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TANGENTIAL LIMITS AND EXCEPTIONAL SETS FOR
HOLOMORPHIC BESOV FUNCTIONS IN THE
UNIT BALL OF C”

KaRr1 E. SHAW

1. Introduction

Let B” denote the unit ball in C* with boundary S, the unit sphere. If f is
holomorphic in B” with homogeneous expansion

(z) = T ful2),
k=0

define a radial fractional derivative of order g > 0 by

0

RPf(z) = ¥ (k+ 1D)Pfi(2).

k=0
Note that for 8 = 1, R'f = #f + f where Z is the usual radial derivative as
defined in [R]. Define the Besov space Bf(B"), p > 1, B > 0, as

Bg(B") = {f € H(B"): [ IRVH(2)P(1 = 12))"7 aV(z) < °°}’
so that
Ifl5.6 = [ IR*BF(2)P(L = 121)”™" v (z).
-

When B is a positive integer, this definition is equivalent to the analogous
space using % instead (see [BB]), and we will occasionally use % when it is
convenient.

For functions in this space we show the existence of limits in certain
non-isotropic tangential approach regions. The exceptional sets are shown to

Received December 26, 1990.
1991 Mathematics Subject Classification. Primary 32A40.

© 1993 by the Board of Trustees of the University of Illinois
Manufactured in the United States of America

171



172 KARI E. SHAW

have singular measure zero. There is an explicit relationship among the
various parameters: B, p, n, the order of tangency of the approach regions,
and the singularity of the measure of the exceptional sets.

There are many papers dealing with the existence of tangential limits.
Work has been done by Cargo [Ca], Kinney [K], Nagel, Rudin, and Shapiro
[NRS], and others. In [AN] Ahern and Nagel published results for the upper
half-space for both Besov and Sobolev spaces. In the setting of C”*, Gowda
[G] and Sueiro [S] have both studied tangential convergence for fractional
Cauchy integrals of L? functions. In the second section of this paper we use
techniques from [AN] for Besov spaces in C".

In [Co] and in [AC] Cohn, and Ahern and Cohn develop and apply
techniques for completely characterizing exceptional sets of Sobolev func-
tions in terms of non-isotropic Hausdorff measures. In the third section we
apply these techniques to our Besov space setting. We show not only that
every exceptional set has Hausdorff measure zero, using a Frostman-type
result proved in [Co), but that every compact set of Hausdorff measure zero
is an exceptional set for some Besov function.

This work forms part of the author’s thesis. The author would like to thank
Patrick Ahern for his help and advice.

2. A strong L? estimate
We need to define the approach regions that we will be using. Note that in
the following definitions, when we write z = rn we intend for 0 <r < 1,
n € §, so that rn € B™. Also, throughout this paper C will denote various

positive constants which depend only on allowable constants and parameters.
For { € S and 6 > 0 let

B(¢,8) ={neS:1—(n,{| <8

be the Koranyi ball. Define approach regions at { € S by
D,(¢)={z=rn:11 ={n,0 <a(l-r)}.
Note that these are equivalent to the usual admissible approach regions
{z =rn:1 -4z, < %(1 - rz)}.

Our definition of D,({) will simplify later computations. These approach
regions are tangential in some directions and non-tangential in others [R].
We next define approach regions at { € S which are tangential in all
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directions. For 7 > 1 set

Q.8 ={z=rn:I1 =, O" <a(l - r)}.

Thus, 7 is the order of tangency of the approach regions.

A standard way to prove the existence of limits in approach regions is to
prove an L” estimate on a maximal function. Set Mf({) = sup, c o, ,)|f(2)!.
For 0 <m < n, let v be a singular measure on S with v(B({, 8)) < Cé™.
We will prove the following.

THEOREM 1. If m /7 = n — Bp there is a constant C such that

[s MF(£)" dv(¢) < CIIfIB 4.

The proof will be quite similar to that of Theorem 7.1 in [AN]. First we will
need two technical lemmas. We define a non-isotropic polydisc in B” as
follows. If z = rn choose m,,7s,...,m, so that {n,7,,m5,...,7m,} is an
orthonormal basis for C”. Set

n
P(z;8,,8,) = {w =rn+An+ Z)tj'r]j:Ml <é,(1-r),
j=2

1Al < y/8,(1—r) ,j=2,3,...,n}.

This is a polydisc of radius §,(1 —r) in the radial direction and radius
V8.(1 —r) in the n — 1 tangential directions. Its size is proportional to the
distance 1 — r from the center of the polydisc to the boundary of the ball in
the radial direction, and proportional to the square root of that distance in
the tangential directions. The constants §, and 8, may be different. If
8, =68,=08 say that P(z;8,8) = P(z;8). Note that the volume of this
polydisc is

C(8,(1 - r))Yo(—r) " P = cort82(1 - )"

LemMma 2. For each a,y with 1 <a <y there is a 6 = 8(a,y,n) such
that if {€ S and z =rn € D,({), 1 >r > %, then the polydisc P(z;8) C
D.({).

Y

The proof, essentially that of Lemma 3.5 in [AB], is omitted.
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Lemma 3. Let 7> 1,y >0, and 0 <p, 8 < 1. For & and p — } suffi-
ciently small there is an ¢ = &(7,, p, 8, n) such thatifz € Q,, , , ,({), |z| > 1
and a, A > 0, but z & D ({) then P(z;p,8) C Q, , 4, (O.

Proof. The proof is similar to that of Lemma 7.1 in [AN]. Write z = rq.
Let w = s¢& € P(z; p, ). It is easy to show that |1 — (£, 1)| < C(1 — r) and

s2=w2<ri+2rp(1—r) +p*(1 = 1)’ + (n = 1)8(1 =)

SO

l—szz(l—-r)(%—-2p—%~p2—(n—1)8).

If & is small and p is close to 7 we obtain

Q2
1-r< lcs < C(1-y).

Thus,
|1 - <§’£>|T < (|1 - <§,n>|1/2 + |1 _ <n,{>|1/2)2"

< (CV2(1 = )2 4 |1 = (m, OO1'2)

_ 1,2 27
< Cl/zll <77’£>| + |1_<n’{>|1/2

71/2
<Cll-=(n, DI
<CZ(1-7)
<CZ(1-5s).

Let £ be the reciprocal of this constant C. ®

Proof of Theorem 1. Suppose z € Q, ({) and |z| > 3. An easy calcula-
tion shows that

f(z) = Cfol(log—l{)B(RB“f(tz))dt.
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Apply the mean value property to R¥*1f(¢z) on the polydisc P(tz; &) defined
earlier, where & will be chosen later.

IRE*If(12)] < IP(12;8) 7' [ IREIf(w)ldV(w)
P(tz;8)

s(fp

1/p
. )IRB“f(w)I” dV(w)) |P(tz;8)71/*7

by Holder’s inequality

1/p
- C(’[I’(tz;s)lRﬂ+1f(W)|p dV(W)) (5(1 —_ tr))—(n+l)/p.

So

1/p
|f(Z)| < C,[Ol‘log-}—'ﬂ(L(tz_a)lRB+1f(w)|p dV(w)) (5(1 _ tr))-(n+l)/p dt.

Use the estimate log(1/t) ~ 1 — ¢ to get

1/p
If(Z)IsCfl(l—t)”([ |Rﬂ+‘f(w)|"dV(w)) (8(1—1tr))""*V7P gy,
0 P(tz;6)
Let t0,0 < t, < 1, be the number such that tyz € dD,({). That is, for

z =rn we have |1 — (n, )| = a(l — rty). If z € D({) then let ¢, = 1.
We write

1/p
If(2)l < c(jo"’ + [1)(1 ~ t)B(fP(tz's)lRi’“f(w)lp dV(w))

X(8(1 = tr)) ="V gt
=A + B.
First look at part A.

A=C§ nth/p fto(l _ t)ﬂ(l _ tr)—(n+1)/p
0
1/p
X (f IRB*1f(w)lP dV(w)) dt
P(z;6)
< Com/p (01— 1)*(1 = 0)°(1 — 1)~
0

8 ('I;’(tz;S)IRﬁJrlf(W)IIJ dV(W)) T

where a + b = B.
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Consider w € P(tz; 8). One can show that
1— w21 —-tr)(1-8(n+2) and 1- |w|<4(l-1t).
For small values of & we obtain
1-t<1-tr<4(1-Iwl) <16(1—1tr).

By these calculations,

|A| < '[OtO(l _ t)a 8_(n+1)/p

1/p

"(L@z;a)"“’“f(w)lp(l — Wt av(w) | ar

as long as b > 0.

We have 0 <t <t, so, applying Lemma 2 with ¢z € D,({), we obtain
P(tz;8) c D({) for ¥ > a and appropriate 8, independent of ¢z. Fix this &.
Now

IAl < Cft0(1 _ t)a 8_(n+1)/p
0

<[

Y

1/p
{)IRB“f(w)I"(l - le)b‘”'”_ldV(w)) dt

= C(fot"(l - t)“dt) 8- (n+b/p

x(fD

Y

~e(f

Y

1/p
({)IR’“‘f(W)I"(l - |w|)’"""‘1dV(w))

1/p
{)IRB“f(W)I”(l - lwl)”"""“dV(w))

ifa> —1.
This last integral is now independent of z. Raise it to the p™ power, take
the supremum over all z € Q_({), and integrate over the sphere S with
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respect to the measure » to get

f sup |47 dv(¢{)
S zeQ )

= j;anny(;)(w)IRB“f(w)l”(l — wh” ™" av(w) dv(¢)
< L”IRB+1f(W)|p(1 - |w|)bp—n-1 'I:S'XD"({)(W) dV({) dV(w)
by Fubini. Note that
D,(¢) = {w +s¢:11 = <&,0] <y(1 —5)}

= {w=s§:{EB(§,'Y(1 —S))},

and so

fSXDy(;)(W) dv({) = V(B(f, 'Y(l - le)))
=Cy™(1 - lwh)".

Thus

[ sup 4P dv(8) < C[ IRET(w)P(L = Iwl)*? ™" dv(w)
SzeQ (0 B"

=Clfllp,g fbp—n—-1+m=p—-1.

Easy calculations show that if bp —n —1+m=p -1, a +b =, and
m/t = n — Bp, then

1 m 1
b=;(p+n—m)anda=;(1—-;)—1.

Thus, b > 0 since m <n,and a > —1since 7 > 1.

Now we turn to integral B. Break up the interval [¢,, 1] as follows. There is
a positive integer N such that 1 — tor > 2V(1 — r) > 3(1 — tyr). Find ¢, <
t; < ...<tyy; =1sothat1—¢r=2N7*(1 - r). For these choices of ¢,
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the distance from ¢;z to the boundary of the ball is twice the distance from
t;,12 to the boundary, ¢,z is on dD,({), and ty,,z = z.
We claim that P(tz;8) = P(1z;8,8) c P(t;z;(1 + 8)/2,8) if t € [t;,¢;,,].
Suppose w € P(iz; 8, 8). Then

w=rtn +An + Y Am; where [\| <8(1 —r),IA;] </8(1 —tr)
=rtm + (rt —rt; + ) + LA,

We must show that

= rty Al < (152) (1= ) and Iyl < yf6(1 =17

Clearly |A;| < /8(1 —1tr) < ‘/6(1 — t;r) since t > t;. Also,

It —rt; + Al <rt —rt; + 8(1 — tr)
=1—-tir—(1—1tr) +86(1—1tr)
=1-tr—(1-98)(1-1tr)
<1—t;r—(1-8)(1—t,r) sincet <t
<l-tr- %(1 —8)(1—tr) sincel —t;,,r> %(1 —-tr)
=(1- tjr)(l - #)

- (- 41 (2

so we have proved the claim.

Write
A= P(tjz;ﬁ, 8).

J 2
We now have

1/p
IB| < % c[‘“‘(1 -1 - tr)_("“)/"(f IRB*1f(w)lP dV(w)) dt
. Aj

j=0 7%
il 1 B —(n+1)/p +1 e

< X Cf"(1-1)°(1 = t00r) [ IRE ) av(w) | dt
j=0 J J

C(tj+1 - tj)(l — tj)B2(”+1)/p(1 _ tjr)_(n+1)/p

J;

M

— O

~.
I

1/p
x| | IREHIf(w)IP dV(w)) .

J
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We now apply Lemma 3 to P(¢;z;(1 + 8)/2,8). In the lemma take A =
2N+t and t;z in place of z. Note that we can take & small and (1 + 8)/2
close to 3 as the lemma requires. Then Lemma 3 says that A; € Q, , ,.({) =
Q ({ ). From the proof of Lemma 3 and similarly to part 4 we obtain

1-tr<C(1-|wl),

1—tr=C(1 - Iwl)

so that now

N 1/p
Bl<CY ([AlRﬂHf(w)m — |w|)Ppremnl dV(w))
j=0 j

1/p
scf; [ IREFSF(w)P(L ~ WP av(w) |

Now if we take the supremum, integrate, and use Minkowski and Fubini
we obtain

f sup |BI” dv(¢{)
SzeQ ()

IA

1/p1?
[ |RB+1f(w)|p(1 - |w|)’3"+""”’1dV(w)) ] dv({)
j= 0

A

>

j=

<C

1/p?
[N ( IREFIf(w)IP(1 — |w|);3p+,,_,,_1d ( )d,,(g)) ]
j=0 Q( ) v
(/ IRB+IF(w)IP(1 - lwl)ﬁp+p._n 1

(=]

1/p?
xjsxm(g)(w) dv({) dV(w)) ] :

We know that

0,(8) = {w = s&:11 = (&, < (1 =)}

_ {w st EB(&(Ais(l - s))l/,)}
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and so

an(;)(W) av(¢) = u( ( Aa(l - le))l/f))
<o) -y,
Finally we have

J sup IBIP dv(s)
SzEQ.,.({)

<c ijo(
e

(l
\4

< Clfll5, 6

NI

m/p 1/p7?
/ (f |RB+1f(w)|p(1 _ lwl)ﬁP+P—n-1+m/‘r dV(W)) ]
B'l

N——

m/p -
/ (an'RB“f(W)I"(l - |w|)”‘1dV(w)) / ]

T Mz

0

p
(2—N+j—1)m/l’)

1

N+ »
= Clflse| ¥ 2_km/,,)
k=1

0 p
<clfig,| T 2-'""/P)

k=1
< CIIfII5, g- [}

CoROLLARY 4. Suppose that v is a positive measure on S and C is a
constant satisfying v(B({,8)) < C8™ for (€S, 6> 0. Then if f€
BE(B™),lim f(z) exists as z — {,, z € Q, (y), for all {, with the exception
of a set E with v(E) = 0

The proof is a standard one, which we omit.

3. Characterization using Hausdorff capacity

We now look more closely at the exceptional sets for these holomorphic
Besov functions. Define the exceptional set of a function f € B£(B") as

E(f) = {{ es: lm} f(z) does not exist for some a
zeQ, ()

Then Corollary 4 states that »(E(f)) =0 for any m-dimensional posi-
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tive measure v. We will further characterize these exceptional sets using
Hausdorff capacity.

For m > 0 and E a compact subset of S, let H,, be the m-dimensional
Hausdorff capacity defined by

H,(E) =inf{Y.87: Ec U B(%. )}

This is non-isotropic because we are using the non-isotropic balls B({,, §;)
on S. In [Col, Cohn proves a Frostman-type result which says that for a
compact set E ¢ S, H,(E) > 0 if and only if E contains the support of a
positive measure v satisfying v(B({, 8)) < C ™. This yields the following
immediate extension of Corollary 4.

CoroLLARY 5. If m/T=n — Bp and E is a compact subset of S with
E c E(f) for some f € B{(B"), then H,(E) = 0.

This corollary says that compact exceptional sets have Hausdorff capacity
0. We now show that the compact exceptional sets are precisely those with
Hausdorff capacity 0. We will prove the following.

THEOREM 6. Let m/r=n—Bp with +>1,0<m<n, >0, p>1,
and let E be a compact subset of S with H,(E) = 0. Then there is a function
f € BE(B™) such that E = E(f).

The proof of Theorem 6 will follow that of Theorem 1.2 in [AC]. We
require a sequence of lemmas which construct the desired function f.
Lemma 7 is obtained by using Cauchy’s formula on a polydisc, so we omit the
proof. The proof of Lemma 9 is almost identical to that of Lemma 1.6 in
[AC]. The proof of Lemma 8 is included. The proof of Theorem 6 is included
for the sake of completeness.

Lemma 7. If f is holomorphic in B", z € B", |z| > %, g > 1, k is a positive
integer, and P(z; 8) is a polydisc as defined earlier, then there is a constant
C = C(k,n, 8, q) such that

C
R* 7 < 7qv(w).
%% (2) (1 = |z))*+*t fp(z;a)lg(w)l (w)

LeEmMma 8. Suppose {B(;, 8,)} is a finite collection of pairwise disjoint balls
in S, with 8; < 3. Set z; = (1 — 8,){; and

- - ~(n+p(k—B)+1)
F(z) = Esjgwp(k B)+l<2j’2;> l(z,zj>l(1 _ (z,z-)) +p(k—B)+1

J

where k is an integer greater than B and | > 0. Then ||F|l} s < C L, 67 °7.
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Proof. 1t is well known that an equivalent formulation of the Besov norm
is

IFI5,6 = [ IRFFIP(1 — |z1)*7 " av(z)
Bll

where k is any integer greater than 8. We use this with % in place of R. We
must show that Z%F € L2((1 — |z|)*~P»~1 4V') with the correct bound on
the norm. We will use a duality argument. Let

g e L"((l - Izl)('°_‘3)"_l dV) where = + = =1,

ST
Q=

and the norm of g is < 1.
Compute that

jBng(z)gﬂp(z)u — lz)*PP " ap(z)

= LnF(z).%”‘g(z)(l — 1zD)* PP gy (2)

= 23n+(k—ﬁ)p+l|zj|—21
Jj

(z;, zYR*g(z N
X/ : n+((k_),g)p+1(1 - |Z|)(k Pr 1dV(z)
5 (1 - (z,,2))
(z;, 2)'R*g(2)
=C 8{l+(k—ﬁ)p+l|z.'—21 J dV(z
; J J ’[B” (1 _ <Zj,z>)n+l+1 ( )

= CZS}'+(k—B)”+’lzj| —2lgl+kg(zj).
J

It follows that

”ganp"3 < C25f+(k_p)p+l|gl+kg(zj)|
j
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so, by Holder and Lemma 7,

p/q
"'%F"Z,B < C( Zg;t—ﬂp)( Z8}’*’3‘””"("_3)“‘7|.@k+’g(zj)|q)
j J

< C( Za;z-—ﬁp) ( Za}l+p(k-—[3)+qk+1q 8}:—q(k+l)-n-—1
I X

J

p/q
Xf lg(w)l? dV(w))
P(Z,';a)

p/q
= C(;g;l‘ﬁp)(z.al(‘k—ﬁ)pﬂ ];,( )|g(w)|q dV(W))

[ zj5 @

where a is chosen so that {P(z;; @)} are disjoint. Since §; = 1 — |w| we have
p/q
I2FI5, 6 < C(ZS;‘"""P)(Z[ lg(w)I?(1 = lw])*PP! dV(w))
i i TP

r/4q
< Cz.ﬁ}t_ﬂp(j;,nlg(w)lq(l _ |w|)(k—ﬂ)p—1 dV(w))

since the {P(z;; a)} are disjoint. Finally we see that

| Z*FI5, 6 < C Y8 PPliglaq - z1yk-mw-1avy
j
< CYappe
Jj

since llgll <1. m

LEMMA 9. For N > n + p(k — B) there exist constants C,t > 0 such that
for a disjoint collection {B({,,8,)}, 8, < %, there is a function F € H*(B")
with

Q) IIFIB s < C Loy Pr,
(i) F((1 = 8,¢~1¢) = 1, and
(ii)) [F(2)| < CA — |z])™N £ 875>,

Proof of Theorem 6. We are given a compact set E C S with H,(E) = 0.
Inductively define numbers m, > 0 and families {B({},, §;,)} so that for each
fixed k the balls {B({,,, 8;,)} are disjoint, and E ¢ U, B({,, C8%{™). If F, is
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associated with {B({,;, §;,)} as in Lemma 9 and z,, = (1 — §,,t~1){,,, then
we further require

(i) me=m,_;+1,
(ii) my > 83 milFll,
j<k
(iii) mk"Fk"p p < mkczan BP S 2‘k,
(IV) mlek(zj,)I < m fOI‘j <k.

If this has been done k — 1 times, first choose m, so that (i) and (ii) hold.
Then, using Lemma 9(ii) and (iii) and the fact that H,(E) =0 where
m/7 =n — Bp, we can choose {B({,;, 8,,)} so that (iii) and (iv) hold.

Let F = ¥ m,F,. From (iii), F € BF(B").

Suppose ¢ € E. Since, for each k E c U, B({,;, C 8}{™), there is an [
with

{e B(gkl’ C 5111”)-
That is,

11— 40l <Coy™=Ct/(1 - ‘zkll)l/f’
1 - <§a {kl>|f < C‘rt(l - Izkll),

s0 z;, € Q, (¢) with @ = C"t. But

IF(z)l = mlFp(zi)l — X m;l|Flle — > m;|F(z)|

J<k j>k
2T‘—s“ro
Z—m—ooo as k — oo,

So MF({) = = for { € E.
Suppose z € B\ E. Then

IF(2) < Cl1 =<z, 2017 Led)
)

< CZS” Bp

where C depends only on fixed constants and the distance from z to E. But
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from (iii) we have

m,CY 807 PP < C27%,
!

so the series for F converges uniformly on compact subsets of B\ E. Thus
E(F)=E. m
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