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A NEW CHARACTERIZATION OF DIRICHLET TYPE
SPACES AND APPLICATIONS

RicHARD ROCHBERG! AND ZHIIAN WU

1. Introduction

Let D be the unit disk of the complex plane C and dA(z) = 1 /7 dxdy be
the normalized Lebesgue measure on D. For a < 1, let

1-2a

dA(z) = (2 - 2a)(1 — Iz1*) 7 dA(z2).

The Sobolev space L>* is the Hilbert space of functions u: D — C, for which
the norm

llull = (

is finite. The space D, is the subspace of all analytic functions in L>¢. This
scale of spaces includes the Dirichlet type spaces (a > 0), the Hardy space
(@ = 0) and the Bergman spaces (a < 0). (The Hardy and Bergman spaces
are usually described differently, however see Lemma 3 of Section 3.) Let

, 1/2
+ [ (1ousoz)? + lou/0217) dAo(2)
A

];)udAa(z)

D,={geD,:g(0) =0}
and let
P = {g is a polynomial on D : g(0) = 0}.
Clearly P is dense in Da. Let P, denote the orthogonal projection from L>@

onto D,. For a function f € L>* it is possible to define the (small) Hankel
operator with symbol f, A, on P by (see also [W1])
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When we say h}“) is bounded, we mean there exists a constant C > 0 such
that

|K2(2)], < Cligll., Vg e P.

If we use the normalized monomials as a basis for Da and their conjugates
as a basis for D,, then the matrix of A{” is

—_— j'\/Bk+j,a ) - (_ k—ajl—a )
k,j=1

T +)VBr,a VB« f"*"(k +j)i

Here

n2

Bn,a = mB(n,Z - 201) = n2“

(B(-, - ) is the classical Beta function) and {f,} are the Taylor coefficients of
the analytic part of the symbol f:

PAP(E) = X fe"

For a < 1, define the space W, to be the space of all analytic functions f
on D for which

1/2
I, = s ([ e()f1f (I da ()] <

llglla<1

Clearly W, c D,. And it is easy to see that W, =B (Bloch space) if
a <0; Wy=BMO and W, =D, if a > 1/2. (See [W1] and [W3] for more
about W)

There are many equivalent norm characterizations of D,. The one that we
are going to present here can be viewed as a generalization of one of the
results in [AFP, Proposition 3.6] (see also [AFIP]).

The question of characterizing the symbol functions on D for which the
Hankel operators on the Dirichlet type space D, are bounded was raised in
[W1]. The space W, is related to the boundedness of the Hankel operators
(See [Ax], [P], [RS], [AFP] and [J] for @ < 0; [W2] for a > 1/2). Our
decomposition theorem for W, (Theorem 3 below) includes theorems similar
to those proved in [R] and [RS] for the Bloch space (= W,, a < 0) and the
space BMO (= W,).

Throughout this paper, we will use the symbol C to denote a positive
constant which may vary at each occurrence, but will not depend on any
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function or measure that we deal with. We also use the symbol = to mean
comparable.
Our main results are:

THEOREM 1. Suppose g is an analytic function on D, @ < 1/2, o, 7> —1
and min(o, 7) + 2a > —1. Then we have

lg(2) =g 10 2y oy
f;ﬁ, (1= 121%) (1 - Iwl*) dA(z) dA(w)

Il _ 2w|3+o'+-r+2a

= [ 18P~ 1) ™ da(z).

THEOREM 2.  Assume f is analytic on D and a < 1/2, then h{ is bounded
if and only if f € W,

For any fixed z in D, 8, is the point measure on D defined by

_J1 ifw=z;
6Z(W)_{O ifw # z.

THEOREM 3. Let a <1/2 andb>1/2 if a=1/2,b>1if a <1/2.
There exists a dy > 0, so that for 0 < d < d, and any d-lattice {z;} in D, we
have:

(@) Iff € W, then

(1- 1z

(1-2)’

)b—1/2+a

(1.1) f(z) - iﬁ"
with

< Clflw,.

a

Z |Ajlzsz,-
Jj=0

() If {A))g satisfies

< o,

a

ad 2
Z |A]| 82,»
=0

then f, defined by (1.1), converges in D, with

Ifli, < C

Z '/\'}‘262/
j=0

o

(The d-lattice and the norm || - ||, will be defined in Section 2.)
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For a = 1/2 and o = 7, Theorem 1 is proved in [AFP, Proposition 3.6]
(see also [AFJP]) with “=." Notice that (see [AFJP]) we can’t prove
Theorem 1 by using the identity

|£(2) = fw) > =1f(2) " = f(2)FW) - F2)f (w) +]f(w)I®

and then integrating each term; that will simply give © — 0 — o + o, We
should be very careful when we use Fubini’s theorem. Theorem 2 is also true
for @ > 1/2 (see [W2] or [W4]). Theorem 3 has its root in [CR], [R] and [RS].
Proofs for Theorem 2 (or Theorem 3) for the case of @ < 0 can be found, for
example, in [P], [R] and [W4] (or [CR], [R] and [RS]). The difficulties, for the
case of 0 < @ < 1/2, are that the reproducing kernel of the space D,, unlike
the other case, can’t give us sufficient information (see for example [RW] and
[W4]) and, unlike the 0-Carleson measure, the a-Carleson measure can’t be
characterized by a single box (see [G], [A], [S] and [J]). Our method, however,
works for all @ < 1/2.

In Section 2 we will give the background and the preliminaries needed for
the rest part of this paper. In Section 3, we will prove Theorem 1. In Section
4, we will apply Theorem 1 to get Theorem 2 and 3. Finally we will end this
paper with some questions.

We would like to thank the referee for his many very helpful comments.

2. Background and preliminaries

For B> —1and 0 <p < oo, let

dug(z) = (1 + B)(1 - 1z17)° dA(z).

The Bergman space A?# is the space of all analytic functions in L?(du ﬁ).
L*(dpg) and A>P(= D_, ) are Hilbert spaces. The orthogonal projec-
tion from L*(dug) to A># is (see [Z])

(2)
u_)j;)(_l_-i‘—fjv)—mduﬂ(z).

In particular if u € A%>#, then

u(w) = [ @) dpy(z).

p (1 —zw)P*?

This formula is sometimes called the reproducing formula of A4%#,
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Denote by K (z,w) the reproducing kernel of the space.Da. We know
K (-,w) € D, and the orthogonal projection P,: L>* — D, is (see also
[(w2]

(2.1) Po(u)(w) = Dg—g(z)%(z,w)dAa(z).

It has the property

du

_(Z
az_—s_h dA,(z), uel>".
zw)

(1-

The Bloch space B and the space BMO, on D, are defined respectively to be
the functions f which are analytic in D and satisfy (see [G] or [Z])

Iflls = sug{lf’(Z)l(l — 1zI%)} <o

22) g (PW)w) = [

”f”BMo = sup {fD (1 il )(1 — ] )lf’(w)lz dA(W)} < .

z€D 1 - 2,7W|2
Let w € D, let ¢,, be the function defined by ¢,(z) = (w — z) /(1 — wz).

We know ¢,: D — D is an analytic, 1-1, and onto map. The hyperbolic
distance on D, which is Moebius invariant, is defined by

1+|,(2)|
1-|é,(2)|

A sequence {z;}J7 in D is called a d-lattice, (see [R]), if every point of D is
within hyperbolic distance 5d of some z; and no two points of this sequence
are within hyperbolic distance d/5 of each other.

A nonnegative measure u on D is called an a-Carleson measure if

d(z,w) = log

[[18(:)F du(2) < Clglic, Vg & D,

The best constant C, denoted by || |l,, is said to be the a-Carleson measure
norm of w.

0-Carleson measures are just the classical Carleson measures (see [G]).
There are many equivalent characterizations on a-Carleson measure (see
[A], [KS], [S] and [J]). In this paper, however, we don’t need them. The above
definition seems easier to work with in our proofs. The space W, can also be
defined as the space of all analytic functions f on D for which the measure
If'(2)I*> dA,(2) is an a-Carleson measure.
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The following results can be found in [R, Theorems 2.2, 2.10] (see also
[CR] and [RS)).

THEOREM A. Suppose 0 <p <o, —1<B and b> 1+ B)/p +
max(1,1/p). There is a positive number d,, such that for any 0 < d < d, and
any d-lattice {z;};, there is a C = C(B, p, b, d) so that:

(@) If f € AP'P then

(1 | jlz)b—(2+[3)/p

(1-32)’

2

(23) f(z) = LA,
j=0
with
Y AP < CliflSee.
j=0

(b) Conversely, if {A}); satisfies L7_olA;\° < =, then f, defined by (2.3),
converges in AP'P with

flls < € T 1A,

j=0

THEOREM B. Suppose b > 1. There is a positive d, such that for any d,
0 <d < d,, and any d-lattice {z,};, there is a C > 0 so that:
(@) If f € B (or BMO), then

= (1-1z1)
24) f(2) = goaj(——-—z-—)—,

(1-32)"
with
sup {IA;1} < Cliflls

iz0

(or Z|A,-|2(1 - le|2)5zi < C||f||BMo)-
j=0 0
(b) Conversely, if {A}; satisfies
sup {|A;} < o

jz0

v AP (1 = 1z;1%)e,,
j=0

[

<=,
0
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then f, defined by (2.4), converges in the weak* topology in B (or BMO) with

)
0

Remark. The assumption on (b) of Theorem A in [R] is b > (2 +
B)max(1,1/p). It is easy to check that we can change to the above assump-
tion (for the detail see [W1]). The original form of Theorem B in [R] also
contains the results for Besov spaces.

The ideas of the proofs of Theorem A and B in [CR], [R] and [RS], which
we also need here, are to start with the reproducing formula

Iflls < Csup{lA;1}

j=0

(or Iflzso < C|| T 1a;1%(1 = 1z;1?)
j=0

f(w) =(b- 1)[1)1%22_—37);(1 - |z|2)”’2 dA(z), b>1,

and then to approximate this integral by a Riemann sum

(Af)(w) = CZf(Z)lDI(—%-
(1 —zZw )

Here {D}J is a proper disjoint cover of D, and |D;| = [, dA(z) is the
normallzed area of D,.

The key steps usmg these ideas are summarized as the following lemmas
(see [CR, pp. 22-25] or [R] and [RS]):

LemmMa A. (D) If B> —1and b > 1+ (1 + B)/2, then the operator

@) = [ Lm0 1) aaca)

-Ib

is bounded on L*(du.p(2)).
(2) If b > 2, then the operator T is bounded on the space

2
{w:] 1u(2) P = 121%) dA(2) | < ).
LEmMMA B. Let {z); be a d-lattice in D, then there exists a disjoint
decomposition (D} of D, i.e., US_oD; = D, such that |D;| = (1 — |z; 12)2,
z; € D; and

| f(w) = (Af)(w)| < Cd(Tf)(w).
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3. A characterization of D,

In this section, we will prove Theorem 1 which generalizes a result in
[AFP], which says (8 > —1)

fn/nlf(Z) —f(w)| dpg(2) dpg(w) =[D|f'(z)|2dA(z).

1 — zw|**?#

Notice that 1/(1 — zw)**# is the Bergman reproducing kernel of D with
respect to the measure du B(Z)' If we consider any “good” plane domain and
the corresponding Bergman kernel with respect to a more general nonnega-
tive measure dv(z), then a similar formula is still true (see [AFJP]).

We need some lemmas for proving Theorem 1.

LemMma 1. Forx,y > 0, the Gamma and Beta function are defined as
P(x) = [%e™ar,  B(x,y) = [r='(1-r)"dr.
0 0

For fixed x and y, we have for any natural numbers j and k

(3.1) T(j+x)/T(i+y) =G+, B(k,x)=k™*
(3.2) B(j+1+x,y)—-B(j+tk+1+x,y)
=+ —(k+j+1)7".

Here “ = ” is independent of j and k.

Proof. (3.1) can be found in [T, section 1.87]. For (3.2), we have

B(j+ 1 +x,y) —B(j+k +1 +x,y) - fl(rj+x _rj+k+x)(1 _r)y-ldr
0

1 isx = n y
j(;r’ ;Or (I—r) dr

k—1
YB(n+j+x+1,y+1)
n=0
k-1
Y(n+j+1)7!

n=0

~ fk(t +i+ 1) ar
0

u

~(+1) 7 —(k+j+1)7".
The proof is complete. O
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LemMMA 2. For a <1/2,0 + 2a > —1, we have
f:t"““(l + ) TV 4 )T - 112 de <
Proof. Obvious. O
Lemma 3. If f(z) = I5_a;2' € D,, then |5 = T5_o(j + D2e|a,|?
Proof. Obvious. m]

Before proving Theorem 1, notice that if o # 7, say, o > 7, then by the
fact that (1 — |z]),(1 — |w]) < |1 — zw|, for z,w € D, we have

(L= 12" = )" (1= 1) (L= )’

=, 13+20+2a =, |3+0c+7+2a
|1 — Zw| 1 —zZw|
a\T
==Y (= )
= |1 |3+21'+2a *

Hence, in Theorem 1, the case o # 7 can be obtained from the case o = 7.

Proof of Theorem 1. We only need to consider the case of o =7 and
a<1/2

For convenience, let 8 = 3/2 + o + a and

_ Yk _[1, ifk=0;
f(Z)—kgoakz , x(k) {0, ifk<O0.

By setting z = re”®, w = se’®, t = ¢ — 0 and { = se’, we can write

foDV(Z) —LIO (1 _ 122y (1 = wl?)” dA(z) dA(w)

|1 —zw|?
. . 2
A oprp e [f(re®) = f(se040)|
11'2'[-[ ff 11— rse’|*?
x(1-r2)7(1 - 5*)° dordrdtsds
2 1 2|r o o
== la I———-—l—2 1—s?%) rdrdtsds
,,fofmfokzlk e (1 =) (1 =)

—2ZI ol fj £|2B(1—r2) (1 - 1£1%) dA()rdr.
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Let g,(¢) = (r* — ¢¥)/(1 — r{)P. By Lemma 3, we only need to show
= 1 2 _ 42 7 _ 2\7 ~ 2a
1(k) = [*[ |81 = )" (1 = 1P)" dA()rdr = k7%, k= 1.

Notice that for r € [0, 1), g,({) is in the Bergman space A%°. Hence the
reproducing formula for 4% allows us to write

g,(0) = (1+ a)[D(Tg’(—")m(l )’ dA(m)

- n{)

3 1 =iy -
- 'Zo B(j+1,0+1) ngr(n)n 'S (1 - ln|2) dA(m).

Thus we have

fD 16,(0) (1 = 121%)" dA(¢)

1 =)
B(j+ 1,0+ 1) ‘f,,gr(")" (-

I
L0s

ie.,

k) = ¥
i=0 )

X(1—r?) rdr.

We now compute the integral above by observing that

gr(n) = (r - "7k) Z F(g()’lt(tlﬁi) 1) r'n",

hence

ngr(n)Tw"(l ~ In1?)” dA(m)

_ -1(T(j+B)B(j+ 1,0+ 1) ,.;
=18 ( TG+ 1) rt

. r(Jj k+B)B(]+10'+1)]
—x( = k) T(j—k+1) )
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and

2 o
(1 —=r?) rdr

[ |[e (- mP)” aacm
T'(j+B)’B(k+j+1,0+1)
r(j+1)>°

XU =T +BIG -k +B)B(j+ 1,0+1)
T(j+ )I(j -k +1)

=T(B) *B(j + 1,0 +1)°

XU =K —k+B)’B(j—k+10+1)
I'(j—k+1)° ‘

So
I'(j+B)’B(k+j+1,0+1)
r(j+1)>°

__2)((]'—k)F(j+B)F(j—k+ﬂ)B(j+1,a'+ 1)
Fr(j+1H)I(j-k+1)

+X(i—k)F(j—k+ﬂ)2B(j—k+1,a+ 1)
I'(j—k+1)>

I(k) =T(B)~? lim fB(j +1,0+1)
m—»wj=0

= lim

m — o

i B(j+ 1,0+ 1)B(j+k+ 1,0+ 1)I(j+ B)’
j=m—k+1 T(j+ 1)

m-—k

+2 )

j=0

B(j+ 1,0+ 1)B(k+j+1,0+1)I(j+B)°
r(j+1)>°

B(j+k+1,0+1)T(j+k+B)L(j+B)
- T(j+k+ DI +1) ‘

For any j, by (3.1) of Lemma 1, we have

B(j+ 1,0+ 1)B(j+k+ 1,0+ 1)I(j+B)>
r(j+1)>

—1— N —1—-0c.28- Da—
=jTI(k + )T P < g,
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hence for @ < 1/2

m . . . 2
im 3 B(]+1,0+1)B(1-|jk+21,0'+1)1'(1+l3) ~ 0;
m_"°°j=m—k+1 F(]+1)

Ifwelet x=B—1and y =1/2 — a, then by Lemma 1, we get

B(j+ 1,0+ 1)B(k+j+ 1,0+ 1)I(j +B)’
r(j+1)>

_B(jt+k+1,0+1)’T(j+k+B)(+8)
F(j+k+1DIT(j+1)

B(k+j+ 1,0+ 1)I(j+B)I(o + 1)
T(j + DI(1/2 - a)

X(B(j+B,1/2—a) —B(j+k+B,1/2 — a)).
G+ 0Pk +i+ )7 G+ D= (G +k+ 1)),

u

Combine these computations to get (using Lemma 2)
m—k

I(k)= lim Y, (j+ 1) Y(k+j+1)"7"
m-o g

X((G+ D)2 =+ k+1)*7

z'/.oox‘;_l(k_’__x)-‘a‘—l(xag—l/Z_ (k +x)a—1/2)dx
0

= k2 [T+ ) (L 4 ) )
0
=~ k2.

The proof of Theorem 1 is now complete. 0

Theorem 1 has a version on the upper half plane, U, which can’t be
obtained by using Cayley transform on Theorem 1 (except for the case o = 7
and a = 1/2). One may prove it by applying the Fourier transform on
horizontal lines and then using Plancherel’s Theorem (see [AFP, page 1024]).

TueoreM 1. Suppose g is analytic on U, 0 < a < 1 and o,7 > —1. Then

foUIg(z) —g(w)|*

2 91—
|Z _ w|3+0+7+2ay"v’dxdydudv = fulgl(z)| yl 2°‘dxdy.
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4. Applications
In this section we prove Theorem 2 and 3. We first need the following

lemmas.
For y > —1 and u € L*(dA,), define the operator

BWK@W0=fﬁE¥%%pmxﬂ,VgeR

LEmMA 4. Suppose a <1, y > —a, u € A>'2% and h, , is bounded

from D, to LX(dA,), then sup, < p{|lu(2)|(1 — |z|*)} < o

u,y

Proof. (cf. [W2, Theorem 1]). Let [a] be the greatest integer in « and set
n = —[a). We consider the functions

1/2+a+n zntl

(1 _ c_lZ)n+1 ’
(1-1z1%)

(1 —az)*"”

fu(z) = (1 = lal?)

3/2—a y—1+2a

eu(z) = L=1eD)

Clearly for any a € D, f, is in D, with ||f,ll, = 1 and e, is in L*(dA,) with
lle,ll2a4,y = 1. It is easy to check that

Lo f)(w)e(w) ddo(w)

B 3 22+n u(z)zn+1
- (1 |d| ) fD/I) (1 zw)2+y(1 )n+1
y—14+2a
OB 2y da(m)

(1 - aw)**”
2 - 2a 2\n+2 u(z)z"*!
EES! (1-lal”) fD(l _ Ea)3+'y+n du,(z)

(2 -2a) n+2
B R PR R TEr Ry L)

u®+B(a).
This implies

n+2 ~
sup {(1 - |a|2) |u(”+1)(a)|} < Clia, W If llalle,ll 2,

aceD
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Recall

2\Y ~ - ) N2ty
sup {|u(a) (1 — lal*)} = X [u®(0)| + sup {(1 — lal*)" " u+(a)}.
acD j=0 acsD

Hence the proof is complete. O

LemMmA 5. Let « <1/2 and ¢ > 0. If p is an a-Carleson measure, then
for any w € D,

1 - |w|?
f,,l(—lrﬂ)w du(z) < Cliplle.

Remark. For a = 0 and ¢ = 1, this condition is also sufficient (see [G, p.
239)).

Proof. For fixed w € D, a straightforward computation shows that
_ 2\8/2 — Na—1/2-¢/2
g(z) =(1-1wl")" " (1-wz)
isin D, and ||gll, < C independently of w. Hence
1- lw?)
/ W) du(s) = [ 18(2)* du(z) < llnllaligl? < Cllulla.
p|l — Zw| D

The proof is now complete. O

For b > 1, consider the operator
z b-2
@) = [0 1=y daa).
Lemma 6. Let a<1/2,B> —-1,B+2a> —1 and

B+3 B+3
b>max{ ) —a}.

Suppose v(z) is a function in L*(dug). If the measure [0(2)1? dug(2) is an
a-Carleson measure, then the measure IT(v)(z)I du B(Z) is also an a-Carleson
measure.

Remark. For the case of @ = 0 and B = 1 (which is part 2) of Lemma A),
Lemma 6 is proved in [RS]. The method we are going to use here is quite
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different from theirs (which is based on the fact that the 0-Carleson measure
can be characterized by a single box). Also it seems very hard (at least for us)
to prove this lemma by using the results in [A], [S], [J] and [KS], because the
corresponding conditions in there are hard to verify.

Proof of Lemma 6. Notice that |w(z)|? dug(z) is an a-Carleson measure
if and only if the multiplier M,: D, — L*(du p) is bounded. We only need to
prove that the multiplier My, is bounded from D, to L2(dy,3). Because T
is bounded on L2(du,,3), by Lemma A, we have TM,, is bounded from D, to
L*(du), hence we only need to show the difference My, — TM, is bounded
from D, to L*(dug).

In fact, Vg € D, we have

2
[ B8 (1 2y dac)

|(Mze,y — TMU)(g)(W)Iz B -zl

If « =1/2, then

2
fo BB (1 12y daa)

2
w) —g(z 2b-4-8
< Clolan, | 'g(l 1)_23(2,,)' (1= 122 da(z);

hence, by Theorem 1 (o = 2b — 4 — B, = B),

"(MT(v) - ™, )(8) ”iz(dpﬂ)

2
— 26-4-p
< CIIv!Iiz(d,Lﬁ,[Dfnlg(l’lv)_ zjl(zf” (1 - 1z1?) dA(z) dpg(w)

2 2
< Clivlzauy lglliy2.

If @« < 1/2, choose a number ¢ > 0 such that those assumptions for Lemma
6 remain true if B is replaced by B — . Then

2

[ip(2) B8 (1 22y o)

1 —zw|®

cof L@l (2)
D|1_2w|l+e—2a MB

lg(w) — g z)|2 2b—-4-p
X Dll _ 2w|2b—1(—¢-:+2a (1 - Izlz) dA(Z)’
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by Lemma 5,

lv(2)|? 2379|112 )
‘[Dll _ 2w|l+a—2a d""ﬂ(z) = C(l - |W| ) "lvl duﬁ”a’
hence by Theorem 1 (0 =2b — 4 — B, 7= —¢)

(M, — T™™,)(2) ||12(du,,)

< Cflol? dusg| [ [ ECAZE@L(y _ pppyeecs

pIp |1 — zw[P-1-¢+2a
xdA(z)(1 - w?)° ™" dA(w)
< C||lol? dug| )l 13-
The proof is complete. D

We prove Theorem 2 by showing Theorem 2’ stated below. We also need
Theorem 2’ for proving Theorem 3’ later.

Tueorem 2'. Leta <1/2andy> —1/2if a = 1/2,y > max{0, —2a}
if @ < 1/2. Let u be analytic on D. Then the operator h, , is bounded from D,
to LX(dA,) if and only if the measure |u(z)|*> dA,, is an a-Carleson measure.

Theorem 2 is then an easy consequence. In fact, let y =1 — 2« and
u = f'. By (2.1) and (2.2), we have

- (H(8))(w) =0,

7 (M) w) = [ Mz—)—dAa(z) = ()W)

_)3 2a

Hence h{ is bounded if and only if 4, , is bounded from D, to L*(dA,).

Proof of Theorem 2'. 1If u is such that lu(z)|> d4,, is an a-Carleson
measure and g € D,, then ug € L(dA,). By Lemma A (b=2+1v and
B=1-2a),

h, ,(8) € L*(dA,)
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and

170 (8) | 2any < ClBllizany < Cllul? da, |, gl

This implies that /, , is bounded from D, to L*(dA,).
To proof the converse let u be analytic on D. We need to show

llugllz2a,y < Cliglle, Vg €D,.
Notice that
lugllzaa,y <18(0) Mullizaa, +u(e — £(0)) 2y
and for ¢(z) = z we have (see also [W2, Lemma 3])

P (0) | 1200y <10(0) | + Clli, )l 1]l < o0,

hence we only need to show

”u”Lz(dAa) z]u(O)I +|

luglizzaa, < Cliglas Vg € D,.

Using the idea of the proof of Lemma 6 again, we study the difference

g - T - [ HOEIE D o, (o)

By the boundedness of fzu ,» We only need to show that the L*(dA,) norm of
this difference is dominated by the D, norm of g. In the followmg, we will
use the notation B(u) to mean the quantity sup,  p {lu(2)|(1 — 1zI1%)}.

If @ = 1/2, then dA,(z) = dA(z), by Cauchy’s inequality

u(z)(e(w) - 8(2))
/n (1 - zw)**” dusr(2)

< [ Ju(2) d(z) [ 1ES [80v) - =2 Ly gy,

|4+2y

hence, by Theorem 1 (o = 2y and 7 = 0), we have

|z - 7., (o

LX(dAy)

2
IIuIILz(dAa>[f |g(w) 8 (1 _ 112y da(z) da(w)

5 |4+27

<Cllu “Lz(dAd)“g“a;
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If @ < 1/2, then again by Cauchy’s inequality

2

- Iz:l"’)y dA(z)

fu(Z)(g(W) g(Z))
D (1-zw)*"

< [,y aa

f 'g(w) g(z)|2(1 — 121?)"7 da(z)

= |2+'y

2,71
< CB(u)ZfDLl__—|_z—||—Z—;y— dA(z)

anlg(w) 8L Ly aac

11— zw|>*”

< CB(u)*(1 - |w12)‘1fD|8|(W) —8(2)| (1-

1—zw|*t

hence

" ug — ﬁu,y(g)"i}(d,q )

7 |2+y

XdA(z)(l ~ Iwl )‘2"‘ dA(w)
< CB(u)7gll3.

1z1%)"

Izlz)y_1 dA(z);

-1

This last inequality is obtained by Theorem 1 (0 =y — 1 and 7 = —2a). It
follows from Lemma 4 that B(u) is finite. Thus the proof is complete. O

Instead of proving Theorem 3, we show the following one. Theorem 3

follows by term by term integration.

TueoreM 3’ (DecomposITION THEOREM). Let a < 1/2 and b > 3/2 if
a=1/2,b>2 if a <1/2. There exists a d, > 0, so that for any d-lattice

{z;} in D, 0 < d <d,, we have:

(a) If f is analytic in D and | f(2)|> dA 2) is an a-Carleson measure, then

( |z.|2)b—3/2+a

(4.1) f(z) = ZA

(1 —zz)b
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with

= C" |f|2 dAa“a‘

[+1

- 2
j=0

() If {A); satisfies

< o,

then f, defined by (4.1), is in A>'~2% and |f(2)|* dA(2) is an a-Carleson
measure, with

lif1? da, . < ¢

2
Jj 82,'

Remark. The convergence of the series (4.1) is in A%>!~22, It also con-
verges pointwise.

Proof of Theorem 3'. Without loss of generality, we will assume
b > max{2,2 - 2a} ifa<1/2.

In fact, for @ < 0, it is easy to check directly that | fl2 dA, is an a-Carleson
measure if and only 1f supzeD{If(z)l(l — 1z|*)} < o, Pick o« <0 50 that
b > 2 — 2a’. Hence |f|* d4, is an a-Carleson measure if and only if |f|* d4,,
is an a’-Carleson measure.

We show part (b) first. Clearly, by Theorem 2’ (y = b — 2), we only need
to show that the operator h 5 is bounded from D, to L*(dA,).

The assumption on the sequence {A;Jg 1mplles that {A]J5 is square
summable. Hence by Theorem A, the sum (4.1) converges in A2 1=2¢ and
then f, defined by (4.1), is in 4% I-2a

For any g € D,, consider the formula

Fra )00 = [ () g_(z) 8 (1 12y e

Zw)
_ i/\j(l : 'Zjlz)b—3/2+a
j=0
1 g(2) b—2d
X[D(I—ZZ) (1 5 )b( ) A(Z)

b-3/2+a

—8(2)).

= (1130
= Z Aj —
j=0 (1-2zw)
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By Theorem A (b) (p = 2,8 =1 — 2a) we have

7.5 z(gl

So (b) is proved.

Now we prove part (a). Let g € D, and {z;Jj be a d-lattice in D. The
assumption on f implies fg € 4%172 ‘and the discrete version of this is that
the sequence

llgllz.

a

A212“5C2|/\g(zl)| SC I/\I2

{f(zj)g(zj)(l _ |zj|2)3/2—a}:

is square summable (see also [CR] or [R]). This means that the measure (here
we use the notation in Lemma B)

e -1/2-a 2
Y |f(zj)(1 — lz;) |D,.|‘ 5,
j=0
is an a-Carleson measure and

(4‘2) < C" |f|2 dAa "a'

a

i lf(zj)(l B |zj|z)—1/z—a|Dj| |262j
j=0

Let (see Lemma B)
(1-1zP)""
(1——zz)b ’

then, by part (b) of Theorem 3, |A(fX2)|> dA (2) is an a-Carleson mea-
sure. Regarding A as the operator on the space

A(f)(z2) =C Zf(z )ID;l

{f € A>1 72 | f(2) (1 - Izlz)l‘za dA(z) is an a-Carleson measure},
we have, by Lemma B,

I(I = A)(f)(2)| < CaT(£)(2).

Let d be sufficient small. By Lemma 6 (8 = 1 — 2a), we have the operator
norm estimate

I —All <1/2.
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Hence A1 exists and

a1 < ¥ (1 -4)"] < 2.

i=0
Now we can write
f(2) = (447'f)(2)
= C¥ (47)(z)ID) (- 1z)
B j=0( f)(Z’) J (1 —Zz)b
z _ .2 b-3/2+a
=CY. (A-lf)(zj)|pj|(1 _ |zj|2)—1/2—a (1 |z,|_)_ b
j=0 (1 —zjz)

By the inequality (4.2) and the boundedness of 47!, we get

2

)

Zj

-1/2~a

= |4 N - 15)

a

< Clla=f? da, |, < cla=n|if? a4, ],

Thus the choice of A; = (A7 Xz)ID;I(1 - |z;/*)71/27* completes the
proof. O

5. Some questions

(1) Instead of D or U, consider more generally any simply connected
domain in C (or in C”). It would be nice if we could get a result similar to
Theorem 1. The best range of those parameters in Theorem 1 is also
unknown. We believe that for nice domains Theorem 1 remains true if
a>1/2.

(2) Is it reasonable to consider the sum (1.1) in the Theorem 3 as a series
converging in some weak® topology instead of the one in D,?

(3) To answer question (2), maybe we should ask first that what is the
predual space of W, (the predual of W, = BMO is H).

(4) We noted in the introduction that the operators A{ are related to
matrices of the form
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We know much less about the more symmetric matrix

[A]
[Ax]
[AFP]

[AFJP]

[CR]
[G]
]
[KS]

[P]

[R]

[RS]
[RW]
[s]

[T]
[wi]

[w2]
(W3]

[W4]
[z)

- k—aj—a
(f"*"(k +j) 7 )
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