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ON A THEOREM OF BURKHOLDER

YorAM SAGHER AND KECHENG ZHOU

Let {r, ()} _, be Rademacher functions defined as

1 ifo<t<3
-1 ify<t<1

ro(t) ={

ro(t +1) =ry(2);
ri(t) = ro(2%t).

E.M. Stein, in his important paper [3], applied the following result: Let E
be any measurable subset of [0,1] and |E| > 0, then there is an integer N
and a constant 4 both depending only on E such that if c,cy,c,,... are
complex numbers and the series Y% _,c,7.(¢) converges almost everywhere,
then

c+ f: cri(t)

- 1,2
A( Y Icklz) < esssup{
k=N k=0

:teE}. (1)

Rademacher functions are a sequence of independent random variables.
D.L. Burkholder, in [1], extended (1) to other sequences of independent
random variables satisfying certain conditions. In fact, Burkholder’s result
when specialized to Rademacher functions, is considerably stronger than (1).
It is proved that there exist positive constants a and B so that for every set
E, |E| > 0, there exists N = N(E) so that

Using recently obtained norm inequalities for lacunary Walsh series [2] we
extend Burkholder’s theorem to g-lacunary Walsh series with g > 1. Since
lacunary Walsh functions do not form an independent system of random
variables, this case is not covered by Burkholder’s theorem. Our proof is also

> alE|.

o 1,2
{teE:B( Y Icklz) <
k=N

]
c+ Y cri(t)
k=0
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valid for Rademacher series and in this context it provides an alternative,
simple, real-variable proof.
Let {w,(#)};_, be Walsh functions in Paley’s ordering defined as

wo(2) = Lwe(t) = ra()rat) =+ 15,(1),

where k = 2% + 2% + --- +2° with integers a; > a, > -+ >a, = 0.
% will denote a strictly increasing subsequence {k, k,,...,} of {1,2,...}.
We say % is g-lacunary, if k;,/k; > q, forall j = 1,2,....

THEOREM 1. There exist positive constants o and B so that for any
measurable set E C [0,1], |E| #+ 0, and any g-lacunary sequence %, q > 1,
there is an integer N which depends only on E and q such that for any real
numbers {c,}; 5 With T, < ylc,|* < ®, we have

inf, _ . >alEl, (2)

1/2
tEE:B( T |ck|2) <

keX)y

c+ Y (1) }

keX
where J, =k € % k > N}.

Proof. We show first that (2) holds for E = [0, 1).
Let % be a lacunary sequence with g > 1 and let

f(t) =c+ Zycpcme(t),

where T, ¢ 4lc,|* < . In [2] it is proved that for any 0 < p < o,

A(p,q)(c2 + kezdylcklz)l/z < (/(;llf(t)‘pdt)l/p
< B(p, q)(c2 + kelecklz)l/z.

Using the equivalence of all L? norms we can apply a classical theorem of
Paley and Zygmund (see [4], p. 216): Suppose that g > 0 is defined on a set
E, |E| > 0, and that

1 1 2 2
|E|L~gdt2A>0 and IEIng dt < B*.
Then for any 0 < 6 < 1,

{teE:g(t) >84} > (1 - 8)2(%)ZIEI.
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Let A = A(1,q) and B = B(2, q). Then it follows that for any 0 < 6 < 1
and any ¢ € R,

1/2
{te [0,1):5A( )y |ck|2) <le +f(t)l}'

keX

1/2
> {t e[o,l):aA(c2+ Y Icklz) <lc +f(t)|}}
ke X
2
> (1- 5)2(%) .

Therefore, (2) holds for [0,1) with 8 = A/2, a = A*/4B% and N = 1.

We next show that (2) holds for E = I, where I is a dyadic interval. Let
|I| =27". Note that if / <n then r(¢) is a constant on I. Therefore, if
k <2"then k = 2" + 2" + --- +2" with0 <n,<n; < -+ <n;,<nso
that w,(¢) =r,(¢) -+ r,(¢) is identically 1 or —1 on I. If k > 2" then
k=2"+2"+ .-+ +2% with 0 <ny<n; < '+ <n, and n, > n. As-
sume n;_; <n,n; > n,andlet k' = 2" + --- +2"%. Then ¢;r,(¢) - - 1, (£)
is identically equal to ¢, or —c, on I. Denote it by c}. We have c,w,(t) =
cw(t), t €1, |c)| = |c,|. Let N > 2" be a number which we choose later.
A simple change of variable then gives us that for any ¢ € R,

1/2
{tEI:B( > |ck|2) <

keXy

c+ X cm(t) }‘

keX

{t e [0,1): B( Y |c,k|2)1/2 <

ke Xy

d+ Y c}cwk,(t)l}‘.

ke
Let ¢’ > 0 be such that 1 < g’ < g. Define
N=(2"-1)/(q~-4).

We show that {k’: k € %, k = N} is a g'-lacunary sequence. Let k} and
k., be two consecutive numbers in J&” so that k},; > k; > N. Note that
k;— Q" -1 <kj <k, for any k; € #. We have

k}+1>kj+1"(2n_1)>kj+1_2”—1
ki = k; ~ ok kj
o _2"—1> ,
=4 N =2q.
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We may assume that N > 2", For k € % with 2" <k <N, k' may
repeat. Assume that

(K:keX,k<N}={l,l,,...,L,}
where I, <1, --+ <l,. Then {l;,1,,...,1, } U{k': ke X, k>N}is a

lacunary sequence with ratio ¢" = min{q’,/;,,/l;; 1 <j <m} > 1.
Forj=1,2,...,m,let d,j be such that

Y cawe(t) = X dyw(1).

ke Xy k<N 1<j=sm

From the result for E = [0, 1) we have

= a.

1/2
{te[O,l):B( Y |d,j|2+ Y Ic;clz) <

1<j<m keXy,

¢+ Z c}cwk,(t)‘}

ke Xyn

It follows that

>«

{t e [0,1): B( Yy lc’k|2)l/2 <

keX)y

¢+ ¥ c'kwk,(t)y}

kE%n

and that (2) holds for E = I.

Let E be a union of finitely many disjoint dyadic intervals I i E = U7,
We may assume |[;| = 27" for all j. Let N be the number stated as above.
Note that N depends only on the length of I. We have

inf, 5

12
{t eE:B( Y ol l?| =<

keXy

keX

c+ X cm(t) }}

m 172
. 2
—intoer T |{reip( T lak) <
j=1 ke Xy

c+ Y ckwk(t)’}

keX

m 172
> Y inf ., {t el: Bl X |Ck|2) S}C + X ewi(t) }

ji=1 ke Xy keX

m
> ) all| = alE|
j=1

Let E be any measurable set with |E| # 0. Forj = 0,1,...;i=1,2,...,24,
let I, ; be the dyadic intervals (i — 127/ <t <i27.
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We will show that for any & > 0, there exists a set G = U, x| finite
union of disjoint dyadic intervals such that |[E N (U1, )| > (1 /2)IE| and
II, ; " E°| <ell, ; N E|. We use Calderon-Zygmund decomposmon of xg to
construct such G Let n =1/(1 + ¢). Given E, we begin with j = 0. If
|E N1, ol = |E| = nlI |, we choose I, ; and stop. If |E N1 ol <nll ,l,
consider E N I, , and EnN L, IflEN Il 1| = mlI; 41, choose I, ;. Note that
necessarily |E N1, ,| <nll,,|. We proceed to the next level, j = 2, disre-
garding all subsequent divisions of I, ;. In this manner we obtain a set F
which is the union of countably many non-overlapping dyadic intervals. F
obviously contains all points of density of E, and n|F| < |[E|.If F = U_,1,,
let G = U7, ,I; be such that |G| > (1/2)|F|. We have

I[ENG| > |ENF| - |F\G| = |E| = (1/2)IE| = (1/2)|E|.
Let I; be any dyadic interval in G. From the construction of F we have

II; N E| > nlL]. It follows that |[I; N E°| = |[;| — |[; N E| <ell; N E|.
Let G = U gy I;. We may assume n = —log,|[;| for all I; € G. Let

172
S, = {t € G:B( Y Icklz) s\c + Y cwi(t)

keX)y keX

and
S,=GnNES

where N is as stated above.
It is clear that

{teE:B( Y lcklz)ms

ke Xy

c+ X oowm(t)|} 285\,
keX

We have
[S;| = alG| = alG N E|.
We also have
|G NE°| = EII] NE‘ < EZIIj NE| =¢|G N E]|.
Taking ¢ = a/2 we have |S;| — |S,| = (e — €)IG N E| = (a/d|E|. O

CoOROLLARY 2. There exists a constant A > 0 so that for any measurable
set E c[0,1], |E| + 0, and any g-lacunary sequence %, q > 1, there is an
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integer N which depends only on E and q such that for any real numbers
{cie e With Ty < lci|® < o, we have
D 1/p
dt) .

c+ X cwm(t)

keX

A( > |ck|2)msinf ol [
cer| g7 ),

ke Xy

Proof. Let N be the number stated in Theorem 1. Let

1/2
E = teE:B( Y Icklz) <

c+ X ckwk(t)k

ke Xy keX
We have
TEll—f|c + ¥ ckwk(t)rdt
E kex
lEd 1 P
>—— = [c+ X cwi(t)] dt
BTt B

, 1 2p/2d_ , 2p/2
> ap TETfEl(Z'c"') t—ap(2|ck|) .

keXy ke Xy
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