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POINCARE INEQUALITIES AND STEINER
SYMMETRIZATION

PEKKA KOSKELA AND ALEXANDER STANOYEVITCH

1. Introduction

Let © be a domain in R” (n > 2) with finite volume: m,(2) < oo. Given an
integrable function u on 2, we let ug denote its average value on ; i.e.,

ug=fu(x)dx.
Q

For each number p, 1 < p < oo, the domain €2 is said to be a p-Poincaré domain
provided that

u—u
M,(€) = sup I ellr@
u  NVullLre
where the supremum is taken over all nonconstant functions u in the Sobolev space
WP (Q). Thus p-Poincaré domains support the p-Poincaré inequality

/ lu —uql|?dx < M/ |Vul? dx.
Q Q

By the density of smooth functions in WP (2) ([19], [8]), the Poincaré inequal-
ity need only be checked for locally Lipschitz continuous functions. The Poincaré
inequalities are prototypical examples of Sobolev inequalities which are extensively
used in PDE and related fields; see [18], [1], [26], and Chapter 7 of [11]. The geometry
of Poincaré domains is quite complicated and a complete geometric characterization
remains an elusive unsolved problem, even for the case of a simply connected planar
domain (see, however, [13]). Notice that there is not much hope for a general ge-
ometric characterization since for example the removal of a closed set of vanishing
(n — 1)-dimensional measure from a p-Poincaré domain results in a new p-Poincaré
domain. We will mostly be dealing with the p-Poincaré inequalities when p > 1.
The “isoperimetric” case p = 1 is more tractable; see [12], [18] and [25]. For infor-
mation on Poincaré type inequalities in case p < 1, see [5]. We point out that iteration
arguments can be used to show that certain local inequalities imply a corresponding
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global inequality in smooth domains and even in domains that satisfy a twisted in-
terior cone condition (John domains)—see [3], [6], and [14]. For sufficiently “nice”
domains (smooth or uniform, for example) a Poincaré inequality can also be shown
by extending the functions to all of R”; see [7], [13] and the references therein.

In this paper we will give a geometric characterization of p-Poincaré domains
where we restrict to the class of Steiner symmetric domains 2 C R”. Our character-
ization will work only when p > n — 1, and will depend on the Euclidean distance
function

8o(X) =dist[ X, 3 Q).

In order to formulate our results, it will be convenient to split the coordinates of a
point T = (x1, X2, - -+, xp) as (x1, x") where x’ = (xp,x3,---,%,) € R*~L. For
each ¢ € R and any set A C R” we define the cross section of A at level t as

A, ={x €A xg =t}
and the projection of A onto the x;-axis as
Proj, (A) = {x e R: A, # 0}.

The Steiner symmetrization (with respect to the x;-axis) of the domain €2 is the
domain

Q= [(x, x) e Rx R |x'|"! < m,,_l(Qx)} ,

n—1
where w, denotes the volume of the unit ball in R": w, = m, (Ball*(1)). The domain
2 is said to be a Steiner symmetric domain (with respect to the x;-axis) if Q = Q.

We will also make use of the so-called k, metric on  which is defined as follows:

— ds —
Q s
kp(x » ¥) —IBf[/ 681_1)/(;,_.1) (x,y €9Q),

where the infimum is taken over all rectifiable curves y joining X to ? inside
Q2 and the integration is with respect to arclength. The k, metrics have been used
by Gehring and Martio [10] and by Smith and Stegenga [23]. Observe that when
Q = Q* is a Steiner symmetric domain then the x;-axis is a geodesic for kl‘f so that
for 1, &, € Proj,, (€2) we have

Q / / & dt
kP ((th 0 )9 (tZ’ 0 )) = L 8Q(t, 0/)(n—1)/(P—,1) '
Also, whenever 0 € Proj, (€2) then for each x € Proj,, (2) we can define T (£2,)
(here T stands for “tail”) as a component of 2 \ €2, which does not contain (0, 0').
Except when x = 0 there is only one such component. We are now ready to state the
first of our three main results.
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THEOREM A. (GEOMETRIC CHARACTERIZATION OF STEINER SYMMETRIC POIN-
CARE DOMAINS). Let Q@ C R" be a Steiner symmetric domain of finite volume. We
assume

Q={(x,x) e RxR": x| < p(x))} =Q*

with |p| < M < o0o. We may assume ¢(0) > 0. Letn — 1 < p < 00. Then Q is a
p—Poincaré domain if and only if

) sup k2 ((0,0)), (x,0))" ™ m, (T(R)) < 0.

x€Proj, Q
Furthermore, if p = n — 1 and Q is a p—Poincaré domain then (1) remains valid.
Finally, for each p € (1, n — 1] there is a Steiner symmetric domain Q C R" of finite
volume which is not a p-Poincaré domain but for which (1) is valid.

The operation of Steiner symmetrization is a natural one for many problems in PDE.
For connections of the Steiner symmetrization as well as of types of symmetrizations
with such problems, three good references are [2], [16] and (the classical) [21]. Each
of these contains an extensive bibliography. In particular, when p = 2, the p-
Poincaré constant M, (£2) is the reciprocal of the square root of the smallest positive
eigenvalue for the Laplace operator with Neumann boundary conditions on Q2-see
[81, [17], §4.10 of [18] and §4 of [24] for more on this connection. In 1948, Pdlya
[20] proved that the smallest positive eigenvalue for Laplace’s operator with Dirichlet
boundary conditions on € will never decrease under Steiner symmetrization. The
corresponding result is no longer true if Neumann boundary conditions are to replace
those of Dirichlet. In fact there exists a domain & C R? which s a p-Poincaré domain
for all p but whose Steiner symmetrization Q* fails to be a p-Poincaré domain for any
p (see Example 6.10 in [22]). Our next result is a direct extension from two to any
number of dimensions of one of the main results in a recent paper by Smith, Stegenga,
and the second author (see Theorem C of [22]). It gives a class of domains for which
the Poincaré inequalities are preserved under the operation of Steiner symmetrization.

THEOREM B (STEINER SYMMETRIZATION PRESERVES POINCARE INEQUALITIES).
Let Q C R" be a domain satisfying

Q, = {x} x Ball" (;Tx) (p(x)> x €R)

where 7\: R — R*!and ¢p: R — [0, M] (M < o0). If Q is a p—Poincaré
domain withn — 1 < p < oo then so is its Steiner symmetrization 2*.

Finally, we give a more restricted class of Steiner symmetric domains for which the
characterization of Theorem A remains valid for all p > 1. These domains €2 will be
obtained by revolving the graph of a Lipschitz continuous function ®: R — [0, c0)
about the x;-axis. In fact, for such domains, we obtain the following geometric
characterization of a more general Sobolev-Poincaré inequality.
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THEOREM C. Assume that ®: R —> [0, 00) is Lipschitz continuous and
Q={0Gnx)eRxR"": x| < ®(x)} = Q*

is a domain of finite volume. We may assume ®(0) > 0. Let p and q be positive
numbers satisfying1 < p < q. If p < nwe assume also thatq < %. The following
are equivalent:

(i) There exists a positive number C such that the inequality

lle — ugllLa@) < CliVullLr (@)

(i) holds for all Sobolev functions u € WP (Q).
ii

max{0,x} p-1 .
sup ( f | (s)| -/ P=D) ds) m, (T(2,:))7 < oo.
,\rel’rojxI () min{0,x}

Note that since ® is Lipschitz, ®(s) and 8q(s, 0') are always comparable, so
the quantity in the above supremum is comparable to the corresponding quantity in
Theorem A.

This paper is organized as follows. In Section 2 we formulate some preliminary
lemmas which will be needed in the proofs of the principal results. Section 3 gives
the proofs of Theorems A and B. In the final Section 4 we prove Theorem C and
also construct a simple example to show that Theorem A cannot in general remain
valid if the p-Poincaré inequality is replaced by the more general one considered in
Theorem C (with g > p).

We invoke the customary conventions regarding constants. The same symbol for a
constant may take on different values at different occurences. If we wish to stress that
aconstant C depends only on certain parameters, say p and n, we write C = C(n, p).
The notation C < D shall usually indicate that C is dominated by an absolute constant
A times C (C < AD), although in some proofs for convenience we may allow A to
depend on certain parameters if it is well understood that D may depend on these
parameters as well. The notation C ~ D is equivalent to C < D and D < C. For
example, if |t| < w/2 thensint ~ ¢.

2. Lemmas

Here we gather an assortment of results needed to prove the main theorems. We
begin with the following Sobolev-type embedding theorem which is a consequence
of inequalities (7.34) and (7.41) in [11]. See also Lemma 1.7 of [4].

LEMMA 2.1. If B C R"isaball of radius R, p > n,and u € WLP(B), then

lu(x)) — u(x2)| < C@n, p)lx; — x2|' 7% (/B IVuI”dx)p



POINCARE INEQUALITIES AND STEINER SYMMETRIZATION 369

for all x| and x, in B.
Our next two results provide additional formulations of the p—Poincaré inequality.
In formulating the first result it will be convenient to introduce the following class of

functions.

Notation. For a domain Q C R”", we let Lip;,.(2) denote the class of functions
on 2 which are locally Lipschitz continuous on 2.

LEMMA 2.2. Let Q € R" be a domain of finite volume, By = Ball" (xy, rg) C
with rg < %(SQ(X()). Letting

MPQ(BO) = SUP %: u € (Lip;,. N W1PY(Q) \ {0} and u = 0 on B()]
Q
B my(u=1) . 1,p
,, Q( o) = W- u € (Lip,,c N W>P) () \ {0},

OSusl,u=00nBo}

we have M} (Q) < c(n, p)M o(Bo) and M} o(Bo) < c(p)N} o(Bo) S (2ul)
M (Q).

The proof is accomplished by a series of “truncation” arguments of the type often
used in PDE. A good general reference for such material is the treatise by Maz’ja
[18], where the results combined in Lemma 2.2 can be found. For the convenience
of the reader we briefly sketch the ideas involved in the proof.

The first inequality of the lemma follows by decomposing v = u — w28, as
v = Y v+ (1 —yv) where ¥ is an appropriate cut-off function and then applying the
Sobolev and Poincaré inequalities for yrv and finally using Lemma 2.3 below.

For the second inequality, let u € Lip,,.(2) N W'?(Q) \ {0} with u = 0 in Bo.
We must show that Ry () := [, [ul? dx/ [ |VulP dx S Ny a(Bo).

For j € Z, define

= [x e 2 < uw)| < 2’} .
We may write
@ f ulP dx ~ Y " 2/Pmy(A)).
2 jez
For j € Z, define

_9j-l
vj(x) = max{O mln[ ll(—)%l—j—_—lzj—”
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Differentiating yields

-+ '
3) |ij(x)| — [(I)Vu(x)|2 J ifx e Aj

ifx & A).

Note that for each j, v; € (Lip,, N W'P)(Q)\ {0}, 0 < v; < land v; = 0
on By. Whence m,({v; = 1}) < N;Q(Bo) Jo IVv;|Pdx. Using this inequality
and then (3) we obtain m,(4;) < m,({vji-; = 1}) < N;Q(Bo) Jo IVvj_i1Pdx <
Ny o(Bo)2 =427 [, |Vu|Pdx .

Summing up by using (2) gives

[ wrax < coNgaeo [ 1vurax
Q

as desired.
The last inequality follows from Lemma 2.3 below.

LEMMA 2.3. Let Q C R" be a p—Poincaré domain, 1 < p < ooand A C Q2 be
any measurable subset of positive volume. For u € WP (), we have

mn(§2)
mn(A)

The proof of Lemma 2.3 is accomplished by adding and subtracting ug from u —u 4
and then using the triangle inequality and Holder’s inequality. We omit the details.

In order to deal effectively with Steiner symmetric domains 2 = Q*, we will need
to “discretize” the function 8q(x, 0') (x € R, 0/ € R*1) along the central axis. The
following result, whose proof relies on a Whitney type decomposition argument, will
accomplish this for us.

flu—uAlpdx <c(p)——— M”(Q)/ [VulPdx .
Q

LEMMA 2.4. LetQ = Q* C R" be aSteiner symmetric domain. Write (ag, bg) =
Proj,, 2. There exists a sequence (a;)ic; with I C Z an interval, such that

ag < a; < ajy <bg
foreachi € I N (I — 1), and for each x € (ag, bg) we have

min dist [(x, 0), [3Q], ] < 28a(x,0).
iel
Furthermore, if a;_1 < x < a; we have

r{mrll dist[(x, 0'), [0R2]4,] < 28a(x, 0)
Jjeli—1,i}
provided i ¢ {0, 1}.
Finally, for any given xo € Proj, 2, the construction can be made in such a way
that 8g(xg, 0') = dist [(xg, 0"), [0S2]4,]-
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Proof. Fix xg € (ag, bg). For brevity we write 8q(x) for 8 (x, 0').
Choose ag € [ag, bg] satisfying

dist[(xo, 0/), [8Q]a0] = 8q(x0) =: ¢ .

Observe that if 0 < Ax < é8q(x), the triangle inequality implies  dist[(xo +
Ax,0),[0R],] < 80 + Ax and Sq(xp + Ax) > 8 — Ax. Therefore

dist [(x0 + Ax, 0), [890a,] _ 80+ Ax
Sa(xo + Ax) = 8y — Ax

50 if Ax < (3)8q(xo) it follows that
@ dist [(xo + Ax, 0), [8 ], | < 28a(x0 + Ax).

Let Ag = inf{Ax: (4) is false} and put x; = x¢ + Ag. Note by the above comment,
Ay > %89 (x0). If x; = bg we need not construct any more a;’s (i > 0). Otherwise,
we choose a; € [ag, bg] satisfying

dist [(x, 0/), [0 Q]a.] =8q(x;) =:6;.

The following claim shows that we must have a; > ay.

SUBLEMMA. Ifa; < a; and (x,0') is closer to [d Qg than to [9 Q) then so is
,0) forallt < x.

(The proof of the sublemma is an exercise in elementary plane geometry, we omit
the details.) Indeed, if it were to happen that a; < ag then by the sublemma and the
properties of ay and a,, we would have

dist[(x0, 0), [3 Q14,1 < dist [(x1,0), [3 Q4] = 80 (x0)

which is impossible, so indeed a; > ay.
We let

Ay = inf {Ax: dist[(x; + Ax, (), [0 ], ] > 28q(x1 + Ax)}

and x, = x; + Aj. If x, = bg stop this construction; otherwise we proceed as before
to obtain a, > a; having the same relationship to x; as a; did to x;. We continue this
construction iteratively (and perhaps indefinitely) in the same fashion to construct a
desired sequence (a;);>o. The fact that, at each step, A > %SQ(xk) guarantees that
xx /' bg. We can similarly construct a sequence (a;);<o. By combining these two
sequences, we obtain a sequence (a;);c; Which, by virtue of the construction, clearly
satisfies all of the desired properties except for the last inequality.
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We now establish the last inequality of Lemma 2.4. By symmetry we may assume
thati > 1. Fix X € [a;_1, a;], and choose k € I such that

min dist [ (¥, 0), [0€2],,]
jel

is attained when j = k. We must show that k € {i — 1, i}, and we shall accomplish
this by method of contradiction.

Casel. a; < a;_.

Regardless of where x; is located, be it x; < a; or x; > a, it follows from the
construction of the sequences (a;);e; and (x;);e; and simple plane geometry that
Xk+1 > ; .

We now have

Q) A < Gy1 < o] <X < Xpp1.

Since (by choice of k) no points (a;, ¢(a;)) can lie inside the ball with center (x, y) =
(%, 0) and radius dist [ (%, 0), [0Q]4, ], we must have

©) Pa)? = & = a)? + o)’ = & — aren)’.

Also by virtue of the construction, we can write

@ dist[(ee1, 0), @, 9(@)]’ = ddist[er1, 0, @t 9(@rr)]’

If we estimate the right side of (7) using (6), then use the inequality (X —a;)? > (X —

ar+1)? + (ars1 — ar)?, and finally use the triangle inequality we obtain a contradictory
inequality. This shows that Case 1 cannot occur.

Case?2. a; > a;.
The treatment here is similar to that in Case 1. We omit the details.

O

LEMMA 2.5. Let R be the cylinder defined by
R={(x;,x)eRxR" x| < Mand|x'| < M}.
If p > n—1then

sup kx((0,0), (6,007 'my(R N {x; > b}) < C(M, p,n).
O<b<M

Moreover if p < n — 1 then this supremum is infinite.
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Remark. The last statement of the lemma shows that a principal result (Theorem
A) in [22], used to prove another main result (Theorem C), which is the two dimen-
sional analogue of our Theorem B here, cannot be generalized to n > 2 dimensions
without assuming (at least) p > n — 1.

Proof. Define d>(b) = kX((0,0), ®,0))?'m,(R N {x; > b}). We have
Q(b) = c(n)(fM b 50— |>/(p—n )p_I(M bym"= -1, Now

M 1-2 1-a=l| .
ds M~ —(M—b) 71| ifn
/ w071 ~ " P) ‘ 1 e
M-b S P O 575 ifn=p.
Casel. n=p.
b I
o) < C(M, p, 1- 1
b = C( pn)( M)[Ogl_b/M]
1 n—1
=< C(M’ p,n)Orgas)I(Wt[log;] =C(M9 P,n)
Case2. n # p.

Lety = (p — (1 —;—:‘l)+1 = p+1—n. Wehave ®(b) < C(M, p,n) +
CM, p,n)(M — b)Y < C(M, p,n) forall b € (0, M) if and only if y > 0, i.e.,
p=>n-—1. O

3. Proofs of main results
In this section we shall prove Theorems A and B.

Strategy of proofs. 'We first show sufficiency of the supremum (1) being finite
for the p-Poincaré inequality to hold on Q*. Next we show that for any domain 2
satisfying the conditions of Theorem B (in particular, if & = Q* is as in Theorem
A), the supremum in (1) (for 2*) being infinite will cause the p-Poincaré inequality
on  to fail (n — 1 < p < oo). This will establish the necessity part of Theorem A,
and also (in light of the previously established sufficiency for Theorem A) at the
same time prove Theorem B. We finish the proofs by giving counterexamples which
demonstrate that the range of exponents coverered in Theorem A is sharp.

PART A. Condition (1) implies Q* is a p-Poincaré domain (n —1 < p < 00).

By Lemma 2.2 we need only check that if u € (Lip,,, N W!'P)(Q), satisfies
0<u<1landu | Bo=0where By = Ball" (0, 10(0)) then m,((u = 1)) <
N fQ |Vu|Pdx for some finite positive constant N.
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For convenience we introduce some more notation. We write Q for Q* in the
remainder of this proof. Fors > 0, QF = {(x,x') € Q: x > s}; fors < 0,
Q7 ={(x,x") € Q x < s}. We write A = {u = 1}, and define

1
Al = AN U Q; where T} = {t: u(t,x') < 3 for somex’]

teTy

1
Ay = AN UQ, where T, = {t: u(t,x') > 3 for all x’} .

teT)

Now, let ¢t € T; and assume that &, N A # @. Therefore osco,u > % SO we can
apply Lemma 2.1 to the restriction u [q, for a.e. such ¢ to conclude

1
< C(M, p) diam (2)' 5 ( |Vu|den_1)P '

1
2 Q

Whence for such ¢ we have

|VulPdH"™! > C(M, p)

Q;
and we conclude
mp(A1) S [ pt)""'dt 5/ M dt
(teTy: ANQ,#0) {teTi: AN, 40}
< CM,p) |Vu|PdH"dt

(teTy: ANQ,#0) J

C(M, p)f |Vul|Pdx .
Q

IA

We still have to obtain a similar bound for m, (A;). We put

sg = inf{s: 0 <s € T ors = o0}
s = sup{s: 0>seTors=—oc}.

Certainly we have (letting Qf = QZ = 0)

ma(A2) < mu(QF) +m,(Q).

0

We will prove that m,(QF,) < N [, |Vu|Pdx. The corresponding inequality for
N Q

m, (Qs‘_) is proved in the same fashion. Let ¢z > s(')F , t € T,. We must show that
0

(8) ma () < N/ |VulPdx .
Q
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Casel. ;N %Bo #* 0.
Let x’ € Ball"~!(0/, 18¢(0)). Then for a.e. such x’,
1 /’ 9
- <
2 - 0 ax

—u(s, x')|ds

1

1
t ? _
(/ |Vu(s,x')|Pds> 5
0

IA

Thus
_/Ot |Vu(s, x")|Pds > C(p)éa(0)' =7
so that
/ |Vu|Pdx > / f tIVu(s,x’)I”ds dH" ' (x')
Q Ball""'((/, $82(0)) JO
> C(n, p)3a(0)""?
and thus
m, () < my(Q) < C(n, p) n((B)Sn(O)"f IVulPdx
m
< cop L e

Case2. Q,N3By=0.
It certainly would suffice to prove (8) with u being replaced by

u(x) ifx; <t
max{}, u(x)} ifx; >1¢.

ux) =uxy,x) = [

Because of this we may assume that u > % throughout Q. Let Qg be a largest
possible cube of sidelength £(Q¢) € S := {27": n € Z} which is centered on the
x1—axis and lies in By. Adjacent to the right face of Q¢ we construct another cube Q;
which is also centered on the x;—axis and whose side length £(Q;) € S is as large as
possible so that 20 C 2. Next construct a cube Q, adjacent to the right face of 0
in the same fashion as Q| was constructed from Qg. Continue in this way to construct
a chain of cubes (Qi){":O where £(Q;) ~ 8q(x) forallx € Q; suchthat Qy C Q; but
On-1 € Q. Now for each i < N, since £(Q;) ~ £(Qi+1), Qi U Qi41 is a dilation
of one of a finite collection of p-Poincaré domains consisting of a unit cube with
a smaller cube attached to and centered on one face (any domain G with boundary
dG of class C is a p-Poincaré domain for each p € [1, oo)—see for example [9],
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Theorem V.4.19). Therefore M,(Q; U Q;y1) ~ £(Q;) and by invoking Lemma 2.3
we obtain

1 N-—
'2' =< Iqu _uQNI =< Z ug, _uQi+l|
0
N-1
= ;mn(g)/ =t dx
N-1
—up. |d
: ;m (Q) QiVQi+1 . uQH‘]l *
1 mu(QiY Qit1)
C ) e i V d
= € ”)Z 0D om0y @) [, Vel

IVul
=C
. ”)f (Jo, Bl ax

. a5
P
©) < C(n, p) ( f |Vu|"dx) f — .
Q uQi 8g(x) 1P
Now
d ' d [ d
X N N
f——u—:C(n,p)f o = C(n. p) f—:
Up, Sa(x)P 7 4 Sa(s, TP~ S 8a(s,0)"

Letting L < oo denote the supremum in (1), from (9) we obtain from

A

ma(Qf) < L3 (0,00, (£, 0)!77

t 1-p
- L f__ds_
0 3g(s, 0T

LC(n, p)f |VulPdx .
Q

IA

This establishes (8) and completes the sufficiency proof of Part A. We point out that
this type of “chaining argument” which we used in Case 2 is by now standard, cf.,
[14],[15],[23]. O

Remark. The proof shows that

mn (2)

N’ (By) < C(n, p,
pa(Bo) =Cn, p M)m,,(Bo)

+ LC(n, p)
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so by Lemma 2.2,

my (§2)
my (BO)

MZ(S) < C(n, M, p) +LC(n, p)

where L denotes the supremum in (1).

PART B. If the supremum in (1) is infinite (for Q*) then Q is not a p-Poincaré
domain(n — 1 < p < o0).

Without loss of generality, we may assume that the supremum in (1) is assumed
for x > 0, i.e., that

(10) sup ks ((0,0'), (b, 07" 'my(Qf) = 0.
b>0

We invoke Lemma 2.4 to obtain a sequence (a; );<; with the properties listed therein,
and with xo = 0. In particular

dist [(0,0"), [02*]4,] = 82+(0,0).
Fori € I,i > 0, define the set

A = {x=(x,x) e Rx R x; € (@i_y,a) orx; = aj and x’ € Q,,
with j =i —1ori}.

We also write « (x, x2) for k' ((x1, 0), (x2,0)).

LEMMA. For eachi € I,i > 1 there exists a Lipschitz continuous function
fit Ai — R having the following properties:

(i) fi(ai-1,x") =0 forall (ai—1,x') € Q,_,,
(i) fi(ai, x') = c; for all (a;, x") € Qg where Ci(n, p) < K(af;’ai) < Ca(n, p),
and
@ili) [, IVfilPdx < C(n, p)c(ai-y, ).

Proof of the lemma. Let Aa; = a; — a;_;.
Case 1. Aa; < Smin{p(a;-1), p(a;)}.

We perform the construction of f; in case ¢(a;—1) < ¢(a;). The construction
in case ¢(ai—1) > ¢(a;) can simply be obtained by the present construction by a
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y-axis

A

®(a)+Aa; fz}// 2
//"2 i

| .
; X;30Xis

~

a
1
1
)

]

Figure 1. Defining the function f;.

reflection. In this case, by Lemma 2.4 we have
8q+(x,0) = @(aj—1) fora;_y < x <a;

so that

% ds _o=n
an Kk(ai-1, a;) =/ — ~ Aa; ¢(a;i1) "D .
ai_

The definition of f; will be symmetric about the axis x;,; which is parallel to the x;
axis and passes through the center of ,,_, meaning that on each 2—plane containing
the x; ;—axis, the definition of f; will be the same. Fixing such a 2—-plane we may now
think of f; as a function of two variables x; ; and y: f;(x;,;, ¥). We need an auxiliary

linear function A: R —> R which is specified by A'(#) = —1 and A(a;) = 0.
Referring to the regions defined in Figure 1, we define f; as follows:

F(x1) i= fi(x1,0) = (x1,; — ai—1)p(ai—y) "~ D/P=1
on G;: fi(x1,y) = F(x1,)

oy _ Ny —el@ion) L[y —e@-)
on 0;: fi(x1i,y) = F(xm)[l T :I+F(a,) [——K(xm)
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onR;: fi(x1:,y) = F(ai),
andfory < 0: fi(x1.:,y) = fi(xri, [y)).

Only property (iii) needs checking. To facilitate the computation we drop the subscript
i from f;, x;; and further let G, O and R denote the partition of A; obtained by
revolving G;, O; and R; respectively about the x; ;—axis.

On G, |[Vf(x1,x")| = F'(x;) = ¢(a;)~ "~ Y/#=D g0 that (using (11))

f VFIPdx ~ ga'™ () ag,
G

= Ag; (P(ai~1)_(%:_:)

k(ai—1, a;).

R

On O, letting r = |x’| we have,

w o [ Wl—ee)], Fe)=F@), .,
fxl x1,x) = F'(x1) [1 A ] A(xl)z [Ix"] = ¢(ai-1)]
1
(12) fr(x1,x") = [F(ai)_F(xl)]m-
Hence
F(a)) — F(x)|”

[AGx) + @@))"™" = p@)"™"] dx; .

ai
/ f1P ~ [
o aj_y

But since F'(t) ~ ¢(a;—1)~"=Y/P~1 (g;_; <t < a;) and since

Axy)

Ax) + @)™ — @)™ < (n—D(Aa; + (ai-1))" Aa;

=<
< @)™

we may conclude just as above that

f | frlPdx S k(ai-1, ai).
0

We still must estimate fo | fx,|P. Since ||x’| - w(ai_1)| < A(xy) for (x1,x") € O,
by (12) we can write

|F(x1) — F(a;)|
Alxy)

The L?(O)-norm of the first term is comparable (since Aa; < ¢(a;_1)) to

~

|F’(x1)llLrc) Which was already shown to have the desired bound. The second
term is just f, (x;, x’) whose L?(0O)-norm was already estimated.

| fo Gty X < F'(ep) +
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Case2. Aa; > Smin{p(a;—1), ¢(a;)}.

As in Case 1, we assume ¢(a;—1) < ¢(a;), and we let the x; ;—axis be the axis
pointing in the same direction as the x;—axis and passing through the center of 2, .
Let a@; be the ordinate on the X1, axis which is equidistant to [d 2],,_, and to the
(n — 1)-plane x; = a;. Let Aa; = a@; — a;—;. For the remainder of Case 2, we
shall express arguments of f; by using the special coordinates in R": (x;, x’);, where
x; € R is the position on the x; ; axis and x’ € R"~! denotes the coordinates on the

other n — 1 axes which all pass through the x; ; axis at (0, 0'); = _(Ti . We now define
fi as follows:

on A; NBall" ((ai—1, 0);, (@i-1)): fi =0,
on M; := A; NBall" ((a;—1, 0);, Ag;) \ Ball" ((a;—1, 0);, (@) :

(%) = k(ai—1 + ¢(@i-1), r) where r = |X; — (ai—1, 0');il,

and
on A; \ Ball" ((ai_1,0), Aa)): fi(X) = fi@,0); .

With this definition (i) certainly holds and since Aa; > 5¢(a;—;) we have k(a;-; +
@(ai—1), @) ~ (a1, @) ~ k(ai-1, a;) (recall p(a;_1) < ¢(a;)) whence (ii) holds.
To verify (iii) we compute using polar coordinates.

Observe that on M; (using Lemma 2.4),

’Vﬁ(?l)’ = 89* (a,~_1 +r, O/)_(”_l)/(l’—l)

(the arguments of 8o« here and below are with respect to the standard coordinate
system, as opposed to those of f;).
Whence, noting that for r € [p(a;i_1), a; — ai—1], ¥ = 8 (ai—1 +r,0’), we have

IV i |Pdx / V£ |Pdx
Ai Mi

-~

a;i—aj—y rn—ldr
o@i-1) Sor(aj—1 + 7, 0’)%:”
";_ai" (n—=1)
c(n) Sar(ai—1 +r,0) o ndr
(ai-1)
< c(m)k(ai-1,a;) .

I

c(n)

%

This completes the proof of the lemma.

Consider the following restricted supremum of (10):

(13) Lo = supi(0, a))P~'my(R}).

i>0
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In order to show that €2 is not a p-Poincaré domain, by Lemma 2.2, it suffices to
construct functions F' € (Lip;,. N WLP)(Q) \ {0} satisfying F(x;, x") = 0 whenever
x1 < 0 and which have arbitrarily large Rayleigh-Ritz quotients:

mp,({F =1})

Ry(F)= - 2
wE) Jo |\VF[? dx

Casel. Ly= oo.

Fix i > 1 large enough so that (0, a;) < %x(al, a;). Note that by (10) it follows
from Lemma 2.5 thatthe set {a;: i > 0} of Lemma?2.4 isnecessarily infinite. Although
this fact is an immediate consequence of (13) it is important to realize (since we will
also need it in Case 2) that it does indeed follow from (10). Define G;: 2 — R by

j-1
fiG,x)+ Y max fi ifaj_; <x<gjandl < j<i
Gixy, x') = 0 = ifx <a

Gi(a;,0) ifx >a;.

Then G; is globally Lipschitz continuous on §2 and by the lemma,

max G; = Zmaxfj ~ k(0,a;) while
2

i

/IVG,-V’dx =Y | IVfilPdx Sk a).
Q

2 YA
Thus letting F; = G;/ max G;, we have

m,(Fi=1) o ma(QF

Ry(F) =
w(E) Jo\VFi|Pdx ™ k(0 a;)=P+!

50, by (13), sup Ry (F;) = oo.

Case?2. Ly < oo.
Let K > 0be alarge number. We assume in particular that K > tLo where t > 0

is a large positive number. Lower bounds on t shall be specified later, as needs arise.
By (10) we obtain b > a; such that

k(0,0)" 'm, () > K .
Choose i such that

ai_1 <b<a;.

We also assume that i is large enough (which can be converted into a requirement on
the size of 1) to insure that

(14) Aa; <a;_y.
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Since, by construction, Ag; < 2M for each i, if supa; = oo certainly (14) will
eventually hold. If supa; < oo then since (a;);~¢ is an infinite set, we must have
Aa; — 0 and once again it is obvious that (14) will eventually hold.

Next, since, for b > 0,

K < k0,5 'my(Qf) < c(p)Kk(0, ai1)P™" + k(ai—1, )P Ima ()
< o(p)[Lo + k(@i-1, )P~ mu ()]
we have
(15) K1 —c(p)t™h) < c(p)k(@i-1, )" 'ma(Q)) .

It will now be convenient to split the remainder of the proof into two subcases as in
the proof of the lemma.

Subcase 2a. Aa; < Smin{g(a;-1), ¢(a;)}. In this case, by (14) (and using
Lemma 2.4 to estimate «) we have

k(@i—1, B 'ma () S k0, ai-1)" " ma (QF)

S
< «(0,ai-1)" ' my(QF )
< Ly

so (15) would yield
K1 —c(p)r™) <e(p)Lo < c(p)t'K.

This inequality will be contradictory as soon as 7 is sufficiently large. Subcase 2a is
thus dealt with.

Subcase 2b. Aa; > Smin{p(a;-1), ¢(a;)}.
Leta; = %(a,-_l + a;).
As a first reduction, we show that we may assume b > a; and

(16) (i) (a:) < ¢(ai-1) and (i) k(ai-1,b) S k@i, b).
Indeed, first of all, from (14) we can conclude

a7 k(ai-1,a;) < c(n, p)k(0,ai-1) .

Now, if (16) were false then we would have

(18) k(ai-1,b) < 2k(ai-1,a;) .

But we could then conclude from (15) using (17) and (18) that

K1 —c(p)r™) Sk a-)m(QF ) <t7'K
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so once again, if t is sufficiently large, we would have a contradiction so (16) is
established.
Since
my(QF) < cn)(a —b)M" ™" +m, ()
we can use (15) and (16) (i) to deduce that

KA —c(p)t™) S «@i-1, )P 'mu(QF)
(19) < k@i, b)P " ma ()
S «0,a)" ' my(QF) + k@i, b)) (a — )M
We introduce the cylinder R; about the x,-axis having radius M and projection [a; —

2M, a;] on the x)-axis. Note that a@; > a; — M (since Aa; < 2M) and consequently
(by Lemma 2.4 and (16 (ii)))

K@, b) < / ’ ds
TN g distl(s, ), [99+],, 10~ D/%-D
kf (@i, 0, (6,0)) .

IA

Combining this inequality with (19) and then applying Lemma 2.5, we obtain

K1 —c(p)t™) < Lo+kF ((ai = M, 0)), 5,0))" ™ m(R)})
<t 'K +CcM, p,n)

which is clearly impossible as long as K > C(M, p, n) and 7 is sufficiently large.

PART C. This example will show that the range of exponents in Theorem A is best
possible. We show that for each p, 1 < p < n — 1, there exists a domain Q2 in R" for
which the condition (1) holds but the p-Poincaré inequality fails.

Since we may assume n > 3, we have

i<

1 1
i i+1

for each i > 2. The Steiner symmetric domain Q will be defined as in Theorem A
by the following function ¢: [—1, 1] —> [0, 1] where

1 ifl<1—t<lgifori>2
) = S i
1 —|t| otherwise.

To see that (1) holds for this domain €2 and any p € (1,n — 1] we first observe
that §q (¢, 0') = 1 — |t| (Jt] < 1) so that

k2((0,0), (1,0)) ~ (1 — [y /%=1
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On the other hand,
my () ~ ma (7)) ~ (1= 2"
and hence we may conclude that the supremum in (1) is dominated by C {nax (1-
<t<
nr <1.
In showing that €2 is not a p-Poincaré domain for any p € (1,n — 1] we use the
explicit formulas for the p-capacity of a condensor determined by a pair of concentric

balls (see [18], §2.2.4). If we take the smaller (n — 1)-dimensional ball to have radius
r< % and the larger one to have radius

R= 2r ifp<n-1
T \Jr ifp=n-1,

these formulas give

crr-1-r ifp<n-—1

n—1 n—1 _
Capp(Ball (r),Ball" " (R)) = {C(log %)z_n ifp=n—1.

This means that for each r € (0, %), there exists a function U, € WP (Ball"~!(1)) N
Liploc(Ball""(l)) satisfying U, (x") = 1 for |x'| > R, U,(x") = O for |x’| < r and

crvi-»p ifp<n-—1
\V/ NP n—1,../ — _ .

/l;all”"(l) VU, (x)PdH" " (x') [C(log __Jlf)Z " ifp=n-—2.

Aside. In fact, such a function can be explicitly written down.

Now fix i > 2, letr; = 1 and define a function u; € WP (Q) N Lipy,.(Q) as
follows:
U,(x), ift <l—x<d4im
0, otherwise .

u(x,x') = {

Observe m,,({u; = 1}) =~ i™" but fg [Vu;|?dx = o(i™"). Therefore by Lemma 2.2
we conclude that €2 cannot be a p-Poincaré domain.
This completes the proofs of the main results. O

4. An extension to a more general Sobolev-Poincaré inequality

A useful generalization of the p-Poincaré inequality is btained by using two
possibly different exponents on either side of the inequality.

DEFINITION. A domain Q@ C R” of finite volume is said to support the (q, p)-
Poincaré inequality (1 < p,q < 00) (or Q is called a (q, p)-Poincaré domain) if
there exists a positive number C such that

(20) lu — uqliLe@ < CllVullLr (o
holds for all functions u € WHP(Q).
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When p < g, (g, p)-Poincaré domains have a concrete characterization which is
analogous to the one given in Lemma 2.2 for p-Poincaré domains.

LEMMA 4.1. Assume that Q C R" is a domain of finite volume, let 1 < p < q <
oo and let By € 2 be a ball. Then Q2 is a (q, p)-Poincaré domain if and only if for
each function u € Lip,,,(Q) N WP (Q) which vanishes on By we have

@1 m,({u = 1)P4 < D / |VulPdx
Q
where D is a fixed positive constant.

The proof is similar to that of Lemma 2.2 (see [18] and [12]); we omit the details.
In light of this lemma and Theorem A, it seems quite plausible that for a Steiner
symmetric domain as considered in Theorem A and p > n — 1, the (g, p)-Poincaré
inequality might be equivalent to the inequality

(22) sup  k$((0,0, (x,0))7 7 ma(T(R0))P7 < 00
xeProjxl(Q)

The following example shows that such a result is not possible. (One could also
use a domain with an outward directed cusp of exponential order.)

ExXAMPLE4.2. Fix p,1 < p < oo.

We construct a domain 2 C R" for which (22) holds for all q, p < q < qo,
qo > p, but on which the (q, p)-Poincaré inequality fails for any q > p. In fact, one
can take qo = np/(n — p) when p < n and q can be taken to be any finite number
when p > n.

Since the domain to be constructed is Steiner symmetric, it is enough to specify
a nonnegative function ¢ (x;) which gives the radius of the (ball) cross-sections €2y, .
To define ¢: [—1, 1] —> [0, 2] we begin by noting that for each i > 2 we have
2-i _1_ - _1_

G- i
Next we define

o=1? ifl<t<i427,i>2
P =11 21t| otherwise.

To show that Q2 isnota (g, p)-Poincaré domain forany g > p, we willuse Lemma4.1.
For this we construct, foreachi > 2, afunctionu; € Wh-? (S2)NLipjoc (2) as follows:

1 ifx; e (3,1 4+27),i>2and|x'| > 3
wie, ) = 13051 = $) ifx e (L 1427) > 2a0d 4 <1 < 5

0 otherwise .
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Note that |Vu;| < cg, where ¢y < oo is independent of i. Whence we have
/ |Vu;|Pdx ~ 27"
Q

and
my({u; = 1)) =277,

From these two relations we immediately conclude that (21) cannot hold on €2 and
hence that $2 cannot be a (g, p)-Poincaré domain for any g > p. On the other hand,
using the fact that 8o (x1, 0') ~ 85(x1, 0') (Jx;| < 1) where R is defined by the graph
@(x1) = 1—|x;|, a simple computation shows that (22) holds for the indicated values
of g.

Despite the above example, there is a more restrictive class of Steiner symmetric
domains in R” for which (22) is indeed equivalent to the (g, p)-Poincaré inequality.
This is the content of our next result which is a restatement of Theorem C.

THEOREM 4.3.  Assume that &: R — [0, o0) is Lipschitz continuous and
Q={(x,x) e Rx R |x| < ®(x))} = Q

is a domain of finite volume. We may assume ®(0) > 0. Then for p > 1 and
P <q < qo, Qis a(q, p)-Poincaré domain if and only if

22) sup  k((0,0)), (x,0))7 " my (T ()7 < 0.
xerjn(Q)

Here q can be taken to be n—"}p when p < n and q can be any positive number (> p)
when p > n.

Before going to the proof we record the special case of Theorem 4.3 when g = p.

COROLLARY 4.4. If in Theorem A, the function ¢ is assumed to be Lipschitz
continuous, then the conclusion will hold for all p > 1.

Proof of Theorem 4.3.

Part 1. Necessity of (22) for the (q, p)-Poincaré inequality.
In uniformly bounding the quantity inside the supremum of (22), we may assume
x =t > 0. Define

Joh @@/ Dgs if0<x <t
G(xi, x) = { fy @)/ Dgs  ifx; >t
0 ifx; <0
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and let F = G/ max G. Since
(F=1}=Qf
and

t
/ |VF|Pdx ~ / & (s)I-/P=Dygg,
Q 0

from Lemma 4.1 we get the inequality

t 1-p
mn(Q,Jr)”/q <D [/ q;,(s)(l—n)/(p—l)ds]
0
which is tantamount to (22).

Part 1. Sufficiency of (22) for the (q, p)-Poincaré inequality.
We consider a function u as in Lemma 2.1. Let M = max ®. Fix x; > 0 and put
B, = Ball"((x;,0'), 38a(x1, ).

Case 1. uy, = ;g [p u()dx < 3. Letting Q(x1) = {(x,x') € Q: |x -

x| < %SQ(XI, 0)}, we have fQ(xl) lu — uy, |9dx 2 m,({u = 1} N Q(x})). A simple
calculation shows that the formula ¥(x, x") = (x, %{‘%x’) defines a bilipschitz
mapping on £2(x;) with a fixed bilipschitz constant (independent of x;) Cy which
can be taken < L? 4+ 1, where L is the Lipschitz constant of ®. This means that, for
each pair (x, x'), (¥, y) € Q(x;) we have

Co'lGe, x") — 0, Y| < W (x, x) — W(y, y)| < Col(x,x") — (3, Y.

It is an elementary fact that bilipschitz mappings convert (g, p)-Poincaré domains
to (g, p)-Poincaré domains with comparable constants (for a slightly more general
result when p = g, we refer to [22] Lemma 7.1(d)).

Now, W(€2(x;)) is a cylinder with radius ® (x;) and length 8q(x1, 0') < ®(x;) <
M. Since all such cylinders have Poincaré constants which are uniformly bounded
(they are bilipschitz equivalent to a ball), we may conclude that each €2 (x;) will be a
(g, p)-Poincaré domain with a constant C independent of x;. Hence

rlq
(f lu — uy, |qu) < f |Vu|Pdx
Q(x)) Q(xp)

(23) my({u =1} N Q1)) < / [VulPdx .
Q(xy)

and so
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Case?2. uy > % Let ¢ be the first such x;. In this case we can use a “chaining
argument” very similar to the one used in Case 2 of Part A in Section 3 to show that

(24) ma (2571 < f |Vu|Pdx.
Q

Since p/q < 1 we can take a sequence {£;}2; € Proj,, (€2) such that Q = UQ(#;)

i=1 =
and X xo(,) < K < 0o on  and sum up the corresponding inequalities (23) and (24)
to obtain

ma((u = 17 < f VulPdx
Q

and the result is established. [
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