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#-SUBSPACES OF X,

Honc On Kim AND ERN GUN KwoN

1. Introduction

Throughout this paper, »n is a fixed positive integer, p, g, s, t nonnegative
integers and a, A are complex numbers related by A = —4n2a(1 — a).

1.1. Invariant Laplacian A. B denotes the open unit ball of C* with its
boundary 4B and Aut(B) the group of all bijective holomorphic maps of B
onto itself. The invariant Laplacian A is defined by

- n 2 .
(B1)(2) =41~ 1) T (3~ z,.zk)(%‘i—;;k(z), fec(B),

where §;, is the Kronecker’s symbol. It is invariant under Aut(B) in the
sense that

A(fop) = (Af)op, < Aut(B).

1.2. # and H(p,q). # denotes the space of all homogeneous poly-
nomials on C” of degree s that satisfy Af = 0 where

A=4 =
io1 dz;0z;

is the ordinary Laplacian. The term ‘“homogeneous” refers here to real
scalars: f(2z) = t*f(2), t > 0.

Being harmonic, each f € & is uniquely determined by its restriction on
dB. These restrictions are so-called spherical harmonics. We shall freely
identify &%, with its restrictions on 9B.

H(p, q) denotes the vector space of all harmonic homogeneous polynomi-
als on C" that have total degree p in the variables Z,,...,z, and total
degree g in the variables Z,,..., Z,. Some of the basic properties of H(p, q)
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which we need are:

(a) H(p, q) has no proper nontrivial unitarily invariant subspace. That is
H(p, q) is %minimal [R1, 12.2.8].

(b) # is the sum of pairwise orthogonal spaces H(p, q) with p + g =
[R1, 12.2.2].

(c) The linear span of US_,2% is dense in C(dB) [R1, 12.1.3].

(d) L*(4B) is the direct sum of H(p, q) with 0 < p, g < » [R1, 12.2.3].

(e) For each (p, q), the projection 7, , : L*(dB) — H(p, q) is given by the
kernel K, , defined by

Tp,af (M) = faBKp,q(n,{)f(;) do(¢), feL*@éB)[R1,1225].

Here o denotes as usual the unique rotation-invariant probability measure
on dB. For a fixed { € 4B, K, (-,{) is a function in H(p, q).

1.3. Differential operator L,,. For a function f(z) = y(|z|)A(z) with
y € CX[0,1)) and h € H(p, q) Af has the form

(Af)(z) = (L,gy)(z1*)h(2)
where
(quy)(t) =4(1 - t){t(l -t)y"+[p+q+n—(p+q+ l)t]
Xy' —pay} (0 <t <1);

see [R2, Prop. 2.4]. The differential equation L,,y = Ay has a singular point
at ¢t = 0 and it is easy to check that it has a unique solution y =R, , (¢)
with y(0) = 1. Thus

LPqu,q,)t(t) = AIap,q,,\(t), (0 <t< 1),
R,\(0) =1

In particular, Rp,q’o(lzlz) =F(p,q;p + q + n; |z|*) where

F(a,b;c;t) = ;Eo (azng)k ;tck.

is the Gauss hypergeometric series [F. p. 405]. (a), = I'(a + k)/T'(a) as
usual.

14. .#spaces. For A € C, X, denotes the space of all f € C*(B) that
satisfy A f = Af. These eigenspaces X, are infinite dimensional, they are
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closed in the topology of uniform convergence on compact subsets of B and
they are Moebius invariant: If f € X, and ¢ € Aut(B) then fo¢ € X,. X,
contains H(p, g, A) the space of all functions of the form

f(z) = R,(21*)h(z), h € H(p,q).

If Q is a set of lattice points (p, g) with p > 0 and g > 0, Y(Q, A) denotes
the closed linear span of the spaces H(p, q, A) with (p,q) € Q. W. Rudin
[R2] characterized all .#-subspaces (closed Moebius invariant subspaces) of
X, as follows:

(a) If A = 4m(m + n) for some integer m > 0, then the .#-subspaces of
X, are {0}, X, and Y; = Y(Q;, A) where

Q,={(p,q9):0<p<xo,0<qg=<m},
Q,={(r,q):0<p<m,0<q<x},
Q;=0,N0,,
Q,=0Q;,UQ,.
(b) For all other A € C, {0} and X, are the only .#-subspaces of X,.
For the case A = 0, Y; is the space of all holomorphic functions on B, Y,

the space of all conjugate-holomorphic functions, Y, the space of all con-
stants and Y, the space of all pluriharmonic functions.

1.5. Integral P*[u]. For a complex Borel measure u on dB we define

Pelul(z) = [ P*(2,8)du(?), z€B,
where

P(z,¢) = (1= 1z13)" /11 = {z, 1>

is the Poisson-Szegd kernel for B and

P%(z,{) = exp{alog P(z,{)}

is the principal branch. It is known that P%[u] € X, [R1, 4.2.2]. We denote
by .#, the vector space of all P*[u]’s where u is a complex Borel measure
on dB.

1.6. Results. We first determine the solution R, ,(¢) as a hypergeometric
series and get the spherical harmonic expansion of P*(z, {) in Section 2. The
case a = 1 was obtained in [F]. As an application, we obtain an L2-growth
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condition for a function in X, to be in Y, extending the corresponding result
in [R3, AR] for X, in Section 4. In the process, we also prove a necessary
and sufficient condition for a function g € X, to be represented by P*[G]

for some G € L%(dB) when a > 3 in Section 3. Finally, we give a description
of Y; in terms of .#, when A = 4m(m + n), m = 0,1,2,---, in Section 5.

2. Spherical harmonic expansion of P“

2.1. Lemma. Iff € H(p, q) then

f(z,£>’<£,2>’f(£)d0(£)
B

sltl(n — 1)!

2(s=p)
(s—p)!(n+s+q—1)!|z| f(2),

s+qg=t+p,p<s,q=<t,
0, otherwise .

Proof. If f({) = (P4, then the equality follows from the multinomial
expansion of {z,¢)’ and (¢, z)" and by using the orthogonality relations of
[R1, 1.4.8, 1.4.9]. Since H(p, q) is generated by functions obtained by unitary
changes of variables of ¢ {’Zg, the lemma follows from the unitary invariance
of do.

2.2. LemmA. Iff € H(p, q) then

P[£1(2) = R(z1)f(2), (1)
where
R = -y L GGand e )

j=0

Proof. Apply term-by-term integration on the binomial expansion of
P*(z,¢) and use Lemma 2.1.

2.3. TueoreM. If f € H(p, q) then
PLf1(2) = A4y, 4,aRp o, \121")f(2), z€B, (3)

where

(na),(na)I'(n)
Ap.ga = T(n+p+aq) ° (4)
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Proof. By Lemma 2.2, R(|z|*)f(z) = P*[f1(z) € X,. Therefore
A(R(1z1*)f(2)) = AR(2I*)f(2).

As noted in 1.3, R(z) satisfies the differential equation L, R(t) = AR(?).
Therefore

R, 4,A(#) = R(¢)/R(0) and R(0) = (na),(na),(n)/T(n+p+q)

=4, 4.a
2.4. COROLLARY.

(2)

Rp,q,z\(t) =(1- t)naF(na +p,na+q;n+p+gq;t)

=(1-0)""F(n(1 —a) +p,n(1 —a) +q;n+p +q;t)

() P[f1/(na),(na), = P'~°[f1/(n — na),(n — na),, f < H(p,q), un-
less one of the denominators is zero.
In particular, P*[1] = P~*[1].

Proof. (a) The first equality follows from

Rp,q,)«(t) = R(t)/Ap,q,a

e T(n4p+a) & (na)ep(na);eT(n) ¢
= =) Gy (na) T(m) & T(n+p+a+i) 11

na w (na+p)j(na+q);t
SRR CE e

=(1-¢t)"F(na+p,na+q;n+p+aq;t).

The second equality follows from the identity (9.5.3) of [L].
(b) For f € H(p, q), we have, from Theorem 2.3,

Ap,q,l—aPa[f](z) =Ap,q,l—aAp,q,aRp,q,)LOzlz)f(Z)
=4, ,..P 7 f1(2)

Therefore (b) follows from (4). Finally if we take p =g =0and f=1¢€
H(0,0), we have P[1](z) = P1~*[1)(2).
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2.5. THEOREM. For a € C,

P(z,{) = ¥ G, ,.rK, (n,¢), z=rneB,{€dB, (5)
p,q=0

where G, . (r) =A, , R, , \r*)r?*%. The series on the right of (5) con-
verges absolutely and uniformly for n, { € B and 0 < r < p for each p < 1.

Proof. For p, q > n|al, the following estimate of F(na + p,na + q;n +
p + g; r?) follows easily from the formulas (9.5.3) and (9.3.4) in [L] for the
hypergeometric functions:

|F(na + p,na +q;n +p + q;r?)
< F(nlal + p,nlal +q;n +p + q;r?)
<F(nlal +p +n,nlel +g;n +p +q;r?)
=(1- rz)_Z"IaIF(q —nlal,n(1 - lal) +p;n +p +q;r?)

<(1- r2)—2"|°‘|F(q —nlal,n(1 = lal) +p;n+p +q;rt)

[(n+p + q)T(2nlal) (6)
I(n + nlal + p)T(nlal +q)°

- (1 _ r2)—-2n|a|

From (4), (6) and Corollary 2.4 (a), we have the following estimate for G, , ,:
(na),(na),I'(n) 2
I'(n+p+q) Rp.0(r7)

(”";'():(:L“BZI;(") (1 - r?)

X|F(na + p,na+q;n +p +q;r?)

Rea-2nlal ['(nla| + p)T'(nlal + q)T'(n)
I(nlal)’T(n +p + q)

% I'(2nlal)

I'(n+nlal +p)T'(nlal + q)

-(1- rz)Rea—zn|a|I‘(n)I‘(2n|2al) T'(nlal + p)
I'(nlal)®> T(n+p+nlal)

Rea-2nlal [(n)T'(2nlal)
T(nlal)®>

|G, 4.o(r)l <

Rea

<(1-r?%

<(1-r? (N
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Now, since K, ,(n,{) is uniformly dominated by (p + q + 1)?* times a
constant depending only on n, it follows from (7) that

Y G, qu(r)K, o(n,0)

p,q>nlal

< C(n,a)(1 =) ¥ 2k + )™
k>2n|al

for some positive constant C(n, a) depending only on #n and a. Therefore the
series (5) converges absolutely and uniformly for {, n €dB and r <p < 1.

Now, fix r < 1. Let f€ #,. Then f=%,,,_.f,, where f, , =m, f€
H(p, q) [R1, 12.2.2]. Hence, by Theorem 2.3,

PLfY(2) = [ Pe(rn, ) f(8) do(2)

L[ Pe(rn, )1y, (8) do(4)

pt+g=s

Z Ap,q,aRp,q,)«(rz)fp,q(rn)

p+g=s

L Gpgalr)fpq(n). 8

ptq=s

Since

Fra(m) = (7p,af (1) = [ Ky o(n,0)f(8) do(0),

(8) has the following form

PLAIrm) = [ B Gpaalr) Ky o(n,O)F(0) do(0)

ptg=s

[T Gpau DKy (. DF@) do@)  (9)
B

p,q=0
for f € . Since the linear span of U%_,5%, is dense in C(dB), (9) is true
for any f € C(3B). Therefore we have (5).

3. Integral representations of functions in X,

For a function f continuous on B and 0 <r <1, we let f, denote the
function defined on dB by

(&) =f(rg) (£€8)
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and we define 7, f by

(ﬁ-qu)(z) = ('”'qur)(g) (z=r).

For f € L*(3B), we denote, as usual, [,5|f({)|*> do(¢) by lIfll3. For a > 1,
we have the following characterization of functions of the form g = P%[G]
for G € L*(dB).

3.1. ProposiTioN. Let a > 3. Then g = P°[G] for some G € L*(dB) if
and only if g € X, and

sup [ (112" Vg(re)Pdo(s) < . (1)
0<r<1°9B

Proof. Suppose g = P*[Gland G € L?(3B). It is known that g € X,. We
recall that if a > 1 then

faBP“(rlm) do(n) = fwlil =) da(n) = (1 - r?)".

_ rn1|2na

We denote the integral on the left by A(n, a, r) for convenience. We use
Jensen’s inequality to get

fa B|g(r;)|2 do({)

2
= faBA(n, a,r)’ do(?)

m,lat,—r)faBPa(’f’n)G(n) do(n)

< A, a1 grrary J1G(NI do(n) [ Pe(rt ) do(4)

2n(1—a)

= A(n,a,r)GI; = (1 - r?) IGI13.

Therefore (1) follows.
Suppose g € X, and (1) holds. It follows from [R2, Theorem 2.6] that

('ﬁ'pqg)(z) = Rp,q,h('zlz)gpq(z) (z €B)

for some g,, € H(p, q). Since g is real-analytic in B, g lies in the closed
linear span of 7,,g [R2, Theorem 2.3]. Hence

g(z) = lim Y R, ,,\(z1%)g,.,(2) (2)

No® 1g<N
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in the topology of uniform convergence on compact subsets of B. In particu-
lar, (2) holds pointwise.
We will show that the following defines a function G in L*(9B):

G({) = X A,% .8,,(0) ({€dB) (3)

p,q

From (1) and (2), we have

©>C> faB(1 — 1) Ve (r) do ()
- L a- )" TVR, o () e+ lg, I, (4)
p,q=

By Corollary 2.4,
(1- rz)n(a_l)Rp,q’)‘(rz) =F(n(l1—-a) +p,n(l —a) +q;n+p+gq;r?),
which increases to

B _ I'(n+p+q)T2na —n)
p.¢e = T(na +p)T'(na +q)

as r » 1 since @ > 3. Therefore if we take limit as r ~ 1 in (4) we get

2
Y. B, 4.4llg, oll3 <.
Since

_I'(m)Tr(2na —n)

p,q,a p,q,a F(na)Z

is a constant depending only on # and a, (3) and (5) imply G € L*(9B). If we
let

Gy(l) = X A .8,,(¢) ({€6B) (6)

p+qg<N

and fix z € B, it is easy to see, via Schwarz inequality and the fact that
Gy — G in L*4B), that

lim P7[Gy)(2) = P7[G](2). (7)
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Therefore by (7), (6) and Theorem 2.3, we have

P*[G])(z) = Iéim Y Rp,q,)‘(lzlz)gp,q(z) =g(z2).

“® p+g<N

This completes the proof.

4. The .#Z-subspace Y,

If f is real-analytic in B then f has a homogeneous expansion
f(z) = X Pu(z,2)
k=0

where P, is a homogeneous polynomial in z,,-*+, z, and Z,,* -, Z, of total
degree k. Let B > 0 be real. We define the radial derivative 2°f of f of
order B by

DPf(z) = §(k +1)PP(z,2).

We give a sufficient condition for a function f in X, to be in Y,. When
a = 1, this reduces to a result in [AR, R3], which gives a sufficient condition
for an .#-harmonic function to be pluriharmonic.

4.1. THEOREM. Let a > ; and let f € X,. If

[ 12701 = ) p(ro) do(¢) = oflog?t) (1)
oB

as r—> 1, then f€Y,. In fact, if a =1+ m/n, or if A =4m(n + m),
m=0,1,2,--+, then f=PF] for some F=1Lg ,q,F,, € L*(0B) where
F, ,€H(p,q)and Q,Q, areasin14;if a # 1 + m/n, orif A + 4m(n +
m), m=0,1,2,---, then f = 0.

Proof. We first note that (1) implies that f satisfies the hypothesis of
Proposition 3.1. In fact, if we let u(z) = (1 — |z|*)™®=Df(z) and h(z) =
9"22=Dy(z), then

)n(2a—l)—1

u(z) = Wﬁ(Z—i——_lﬁ/Ol(log% h(tz) dt.
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Therefore [,zlu(r{)|? do(¢) is bounded if
2
OB 0

is bounded. (2) is, by Minkowski inequality, at most

{jol(1 — 1)"@a-D-t dt(jwm(trg)ﬁ do-({))l/z} ,

which is bounded by

2
(fl(l _ t)n(Za—l)—llogl i - dt) < o
0

uniformly on r by (1).
Now, by Proposition 3.1, there is an F € L%(dB) such that f= P°[F].
From 1.2.(d),

F({) = X F, ()

in L*(dB), where F, , € H(p, q). Let

FN= Z Fp,q

p+qgs<N

and let fy(z) = P*[Fy]. Then

fN(Z) = Z Ap,q,aRp,q,/\(Izlz)qu(Z) (ZEB)‘ (3)

p+gq<N

On the other hand, since Fy — F in L*(B), the difference
gn(Za—l)u(rn) _ 9n(2a~—1)(1 _ r2)n(a—1)fN(rn)
= LB_@n(Za—l)[(l _ rz)n(a—l)Pa(rn, {)](F — FN)(Z) dO’(:)

tends to 0 in L2(dB) once r is fixed. Hence, by the orthogonality of {F, ) and
by (3), we have

[ 197 Du(ro)? do ()
aB

2
nQa— n(a—1)
S M2 1A s [ et SN (o teat] | IO

p,q
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Now, by Corollary 2.4,

na— n(a—1)
2mea[(1 = )" R, , ()]

= 9" V[F(n(l —a) +p,n(l — @) + q;n +p + q;r?)rr*a|

B (n—na+p)(n—na+q); nQa—1)_2k+p+
_zk; R ET IR Qk+p+q+1) rk+rta,

%)

We note that if neither n — na + p nor n — na + q is a nonpositive integer
then

n(2a—1)~l
(2k+p+q+1) =7,

(n —na+p)(n—na+gq),
(n+p+q)ik!

as k — «; so that (5) > Clog(1/1 — r) for some positive constant C =
C(n, a, p, q). The hypothesis (1) now implies by (4) and (5) that F, =0
unless either n — na + p or n — na + q is nonpositive integer. Therefore if
a#*1+m/n, m=0,1,2... then f=0 and if a=1+m/n, m=
0,1,2,... then F,, =0 unless either 0 <p <m or 0 <g<m;so fEY,.
This completes the proof.

4.2. Remark. The function f(z) =R, , \(1z1%)zPZ4 belongs to X, but

f | gnea-1(1 — r2)"("‘_1)f(r{)|2da = (10g21 _l.r)
aB

as r — 1 for large p and g. Since such f is not in Y,, we can say that the
growth condition (1) is best possible.

5. .#-subspace Y,

Finally, we have the following characterization of Y; for the case A =
dm(m + n)ora= —-m/n,m=10,1,2...

5.1. Tueorem. If A =4m(m +n) or a = —m/n, m =0,1,2... then

5.2. LEMMA. .#, is a subspace of X, which is invariant under Aut(B).

Proof. We have seen that .#, is a subspace of X, in 1.5. For ¢y € Aut(B)
and

f(z) = LBP“(z,z)du(:), z€B,
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where u is a complex Borel measure on B, we shall show that fo¢ € .Z,.
Let ¢(a) = 0 with |a| < 1. Then ¢ = Up, where U is a unitary transforma-
tion of C” and

a—lal™%z,ada — V1 - Ialz(z - Ial_z(z,a)a) (a +0)

Pa(2) = 1-4{z,a)
and ¢, (z) = —z(a = 0). By a familiar calculation as in [R1], we have, for
n = ¢, U1Y),

(fo)(2) = (f2Up.)(2) = [ P(Upd(2),¢) du({)

= faBP“(qoa(z),U‘%)du(z)

— 1- l“:’a(z)l2 "
= ol <¢a(z),U—1;>|2) aull)

- 1 - lg,(2) "
~ 1, |1-<qoa(z),soa(n)>|2) Au(Uea(m)

i 1— | )(|1—<a,n>l) du(Us,(m)

B\ 1 — (z,7)|* 1- lal?
e 11— (e,
= faBP (zm)(———-—-1 " ap? ) du(Up,(n))-

We used the identities in Theorem 2.2.2 of [R1]. We note for n € S,
1-lal <I1-{a,n)| <1+ lal.

Therefore if a € B is fixed then

(11—<a,n>|2)”"
1-l|al?

is uniformly bounded on dB. Now we define

11— <a,n)

(/-"°¢')(E) = ‘[E( 1— |a|2| ) d.U«(U<Pa(77)), EcCS,

then w0 ¢ is a complex Borel measure on dB. Thus fo ¢ € .4,
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Proof of Theorem 5.1. Since a = —m/n, we have

1 - |z|?
11— (z,nI?

- (—1—_%2'7[‘93(1 —Lz, N1 = & 2) ™ du(d)

_ 1 o (m)(m
(1= 1z1%)” f"’Bj,Zio( g )(k)
X(—1)" 2, 0)X¢, 2 du(¢)

1 m _
=——— Y C(a,B)z°z?| ¢Pdu(¢
(1- lzlz) lal,1B1=0 ( ) faB w(e)

1 m
=——= L C(a,p)z2"
(1= 121%)  jal,181=0

[Pz 6) du(d) = fw( ) d(8)

where C(a, B) and C'(a, B) are constants depending on the multiindices a
and B. This shows that .#Z, is a finite dimensional subspace of X, which is
invariant under Aut(B). Therefore it is also closed. Hence .#, =Y, from
1.4.
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