
ILLINOIS JOURNAL OF MATHEMATICS
Volume 37, Number 4, Winter 1993

ON A THEOREM OF BURKHOLDER

YORAM SAGHER AND KECHENG ZHOU

Let {rk(t)}= 0 be Rademacher functions defined as

1 if0<t<r0(t)
-1 if<t < 1

ro(t + 1) r0(t);

rk(t ) r0(2kt).

E.M. Stein, in his important paper [3], applied the following result: Let E
be any measurable subset of [0, 1] and IEI > 0, then there is an integer N
and a constant A both depending only on E such that if c, c 1, c2,.., are
complex numbers and the series E=oCkrk(t) converges almost everywhere,
then

A )
1/2

] Icgl 2 < esssup
k=N

c+ _ckrk(t)
k=O tE}. (1)

Rademacher functions are a sequence of independent random variables.
D.L. Burkholder, in [1], extended (1) to other sequences of independent
random variables satisfying certain conditions. In fact, Burkholder’s result
when specialized to Rademacher functions, is considerably stronger than (1).
It is proved that there exist positive constants a and/3 so that for every set
E, IEI > 0, there exists N N(E) so that

tE’/3 ] ICkl 2

k=N

1/2

_<c+ _, Ckrk( t)
k=O

Using recently obtained norm inequalities for lacunary Walsh series [2] we
extend Burkholder’s theorem to q-lacunary Walsh series with q > 1. Since
lacunary Walsh functions do not form an independent system of random
variables, this case is not covered by Burkholder’s theorem. Our proof is also
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valid for Rademacher series and in this context it provides an alternative,
simple, real-variable proof.

Let {Wk(t)}=O be Walsh functions in Paley’s ordering defined as

Wo(t ) 1; Wk(t ) ral(t)ra2(t) ram(t),

where k 2al + 2a2 4- 4-2am with integers a > a2 > > am >_ O.
J/will denote a strictly increasing subsequence {k 1, k2,..., of {1, 2,...

We say J is q-lacunary, if kj/ 1/kj > q, for all j 1, 2,

THEOREM 1. There exist positive constants a and fl so that for any
measurable set E c [0, 1], IEI O, and any q-lacunary sequence , q > 1,
there is an integer N which depends only on E and q such that for any real
numbers {Ck}ky with ,keCkl 2 < 0% we have

1/2

> IEI, (2)

where N {k J: k > N}.

Proof We show first that (2) holds for E [0, 1).
Let J be a lacunary sequence with q > 1 and let

f(t) =c + sCkWk(t),

where Y’.ks.Ck[ 2 < o. In [2] it is proved that for any 0 < p < 0%

A(p, q) c2 + E Icl < If(t) dt
1/p

)1/2<B(p,q) c2+ [c[ 2

kJK

Using the equivalence of all LV norms we can apply a classical theorem of
Paley and Zygmund (see [4], p. 216): Suppose that g > 0 is defined on a set
E, IEI > 0, and that

l fF 1rE2 B2

IEI g dt >A > 0 and g dt <

Then for any 0 < 6 < 1,

I{t E" g(t) > ,A}[ > (1 6)z(A )2
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Let A A(1, q) and B B(2, q). Then it follows that for any 0 < 6 < 1
and any c R,

1/2

t [0, 1)" tA c 2 + E Ickl 2 Ic + f(t)l
kJU

Therefore, (2) holds for [0, 1) with/3 A/2, a A2/4B2, and N 1.
We next show that (2) holds for E I, where I is a dyadic interval. Let

111 2 -n. Note that if < n then rt(t) is a constant on I. Therefore, if
k < 2n then k 2n + 2nl + +2ns with 0 _< no < n < < n < n so
that Wk(t)= Go(t)’’’rn(t) is identically 1 or -1 on I. If k > 2" then
k 2n + 2nl + +2"s with 0 < no < n < < n and n > n. As-
sume n._ < n, n >_ n, and let k’ 2n + + 2n. Then Ck rno(t)’’" rn_(t)
is identically equal to ck or -ck on I. Denote it by c,. We have CkWk(t)
C’kWk,(t), I, Ic,l ICkl. Let N > 2" be a number which we choose later.
A simple change of variable then gives us that for any c R,

(t I: fl(ke
N
ICkl2)

2-n

1/2

<c+ E CkWk(t)
k eJU

1/2

<

Let q’ > 0 be such that 1 < q’ < q. Define

N (2n 1)/(q q’).

We show that {k" k JU, k > N} is a q’-lacunary sequence. Let k. and
kj+ be two consecutive numbers in JU’ so that k.+ > k. > N. Note that

k. (2" 1) < k. < k for any k JU. We have

k.+a ki+ ( 2n 1) ki+ 2n 1
>_ >kj k k k

2n- 1
>q- N >q’"
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We may assume that N > 2n. For k with 2n< k < N, k’ may
repeat. Assume that

{k" k ,, k < N) {ll,12,...,lm}

where < 12 < m. Then {/1,/2,..., lrn} t.3 {k" k d/, k > N} is a
lacunary sequence with ratio q"= min{q’, lj+ 1/I: 1 < j < m} > 1.
For j 1, 2,..., m, let d. be such that

E E
k ,flr2,, k <N <j <m

From the result for E [0, 1)we have

(t (E [0,1)" fl(l<jE,<m [dli[2 + k,f’NE [C[ 2) 1/2

_< ’+

It follows that

1/2

_< C’+

and that (2) holds for E I.
Let E be a union of finitely many disjoint dyadic intervals I, E U 7=llj.

We may assume II1 2-n for all j. Let N be the number stated as above.
Note that N depends only on the length of I. We have

=infcn tIy’/3
j=l

> 1 inf R t Ii" fl
j=

]--1

1/2

<c+ E CkWk(t)

<_c+ E CkWk(t)
ke

1/2

<c+ E CkWk(t)

Let E be any measurable set with IEI 0. For j 0, 1,... 1, 2,..., 2Y,
let Ii, be the dyadic intervals (i 1)2- < < i2 -y.
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We will show that for any e > 0, there exists a set G U Ii, j, a finite
union of disjoint dyadic intervals such that IE n (U Ii,)l > (1/2)IEI and
IIi, ECl < elli, El. We use Calderon-Zygmund decomposition of Xe to
construct such G. Let r/ 1/(1 + e). Given E, we begin with j 0. If
IE n 11,01 IEI >_ r/lI1,01, we choose 11, 0 and stop. If IE n Ix,0l < */111,01,
consider E 11,1 and E n 12,1. If IE n 11,11 > r/Ill, 11, choose 11,1. Note that
necessarily ]E N 12,11 < r/112,11. We proceed to the next level, j 2, disre-
garding all subsequent divisions of I1,1. In this manner we obtain a set F
which is the union of countably many non-overlapping dyadic intervals. F
obviously contains all points of density of E, and r/IFI _< IEI. If F U }=0Ij,
let G U =0I be such that IGI > (1/2)lFI. We have

IE N GI > IE N FI- IF\GI > IEI- (1/2)IEI (1/2)IEI.

Let Ij be any dyadic interval in G. From the construction of F we have

II. n El > rlIl. It follows that II N EI Iljl IIy n El _< lI n El.
Let G U finitelj. We may assume n -log2lljl for all Ij G. Let

1/2

<c+ E c w (t)

and

S2 G E,
where N is as stated above.

It is clear that

1/2

<c+ E CkWk(t) DSl\S2

We have

ISll >- alal >_ alG El.

We also have

IG n ECl .,1I n ECl <_ elI n EI elG n El.

Taking e a/2 we have ISll IS21 > (a e)lG n El > (a/4)lEI. rn

COROLLARY 2. There exists a constant A > 0 so that for any measurable
set E c [0, 1], [El 4: 0, and any q-lacunary sequence JU, q > 1, there is an
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integer N which depends only on E and q such that for any real numbers
{Ck}k with EklCkl 2 < , we have

h E Ickl 2 infcR - c + E CkWk(t) dt
kT--N k,

Proof. Let N be the number stated in Theorem 1. Let

t E’fl Ickl 2

k o;rN
<c+ E CkWk(t)

k drd"

We have

IEI c+ CkWk( t ) dt
k"

Igll 1 fe-> [El [Eli
c/

p

CkWk(t) dt
k

> p, 1 f iCkl 2 dt=ap iCkl 2IEI kN kr/N
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