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M-IDEALS OF COMPACT OPERATORS

N.J. KALTON

1. Introduction

If X is a Banach space and E is a subspace of X then E is called an
M-ideal in X if X* can be decomposed an/1-sum X* E +/- 1V for some
closed subspace V of X*. This notion was introduced by Alfsen and
Effros 1].
For any Banach space X we denote by .’(X) the algebra of all bounded

operators on X and by ((X) the ideal of compact operators. The first
non-trivial example of an M-ideal obtained (Dixmier [7]) is that g(12) is an
M-ideal in .(12). Subsequently, there has been considerable work on
studying spaces X for which g/(X) is an M-ideal in .’(X). It was shown in
Lima [20] that ---(l,) is an M-ideal in .(lp)when 1 < p < oo and that
similarly ((c0) is an M-ideal in .’(c0). Cho and Johnson [6] (cf. [2], [31])
showed that if a subspace X of l, for 1 < p < oo has the compact approxima-
tion property then -(X) is an M-ideal in .’(X). Conversely, it is known
that any separable space X for which ((X) is an M-ideal in .(X) satisfies
the conditions that X* is separable and has the metric compact approxima-
tion property (Harmand-Lima [11]). Further X must be an M-ideal in X**
[21] and, if it has the approximation property, it has an unconditional
finite-dimensional expansion of the identity [9], [19] from which it can be
deduced that X can be (1 / e)membedded in a space with a shrinking
1-unconditional basis [19].
The aim of this paper is to give a classification of those separable Banach

spaces X such that -/(X) is an M-ideal in .’(X). Having achieved this
classification, then some outstanding questions can be resolved.
Our main result is Theorem 2.4 which lists six equivalences. The most

important conclusion (condition (5)) is that a separable Banach space X has
the property that (X) is an M-ideal in .’(X) if and only if X satisfies a
structural condition, which we call property (M), and there is a sequence of
compact operators (Kn) such that Kn I strongly, K* I strongly and
lim_llI- 2Knll 1. Property (M) is the requirement that if u, v satisfy
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Ilull Ilvll and if (x,,) is a weakly null sequence then

lim sup u + Xn lim sup v + Xn II.
noo noo

Having established this theorem, some conclusions follow. For example,
the Cho-Johnson theorem can be extended to show that if Y is a separable
Banach space such that JU(Y) is an M-ideal in _’(Y) then for any subspace
X with the metric compact approximation property (or just the compact
approximation property in the reflexive case)we also have JU(X) is an
M-ideal in _W(X).
Using ideas from the theory of types [18] we can then show that if X has

property (M) then it contains a (1 + e)mcopy of some lp (cf. [27]). Thus,
answering a question in [30] we can deduce that the various Tsirelson spaces
[5] cannot be renormed so that the compact operators become an M-ideal.
On the other hand we show that reflexive Orlicz sequence spaces, F can be
renormed so that /(lF) is an M-ideal in .W(IF). No such renorming can
preserve the (isometric) symmetry of the basis unless F lp for some p by a
result of Hennefeld [14]. More generally we show that a Banach space with a
shrinking symmetric basis can be renormed so that JU(X) is an M-ideal in
.(X) if and only if it is isomorphic to an Orlicz sequence space (or more
strictly the closed linear span of the canonical basis vectors in an Orlicz
sequence space).
We also show that a separable order-continuous nonatomic Banach lattice

X which is not isomorphic to L2 can never be renormed so that JU(X) is an
M-ideal in .W(X). Thus, if 1 <p < oo and p 4:2 then L, cannot be
renormed so that o,(Lp) becomes an M-ideal. The isometric result is
well-known [19], [20], [27].

Throughout the paper we will consider only the real case, but the general-
ization to complex scalars presents no difficulty. We also specialize to
separable Banach spaces; this allows us to use sequential arguments. How-
ever, most of our results can be extended in some form to the non-separable
case.
We would like to thank Gilles Godefroy for many valuable conversations

on the topic of this paper, and also Dirk Werner for many helpful comments.

2. M-ideals and property (M)

We shall say that a Banach space X has property (M) if whenever
u, v X with Ilull I111 and (xn) is weakly null sequence in X then,

limsupllu + xnl[ limsupllv + Xnll.
n--. noo
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We first state a simple lemma.

LEMMA 2.1. The following conditions are equivalent"
(1) X has property (M).
(2) If I[u[I Ilvll and (x.) is a weakly null sequence such that limllu +

exists then liml]v + x.II liml]u +
(3) If I]ull < I[vl] and (x.) is any weakly null sequence then limsup[lu +

x. [[ < lim sup v + x. [[.
(4) If (u.)(vn) are relatively norm-compact sequences with [[u.[[ _< [[v.[[ for

every n, and (x.) is a weakly null sequence, then

limsupIlu + xnl[ <_ limsupl[v. + Xnl[.

Proof
note that

The equivalence of (1) and (2) is automatic. To deduce (3) from (1)

lira sup Ilu + Xn lim sup(max([lAu + Xn II, IIAu x II))
where h >_ 1 is chosen so that Ilhull Ilvll. The converse is automatic. Let
us conclude by deducing (4) from (2). Indeed, if the conclusion is false we
may pass to subsequence so that limsup[lUn + x.[[ > limsupl[Vn + x.l[
and (Un), (Vn) are convergent. This quickly leads to a contradiction, m

LEMMA 2.2. Suppose X has property (M) and that T _za(X) with TII
1. If (u,), (vn) are relatively norm-compact sequences with [lUnl[ --< Ilvnll and
(xn) is a weakly null sequence then

lim sup II Un / ZXn lim sup Un / Xn II,

Proof. First suppose []TI[ 1 and (Xn) is any weakly null sequence. For
any h < 1 there exists w with Ilwll--1 and IITwII > A. Let w, Ilvnllw.
Hence

lim sup [IAu / Zxn < lim sup II ZWn + Zxn

< lim sup Wn / Xn

< lim sup n / Xn II.
Letting h 1 we obtain the conclusion for this case.
Now suppose 0 _< IITII _< 1. Let T AL where h [[T[[ and [[L[I 1.

Then

lim sup [[un + Zx max(lim sup [lun / LX I[, lim sup [[u Lxn 11)
< max(limsupllvn + xnll,limsupl[ vn / xnl])

lim sup IIn / Xn II.
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We also introduce condition (M*). We say that X has property (M*) if
*) is a weak*-nullwhenever u*, v* X* with Ilu* II -< IIv* II and whenever (xn

sequence then

*11* II lim sup II v* + xlim sup Ilu* + xn

As with property (M) there are a number of equivalent definitions.

PROPOSITION 2.3. Let X be a separable Banach space with property (M*).
Then X has property (M) and X is an M-ideal in X**.

Proof. First we show that X has property (M). Suppose Ilu II IIv and
that (x) is a weakly null sequence such that limllu / Xnll > limllv / Xnll

*(u + x)*B so that limxn(and both limits exist). Then pick xn
* convergeslimllu + xll. By passing to a subsequence we may suppose that x

weak* to some x*. Now pick v* with I1*11 IIx*ll and v*(v)= IIx*ll I111.
Then

,)limllu+xll lim (u + xn,xn
n n

*(u,x*) + lim(x,xn-
n

<_ (v,v*) + lim(xn, X -x
n...oo

lim (v+xn,v* +xn

* x* II II. + Xn< limsupllv* + xn
noo

< lim I1 + Xnll
noo

since limsupliv* /xn -x II =limsupllx* +xn -x II 1 by property
(M*).
Next we show that X is an M-ideal. Suppose b X+/-X*** and

suppose ff X* (canonically embedded in X***.) For A < 1 we can pick
x** Bx** so that b(x**) > AIlbll. Pick any x* in X* with IIx*ll
and x**(x*) > A IIII. Let y be a net in X* converging weak* in X*** to
b and such that ]lff + y’ll < lift + b]l. We can suppose that x**(y)>
Al[bll for all d. Then y converges weak* in X* to zero and so the set {y}

* converging to zero. Nowcontains a sequence

*11I1 + bll >_ lim sup ll + n
lim sup llx* + vn

> lira sup(x* + vn, x
>_ A(IIII + I111),

and the result follows.
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Suppose X is a separable Banach space. We say that (Kn) is a compact
approximating sequence for X if each Kn" X X is a compact operator and
limllKx x II 0 for every x X. We say (Kn) is shrinking if lim ILK,*x*
x*ll 0 for every x* X*. If X has a shrinking compact approximating
sequence (Kn) then X* is separable and further X has a shrinking compact
approximating sequence (Ln) with IILII _< 1, i.e., X has the metric shrinking
compact approximation property.

If b JU(X)* then by the Hahn-Banach and Riesz Representation
Theorems there is a (not necessarily unique) regular Borel measure /z on
Bx, Bx** with the respective weak* topologies such that I111 I111,
such that for S JU(X),

6(s) f(s*x*,x**> x**).

If X has a shrinking compact approximating sequence (Kn) then for each
S .a(X), we have lim(K*S*x*,x**) (S*x*,x**) and so the above
formula can be used to extend b in a unique norm-preserving way to
..’(X)*, and (S)= lim dp(SK,). In this way we can regard JU(X)* as
naturally identified as a subspace of _o(X)*.

If JC/(X) is an M-ideal in .(X) then it has a shrinking compact
approximating sequence [11] and .(X)* (X)* ]91 (X)-I-

THEOREM 2.4. Suppose X is a separable Banach space. Then the following
conditions are equivalent"

(1) -(X) is an M-ideal in _a(X).
(2) For any separable subspace c .(X) there exists a shrinking compact

approximating sequence (Kn) such that

lim sup Sgn -Jr- Z(I gn)II max(llSII, II Zll)

whenever S, T .
(3) There exists a shrinking compact approximating sequence (K) with

[[K,,[[ < 1, such that for any S JU(X), T .z’(X) we have

limsup IlS + T(I gn) max(llSII, IlZll).
n--->

(4) There exists a shrinking compact approximating sequence (K) such that
for every compact operator S with IISII _< l, we have

lim sup IIS + I K II 1.
n



152 N.J, KALTON

(5) X has property (M) and a shrinking compact approximating sequence
(gn) such that

limllI- 2g, 1.

(6) X has property (M*) and a shrinking compact approximating sequence
(Kn) such that

liml[I- 2Knl[ 1.

Proof (1) (2). This is basically a rewording of a theorem of W. Werner
[32] but our proof is somewhat different. We use the fact that since JC/(X) is
an M-ideal in ..’(X) there exists a shrinking compact approximating se-
quence (Kn). It will suffice to show that if S, T .(X), n N, and (L,,) is
any shrinking compact approximating sequence then for any e > 0 there
exists L co{L,, L,,+I,... with

IISL / T(I- L)II < max(llSII, IITII) / ,
Once this is achieved the proof can be completed by a simple diagonal
argument. In fact if this is not so then by the Hahn-Banach Theorem there
exists b ..’(X)* with 114,11 1 and

dp(SZk + T(I- Lk)) > max(llSll, IITll) + e,

for k > n. Write b ff + g where X J(X)* and ff JU(X)+/-. Then

lim cb(SL + T(I- L)) x(S) + O(T).
k

However

x(S) / q,(z) _< max(llSll, IlZll)
by the M-ideal property.

(2) (4). Since JU(X) is separable this follows immediately from (2).
(4) (5). Now suppose (Xn) is a weakly null sequence and that Ilull _< I111.

Then there is a rank-one operator S with IISII _< 1 and Sv u. Since
limoollKmX[[ 0 we may find an increasing sequence rn --, oo such that
lim [[Kr.xn II 0. Now

lim sup u + xn lim sup Sv + ( I gr.)x,
noo noo

limsup ]]S(v + Xn) + (I- grn)(V + Xn)
n

< lim sup S / I grn lim sup / Xn
noo noo

< lim sup II v / Xn II.



M-IDEALS OF COMPACT OPERATORS 153

Thus X has property (M). We now show that X has a shrinking compact
approximating sequence (Ln) with such that liml[I-2Ln[[ 1. We
show that we can pick Ln co{Kn, Kn+l,...} for every n, so that
lim[[I 2Lnl[ 1. Indeed, if not, then by the Hahn-Banach Theorem there
exists e > 0, no N and b .W(X)* with IIbll 1 and b(I- 2Kn) > 1 +
e for every n > no. Let b q + h’ where X JU(X)* and JU(X);.
Then by taking limits we have q(I)- X(I)>_ 1 + e. However this implies
that there exists mo such that if m > mo then q(I) x(Km) >_ 1 + 2e and
so if H co{K/: > mo} we have

liminf tb(-H + I- K,) >_ 1 + e.

This means in turn that

liminfll H + I- Knll >_ 1 + -e.

Now condition (4) implies that for any compact S limsupllS + I- Knll <_

max(llSII, 1). Hence we conclude that IIHII >_ 1 / e and another application
of the Hahn-Banach theorem produces/3 f(X)* with 11/3 _< 1, such that
(Km) >_ 1 + 7e for m > m0. Thus/3(1) > 1 + e and we have a contradic-
tion.

(5) (3). We first prove that for each m,

limsupllKm + I-Knll < III- 2Kmll.
no

In fact if n > m, (I- 2K,)(I- 2Km) I- 2K
hence

2Km + 4KnKm and

III- Kn- Km + 2KnKmll < III- 2Knll III- 2gmll

so that the assertion follows by taking limits, since lim _,[[KnKm
Now suppose S (X), T _’(X)with IISII, IITII _< 1.
We may pick x Bx so that

lim sup s + T( I gn) lim sup Sxn + T( I g ) xn II.
n

For any m N, (KmXn) is contained in a relatively compact set. Thus by
Lemma 2.1, and noting as before that ((I- Kn)xn) and (T(I- Kn)xn) are
both weakly null,

lim sup Sgmxn -I- Z(I gn) xn -< lim sup gmXn -i- T( I gn) xn
no
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Now utilizing Lemma 2.2 we conclude that

limsuPllSKmx,, + r(I-Kn)xnll-< limsup II(Km + I-K,,)x, II.

Thus

limsup IIS / T(I- K.)ll IIs SKmll + III- 2Kmll.

Letting m ---> yields (3).
(3) =* (1). Suppose g

and T .(X). Then
and X deal(X)*. Suppose S deal(X)

lim (, + x)(S + T(I- gn) ) (Z) + x(S).

It follows that

I1 + x + I111 + IIx II
and -d(X) is an M-ideal.

(6) = (5). This follows immediately since (M*) implies (M).
(5) = (6). We need only verify that X has property (M*). If not, we may

* converging tosuppose that there are u*, v* X* with Ilu* -< I1* and xn
zero weak*, so that

* * *11.lim u* + Xn > lim IIv + Xn
n n

Pick xn
(EE Bx such that

*11,lim u*(Xn) + X*n(Xn) lim Ilu* + xn
n---> n

Now let (Kn) be a shrinking compact approximating sequence with liml[I-
2KII 1. We note that by the proof of (5)= (3) we have that, for any
lim sup IlKm + 1 g

n II _< III 2Km II.
Fix any rn and A < 1. Then there exists v X so that IIll- 1 and

v*(v) >- ,llv*ll. Let w [[Kmxnllv. We may also pick a sequence r o

* * *) is weak* null.)such that limllKrX II 0 (since (Xn
Now

lim sup + (i grn)xn lim sup gmXn + (I grn)xn
n-oo n

_< III- 2KmlI,

since X has property (M).
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Now lim x*(wn) O, lim v*(I Krn)Xn 0 and IlKr,,Xn 0 so that

* *11.limsup(AIIv*ll Ilgmxnll + Xn(Xn) ) IIi- 2Kmil lim IIv* / x
n--,

This in turn implies, since A < 1 is arbitrary and Ilu*ll
_

Ilv*il

* *ll.limsup(u*(Kmxn) + Xn(Xn) ) III-2Kmll lim IIv* + x
n--, noo

Hence

* IIg*mu* * *11.lim Ilu* + X u + III- 2Kmll lim IIv* + Xn
n-->o noo

Letting m- o produces a contradiction and shows that X has property
(M*). 1

Remark. D. Werner has pointed out to us that the fact that if JU(X) is
an M-ideal in _’(X) then X has a shrinking compact approximating se-
quence (Kn) with limn_ollI- 2Knll 1 can be traced to [11] (see Lemma
5.1 and succeeding remarks) by using results of [29]. We would like to stress
that the condition lim,_oollI- 2KII 1 in (5) and (6) is a very strong
unconditionality assumption. As in [4] it can be used to show that there is a
sequence of compact operators An so that for every x X we have x
Y’.Anx unconditionally. (In [4] this is done for the case when each gn is
finite-rank, but the modifications are not difficult.) In this setting such results
were shown by Li [19]. We refer also to the forthcoming article [8] for further
results in the same direction.
The next theorem is now almost immediate. The analogous result for the

special case of lp, (1 < p < o) or co is known; see [2], [6], [26], and [31].

THEOREM 2.5. Let X be a separable Banach space such that o,(X) is an
M-ideal in .(X). Let E be a subspace of a quotient space ofX. Then -/(E) is
an M-ideal in .’(E) if and only if E has the metric compact approximation
property.

Proof First we note that E is an M-ideal (in E**) since X is. It follows
that if E has the metric compact approximation property it has a shrinking
compact approximating sequence (gn) (see [10]). We also note that quotient
spaces of X inherit property (M*) and subspaces of spaces with property (M)
have property (M). Thus E inherits property (M) from X.

It remains to check that if E has the metric approximation property then it
has a shrinking compact approximating sequence (Hn) such that limllI-
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2Hnl[ 1. Suppose (Ln) is a shrinking compact approximating sequence for
X such that limllI- 2Lnll 1.

Let us suppose that N is a closed subspace of X and that E is a closed
subspace of X/N. Let Je: E--, X/N be the inclusion map and let Q:
X - X/N be the quotient map. Let Y Q-I(E) and denote by Jy: X
the inclusion and Qy: Y E the restriction of Q so that QJy JeQY on Y.
Consider the sequence of operators

( QLnJY JeK,,Qy)=

in JU(Y, X/N). Then we claim that this sequence is weakly null. In fact (cf.
[16]) it suffices to show that for any y** Y** and s* e (X/N)* we have

limy**( t3.JyLnQ ,y.xnaEb ) O.

In fact, * * *KnJ converges in norm to J:* and L*nQ** converges in norm
to Q*:* so that this is clear. Now by Mazur’s theorem there exists

nn - co{Kn, Kn+l,... and M - co{Ln, Ln+l,...

such that limllQM,,Jy-JeH,,Qyll O. Thus limllQ(I- 2gn)JY JF(I-
2Hn)QyII 0 and so limllI- 2Hnll 1.
The theorem is now completed by an appeal to Theorem 2.4. m

Remark. If X is reflexive we need only suppose that E has the compact
approximation property (cf. [6]).

Our next result was suggested to us by D. Werner. Actually, as he points
out, it is an immediate consequence of condition (3) of Theorem 2.4 and the
results of W. Werner [32]. However, we will give a self-contained proof. We
denote by o-(X) the subalgebra of _z(X) spanned by JU(X) and the
identity.

THEOREM 2.6. Let X be a separable Banach space. Then JU(X) is an
M-ideal in _’(X) if and only if JU(X) is an M-ideal in -(X).

Proof One direction is trivial. Suppose for the other that JU(X) is an
M-ideal in -(X) so that .(X)* V 1JU(X) +/-. Then it is easy to see
that every functional T ( x**, T’x* ) is in V. We show first that there is a
shrinking compact approximating sequence (Kn) in X. First we show that I is
in the closure of Bx) for the strong operator topology. In fact if not there

* X*exist by the Hahn-Banach theorem x,..., Xn X and x’,..., x
such that if b(S) ET=lX[(Sxi) then Ib(S)[ _< [IS[I for S Jeg(X) but b(I)
> 1. Let b0 -(X)* be such that limb011 _< 1 and b b0 on JU(X). Then
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I1011 I111 + I10 11 since b V. This is a contradiction and hence there
is a sequence (L) in (X) with IILnll < 1 and LnX X for every x X.
Now suppose x* S* then * * x*Lnx weak* We show that in fact

L*nx* - x* weakly. Let x*** be any weak*-cluster point of (K*x*) in
X***. Then IIx*** IIx* II. We must show x*** x*. Fix any x** X**
and consider the functional on o-(X) given by b(A) (A**x**, x*** ). Let
b(A) (x*, A**x**). If S is compact then b(S) (S) and since $ V
we conclude that , + II. Hence b and so evaluating at
I we have x***(x**)= x**(x*). We conclude that x***= x* and hence
L*nx* x* weakly. Thus X* is separable and there is a sequence (Hn) of
convex combinations of (Ln) which is a shrinking compact approximating
sequence.
We now verify condition (4) of Theorem 2.5. By a diagonal argument it is

only necessary to prove that if (Hn) is a shrinking compact approximating
sequence with Ilnnll 1 and if S is compact with IISII _< 1 then for any
n N and for any e > 0 there exists H co{Hn, Hn/l,... with IIS + !-
HII < 1 + e. If this is not the case then by Hahn-Banach theorem there exist
n0, e > 0 and b -(X)* such that I111 -< 1 and d(S + I- Hn) > 1 + e,
for n > n0. Since (Hn) is weakly Cauchy in -(X)we can define x(A)=
limn__,oo d(AHn) for A -(X). Clearly, if =X-b then (X)+/-
also X is clearly in V since Ilxll- sup{Ix(T)I: T /(X), IITII _< 1}. Now
taking limits we obtain (1) + x(S) > 1 + e and hence I1,11 + Ilxll >- 1 + e.
This contradicts the fact that f((X) is an M-ideal in -(X). m

3. Spaces with property (M)

We recall that if X is a separable Banach space then a weakly null type -:
X R is a function of the form ’(x)= limn__,oollx + Xnl[ where (x,) is a
weakly null sequence. The sequence (xn) is then said to generate the type z.
We say that z is trivial if z(O)= 0 (i.e., limn_,oollXnll O) and nontrivial
otherwise.

Notice that since X is separable every weakly null sequence contains a
subsequence which generates a weakly null type. The following lemma is
immediate:

LEMMA 3.1. Suppose X is a separable Banach space. Then X has property
(M) if and only if every weakly null type - is of the form z(x) f(llxll) for a
suitable function f: R --, R.

Let us now construct a family of examples. Let // be the family of all
norms N on R2 satisfying N(1, 0)= 1 and N(a,/3) N(II, 1/31)for all a,/3.



158 N.J. KALTON

If N1,..., Nk

_
.W" we define a norm N Nk on Rk+l {(i)/k= 0) by

* ) o,

and then inductively by the rule

N1, N() Nk(N1, Nk_l(0,...,k_l),k).

Next suppose .(Nk)= is any sequence of norms in ,///. We define the
sequence space A(Nk) to be the space of all sequences (i)i%o such that

sup (N1, Nk) (o,...,k) <
l<k<oo

A(Nk) is then a Banach space. We define A(Nk) to be the closed linear
span of the basis vectors (ek),= 0 in A(Nk). It is easy to verify the next result.

PROPOSITION 3.2. (1) (en) is a 1-unconditional basis of A(Nk).
(2) If (era,) is a subsequence of (en) then (em,) is isometrically equivalent to

the canonical basis of A(Nm).
(3) A(Nk) has property (M).

The proofs of (1) and (2) are trivial and (3) follows from a simple gliding
hump argument.
We now turn to identifying the spaces A(Nk). Let us define Fk(t)=

Nk(1, t) 1. For convenience let Fo(t) It[.

PROPOSITION 3.3. 7k(N,) if and only if some a > O, E=oFk(a,)

Proof First suppose (Nk) and II:IIx(N,) 1. Let h > 0 be the first
index such that [#hi > 0. Then for k > h + 1,

N1 * * Nk(#O,..., #k) > (1 + Fk(#k))N * * Nk_l(:o,..., k-1)

so that

1-I (1 + Fk(k)) < oo
k--h+l

whence Ek=oFk(k) < oo. This quickly establishes one direction.
For the other direction assume (Nk). Then there exists h such that

NI* * Nh(O,’’’,h) > 1.
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A similar argument to the above shows that

I-I (1 + Fk(k))
k=h+l

This completes the proof.

We now recall that if (Fk)=0 is a sequence of Orlicz functions the
modular space l(F,) consists of all (Sk)=0 such that

I1:111(, inf > 0: ] Fk(g/p) < 1 < .
k=0

The closed linear span of (en) in l(Fk) is denoted by h(F). See Lindenstrauss-
Tzafriri [24] for details.
The following is immediate from the Closed Graph Theorem.

PROPOSITION 3.4. Suppose for k >_ 1, Nk 1/ and Fk(t)= Nk(1, t)- 1.
Then A(Nk) is canonically isomorphic to h(tk)O.o where Fo(t) Itl. The induced
norms are equivalent.

In fact, we obtain slightly more, by noting that Proposition 3.3 holds for
every sequence Nk //.

LEMMA 3.5. There is a universal constant C so that if N1,..., N is any
finite subset of 1/ and Fk(t) Nk(1, t) 1 for 1 <_ k <_ then"

(1) IfN * * N(o,..., l) 1 then Elk=oFk(k/C) <_ 1.
(2) If E=oFk(C)_< 1 then N, N/(o,..., )_< 1.

If the sequence (Ng) is constant (i.e., Nk N for all k) then we write
A(N) and this is isomorphic to the Orlicz sequence space hF where F(t)
N(1, t) 1.

LEMMA 3.6. Let X be a separable Banach space with property (M). Sup-
pose (xn) is a weakly null sequence generating a nontrivial type. Let N(a, fl)
lim[lax + Ixnll whenever Ilxll 1, Then for any u Xwith Ilull i and any
e > 0 there is a subsequence (y) of (x) such that

(1 + e) -1
0u "4" E iYi

i=1
II:IIA(N) (1 + e) 0u + EiYi

i=l

for all finitely nonzero sequences (i)i=o

The proof of Lemma 3.6 is standard in the theory of types (cf. [18]).
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PROPOSITION 3.7. IfN M/ then there exists p so that 1 <_ p and, for
every e > 0, A(N) contains a subspace E with d(E, lp) < 1 + e (when p < 00)
orifp , d(E,co)< l + e.

Proof If A(N) contains a copy of either co or 11 then the result follows
from the distortion property for these spaces [15]. Otherwise A(N) is a
reflexive Orlicz space and neither nor co is finitely representable in A(N).
However by a theorem of Krivine [17] (cf. [28]) we can find a normalized
block basic sequence (u,,) such that

lim Ilau2n_ + flU=nil (11
n--,

for all a,/3. But then for any sc we have limll: + tU2nl[ (1111 + ItlP)lip. It
follows by Lemma 3.6, there is a subsequence of (u2n) spanning a space E
with d(E, lp) < 1 + e. m

After the initial preparation of this paper, the author learned that a result
closely related to the next proposition has been proved in [13]; in fact the
main result of [13] implies Proposition 3.8.

PROPOSITION 3.8. Let X be a separable Banach space with property (M).
Then for any infinite-dimensional closed subspace Y of X there exists p,
1 <_ p <_ oo such that for every e > O, Y contains a subspace E with d(E, l) <
l + e (when p < o) orifp , d(E,co)< l + e.

Proof If Y has the Schur property then Y contains a subspace isomor-
phic to 11 and hence the assertion holds with p 1. Otherwise there is a
weakly null sequence (yn) in Y with IlYn 1 and we can use Lemma 3.6 and
Proposition 3.7 to obtain the result, m

Remark. Thus we have immediately that Tsirelson type spaces [5] cannot
be renormed to have property (M), answering a question of [30].

PROPOSITION 3.9. Let X be a separable Banach space which contains no
copy of 11 and has property (M). Then there exists 1 < p <_ oo and a weakly null
sequence (x) so that for every u X and every a,

lim Ilu + axnl[ (llullp + I1 p)I/p
no

when p < o or

lim Ilu + aXnll max(llull, I1)
n--

when
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Proof By the preceding Proposition, we can find a subspace Y isomor-
phic to lp, for some p < oo or Co; for convenience of notation we treat the
former case. For every n, Y contains a subspace Z, with d(Zn, l,) < 1 + en
where e O. Thus there is a sequence (Xnk)=o in Zn, generating a weakly
null type, which is (1 + en)-equivalent to the canonical basis of lp. It follows
from this and property (M) that for every u X,

(1 + en)-l(llull + I1)/ < lim Ilu + aXnkll (1 + en)(llull + I1)
k---}

We then obtain (Xn) by passing to a suitable diagonal sequence (Xn, kn)=l

We recall that a separable Banach space X is stable [18] if for any pair of
bounded sequences (Urn), (Vn) in X,

lim lim Ilum + vnll lim limllum + vnll
n---}oo moo moo n--oo

whenever both sides exist.
In [27] a Banach space X is said to have property (M,) where 1 < p < oo if

Jg/(X p X) is an M-ideal in _’(X p X).

THEOREM 3.10. Let X be a separable Banach space such that (X) is an
M-ideal in a(X). Then the following conditions are equivalent:

(1) X has property (Mp) for some 1 < p < o.
(2) X is stable.
(3) There exists p, 1 < p < such that for every weakly null sequence (xn)

and every u X,

lim sup u + Xn
p u + lim sup IlXn "noo noo

Proof. In fact (1) (2) is due to Oja-Werner [27]. For (3) (1)we
suppose (u, v) in X p X and that (x,,, Yn) is weakly null sequence so that
both (xn) and (y,) generate weakly null types. Then

limsup[l(u + Xn,U "[" yn) l[= Ilullp + Ilvllp + limsup(llXnllp + IlYnllP).

By passing to suitable subsequences, the fact that X p X has property (M)
follows trivially. If (gn) is a shrinking compact approximating sequence for X
with limllI 2K 1 then Kn 9 K serves the same purpose in X p X.
Thus Jg/(X p X) is an M-ideal in _’(X p X).

(2) (3). Since X contains no copy of and is stable it is necessarily
reflexive. Now by Proposition 3.9, there exists p, 1 < p < oo, such that there
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is a normalized weakly null sequence (Yn) such that for every u X with
Ilull 1,

lim Ilau + Yn[] (I ct]p + ]]P)I/P
noo

Now let (x,,) be any normalized weakly null sequence generating a type, i.e.,
such that limllu / Xn exists for all n. Then we can define N(a,/3)
lim,,_oollu / Xn where u satisfies Ilu 1. Then by stability, if a,/3 R,

N(a,/3) lim lim IIy + Xmll
noo m-oo

lim lim IIYn + flXmll
moo noo

(11p + IIP) lip.

From this (3) follows easily.

4. Renormings and M-ideals

This section is devoted to results on renorming a space X so that J(X) in
an M-ideal in .’(X) and the related question of renorming X so that it has
property (M).

PROPOSITION 4.1. A modular sequence space X h(Gk) can be equivalently
normed to have property (M). If X* is separable then X can be equivalently
normed so that (X) is an M-ideal in .’(X).

Proof. We may assume that Gk(1)= 1 for all k. Note that the right
derivative of each Gk at 1/2 is at most 2. It suffices to replace (Gk)ffi by an
equivalent sequence (Fk)= of the form Fk(t)= Nk(1, t)- 1 for suitable
Nk ,/I/. We will choose each Fk to be convex and satisfy the condition that
t-l(Fk(t) + 1) is monotone decreasing for > 0. This is achieved by putting
Fk(t) Gk(t) for 0 _< _< 1/2 and Fk(t)= Gk(1/2) + 2(t 1/2) for >
1/2. Now let

/3) lal(1 + F(I/31101-1)) for a, 0

and

Nk(O,/) 21/1.

Then it may be verified that Nk is an absolute norm on C2.
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In fact, suppose $1, S2 > 0 and tl, t2 _> 0. Then

(t +t2)Nk(S + S2, + t2) (S + S2) + (S + sz)Fk s + s2

<--S1 + $2 + S1fk 1 + S2Fk -2
mk(S1, tl) + mk(S2, t2)

by the convexity of Fk. This and a similar calculation when one or both sj
vanishes ensure that Nk is a norm. To check the required absolute property
since N(s, t) is monotone increasing in we need only check that N is
monotone in s for fixed. If 0 < s < sz and t > 0,

<
s2

whence it follows that Nk(S1, t) <_ Nk(S2, t); again the other case when one or
more of s1, vanish is treated as a limiting case.

If X* is separable, since A(Nk) has a shrinking 1-unconditional basis and
has property (M), Theorem 2.4 gives the result, m

Remark. Notice that Proposition 3.8 gives another proof of the classical
result of Lindenstrauss and Tzafriri [22], [23] that every Orlicz sequence
space he contains a copy of some lp. The proof above depends on the
Krivine theorem whereas the original proof uses a fixed point argument. We
also note that it is now easy to give examples of unstable reflexive spaces X
for which J(X) is an M-ideal answering a question in [27] and [30]. In fact
any reflexive Orlicz sequence space F lp can be renormed to have this
property but by Theorem 3.10 no such renorming could be stable (since a
subsequence of the canonical basis would then have to be equivalent to some
lp). Such a space must also fail condition (Mp) for every p, thus answering
another question in [27].

Remark. D. Werner points out that an Orlicz space X lF with separa-
ble dual can be equivalently normed so that deal(X) is an M-ideal in .W(X)
and the canonical basis is subsymmetric (by Proposition 3.2). Thus
Hennefeld’s result [14] that X 1, 1 < p < oo, and co are the only spaces
with symmetric bases so that JeW(X) is an M-ideal in ..W(X) cannot be
extended to subsymmetric bases.

THEOREM 4.2. Let X be a Banach space with a subsymmetric basis (Un). In
order that X can be equivalently normed so that JU(X) is an M-ideal in .’(X)
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it is necessary and sufficient that X is isomorphic to an Orlicz sequence space F
and X* is separable.

Proof. We have already observed one direction in Proposition 4.1. For
the other if X can be so renormed then X* is separable and (un) is weakly
null sequence. By Lemma 3.6, (un) has a subsequence equivalent to the basis
of an Orlicz sequence space F. m

THEOREM 4.3. Let X be a separable order-continuous nonatomic Banach
lattice. IfX has an equivalent norm with property (M) then X is lattice-isomor-
phic to L2.

Proof. We can using standard representations represent X as a K6the
function space on [0, 1] with L c X c L (see [25], page 25, combined with
the discussion of measure spaces on page 114). The lattice norm on X we
denote by I1, Let us assume that X has an equivalent norm, IIM with
property (M). We can assume that for some A we have Ilxll _< IIxlIM--<
Zllxll,
Now if x X with Ilxll 1 then rnx converges to zero weakly where r

denotes the sequence of Rademacher functions on [0, 1]. We may pass to a
subsequence nk so that for every u,x X, limllu / XrnllM exists. For
convenience we set Rkx xr=. We then define, taking some fixed u with
IlulIM / 1,

Nx(a,/3) lim IIcu + RnXlIM
n

and

Fx(t ) Nx(1, ) 1.

Of course these definitions are independent of the choice of u. Now let
be the collection of all Nx for which Ilxll, 1,

Suppose Xl,..., Xm satisfy Ilxillz 1 for all i. Suppose 1,..., m R.
Then

lim lim
n n

m

E iRniXi
i=l M

Nx * * Nxm(O, 1,..., m)"

It follows that if X1,... Xm are, in addition, disjointly supported,

i=1 L
* * Nxm(O,l,...,m) A

i= L
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We now turn to estimating N for N //x. By a well-known application of
Khintchine’s inequality ([25], pp. 50-51) if Ilxll, 1 and i R for 1 < < rn
then

1/2
2

m

< Ave eiiRni
i=1

where the average is taken over all choices of sign e -t.- 1.
It follows that

1/2

and this implies that

for all finitely non-zero*sequences. Now suppose Fx(:) Nx(1, :) 1 < 2 -n.
Then if C is the universal constant of Lemma 3.5, :2 < 2C22-n. Since we
have an estimate Fx() > A-1[:[ -" 1 for large : we conclude the existence of
a constant c > 0 independent of x so that if Ilxll, 1,

Fx(t) > (1 + c2t 2)1/2 1

or

g(a,/3) >_ (lal 2 + c21/312) 1/2.

It follows that for every Xl, x2,..., Xm with IlxillL 1, we have

1/2

Thus if Yl, Y2,..., Ym are disjoint we get an estimate

m )1/2> cA-1 E Ilyill
i=1

i.e., X satisfies a lower 2-estimate. Thus X is in fact q-concave for every
q > 2 and by Theorem 1.d.6 of [25] there is a constant B so that if
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Yl,’’’, Ym X then

Ave eiy <_ B lYil 2
i=1 L i---1 L

We thus deduce that if Ilxll, 1 then for any nl,... ,nm,

Ave eiRniX < B I!2

i--1 L i=1

Taking limits we deduce

Nx , ".., Nx(O, l,. m) < AB(
i=1

I:il 2)
1/2

Exactly the same reasoning as above yields the existence of a constant D
independent of x so that

N,(a,/) < (lal : + D:i/SI:)’/:,

and hence that X satisfies an upper 2-estimate, i.e, for disjoint yl,..., Ym
we have

Yi < AD Ily/ll
i=l L i---1

1/2

Finally a nonatomic Banach lattice with both an upper and lower 2-esti-
mate is lattice-isomorphic to L2 (see [25] p. 22). m

The following corollary extends a theorem of Lindenstrauss and Tzafriri
[23], [25] who showed the same result for rearrangement invariant spaces.

COROLLARY 4.4. Let X be a nonatomic order-continuous Banach lattice
which is isomorphic to a subspace of an Orlicz sequence space hF. Then X is
lattice-isomorphic to L2.

Proof. he can be renormed to have property (M) (Proposition 4.1).

COROLLARY 4.5. Let X be a separable nonatomic order-continuous Banach
lattice which has a renorming so that JU(X) is an M-ideal in .(X). Then X is
lattice-isomorphic to L2.
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Remark. In particular if p 4:2 and 1 < p < oo then the spaces Lp cannot
be renormed so that oTg’(Lp) is an M-ideal in .t(Lp). See [19], [20], and [27]
for the isometric theorem and [12] for the case of Hp (which is isomorphic to
Lp). (Although we have treated only the real case, there is no basic change in
our argument for the complex version.)
We now give another result in the same spirit.

THEOREM 4.6. The space Y lp(lr) for 1 < p, r < oo has a renorming so
that J(Y) is an M-ideal in _’(Y) if and only ifp r.

Proof. Suppose Y has a renorming II IIM for which J(Y) is an M-ideal
in .W(Y). Let Xk be the space of sequences (x,,) with x,, and x 0
when n : k. Then Xk is isomorphic to r. Thus we can pick a sequence in
each Xk say (Ukn)= such that for every y Y,

lim Ily + aUknllM-- (llyll + lal r) 1/r

noo

Thus for every al,. ak,

lim lim aiUin lai[
nl’* ni’- i=1 M i=1

1/r

However the left-hand side is equivalent to (ElailP)1/p and we get a contra-
diction unless p r. m

Remark. This theorem can, of course, be extended to a more general
setting but we shall not pursue this point. Notice that this gives an alternative
proof that if p 2 then Lp cannot be renormed so that J(Lp) is an
M-ideal, since lp(lz) is isomorphic to a subspace of Lp.

In conclusion we note that we do not know any example of a separable
Banach space X with property (M) such that X* is separble and has the
approximation property where J(X) fails to be an M-ideal in .’(X). It
would be of interest to have such an example with X reflexive.
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