for all M €T.
The set {¢(M)|M € T} is called a multiplier system for T and the weight 2k.
We observe that, in general, (M) is a function on the matrix group I, but
not on the linear fractional group I'. To see why this is so, recall that
(—M)z = Mz, since both equal (az + b)/(cz + d). Thus, since F # 0, (1.4)
implies that

#2(M)(cz +d) * =2(-M)(~—cz — d) ",
or
(1.5) o(—M) = (=1)*a(M).

(To put this another way, (M) is a function on the linear fractional group I'
only if 2k is even.) It follows from (1.4) that a multiplier system « is a
character on the matrix group I" (on the linear fractional group I' as well,
when 2k is even).

If the function F satisfying (1.4) is holomorphic in Z# and satisfies the
growth restriction

(1.6) |F(z)| <K(zI*+y™?), y=Imz>0,
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for some K, a,B > 0, then F is called an entire automorphic (modular, if
I' ¢ T(1)) form on T, of weight 2k, with multiplier system «.

Here, we are interested in the generalization to entire modular (or auto-
morphic) integrals, in which the characteristic functional equation (1.4) is
replaced by

(1.7)

a(M)(cz +d) F(Mz) = F(z) + qy(2), z€ #, M=(: 2)

for all M € T', where again F is holomorphic in & and satisfies (1.6), # is a
multiplier system on I', as before, and g,, is a rational function of z, the
rational period function of F corresponding to M € I'. Once again, 2k is called
the weight of F.

Introducing the customary stroke operator F|3:M (or simply F|M) to
represent the left-hand side of (1.7), we may rewrite (1.7) as

(1.8) FIM=F+gq,, MeT.

For any function F defined on the Riemann sphere, the fact that « is a
character on I' implies

FIM\M, = (FIM})|M,, M;,M,€T,
so that
(1.9) Ay, = A, My + a4y, My, M, €T,

follows from (1.8).

For present purposes it is sufficient to consider only the Hecke groups
I'=G(A,), n = 3, and we include T, by allowing n = . Since G(A,) is
generated by S, and T, (1.8) is equivalent in this case to

(1.10) F|S,=F +gq5, FIT=F +qy.

The entire automorphic integrals for I}, are precisely the class for which we
may expect a correspondence theorem analogous to the one Hecke found for
automorphic forms, provided gs = 0. For then (1.10) takes the form

(1.11) F|%S,=F, FluT=F+aqy

and F|S, = F, together with (1.6), yields the expansion

(112) F(2)= Y, a,..exp[2mi(m +Kk)z/A,], z€ H,

m+k=>0
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with k defined by
(1.13) «(S,) = exp(2mik), 0 <k <1.

In particular, the system of period functions of an automorphic integral F for
I, is effectively generated by the single period function g,. We shall call g,
the period function of F; we generally write g instead of g, also.

Since F satisfies (1.6) it is relatively easy to check that

(1.14) Ay = O(M”), m—> +ox,

for some y > 0, in fact, that (1.14) is equivalent to (1.6). Thus, the Dirichlet
series associated with F, defined formally by its Mellin transform,

(1.15) (s) =dp(s) = L ap./(m+xk)’,

m+k>0

actually converges absolutely in the right half-plane o > 1 + y and uniformly
on compact subsets thereof.

Now, for the groups G(A,), including T'(1) (n = 3), but excluding T,
(n = ), the defining relations (1.3) impose upon the rational period function
g = qr of F in (1.11) the necessary conditions

(1.16) adluT +q=0
and
(1.17) al%(S,T)" ™ +a|%(S,T)" >+ -+ +q = 0.

(Obviously, nontrivial rational solutions exist only if the weight 2k is an
integer—which is why we consider only integral weights.) In contrast, for
I' =T, only the condition (1.16) is imposed upon g, by (1.11). This is the
distinction between I, and the other Hecke groups we can exploit: it turns
out that construction of g satisfying (1.16) lies fairly close at hand (§11), while
the determination of g satisfying (1.16) and (1.17) simultaneously is a difficult
problem [3]. In any event, these necessary conditions upon g ((1.16) alone or
(1.16) and (1.17)) are sufficient as well, in the sense that if they hold for q,
then there exists F meromorphic in & and satisfying (1.11). (See [10].) If the
weight 2k > 2, the construction of [10] can be arranged so that F is
holomorphic in 2 and has growth restriction (1.6) (i.e., F is an entire
automorphic—or modular—integral). If 2k < 0, we can take F to be holo-
morphic in &, but not necessarily fulfilling the condition (1.6). (See §III.1) If
2k = 1, we may not assume that F is holomorphic in .
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As we infer from the discussion above of the relations (1.16) and (1.17), the
class of rational period functions g for I; is a much wider one than that for
any of the other Hecke groups. In fact, any rational period function for any
Hecke group is necessarily a rational period function for I}, but not con-
versely. Thus, a result for rational period functions connected with I}
necessarily has far broader applicability than the corresponding result for any
other Hecke group. In part for this reason and in part because our present
method of proof does not appear well suited to exploiting the relation (1.17)
to strengthen our conclusions, we restrict our attention in this paper almost
exclusively to the group I, and its rational period functions.

3. Outline. In §II we determine all rational period functions for I}, and
in fact we give there a basis for the vector space of these rational period
functions that is relatively easy to apply in treating the Mellin transform &
of an entire modular integral F on I,. In §III we turn to the Mellin
transforms themselves—the focus of our attention—and we derive the prin-
cipal result, Theorem 2 (§II1.2), which contains the functional equation (3.9),
(3.25) of ®. In §II1.3 we describe in detail the meromorphic continuation to
the entire complex s-plane of ®.(s), which has at worst simple poles at
integral values of s. Section IV presents the statement and proof of Theorem
4, the converse of Theorem 2.

II. Rational period functions for I,

1. In this section, we describe the general solution of the functional
equation

(2.1) aluT +q=0

in the space €(z) of rational functions. The proof is given in a paper of
Hawkins [3]. The solution allows us to express the Mellin transform of an
entire automorphic integral for Iy in a form that readily leads to a formula-
tion and proof of the Hecke correspondence theorem referred to in the title
of this paper (see Theorems 2, 4 in §$111, IV).

As we pointed out earlier the weight 2k must be integral, so the consis-
tency condition for multiplier systems implies in particular that

(2:2) e(T) = +i*k.
We define 6 = 8(#, k) by

(2.3) 8 =31+ «(T)i%*].
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Next, for any integer r, we define f,(a) by

1
(z—a)

) E(T)(—%)r

(z—a)r zzk~r(z+l)”
a

(2.4) fi(e)= (I-T)

when a # 0, and, when a = 0, by

(2.5) £0) =z|(1 - 1) = 5 - 2D

ZZk—r

(For convenience we have written |for|3;.) Henceforth, when we write f,(a),
we shall tacitly assume « # 0, + i for convenience.

THeoreM 1. Let q(z) be a rational solution of (2.1),
q|uT +q=0.
Then, in the notation above, q(z) has the unique representation

M(j) M

(26)  a(z)= X cf(0)+ g Yeifle)+ X 4.f()

k<r<L r=1 r=1
r=2k+68Q)

M/
+ X df(-0),
r=1

r E=8(2)

where c,, c,;, d,, and d, are complex constants, with ¢, = (1 — 8)c, for even
2k. Conversely, any rational function q of the form (2.6) is a solution of (2.1).

Remarks. (i). For even 2k and § = 1, f,(0) = 0; this is the reason for the
requirement ¢, = (1 — 8)c, for even 2k (otherwise, the representation (2.6)
is not unique).

(iD). The functions f,(0), for r > k (r > k, except when 2k is even and
8 =0), f(a)), for r = 1, (i), for r = 2k + 8(2) (and r > 1), and f,(—i), for
r = 6(2) (and r = 1), form a basis over C for the linear space of solutions of
(2.1) in C(2).

Theorem 1 is actually more general than we require; we need only those
solutions of (2.1) holomorphic in &%, because only those can occur as rational
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period functions of entire modular integrals. Furthermore we make no use of
the uniqueness of the representation (2.6), that is, of the linear independence
of the various functions f, that appear in (2.6). What we use in §§I1I, IV is
the following consequence of Theorem 1.

CoroLLARY. The rational period function q(z) of an entire automorphic
integral of integral weight 2k and multiplier system « for Iy has the representa-
tion

p M@
(2.6") a(z) = X ¢f(0)+ X X c,f(a)
k<r<L j=1r=1

M
+ X d,f(-i),
r=1

where c,, c,;, and d, are complex constants, with ¢, = (1 — 8)c, for even 2k.
Here,Ima; < 0 and a; # —i, for 1 <j <p.

2. Since the proof of Theorem 2 depends in an essential way upon the
corollary to Theorem 1, for the sake of completeness we give here a detailed,
independent proof of the corollary.

To begin, all of the rational functions f,(0), f,(a)), f,(—i) arising in the
corollary satisfy the condition (2.1) since they have the form ¢|T — ¢.
Furthermore, because

ReTz = Re(—1/z) = —Re z/|z|?,

a function satisfying (2.1), and without poles in Re z > 0, likewise has no
poles in Re z < 0. From these two observations we conclude: if ay,...,
are the poles of g with positive real part, there exist complex numbers c,;,
1 <j <, such that the poles of

1 M@

QI(Z) =q(Z) - g] ;1 crjfr(aj)

are restricted to the imaginary axis and the point i«. (Here M(j) is the order
of the pole «;.)

Since g(z) has no poles in &%, neither does g,(z). This leaves the points
z=1y, y <0, and i~ to consider. The points —i and 0 (the latter possibly
appearing together with i®) are exceptional when they occur as poles of g.
Putting aside discussion of these points for now, we let a;,,,..., a, be the
poles of g in (—i,0). Since T: z - —1/z interchanges the two intervals
(—i,0) and (—i, —i), a function satisfying (2.1) and without poles in (—i, 0)



186 JOHN H. HAWKINS AND MARVIN I. KNOPP

has no poles in (—ix, —i). Hence, there are complex numbers ¢
J < p, such that

I+1<

rjs

p M)
a,(z) =q(z) - ._;1 ;1 crjfr(aj)
p M)
=q(z) - _;1 ;1 erfr(aj)

has poles, if any, only at 0, i and —i.
The point —i must be treated with more care since it is fixed by 7. In this
case a simple calculation reduces (2.4) to

f(=0) = {1 = a(T) (=) 2}z +i)
= {1 - 2(T)(—1)"i**}(z + i)~ + higher powers of z + i,

where the second line follows from the first after replacement of z”~2* by its
Taylor expansion at —i. We note that by (2.2), z(TX —1)"i?* = +1. Thus, at
—1i, f,(—i) has the Taylor expansion

) 20z +i) +higher powers of z + i,
fr(_l) = —r+1

v(z + i) + higher powers of z + i,

for 2(TX—1)"i%* = —1, +1, respectively.
On the other hand, suppose the rational period function g(z) has the
Taylor expansion

q(z) = a(z +i) " + higher powers of z + i,
at z = —i. Then the Taylor expansion at —i of q|T + g has the form
a{l + 2(T)(—1)"i*}(z + i) " + higher powers of z + i.

Since g|T + q = 0, the assumption a # 0 implies that 2(T)X—1)"i*¢ = —1,
This shows that 2(T)X —1)"i?* = —1 is a necessary condition for a rational
period function g to have the term (z + i)~ as the smallest power of z + i
in its principal part at —i. It follows that there exist complex numbers d,
such that the rational period function

M
q3(z) = qZ(Z) - Z drfr(“l)

r=1
p M@

M
= q(z) - Z Z erfr(aj) - ;1 drfr(_i)

j=1r=1
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has poles, if any, only at 0 and i». (Here M is the order of the pole —i; by
the calculation above, the parity of M is determined by the condition
(=DM = ()i %)

We have

p M@

q(z) _q3(z) + Z Z r)fr(aj) + Z d fr

j=1r=1

where ¢,(z) = ¥,,z™, a Laurent polynomial, satisfies the relation (2.1).
Observe that

2 T=a(T)(-1) 27", or 2z *|T=3(T)(-1)* "z,

thus a Laurent polynomial satisfying (2.1) and with no term of the form z77,
r > k, likewise has no term of the form z”~2*. It follows that there exist
complex numbers ¢, ;,..., ¢, 3 such that

ifkeZ
W= T ano- B kel
? k+1<r<L ifk&Z.
(Recall that 2k € Z, but k may not be in Z.)

If k & Z, then q5(z) = L1, ¢, f,(0). Assume k € Z. From (2.5), we
have

£iu(0) = (1 = 3(T)(-1)*)z7*
If 2(TX—1* # 1, choose ¢, = B/(1 — 2(T)(—1¥). Suppose, on the other
hand, that 2(TX —1)* = 1, so that f,(0) = 0. Applying (2.1) to Bz ¥, we find
that 0 = Bz~ %(1 + 2(TX — 1)¥), so that B = 0; in this case the choice of ¢, is

arbitrary. In all cases we have shown that g5(z) = £, _, ¢, f,(0), so that
(2.6') holds and the proof of the corollary is complete.

III. The direct Hecke theorem

The main result of this section, Theorem 2, is an explicit form, based on
the representation (2.6), of the functional equation for the Dirichlet series
associated with an entire automorphic integral F of weight 2k and multiplier
system # for I}.

1. By (1.14) the Dirichlet series associated with F, namely
(3.1) ¢(s) = ¢p(s) = L api/(m+x),

m+k>0

converges absolutely in some right half-plane, say, o > 1 + y (where s =
o + it, as usual).
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If F is an (entire) automorphic integral of integral weight 2k and multi-
plier system # for Iy, with rational period function g, for convenience we
may always assume F(iy) > 0 as y — +o because (see (2.5)) f,(0) =

1 — 2(T)z~%* is the period function for the integral (of weight 2k) F(z) =
—1. Thus, in all cases, by (1.12) and (1.14), as y — + oo,

(3.2) F(x +iy) =0(e ™)

uniformly in x, for some ¢ > 0.
By (1.6) and (3.2), it makes sense to consider the Mellin transform of F,
defined by

© .y sd
(3.3) ®(s) = p(s) = [ F(iy)y' .
0
for o > B. By absolute convergence, we have, for o > 1 + 83,

(3.4) O(s) =7 T(s)d(s),

where ¢(s) is given by (3.1); in fact, by (1.6), we can take y = 8 in (1.14) so
for o > 1+ B,

0 m+x>0 Y om0 0 Y
because, by (1.14)
© dy 12 1] -
a e~ T(m+)y s_‘ < 2 _T(o) = O(T(a)/m°*
P

and 1/m° B is a term of a convergent series.
Now, following Hecke (and Riemann) we have, for o > 8, by (1.11),

ooy e dy
[y = [F(=17m)y™ g

2k [Py _.dy ok [ . _.dy
- 2k 2k-s Y 2k 2k-5s &Y
#(T)i le(ty)y y + 2(T)i flq(ty)y V'

Thus, we have, for o > B,

(3.5) D(s) = Di(s) + E(s),
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where, by (3.2),

dy

(3.6) Dy(s) = [1°°F(iy)[ys + o(T)iky] S

is an entire function of s, satisfying the functional equation (see (2.2)),

(3.7) D,(2k — s) — #(T)i**D,(s) = 0;
and
(3.8) E,(s) = #(T)iZk];wq(l‘y)ka—s iy)j

is analytic in o > B.
Now, (3.7) already tells us that the appropriate form of the functional
equation for ®(s) is

(3.9) ®(2k — 5) — o(T)i%*D(s) = R,(s),

say. But, at this point, (3.9) is merely formal, because we do not know that
®(s) has a meromorphic continuation to the whole s-plane; moreover, even if
we knew ®(s) to be meromorphic in the s-plane, we would still want to have
a canonical form for R,(s) in order to find a converse Hecke theorem for
functions ®(s) satisfying (3.4) (for o > B, some B > 0) and the functional
equation (3.9).

2. We solve both the problem of continuation and the problem of a
canonical form for R,(s) by evaluation of E,(s), using the representation
(2.6'), in $II, for rational period functions for I,. The evaluation of E,(s)
reduces to that of the two integrals (see (2.4) and (2.5))

® ws y _ ([ 1 B(TN(=1)") s, dy
(3.10) [lf,(o)y" y fl{(iy)r i~ }y" Vo

for k <r <L, and

(3.11)

©Cmedy _ o[ 1 w(I)(-1/) by
flf,(a)y y fl{(iy_a)’ (iy)z""(iy+1/a)'}y2k .

for 1 <r <M (and «a # 0). We note, in passing, that (1.11) and (3.2) imply
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that, as y — 0™,
F(iy) ~ —aq(iy),

so, in general, it must be true that 8 > 1; in particular, the integrals (3.10)
and (3.11) converge for o > B. In fact, (3.10) converges for

(3.12) o> max {2k —r,r} =L

k<r<L

and (3.11) converges for

(3.13) o> maix{Zk —r,0} = max{2k — 1,0}.

Thus, the poles of ®(s), for o > 2k, can come only from the terms of E,(s)
involving (3.10).

The first integral (3.10) is trivial, of course: we have, for the part of E,(s)
corresponding to the first sum in (2.6") (call it EJ(s)) just the rational
function

(G14)  EXs)= ¥ c,(—i)’{ L, D }

k<r<L r=-=s r— (Zk_s)
which clearly satisfies the functional equation,
(3.15) EX(2k —s) — o(T)i**EX(s) = 0,

the same as that for D,(s), (3.7).
For the second integral, (3.11), we use the well-known integral representa-

tion for the ordinary hypergeometric function (see, for example, Lebedev [11,
Chapter 9)),

(3.16)

i, B3 2) = Ty YA ) P,

valid for Rea, Re(y — @) > 0, and z in C\[1,®), with the principal
branches taken for all the exponentials. We have, for ¢ in C\ (—o, —1] and
o<r,

oo ys dy 1
(3.17) '[1 (c+y)r7= r_stl[r—s,r;1+r—s;—c];

(3.17) already proves that ®(s) has a meromorphic continuation to the whole
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s-plane, but we shall postpone the investigation of the poles and residues (see
§II1.3). We actually use another form of (3.17) obtained by first applying the
identity, valid for z in C \ [1, %), with the principal branch taken for (1 — z)~#
(see Lebedev [11, Chapter 9)),

- —Zz
2File, Bsy;z] = (1 - z) B2F1[‘Y —a,B; ﬁ]

to get, for ¢ in C\ (=, —1] and o < r,

Gy [ & _(erD) ]

— — 2F1[1,r;1 +r—s;
1 (c+y) Y r—s

=l

(Incidentally, this corrects an error in Oberhettinger [12], formula 2.22.)
Thus, we have, assuming (3.13) on o, with 7 = ia (so Re 7 > 0),

(3.19)
f‘” 1 _ 17(T)(—%) 2h-s Y.
1] (y—a) (iy)Zk—r(iy + zlv_)’ y
Gy (el e )
—M2F1[1r1+s 1 }

Now, it is convenient to have functions with the same argument; since we
want to consider ®(s) under the transformation s - 2k — s, we should find
an expression for the first function in (3.19), with argument 7/(7 + 1), in
terms of hypergeometric functions with arguments 1/(7 + 1). Since

1 -7
T+1 T+ 1

we use the identity (see Lebedev [11, Chapter 9]),

e Iy —a - B) . et —
ZFl[a’B’Y’Z]_F(y—a)F(y—B)zFl[a’B’a+B+1 v;1—z]

T(DT(a+B=7) 1 yacs
OO

X, Fily =B,y —a;1+y—a—B;1-2z],
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valid, at any rate, for |z|, |1 — z| < 1 with the principal branch taken for
(A—-2z)"*# toget(with a=1, B=r,y=1+s5s—Qk—-r), and z =
7/(r + 1)

[l rs1+s = 2k =) ]

2k r 1
%[<>_]

—[(2k =) = r1B(2k — 5,7 — (2k - s))(;—}j)mk(ﬂ)"”‘“

T

(B(x, y) denotes the beta function, as usual); we used, here,

2F1[1 +s—2k,s—(2k—r);1+s —2k;7%]
1 —(s=Q2k—-r)) r+1 s—2k+r
= (1 - ?TT) = ( T ) :

Thus, (3.19) becomes (still under the assumption (3.13) on o)
(3.20)

- 1\"

o #1)(- ) y

1| (v —a) (iy)Zk—r(iy + l)' y

" 7 i 2k
[

_1
T+ 1
1
2k S2F11r1+(2k 5); 1
+ —(—i)rB(Zk —s,r — (2k —5)) 7%,
Tr b b
principal branches being understood, as above, we may also write

r2k=s = exp(%’(2k - s))az"“ = j2k exp(— %)az"“s.
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Note that, when @ = —i, 7 = 1 and (3.20) reduces to

(3.20) flw{( . ) ,,}yz""sdyy

iy +i) ()" (i + i)

A" (= -2k

_ 2f) {”(Tzl 2F1[1,r;1 +s;%]
1 ) 1
+m2F1 1,7‘,1 + (2k—S),7
+(—i)' B(2k —s,r — (2k — 5)).

We denote by EJ(s) that part of E,(s) involving the hypergeometric
functions appearing in (3.20) and (3.20'), namely

(3.21)
E{(s) = - i ZJ (D { zFl[l ril+s; —1
P o’ ( 1) s i+ 1
«(T)i 1
Y e s2F1[1r1+(2k )7j+1}
M “"l)
-y d 57 2F1 1,r;1+s; 2
5(1)
+ vz(kT)ls ,F, [1,r;1 + (2k - 5); %]}
where, of course, 7, = ia;, 1 <j < p; in fact, Ek(s) is meromorphic in the

whole s-plane and, clearly, satisfies the functional equation.
(3.22) E'2k —s) — o(T)i**Ef(s) =0

as for EX(s) and D,(s).
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Finally, we denote by E;(s) the rest of E,(s), namely

(3.23)
E{(s) = Ex(s) — EQ(s) — E{(s)
14 M(j) T
=a(T)i* ), Y c,j(Ti)B(Zk —s,r— (2k —s))1}**

j=1r=1 J

+ 2(T)i%* % d,(—i)' B(2k — s,r — (2k — 5))

r=1
r=6(2)
p M) 1\ '
= ”(T)(_l)Zk XX er(— a_J) B2k —s,r — (2k — s))e""”/zajzk—s
j=1r=1

+ o(T)i%* f d,(—i)'B(2k —s,r — (2k — 5));
r=1

r 53(2)

clearly, E{(s) is meromorphic in the s-plane.
We summarize our results.

THEOREM 2. Let F be an entire automorphic integral of integral weight 2k
and multiplier system o for Ty, with period function q given by (2.6'); suppose
that F has the Fourier expansion (1.12), with zero constant term (in other
words, (3.2) holds in all cases). Let ®(s) be the Mellin transform of F, given by
(3.3) for o > B and by (3.4) for o > B + 1. Then ®(s) has a meromorphic
continuation to the whole s-plane, being represented, for o > B, by

(3.24) ®(s) = D,(s) + EX(s) + EX(s) + EX(s),

where D,(s) is entire and EX(s), E}s), and E{(s) are meromorphic in the
s-plane (these functions being given by (3.6'), (3.14), (3.21), and (3.23));
moreover, ®(s) satisfies the functional equation

(3.9) D2k —s) — o(T)i**®(s) = Ri(s),
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where
(3.25)
Ri(s) = E{(2k — 5) — o(T)i**E{(s)
p MQ _
=Y Y, ( ) {v(T)ﬂkB(s r—s)r}
j=1r=1
-B(2k —s,r — (2k — s))TjZk_s}
+ ‘E d,(—i) {s(T)i**B(s,r —s) — B(2k —s,r — (2k — 5))}
r;z(12)
p M(@) 1 r A
kY Yo, (— —) {u(T)B(s,r —s)e™/ %al
j=1r=1 @;

—B(2k — 5,7 — (2k — 5))e """/ 2} ~}

+ % d,(—i){e(T)i**B(s,r —s)
rr;;(IZ)

—B(2k —s,r — (2k —5))}.

Remarks. (i) To obtain (3.25), we have used the functional equations
(3.7), (3.15), and (3.22), of course. Note also, that R,(s) obviously satisfies the
functional equation,

(3.26) R, (2k — ) + o(T)i*R,(s) = 0,

without reference to (3.9).

(i) The expression (3.25) depends on only the nonzero poles a;, 1 <j <p,
and —i of the period function, g(z); in particular, the pole terms at 0 and o
do not affect R,(s). Thus, if g(z) does not have finite nonzero poles, the
functional equation (3.9) reduces to the one occurring in Hecke [4], [5] and in
Knopp [9], as we mentioned in the introduction.

(iii) For the Hecke groups, G(A,), for 3 < n < =, the major modifications
needed are to (3.25), from which the last sum should be omitted, because the
nonzero poles in these cases are real (see Knopp [9]). We now have, for
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o>p+1,

(3.4) ®(s) = [()wF(iy)ysiin - (i—“’) T(s)é(s),

instead of (3.4); we have the same representation (3.24) for ®(s) and the
same functional equation (3.9), with (3.25) modified as indicated.

3. We must now consider poles and residues, as well as growth properties
in vertical strips, of ®(s), in preparation for the converse of Theorem 2 in
$IV. In fact, we shall show that ®(s) has, at worst, simple poles at certain
integer points—infinitely many of them, in general—and that ®(s) is bounded
in lacunary vertical strips of the form

(3.27) S =58(01,005t)): 00 <0 <0, I|tl=t>0.

It is clear from (3.24) that it is sufficient to prove these facts for D,(s),
E!(s), and Ef(s). By (3.6), D,(s) is clearly bounded in vertical strips; D,(s)
is entire, as we have observed. By (3.14), E(s) is also clearly bounded in

lacunary strips (3.27). EJ(s) is a rational function with simple poles at the
integers

2k—1 2k +1
I AR

2k—-L,2k—-L +1,..., ,L—1,L,

for odd weight 2k; at the integers
2k —-L,2k-L+1,...,k—-1,k+1,...,L—-1,L,
for even weight 2k and & = 1; at the integers
2k—-L,2k—-L+1,...,k—1,k,k+1,...,L—-1,L,

for even weight 2k and & = 0. It is clear that the residue of EX(s) at s = m,
k<m<lL,is

(3.28) — ()"
at s=m,2k —L <m <k,itis

(3.28") e(T)Cp_mi™;
and at s = k, when 2k is even and § = 0, it is

(3.28") —2¢, (=)~
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For E;(s), we first recall Stirling’s formula for |T'(o + it)| as [t| — o,

IT(o +it) ~ v277'lt|0_1/2e“"|’|/2.
(See Lebedev [11, Chapter 1].) Then, since

larg 7, < =
arg 7; 5

we have, as |t| — o« in lacunary strips (3.27),
. o
(3.29) Ei(o +it) = O(exp(—(j - s)ltl)),

for any £ > 0, from (3.23). It is clear that E{(s) has, at worst, simple poles at
all the integers; since

E¢(s) + Ei(s)

is analytic in the half-plane o > max{2k — 1,0} (see the discussion relating
to (3.11) and (3.13)), we need to consider the poles only at integers—for
either function E}(s) or E{(s)—less than or equal to max(2k — 1,0}. If
2k > 1, then the residue of Ef(s) at s = m, for m <2k — 1, is

2k 2 Y 1-m NG 2k—r—m
(3.30) «(T)i g g (Zk—r—m)(*l) (—7)

2k—1-m)., -
+ o(T)i% 2 d(Zk_r_z:)t(—l)Zk

r= 8(2)
p M(@)
— 2k—1—-m sm_2k—r—m
= zo(T)jE:l rgl c,j( k—r—m )1 a;

+ o(T)i% Z d(2k - )ir(—l)z"“"’,

r= 8(2)

with the usual convention on the binomial coefficient ( ) for b > a. On the
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other hand, if 2k < 0, then the residue of Ef(s) at s = —m, for 0 < m, is
p M@
(330) (ML E ey IH T (gt
j=1r=1
& - - 2k - 1 k
T VI kA A [
r;§€2)

- 2, " r—m-—2k—1 _ 1\ N Ok—r+m
*”(T)Z Zcrj r—1 (-1 (-i) a;
j=1r=1

& —m—-2k—1 2
LRTC VD VA L uil EDE R
rrET;(lZ)
Finally, we have E}(s) to consider. Returning to the integral representa-
tion (3.16), we have, for ¢ > 0 (and Re 7 > 0, 7 # 0),

(3.31)

1 L1 T(1+s) 1 -1 y o\
s2F11"’1+s’f+1]”r(1)r(s)sf0(1“” (1-+) @

2 i)

If |7| > 1, then we have

(3.32) %zFl[l,r;Hs;Til] - (T+ 1)' 5 (’)m(_l)m_l_

T m! T) s+m’
m=0
where as usual,
_T(r+m)

(r)m - F(r) .
In (3.32), it is clear that the right side is meromorphic in the s-plane with
simple poles at s = —m, m > 0, the residue at s = —m being

T+ 1\ (F)m 1\
(3.33) (—T‘—) W(‘?) ’

and that, moreover, it is bounded in lacunary strips (3.27). On the other
hand, if |7| < 1 (and Re 7 > 0), by using (3.31) and an integral representa-
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tion for the beta function (see Lebedev [11, Chapter 1]) we have, for
O0<o<r,

N1 1 T+1) |
(3.31) 52k 1,r;1+s;7+1]=( p )TB(s,r—s)

—(r+ 1)'[01y"“1(1 +7y) " dy,

from which we obtain the same properties as before, including formula (3.33)
for the residue at s = —m, m > 0, for the left side of (3.31).
We now summarize those results pertinent to our converse of Theorem 2.

THeorReM 3. The function ®(s), defined by (3.3) for o > B, has a mero-
morphic continuation to the s-plane with, at worst, simple poles at all integer

points m < L, and is bounded on every lacunary vertical strip, S, described in
(3.27).

Remarks. (i) We might point out we have proved, in fact, that bounded-
ness in lacunary strips (3.27) of each function D,(s), EX(s), E{(s), and E{(s)
is uniform in o. The same is therefore true of ®(s).

(ii) By (3.4), the meromorphic continuation of ®(s) implies that of ¢(s)
(and conversely). Since TI'(s) has simple poles at s = —m, m > 0, the
residues of ®(s) at these points give the values of ¢(s) at these points:

$(=m) = (~1)"7"m! res (s).

The poles of ®(s) at s = 1,2,..., L, if they exist, are also poles of ¢(s).

(iii) The main point of Theorem 3 is that it suggests there is a converse of
Theorem 2 exactly as for the automorphic forms originally considered by
Hecke. The proof we give for the converse is the same one Hecke gave, with
appropriate modifications.

IV. The converse Hecke theorem

We now prove, in some detail, the following converse to Theorem 2. (We
renumber the relevant equations and expressions of §111, for convenience.)

Tueorem 4. Suppose the Dirichlet series

(4.1) o(s)= ¥ _Omin

s
mar>0 (M + k)
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converges absolutely in a half-plane o > B > 0 and has a meromorphic contin-
uation to the s-plane, also denoted by ¢(s), such that:

(a) The only possible singularities of ¢(s) are simple poles at the integers
s=m,0<m<L;

(b) The function

(4.2) ®(s) = mT(s)b(s)
is bounded in every lacunary vertical strip S = S(oy, 0,; t,,) described by
(4.3) S: —w <o <0<0,<x, lt] > t, > 0;

(c) The function ®(s), defined by (4.2), satisfies the functional equation
(4.4) D2k —s) — «(T)i*®(s) = Ri(s),
where 2k is an integer, » is a multiplier system of weight 2k for T,, and
(4.5)

M
R.(s) = ¥ X {A4,B(s,r —s)rf — B;B(2k —s5,r — (2k — 5)) 72},
r=1

p
j=0

for some integers p, M > 1, complex numbers A,;, B,; and complex numbers
7; = ia; with a; # 0 and

—37 T
(4.6) —— <arge; < 5,

for 0 <j<p.

Then ¢(s) is the Dirichlet series associated with an entire automorphic
integral F of weight 2k and multiplier system » for T, whose period function q
has nonzero poles only at «ay,...,a,, —1/ag,...,1/a,.

To prove this we use, of course, the inverse Mellin transform. Since, for
ox>c>f,

la la

@7 e ¥ el oy

p - <c
m+e>0 (M + K)a mar>0 (M + k)

m+K|

and, as |t| — o,

(4.8) IT(o +it)| ~ VZm |7/ 2e 112,
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by absolute convergence we have

. —r(m+k 1 Hiw
(49) F(y)= Y a,,.e ™oy = mfc .l y S ®(s) ds,

m+k>0 c—ie

for Re y > 0 (convergence is uniform for Re y > 0 and |arg y| < 7/2 — &,
each £ > 0); we shall assume y > 0 throughout the proof, for convenience.

We want to move the line of integration to o = 2k — ¢, of course. Note
that, by (a), ¢ > L, in any case; we may also assume that L > 2k, for
convenience, and that L < ¢ < L + 1. That we pick up only the residues of
d(s) at

2k—-L,2k—-L+1,...,L—-1,L

is a consequence of property (b), the boundedness of ®(s) on lacunary
vertical strips. Indeed, by (4.8), ®(s) vanishes exponentially as |t| — o in
lacunary vertical strips (4.3). Because ¢(s) is bounded for o > ¢ by (4.7), it
follows that ®(s) vanishes exponentially on o = ¢ by (4.8). Since (4.6) and
(4.8) imply that, for some ¢ > 0,

Ri(s) = O(e™*"")

as |t] — o in lacunary strips (4.3), by the functional equation (4.4) it follows
that ®(s) vanishes exponentially also on o = 2k — ¢. By the Phragmén-
Lindelof principle, then, ®(s) vanishes exponentially as [t] — « in the
lacunary strip S2k — ¢, c; t,). Therefore,

lim fCHT y*®(s)ds =0,
|T| > ‘2k—c+iT

which proves our assertion.
Thus, we now have

(4.10)
1

F(iy) = mf;k—cfimy‘sfb(s) ds+ ), res{y*®(s)},

—c—io 2k—L<r<L =7

whence, by (4.4) and (4.9),

(4.10") (FI5%T)(iv) —F(iy) = — ), res{y°®(s)}
2k—L<r<L ST7
#(T)i %

+ 2

ka_c+iwy—st(S) ds.

2k —c—iw
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To finish the proof, it is necessary only to show that the right side of (4.10') is
a rational function in iy.

The sum on the right in (4.10) is obviously a rational function of iy, being
of the form

(4.11) Y Ay,

because the poles of ®(s) are simple; the poles (if any) of (4.11) are at 0
and oo,

For the integral in (4.10"), by (4.5) we need to consider only the integrals
(for y > 0)

(4.12) —Z%/Zk_CHwy"sB(s, r—s)e™/%a ds

2k —c—iw

and

k—c+iw X
(4.13) —2-%[2 N Yy B2k — 5,1 — (2k — 5))e "/ 2?5 ds
2k —c—iw

i_2k

c + i .
=5 f y Ck=OB(s,r — s)e™/%a’ ds,

c—io
where r is an integer, 1 < r < M, a # 0 satisfies (4.6), and, of course,
(4.14) a® = |alelaE®s,

note that the integrals (4.12) and (4.13) converge absolutely (uniformly for
Rey > 0 and |arg y| < m/2 — ¢, each £ > 0) by (4.8) and (4.6).

Recall (see Lebedev [11, Chapter 1]) that, for 0 <o <r and b in
C\ (—x,0],

/w*————————y rﬁi}_ =b*"'B(s,r —s),
o (b+y) VY

the principal branch being taken for b°~’. Thus, for 0 <c¢ <r, since
B(s, r — s) vanishes exponentially on any vertical line, we have, in particular,

b' 1 pevim(y) T
(4.15) T szc_iw (-5) B(s,r —s) ds,

for y > 0 and b in C\ (—,0]. Since, as we just pointed out, B(s,r — s)
vanishes exponentially on any vertical line, it follows that in moving the line
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of integration we pick up only the residues of the integrand in (4.15) at the
appropriate points.

Thus, if we move the lines of integration in (4.12) and (4.13) to o = 1, we
obtain (recall that, by assumption, 2k < L <c¢ < L + 1), by (4.15),

4.12 —L- 2k_CHDOy—SB s,r—8)e™/ 25 ds
2 Jog— e
—e—iw
L—2k r
r+m—1) _, .. \m —a
= Z( .1 )a ()" + AW
m=0 (ly - a)

and, similarly,

(4.13)
k—c+iw .
sz.fz y-sB(2k — s, r — (2k — s5))e s/ 2qks s
2k—c—iw

1

(iy)z""'(iy + %)

- - mZ(’": D ey

Since both (4.12') and (4.13') are rational functions of iy, whose nonzero
poles are @ and —1/a, we are done, by (4.5).

Remarks. (1) What we have proved, of course, is that, for y > 0,
(4.16) (FIzT)(iy) = F(iy) + q(iy),

where ¢(z) is a rational function whose nonzero poles can be only at
@y, ...a,, —1/ay,...,—1/a, By the identity theorem, (4.16) holds for
Re y > 0—that is, for all z =iy in . That g(z) has the form (2.6') is a
consequence of (the corollary to) Theorem 1. (Note that F(z), defined by
(4.9), satisfies the growth condition (1.6)—see §1.2—hence must be an entire
modular integral.)

(i) The only modification in the statement of Theorem 4 needed to obtain
the converse of Theorem 2 for any Hecke group G(A,), 3 < n < =, is in the
definition of ®(s): we would use, instead,

[\

T

(4.2") P(s) = (]:) sI‘(s)¢(s).
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(iii) It may be of interest to note that if we ignore Dirichlet series and
require only that (for example)

F(iy) = ez [y 0(s) ds

¢ =i
be analytic for z = iy in &, for some ¢ > 0, and that, as y = +x,
F(iy) —» 0,

then the existence of a Fourier expansion, as in (4.9), is equivalent to the
existence of a Dirichlet series expansion (4.1) for the function

8(5) = —S0Es

absolutely convergent in some half-plane o > B > 0. The same remark
applies to the case of any Hecke group, by Remark (ii).

(iv) Finally, we should point out that the Phragmén-Lindelof principle still
applies when (b) is replaced by an apparently much weaker condition:

(b') The function

(4.2) D(s) = 7T (s)d(s)

is of finite order in every lacunary vertical strip S = S(o,, 0,; ;). (In fact, this
can be replaced by an even weaker condition. Incidentally, a function f(s),
holomorphic in some region S, is said to be of finite order in S if

£(s) = 0(e")

for some p > 0 and all s in S.)

V. Conclusion.

We return to the observation that a rational function g, is a rational
period function for Iy (in the sense of (1.11), with n = ) if and only if g,
satisfies (1.16), while rational period functions on G(A,) must satisfy (1.16)
and (1.17) simultaneously. Once again letting G(A) denote the discrete

(Hecke) group generated by T and ((1) ;), with arbitrary A > 2, we observe

that G()), like T, = G(A,), has the single relation 72 = I. (Abstractly, G(A)
is isomorphic to T, of course.) For this reason, the rational period functions

qr on G(A), in the sense of (1.11), with S, replaced by ((1) ’;), A > 2, are

precisely the same as the rational period functions on I,. Furthermore, any
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qr connected with any G(A,) (Hecke group with translation A, <2) is
a fortiori connected as well with Iy and with G(), for arbitrary A > 2.

Consequently, from the point of view of rational period functions T
cannot be distinguished from the groups G(A), A > 2. From the perspective
of function theory (including the theory of automorphic forms), however, T,
parallel the groups G(A,) and not the G(A), with A > 2.

For, since the fundamental region of T, like those of the G(A,,), has finite
hyperbolic area, it follows that I'y—again like the groups G(A,)—has a
finite-dimensional vector space of entire automorphic forms. On the other
hand, the space of entire forms has infinite dimension for the group G(A),
because G(A) has infinite hyperbolic area. (The distinction is between com-
pact and open Riemann surfaces.)

For these concluding remarks, then, we include I'y among the groups
G(A), by allowing A = 2. Thus, A > 2 and A, < 2.

Assume now that g, is a rational period function on some G(A,), with
multiplier system # and, for convenience, of weight 2k > 2. Then there exists
an entire automorphic integral F,, of weight 2k and multiplier system 2 on
G(a,,), with period function g.

To define a multiplier system, # say, on G(A) it suffices to specify &(((‘) ’1‘))

and #(T) since the two transformations ( . ?) and T generate the group.

Furthermore, since T2 = I is the sole relation in the group, &((3 ’1‘)) remains

arbitrary, in contrast to the necessary condition #(7)? = (—1)?*. Thus, given
the multiplier # for G(A,), we derive from it a multiplier system 2 for G(A)
by means of

(5.1) 0(((1) ’1‘)) — exp(2miR), #(T) = o(T),

where 0 < K < 1 and K is otherwise arbitrary. Then the given g, is also a
rational period function on G(A) of weight 2k > 2 and multiplier system 2.
As with G(A,), from this follows the existence of an entire automorphic
integral FA, of weight 2k and multiplier system 2 on G(A), with period
function g;.

We now have avallable both ®,, the Mellin transform of F,, and <I> the
Mellin transform of F These can be written, respectively,

a

(52) B(s) = @n/h) T() T tme
and
(53) (s) = @m/) T(s) ¥ —omek

m+z>0 (m + ’e)s.
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The method of proof of Theorem 2 (§I1I) shows that, as F, and FA have the
same rational period function q;, ®, and @, have precisely the same
functional equation:

(5.4) ®,(2k — 5) — 2(T)i%*d,(s) = R(s),
(5.5) d,(2k — 5) — #(T)i**®,(s) = Ry (s).

(Note that the corollary to Theorem 1, §1I, and its method of proof, remain
valid for G(A).) Since there is a converse, Theorem 4 (§1V), to Theorem 2,
we may infer that there is no loss of information in the passage from the
rational period function g; occurring in the transformation formula for the
automorphic integral to the function R,(s) appearing in the functional
equation of the Mellin transform. Thus the structure of the g, must be
inherent in the form of the R,(s), and it should be possible to derive the
former from the latter.

Nevertheless, comparison of (5.4) and (5.5) argues against such a conclu-
sion. For (5.5) reflects only the single functional equation (1.16) for g, while
(5.4) entails both (1.16) and (1.17), a far stronger requirement upon ¢g,. Since
(5.4) and (5.5) contain the same function R,(s), the difference—and it is an
essential one—necessarily finds expression elsewhere. And, indeed, the only
visible distinction between the functional equations (5.4) and (5.5) resides in
the (seemingly innocuous) factor (pm)~° which occurs in the expressions
(5.2), (5.3) for the Mellin transforms. In (5.4), p > 1; p < 1 in (5.5). This
distinction alone may be sufficient to characterize the contrast in properties
of the g;. Or, perhaps, one needs to use the fact that the situation in which
qr satisfies (1.16) alone corresponds to a functional equation with p < 1 only
(i.e., (5.5)), while g, satisfying both (1.16) and (1.17), corresponds simultane-
ously to functional equations with p < 1 and with p > 1 (i.e., (5.4) and (5.5)).

We conclude with the observation that the functional equation (3.9)
satisfied by ®(s) can be cast into a more symmetrical form. With an
appropriate simplification of notation in (3.25), as in Theorem 4, define

p M T
(5.6) V(s) = 0(s) + ¥, ¥ e, Tﬁ)
j=0r=1 J

B(s,r —s)7}.

It then follows from (3.9) that
(5.7) W(2k — 5) = o(T)i%*¥(s),

the usual functional equation of Riemann and Hecke that holds for the
Mellin transform of an entire automorphic form on G(A,) or G(A). Thus, as
an alternative to the viewpoint we have adopted throughout the paper—that
Theorem 2 (§111) exhibits a new type of functional equation for the Mellin
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transform ® of an exponential series—we can interpret Theorem 2 as giving
the new solutions (5.6) of the standard Riemann-Hecke functional equation
(5.7). Note that each sum,

p

Z

l<r<M,

added to ®(s) in (5.6) to give ¥(s), is analogous to P(s) itself insofar as it is
a “finite zeta-function” multiplied by the I'-factors of B(s,r — s).
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