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ORTHOGONAL MARTINGALES UNDER
DIFFERENTIAL SUBORDINATION AND APPLICATIONS
TO RIESZ TRANSFORMS

RODRIGO BANUELOS AND GANG WANG

1. Introduction

Let H be a separable Hilbert space with norm | - | and inner product -, -). Let F =
{F:}:>0 be a family of right-continuous sub-o-fields of a probability space {2, P, A}
such that Fy contains all sets of probabilty zero. For two F-adapted continuous-
time H-valued martingales X = {X;},50 and ¥ = {¥;};50, let [X, Y] = {[X, Y] }i50
be the quadratic covariation process between X and Y (see, for example, [DM]).
Unless otherwise stated, we assume all the martingales in the paper are H-valued
where H is a separable Hilbert space, and have right-continuous paths with left-limits
(r.c.ll.). For notational simplicity, we use [X] = {[X];};>0 to denote [X, X]. We say
the martingale Y is differentially subordinate to the martingale X, if [X], — [Y]; isa
nondecreasing and nonnegative function of ¢. The notion of differential subordination
permits generalizations of various sharp martingale inequalities of Burkholder [Bur
1-4] from the discrete-time and diverse stochastic integral settings to the present more
general setting (see [Wan]). For example, if X and Y are continuous-time martingales
with Y being differentially subordinate to X, then Theorem 1 of [Wan] says

(1.1 1Y, < (p* = DIXIlp, forl<p<oo

where p* = max{p, p/(p — 1)} and the inequality is strictif p # 2and 0 < || X||, <
oo. It is also sharp since it is already sharp in the special cases considered in [Burl].
For a martingale X, the norm || X||,, is defined by

1 X1, = sup | X, |l
t

Because of the close relationship between martingales and harmonic analysis, new
sharp inequalities under differential subordination for continuous-time martingales
have very important applications in analysis. For example, in Bafiuelos and Wang
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ORTHOGONAL MARTINGALES 679

[BW] we showed that the Beurling-Ahlfors operator B, which acts on L? functions
in the complex plane C, defined by

f&)
. d
c (E—2)?

where dm () is the Lebesgue measure on C, has a representation as a martingale
transform and that (1.1) implies

1
Bf(z) = ——puw m(§)
b4

1.2) IBfllp <4(p* = DIfI, for 1 < p < co.

The inequality (1.2) gives the best known estimate for the L? constant for the operator
B and it gives hope that the well known conjecture of Iwaniec [Iwal, | B|l, = p*—1,is
true. Iwaniec’s conjecture is important because of its applications to quasi—conformal
mappings, and partial differential equations; (see [Ast] [IM] and [IMNS]).

Another interesting application of martingale differential subordination in analysis

is to the norms of the Riesz transforms R;: LP(R") — LP(R"), j =1, ..., n, defined
by
Xj — y;
Rife) = [ 2 ) dy,
R |X — ¥l
where x = (xy,...,x,) € R" and
(L
Cn = (”f, ).

NI

/4

The LP norms of the Riesz transforms are related to a variation of the inequality
(1.1). We say two real valued martingales X and Y are orthogonal if the quadratic
covariation process [X, Y], is O for every ¢. For two H-valued martingales X =
(X, X2,...,Xi,..)and Y = (Y1, Ys,...,Y:,...), X and Y are orthogonal if for
each i,j > 1, [X;,Y;] = 0. The following theorem was proved in [BW]. For

1 < p<oo,let
— T — / 2
C, = cot T and E,=.,/1+ (Zp.

THEOREM A. Let X and Y be two R-valued continuous-time orthogonal mar-
tingales with continuous paths. If Y is differentially subordinate to X, then for
1 <p < oo,

(1.3) 1Yll, < CpllXllp, IVX2+ Y, < EpIXIl,

and the inequalities are sharp. In addition, if 1 < p < 2, X may be taken to be
H-valued; if2 < p < 00, Y may be taken to be H-valued.
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Inequalities (1.3) are the martingale versions of Pichorides [Pic] and Essén [Ess]
type inequalities for harmonic and conjugate harmonic functions. Using the inequal-
ities (1.3) and the martingale representation of the Riesz transforms R; [Baii 1-2],
Bafiuelos and Wang ([BW]) prove that the norm of the Riesz transform || R;(|, = C,
for 1 < p < oo; a result first obtained by Iwaniec and Martin [IW] using the
Calder6n—Zygmund method of rotations.

In this paper we will generalize inequalities (1.3) to continuous-time martingales
which may or may not have continuous paths. Moreover we will also show that the
inequalities (1.3) are strict for the nontrivial cases. More precisely, we prove the
following theorem:

THEOREM 1. Let X and Y be two R-valued continuous-time orthogonal martin-
gales. If Y is differentially subordinate to X, then for 1 < p < oo,

(1.4) IYl, < CpliXlp, IVX2+ Y2, < EplXIl,

and the inequalities are sharp. In addition, if 1 < p < 2, X may be take to be
H-valued; if 2 < p < o0, Y may be taken to be H-valued. Moreover, inequalities
(1.4) are strictif p #2and 0 < || X||, < oo.

Since the discrete-time martingales can be imbedded into continuous-time mar-
tingales, Theorem 1 covers general martingales (continuous-time or discrete-time)
which are mutually orthogonal and have the correct subordination condition.

We note that the strictness is new even for the continuous path martingales con-
sidered in Theorem A. As a consequence, the strictness of the inequalities (1.4) gives
some new information about Riesz transforms. In fact, using the argument similar
to the one in Section 4 of [BW], we will show in Section 3 that the norms of Riesz
transforms are not attainable.

The rest of the paper is organized as follows. In Section 2 we will prove Theorem
1. The proof is based on the techniques of Burkholder [Bur 1-4] and Wang [Wan]
with the appropriate functions modified from those used by Pichorides and Essén.
They are the same function used by Bafiuelos and Wang [BW]. One needs to be a
little more careful in treating the jumps in the general martingale case. In Section 3,
we will give the applications of Theorem 1 to Riesz transforms.

2. Main result

We begin with some of the properties of martingale orthogonality and differential
subordination. First we study orthogonality. Recall that two r.c.l.l. martingales
X = {X:}i»0 and ¥ = {Y;};>0 are orthogonal if the quadratic covariation process
[X,Y]={[X, Y]} is identically O. For any r.c.l.l. process Z, let Z¢ = {Z;},>o be
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the continuous part of Z with Z{ = 0. Fort > 0,let A,Z = Z; — Z,_ and define
AoZ = Zy. Then, we have the decomposition

2.1 Z=Z{+ ) AZ, t>0.

O<s<t

It is well known, see for example [DM] or [Pro], that the continuous part of quadratic
covariation process [ X, Y] is the quadratic covariation process of the continuous part
of XandY;ie.,

(2.2) [X, Y] =[X°, Y]

It is also well known that the purely jump part of the quadratic covariation [X, Y] is
the product of the purely jumps of X and Y:

(2.3) MX, Y= (AX,AY), t=0.
Applying (2.1) to [ X, Y1, we have the following lemma.
LEMMA 1. Two martingales X and Y are orthogonal if and only if
[X¢, Y], =0and (A, X,AY)=0, t=>0.

Now we go to martingale differential subordination. Applying the decomposition
(2.1) to the difference of the quadratic variation processes [X] — [Y] and using the
relationships (2.2)-(2.3), we have the following lemma.

LEMMA 2. The martingale Y is differentially subordinate to the martingale X
if and only if (1) Y€ is differentially subordinate to X and (2) |A,Y| < |AX]| for
t>0.

Combining Lemmas 1 and 2, we have:

COROLLARY 1. Let X and Y be two orthogonal martingales. Then Y is differen-
tially subordinate to X if and only if (1) Y€ is differentially subordinate to X¢, (2) X¢
and Y€ are orthogonal, 3) (A, X, A,Y) =0and |A, Y| < |A X]| fort > 0.

We now state Theorem 1 again.

THEOREM 1. Let X and Y be two R-valued continuous-time orthogonal martin-
gales. If Y is differentially subordinate to X, then for 1 < p < o0,

(2.4) 1Yll, < CpliXllp, IVX2+ Y2, < EplXIl,

and the inequalities are sharp. In addition, if 1 < p < 2, X may be take to be
H-valued; if 2 < p < 00, Y may be taken to be H-valued. Moreover, inequalities
(2.4) are strictif p # 2 and 0 < || X||, < oo.
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The proof of the theorem is based on Burkholder’s technique of constructing
special functions and applying It6’s formula. We give the following general result on
orthogonal martingales under differential subordination. The proof is a modification
of Proposition 1 of Wang [Wan], it should also be compared with Proposition 1.2 of
[BW] where martingales have continuous-paths. Some notation is useful. Let (-, -)
denote the inner product of H. It is sufficient to consider just the Hilbert space /2. Let
Sfes [y fxx> fxy, fyy to be the first and second order derivatives of f (x, y) defined on
H x H to R. We restrict ourselves to considering a function f satisfying

2.5 f(©0,x),0,y)) = fx,y)

for x = (x), x2, x3,...), y = (y1, 2, y3,...) € H.

PROPOSITION 1. Let f(x,y) be a continuous function on H x H, bounded on
bounded sets; C' on H x H \ ({|x| = 0} U {|y| = 0}), whose first order derivative is
bounded on bounded sets not containing 0, the origin of H x H, and satisfying

(2.6) J+hy+k) = fl,y) = (felx,y),h) = (fy(x,y),k) <0

when |x||y| # 0, |k| < |h| and (h,k) = 0; C?> on S;,i > 1, where S; is a sequence
of open connected sets, such that the union of the closure of S; is H x H. Suppose
for eachi > 1, there exists a nonnegative measurable function c;(x, y) defined on S;
such that for (x, y) € S; with |x||y| # 0,

2.7 (hfex(x, ), BY + (kfyy(x, ¥), k) < —ci (e, Y)(JRI* = [k[?)

forallh, k € H. Assume further that for eachn > 1, there exists a function M, which
is nondecreasing in n such that

(2.8) supci(x,y) < M, < oo

where the supremum is taken over all (x, y) € S; such that 1/n* < |x|*> + |y|* < n?
and alli > 1. Let X and Y be H valued orthogonal martingales such that Y is
differentially subordinate to X. Then for0 < s <'t,

2.9 E(f(X:, YDIFy) < f(Xs, Y,) ae.

provided f is nonnegative or sup, | f (X,, Y;)| is integrable.

Proof of Proposition 1. 1t is enough to prove (2.9) for s = 0 and Fy = {0, 2},
the trivial o-field. Let T, = inf{t > 0: |X,;|* + |Y;|> + [X], + [Y]; = n?}. Then
Xiat,—» YinT,— are bounded by n forall ¢ > 0, and lim T, = oo. Here and elsewhere

n—>0o0

in the paper, we define Xy- = 0 and Yo = 0. We will show that for any n > 0,

(2.10) Ef(Xint,» Yint,) < f(Xo, Yo).
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This implies (2:9) by either Fatou’s lemma or the Lebesgue dominated convergence
theorem. Fix n > 0. Let X; = Xa1,, ¥ = X7, to simplify notation.

Given € > 0and 0 < a < 1/2. Choose n; > n such that 1/(n; + 2) < a.
By enlarging the dimension of H if necessary, we may assume X; = (a, X,) and
Y: = (a,Y,) € H. Choose my  suchthat EY",_,  ([(Xiloo- +[Yiloo-) < €/Mj, 12.
This is possible since o

EY ((Xilo- + [YViloos) = 2a> + E Y ([Xiloo + [¥iloo)

i>1 i>1

24 + n?.

IA

Form > 1, we let
Ym = (a,X],--.,Xm_],O,..-), ?m = (av Yl»--*aYm—l’O»~")7
where

X =(X1,X2,...), Y=(,Ya...).

Now let m > m, . and let g be a C* nonnegative function on R” x R™ such that
g has support inside the unit ball and assume

/ / glx,y)dxdy = 1.

Such g exists. In fact, we can choose g such that g is a radial function: g(x, y) =
g(x? + |y).

Let [ be positive integer such that 1/] < a and 1/ < +/2a — 1/(n; + 2). For
x,y € R™, define

flx,y) =/ fGx—u/l,y —v/Dgu, v)dudv.
R”l Rm
In the above, we use the notation f(x, y) = f((x,0,...), (y,0,...)) forx,y €
R™,
By the dominated convergence theorem, since f is continuous and bounded on
bounded sets,

@.11) Ef(X,_,Y,) =lim lim Lim Ef'(X, ,Y,).
a—0Qm—00 -0

Because f is continuous and is C' on H x H \ ({|x] = 0} U{|y| = 0}), integration
by parts shows that if |x| > a and |y| > a, then

1 (x,y) = / Ferx —u/l,y — v/ D) g(us v) du dv
m Rm

1 y) = /R[R fyx —u/l,y —v/Dgu,v)dudv.
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Therefore, by (2.7), when |x| > a, |y| > a and h, k € H, we have

(RfLCe, y), kY + (KfL (e, y) k) < —c(x, YY1 = [k[%)

where
c(x,y) = fo ¢i(x —u/l,y —v/Dg(u, v)dudv,

and R; = {(u, v): (x, y) — (u,v)/l € S;}.
Let {h!}, {k]} be two triangular sequences € R™ such that

sup Y K[> <00, and sup ) [h{? < oc.
i 5 i
Then, for x| > a, |y| > a,

Jim ,Z«h’j 1 Gy R+ (K] FL G ) kD)

(2.12) , ; »
= —cx, y) Jim IZ(lhi’ [ = 1k 1.

By differential subordination and Corollary 1, this implies

m

DY [k EL T ax X,

i=1 j=
+fhy, X YY" ")
2.13) S
<=2 f X, Y, )d(X" 1, — [¥;" 1)
i=1 Y0

< My ) (X1 + Y1),

i>m

since 0 < ¢(X, , Y ) < My, 4, because v/2a < \/|X, 2+ Y, 2<n+1.

Applying Itd’s formula to f/(X",Y"), we have
(2.14) XY =X Y+ i+ h+ L+ L,

where

r— t—
I = f IR T, dX) + f IR T, T,
0+ 0

+
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m m t—
+ZZ/O+ £ XYy iy Y,

m m —
h= 3 [, R YA

Ih= ) (fI&.Y)H- XY
O<s<t
=Y WA YD) AXT) + (FAXTL Y, AT,
O<s<t
By Corollary 1, orthogonality implies /3 = 0. Inequality (2.13) implies that
21 < M2 ) (X1 + Y1)
Since
t t
I = f (fIX_ YD), dX,) + f (fIX,_ Yy, dYy)
0+ 0+
—(fIX Y AXT) — (XY, AT,
it follows from (2.14) and the martingale property that
(2.15)

Eff XY < f'X.Y) +e+E D AFE"TY"
O<s<t

—E Y (ALY, AX"Y + (X, Y, AT,

O<s<t

by the choice of €.
Let [ — oo, then m — oo, and then ¢ — 0. By the dominated convergence
theorem, we have

Ef(X,Y) < fXo,Y)+E Y ASX,Y)

O<s<t
—E Y (feXs, Vo), AX) + (X, Vi), ALY,
O<s<t
< f(Xo,Yo)

because of (2.6) and Corollary 1.
Letting a — 0 proves (2.10).
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Remark. IfH xHisreplacedby RxHand Hx R, Hx H\ ({|x| = 0}U{|y| = 0})
isreplacedby R x H\ R x {0} and H x R \ {0} x R, and |x||y| # O is replaced by
|y| # 0 and |x| # O respectively in the statement of Proposition 1, the above proof
will be still valid. In fact, we need only to replace +/2a by a; replace x" by X,
R™ x R™ by R x R™, |x| > a, |y| = a by |y| > a in the case of R x H, and replace
Y" by Y,R™ x R" by R” x R, |x| > a, |y| > a by |x| > a in the case of H x R.
This leads to the corresponding lemmas which will be used in the proof of Theorem
1 next.

Proof of Theorem 1. 'We first consider the case | < p < 2. By Minkowski’s
inequality, it is enough to show

(2.16) IVX2+ Y2, < E X,

Forx €e Hand y € R and let
b4
Vix,y) = RP —sec? (—) Ix17,
2p
Ui(x,y) = —tan (%) R? cos po,

T 14 . . .
where |x| = Rcos6,y = Rsind, ——2- <6 < ok It is clear that U, is continuous

onH x Rand C! on H x R\ {0} x R. In [BW], it is shown that U, satisfies the
following properties:

(a) Vi(x,y) < U(x,y) with equality holds only if R = sec(z”—p)lxl;
(b) For x,h € H, |x| # 0,y,k € R, there exists a nonnegative measurable
function ¢ (x, y) which is bounded on R > r for every r > 0 such that

(WU (x, ¥), h) + Upyy (x, K < —ci(x, y)(|h]* = K%).

In fact, strict inequality in (a) was not stated explicitly in Section 2 of [BW]. However,
since F(0) defined there attains its maximum only at lp, strictness follows easily.
We will show (b) implies the following:

(c) Forx,h € H, y, k € R with |x| # 0, |k| < |h| and hk = 0,

@17)  Uix+h,y+k) = Ui(x,y) = (Uix(x, y), h) = Upy(x, y)k < 0.

In fact, it is enough to consider the case k = 0. Leta > 0 and G(¢) = U;((a, x +
th),y) —U,((a, x), y) — t{U;x((a, x), y), h). Then the mean value theorem and (b)
imply that G(1) — G(0) < 0. Let a — 0 to show (2.17).
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Applying Proposition 1 and the remark to U and using properties (b)-(c), we have
(2.18) EU(X:, Yy) < EU(Xo, Yo)

for any t > 0. Note U (X, Yo) < O since |Yy| < |Xy|. Combining property (a) with
(2.18), inequality (2.16) follows.

Next we consider the case 2 < p < oo. Again, by Minkowski’s inequality, it is
enough to show

(2.19) YN, < CpllXllp-
Forx € Rand y € H, set

Va(x, y) = |y|” — cot” (l) [x|?,
2p

and
Va(x, y), f0<6<—m——<f<m
Us(x,y) = i T o 7 5
cot—R”cosp(——G), if —<0<m——,
2p 2 2q 2q

where in this case, x = Rcosé, |y| = Rsin8,0 <6 <m,andq = p/(p—1). A
simple calculation shows that U, is continuous on R x H and C! when |y| # 0.
Section 2 of [BW] shows U, satisfies the following properties:

@) Va(x,y) < Up(x, y) with equality only if |y| = cot(z”—p)|x|.

(') Forx,h € R, y,k € H, |y| # 0, and |y| # cot(i”;)lxl, there exists a non-
negative measurable function ¢, (x, y) which is bounded on R < r for every
r > 0, such that

Unex (6, MB? + (kUsyy (x, ), k) < —c2(x, Y)(R? = k).
Again, we will show that (b) implies the following:

(c’) Forx,h e R, y, k € Hwith |y| #0, |k| < |h| and hk = 0,

(220)  Uz(x +h,y +k) = Us(x, y) — Use(x, y)h — (Uzy(x, y), k) < 0.

It is enough to consider the case |k| = 0 < |k|. In this case, inequality (2.20)
becomes

(2.21) Uy(x +h,y) — Ua(x,y) — Upe(x, y)h < 0.

Fix x, y, h. Let! be an integers and define

Us(2) =/ Us(z +u/l, y)g(u)du
R
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for some C* function g which has support in [—1, 1]. Similar to the arguments at
the beginning of the proof of Proposition 1, U} is C? and satisfies

(2.22) Us () <0
for all z € R because of (b’). This implies
Ul(x 4+ h) — UL(x) — Up (x)h < 0.

Letting [ — oo gives (2.21).

Inequality (2.19) then follows from (a’)-(c’) and Proposition 1.

The inequalities (2.4) are sharp since they are already sharp when X and Y have
continuous-paths as stated in Theorem A. It only remains to prove the strictness. The
argument is similar to that given in [Bur 4] and [Wan].

Assume p # 2and 0 < || X||, < co. We prove that inequality (2.16) is strict. The
others are similar.

For V; and U, defined above, let u(t) = EU,(X,;, Y;) and v(t) = EV (X, Y}).
The above argument shows that v(¢#) < u(¢). By the martingale convergence theorem,
both X and Y have limits X, and Y, at ¢ = 0o, respectively. Using Doob’s maximal
function inequality, we see that v and u are r.c.1.l. and have limits at infinity. Thus,
strictness follows if we can show v(oco) < 0.

If E1Xg|? # 0, then u(0) < Osince |Yy| < |Xg|. Thusv(?) < u(t) < u(0) < Ofor
any t > 0. Therefore, without loss of generality, we may assume that Xo = Yy =0
and || X;||, > Oforallt > 0.

It is enough to show P (|Yoo| = tan(%)IXool) < 1 since by (a), this implies that
v(00) < u(oo) < 0.

Suppose |Yo| = tan(2—”p—)|Xoo| almost surely. Let U, = U;(X,, Y;). Then Uy, = 0.
Since by Proposition 1, {U,, t > 0} is a uniformly integrable supermartingale starting
from O, this implies P (U, = 0, forall t > 0) = 1. Therefore, |Y| = tan(i”—)le.

Let 7, = inf{t > O, | X;| +|Y;| = n}. Then |X7,_| < n, |Yr,-| < n. 1{/[oreover,
(X_ - X)T, (Y_ - Y)T" are martingales. By the definition of the quadratic variation,

for any t > O we have
2
b4
|YT,,/\t|2 — tan (2_)> |XT,,/\t|2
p

2
2 ((Y_ -Y)7,Ac — tan (l> (X-- X)T,./\t)
2p
+ {7, Y]T,,/\t — tan (—) [X, X]T,,/\t)
2p

= 2Ji+ /1.

0

Observe that J; is a martingale, so EJ; = 0, and that E J;, is negative unless we
have E[X, X]r,n: = O because tan(i”;) > 1. Taking expectation of both sides, we
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must have E[X, X]r,», = 0. Therefore, E |X;|?> = 0. This contradicts the fact that
E|X,|? > Ofort > 0 which we assumed at the beginning. This completes the proof.

3. Applications to Riesz transforms

The relationship between martingales, Riesz transforms, and harmonic functions
have been studied extensively in the past. See, for example, [GV], [Var], and [Bafi
1-2]. Recently, Baifiuelos and Wang [BW], using Theorem A, gave a proof that the
Riesz transforms have norms C,,. This result was first obtained by Iwaniec and Martin
[IW]. The technique used by Bafiuelos and Wang also leads to other important and
interesting results regarding Riesz transforms, the Beurling-Ahlfors operator, and
harmonic functions. We will show here, using that technique, that Theorem 1 gives
more information about the Riesz transforms. In particular, we show that the norms
of the Riesz transforms are not attainable.

THEOREM 2. Let R;, j = 1,...,n be the j-th Riesz transform in R" and 1 <
p < 0o. Then

G.D R fll, = Cpllfllp and I (R 2+ f2p < Epll fllp-

The above inequalities are sharp and strict if p # 2 and 0 < || f|l, < oo.
Note that except for the strictness, Theorem 2 is Theorem 3 of [BW].

Proof. For the sake of completeness, we briefly describe the relationship between
martingales and Riesz transforms. We refer the reader to [BW] for details.

LetB, = (X,, ;) = (X ,', ..., X!, Y,) be the background radiation process defined
by Gundy and Varopoulos [GV] in the upper half space R of R"*!. The process
B = {B;}_co<t<o Starts at time ¢t = —oc and has initial distribution of Lebesgue
measure on R"” x {oo}. It terminates on the boundary R* x {0} at time r = 0. We
may think of B as “Brownian motion” and observe that the usual rules of stochastic
integration and potential theory apply. See Varopoulos [Var] for details.

Given any function f(x) € LP(R"), the space of L” function in R", define
Uy (x, y) to be the Poisson extension of f in R+, Let

T
_(au, aU; aus
VU, _(a—xl,..., NI

dB, =(dX),...,dX!,dy,)"
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where for v = (vy, ..., V,41) € R"™ o7 denote the transform of x. For j =
1,....n,letA; = (a,’,’n) be an (n + 1) x (n + 1) matrix such that
I, I=n+1lm=j+1
al, ={-1, l=j+1,m=n+1

0, otherwise.
Thus for every v € R"*1,
3.2) (Ajv, Ajv) < (v, v) and (Ajv,v) =0.
For any (n 4+ 1) x (n + 1) matrix A and f € LP(R"), let

A*f={A*fr}—c'>ogtso={/

—00

t
AVU (X, Ys) -st]

—00<t=<0

denote the martingale transform B by AVU;. Then using basic properties of con-
ditional expectation and stochastic integrals, the fact that the Green’s function for
the background radiation process is 2y, the Cauchy-Riemann equation, and the
Littlewood-Paley identity, it follows that (see [BW])

(3.3) Rif(x) = E(Aj* folBy = (x,0)),

f&x) = EU x* fo|Bo = (x,0)),

where [ is the identity matrix.
Since

4, % fl, = f (A, VU (B,), A;VU;(B,)) ds,

o0

t
U= fl = f (VU (By), VU (By)) dss,

—00

t
[Aj* [, I fl = / (A;jVU;(By), VUr(By)) ds,

Relationship (3.2) implies that A x f is differentially subordinate and orthogonal
to I x f. Thus it follows from Theorem 1 that when 1 < p < oo, the following
inequalities hold and are strictif p # 2 and 0 < || f|l, < oo:

1A * fllp, < Cplld * fllp and A * f2+ 1% f2, < Epll * fllp.

By (3.3) and the fact that conditional expectation is a contraction operator, we have

IR fIl < Cpll fllp and IR ?+ f2lp < Eplfllp

and the inequalities are strictif p # 2and 0 < || f]|, < oo. This completes the proof.
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